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Abstra t
This arti le is devoted to appli ations of fuzzy set theory, possibility theory and eviden e theory in ivil engineering, presenting urrent work of a group of resear hers at the University of Innsbru k. We argue
that these methods are well suited for analyzing and
pro essing the parameter un ertainties arising in soil
me hani s and onstru tion management. We address
two spe i appli ations here: nite element omputations in foundation engineering and a queueing
model in earth work.

1 Introdu tion
There is in reasing awareness in the engineering ommunity that probability theory alone does not suÆ e
for modelling the un ertainties arising in engineering
problems. In view of the type of data ommonly available, say in soil me hani s or onstru tion management, far more exible tools for assessing and proessing subje tive knowledge and expert estimates are
needed.
Using risk analysis, it is usually easy for the planning
engineer to provide fo al sets for the u tuations of
the parameters involved at various risk levels. This
opens the door for employing fuzzy sets, possibility
theory or eviden e theory. When these types of methods are e e ted for des ribing the input data, it is essential that arithmeti al pro essing is possible in the
engineering models (in nite elements, say) and results in output data of the same type. In fuzzy set
theory, this is guaranteed by the extension prin iple
(redu ing the omputations to evaluating the solution
operators on the level sets), while in eviden e theory,
the omputations an be done dire tly with the fo al
sets.
The purpose of this paper is to demonstrate two appliations of these on epts in ivil engineering: First, we
show how nite element omputations involving un-
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ertain soil parameters an be performed and how unertainties propagate through the engineering model,
yielding robust assertions about the possible u tuations of the output. The omputational methods work
equally well for data des ribed by possiblity theory or
by eviden e theory. Se ond, we onsider a queueing
problem as typi ally arising in earth work at larger
onstru tion sites. We present an approa h whi h
employs a lassi al probabilisti queueing model with
fuzzy input parameters, resulting in fuzzy state probabilities from whi h the required performan e measures
an be estimated; as the method of omputation, we
use fuzzy di erential equations.
Generally speaking, possibility and eviden e theory
an aid the engineer in the planning phase as well as
in ontrol during onstru tion. Engineering data are
usually amenable to a rational des ription within this
framework. Pro essing the information through the
engineering models provides a robust basis for spe iation and risk assessment.
Apart from the two exemplifying situations presented
here, we refer to our papers [8, 9, 10, 17℄ for further
appli ations. Among the rapidly in reasing ivil engineering literature on appli ations of fuzzy sets, we
refer to [11, 19℄ as typi al examples and re ommend
the re ent expository volume [1℄ and the referen es
therein for an overview.

2 Finite element method with vague
and un ertain parameters
2.1 Preliminaries
We begin by introdu ing some preliminary de nitions,
.f. [7, 30℄. Let X  Rk be a nonempty set, F =
fF1 ; : : : ; Fn g a nite set of distin t subsets (fo al sets)
of X and the set fun tion m : F ! [0; 1℄ a basi

probability assignment on F . Then

P (A) = Bel(A) =

X

Fi A
Fi 2F

m(Fi )

(1)

is the belief measure on (X; }(X )) or the lower probability of A and

P (A) = Pl(A) =

X

Fi \A6=?
Fi 2F

m(Fi )

(2)

the plausibility measure on (X; }(X )) or the upper
probability of A.
Let f : X  Rk ! R : (x1 ; : : : ; xk ) 7! f (x1 ; : : : ; xk )
be a ontinous fun tion, G = fG1 ; : : : ; Gn g with Gi =
f (Fi ) the set of the images of the fo al sets and A 
f (X )  R. Then
Belf (A) = Bel(f 1 (A)) =
=

X
f (Fi )A
f (Fi )2G

X

Fi f 1 (A)
Fi 2F

m(f (Fi )) =

X

Gi A
Gi 2G

m(Fi )

(3)

m(Gi )

(4)

where m(Gi ) = m(f (Fi )) := m(Fi ) and in the same
way
Plf (A) =

X

Gi \A6=?
Gi 2G

m(Gi ):

(5)

If we have instead a fuzzy subset M  Rk with membership fun tion M : Rk ! [0; 1℄ then f (M ) is
obtained by Zadeh's extension prin iple or, sin e f is
ontinous, built up by the images of the -level sets
[M ℄ of M : [f (M )℄ = f ([M ℄ ), 2 (0; 1℄. Re all
that the -level set is given by [M ℄ = fx 2 X :
M (x)  g.

2.2 The nite element method
Let B  R3 be a homogeneous isotropi body, whi h
is subje ted to ertain loads. We want to ompute
the displa ements u(x) = (u1 (x); u2 (x); u3 (x))T and
stresses ij (x) at points x = (x1 ; x2 ; x3 )T in B .
At rst we need some preliminary de nitions. Let
 = T be the stress tensor and " the strain tensor
whi h are de ned by
3
X
1
Æij
ij = E
"ij +
"
1+
(1 2 )(1 +  ) k=1 kk

and



1 ui uj
"ij =
+
2 xj xi



!

(6)

(7)

for i; j = 1; : : : ; 3 where E > 0 is the elasti modulus and  2 [0; 12 ) Poisson's ratio. E and  are two
parameters des ribing the material properties of the
body B .
For ea h spatial dire tion i = 1; : : : ; 3 we split B , the
surfa e of B , into sets 1i and 2i with 1i \ 2i = ?
and 1i [ 2i = B . Further let

kvk2E =

Z X
3

ij (v)"ij (v)dx

B i;j =1

(8)

be the elasti energy in the body B and S the Sobolev
spa e de ned by

n

S = v : kvkE < 1; vi j

o

1i

= 0; i = 1; : : : ; 3 : (9)

The displa ement u 2 S on B is the solution of the
following system of partial di erential equations:
div(u) + f = 0
ui = 0 on 1i ; i = 1; : : : ; 3
((u)  n)i = gi on 2i ; i = 1; : : : ; 3;

(D)

a(u; v) = F (v) for all v 2 S

(W)

where n = n(x) is the normal of B in x, f : B ! R3
the body load and where gi : 2i ! R are the surfa e
tra tions.
Remark: Let u1 be the solution of (D) for E = 1 and
xed  . Then u = E1 u1 is the solution of (D) for
arbitrary E > 0 and the same  as above. Further,
it holds that  = 1 where  is obtained from u and
1 from u1 . These results an be proven simply by
inserting E1 u1 into (D).
The weak formulation of (D) whi h we need for the
nite element method is obtained by multiplying the
di erential equation by v 2 S and integration by
parts:
Find u 2 S su h that
where

a(u; v) =
F (v) =

Z X
3

Z
B

B i;j =1

ij (v)"ij (v)dx

fvdx +

3 Z
X

i=1

gvdx:

(10)
(11)

2i

The standard method in ivil engineering for obtaining an approximate solution uh of the above problem
is to use the nite element method where the in nite dimensional Sobolev spa e S is repla ed by nite
subspa e

S h = fv 2 S : vi jK 2 Pn (K ) for all K g

(12)

with basis f1 ; : : : ; N g. The sets K are the so
alled nite elements into whi h B is partitioned, e.g.
tetrahedra or hexahedra for 3-dimensional problems
or triangles or quadrilaterals for 2-dimensional problems.
PN On su h an element K the fun tions vi (x) =
k=1 ik k (x), i = 1; 2; 3, are polynomials of degree
n. Then (W) be omes:

P

h
h
Find uhi = N
k=1 ik k (x) 2 S su h that for all vi =
P
N d  (x) 2 S h , i = 1; 2; 3, it holds that
l=1 il il

a(uh; vh ) = F (vh ):

(13)

This leads to a system of linear equations for the oeÆ ients and therefore to uh. For more details see
[12, 26℄.

2.3 Numeri al method for nite elements
with vague parameters
We want to stress that the nite element omputations are done for xed parameters (E;  ) 2
(0; 1)  [0; 12 ) or, in general, for xed parameters
 = (1 ; : : : ; k ) 2   Rk .
We will now simply view the results of a nite element
omputation as fun tions

s[1 ;::: ; ℄ = s[℄ : B
k

!R

(14)

where

- s represents a omponent uhi of the displa ements
(the displa ements in xi -dire tion) or an element
ijh of the stress tensor whi h we obtain from the
solution uh ;

- the index [1 ; : : : ; k ℄ means that the nite ele-

ment omputation is done for the xed k parameters 1 ; : : : ; k des ribing the properties of the
body B  R3 .

In general s[℄ an also represent the solutions of
more ompli ated problems, e.g. elasto-plasti material properties with additional parameters.
If we onsider the results as depending on the parameters (1 ; : : : ; k ) 2  we get a fun tion

s:

! S h :  7! s[℄ :

(15)

Here we are interested in what happens in single
points x 2 B depending on (1 ; : : : ; k ) 2 . So
we introdu e the fun tion

s(x1 ;x2 ;x3 ) = s(x) : 

! R :  7! s[℄ (x)

(16)

whi h evaluates s at a xed point x of B . The fun tion
s(x) is ontinous if  is a set of feasible parameter

values. So s(x) is a ontinous fun tion f as onsidered
in the de nitions of Plf and Belf .
Let A  R and F = fF1 ; : : : ; Fn g  }() with a given
probability assignment m. For omputing Pls( ) (A)
and Bels( ) (A) for given points x 2 B we have to obtain the images Gi = s(x) (Fi ) of the fo als Fi , that
is to determine the extremal values of s(x) on Fi . We
approximate
the fun tion s by an interpolant s on
S
D = ni=1 Fi . Thus D is dis retized and s[℄ is omputed on nodes  2 D. This an be done by a nite
element program pa kage. Then the optimization on
Fi (i = 1 : : : ; n) getting the images is performed with
s(x) .
For this pro ess we have to use as mu h information as
possible about s(x) (e.g. monotoni ity) and the shape
of the Fi to redu e the dimension of the optimization
problem (see the example below).
In ase the parameters are modelled by fuzzy sets,
our omputations an be equally performed with the
-level sets in pla e of the fo al sets. Other methods have been proposed in the literature: en losing
the -level sets of the solution by means of interval
arithmeti [20℄; an approa h nonequivalent to the extension prin iple is in [28, 29℄.
x

x

2.4 Numeri al example
We have applied our methods to raft foundations [10℄
and re ently to nite element omputations in tunnelling. Here, for the purpose of illustration, we use a
less omplex example. Fig. 1 depi ts a pro le of a linear elasti soil medium. This soil medium is subje ted
to a load of 200 kN/m resulting from a foundation in
x3 -dire tion.
This problem an be redu ed to a two-dimensional
problem (plane-strain) for whi h we an use the same
formulas as above but with indi es up to 2 only. As
boundary onditions the horizontal displa ements on
the left and right side and the verti al displa ements
on the bottom line have to be zero. The elasti onstants E and  are assumed to be given by four twodimensional fo al sets F1 , F2 , F3 and F4 (see Fig. 2)
with probability masses m(F1 ) = 0:2, m(F2 ) = 0:3,
m(F3 ) = 0:3 and m(F4 ) = 0:2.
For the design of the foundation it is important to
estimate the expe ted displa ement at surfa e level.
Thus a typi al question of engineering interest ould
be, for example, wether the displa ement u2 at point
(0; 40) is less than 0:2 m. The results for our example are (with s = uh2 ):

P s(0 40) ((
;

1; 0:2℄) = Pls

(0;40)

((

1; 0:2℄) = 0:8
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Figure 1: Finite element mesh of soil pro le.
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Figure 3: P 11 ([ 25; 15℄) = Pl11 ([ 25; 15℄).
h

0.4
0.35

h

40

0.3

8

40

F2

0.4

0.2

20

12

22

0.25
0.2

1
<1
0.8
0.7
0.6
0.5
0.4
0.3
0.2
>0
0

30
8 10 14

22

20

2

E [MN/m ]
F3
0.4
0.37

0.4

0
0

0.32

0.3
0.2

10

F4

8

12

18 22

0.2

h

8

16

1; 0:2℄) = Bels

(0;40)

((

h

22

and
;

40

Figure 4: P 11 ([ 25; 15℄) = Bel11 ([ 25; 15℄).

Figure 2: Fo al sets F1 , F2 , F3 and F4 .
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We write the Fi as Cartesian produ ts Fi = Ei  i
of intervals Ei and i . We obtain the intervals Gi =
right
[Gleft
i ; Gi ℄ for the results in point x as follows:
Let s be the interpolant on D for a displa ement uhi .
Then we get by interval division (see for example [21℄):

Gi =
and the following images Gi of the fo als Fi :
G1 = [ 0:407; 0:25℄ m, G2 = [ 0:315; 0:201℄ m,
G3 = [ 0:25; 0:152℄ m, G4 = [ 0:183; 0:118℄ m.
The omputation is done as follows: Using the remark in Se tion 2.2 about the dependen e of the
solution on E and that the Fi are Cartesian produ ts of intervals we have here a one-dimensional set
D = f1g  [0:2; 0:4℄ on whi h we have to ompute the
interpolants s. Therefore we ompute solutions s[1; ℄
for e.g.  2 f0:2; 0:225; 0:25; : : : ; 0:375; 0:4g. Then
we obtain the interpolant s by e.g. pie ewise linear
interpolation.

[min 2 fs(x)( )g; max 2 fs(x) ( )℄
:
Ei
i

i

(17)

Further, let s be the interpolant on D for a omponent
ij of the stress. Then we get:

Gi = [min
fs ( )g; max
fs ( g℄:
 2 (x)
 2 (x)
i

i

(18)

2.5 Visualizing the results
The results s[℄ of deterministi nite element omputations, like stresses ijh , are often visualized by plotting areas C = f(x1 ; x2 ) : a1  s[℄ (x1 ; x2 )  a2 g in
di erent olors for di erent intervals A = [a1 ; a2 ℄ on
ross se tions of B .

Extending this visualizing on ept we plot
P s( 1 2 ) (A) or P s( 1 2 ) (A) for ea h point (x1 ; x2 ).
h (obtained from the
In Fig. 3 and 4 the stress 11
above example) is depi ted for the interval [-25,-15℄
kN/m2 . The shaded areas orrespond to spe i
values of upper and lower probability of the event
f11h 2 [ 25; 15℄g at (x1 ; x2 ).
In the ase of using fuzzy sets instead of fuzzy measures, the set C de ned above is a fuzzy set; regions
of equal membership degree an be visualized in a
similar manner.
x ;x

x ;x

3 Queueing models in earth work
This appli ation on erns a typi al queueing problem
in ivil engineering, as arising in earth work at larger
onstru tion sites. A purely possibilisti approa h to
queueing models an be found in [3℄. Our method is
in the spirit of [18℄: we will develop a probabilisti
model with fuzzy parameters, namely, in the terminology of [18℄, an (FM/FM/1):N queueing system. In
ontrast to the Markov hain methods of [18℄, our approa h is based on the di erential equations for the
probabilities pk (t) that k ustomers are present in the
system at time t and serves as an appli ation of our
previous work [22℄ on fuzzy di erential equations.

3.1 The ivil engineering problem
We onsider a losed loop queueing system, onsisting of a single server (ex avator) and N ustomers
(transport vehi les). After loading by the server, the
vehi les transport and unload the material and return
to the server. Due to variations in the servi e and return times, a waiting queue will build up in front of
the server. Input parameters are the average servi e
time 1= (servi e rate ) and the average return time
1= (driving rate  ) of ea h vehi le. The engineering
problem is to design the system in the most ost efient way. Having hosen a ertain ex avator, this
will hie y be de ided by the number of transport
vehi les employed: Too few vehi les will in ure osts
due to idle time of the server, while too many will
in ure osts due to waiting time spent in the queue.
The transportation and ex avation osts per unit time
given, the essential performan e index is the avarage
time T needed by ea h transport vehi le to omplete
a full run. Given 1= , this in turn is determined by
the arrival rate  and T = N=, N the total number
of vehi les.
In the proje t planning phase, the designing engineer
has to determine the input parameters of the system
1=; 1= in order to al ulate the required apa ity of
the equipment. The servi e rate  of the ex avator de-

pends on a large number of un ontrollable onditions:
soil parameters, like grain stru ture, angle of internal
fri tion, loosening; a essibility of onstru tion site;
e e tive slewing angle of the ex avator; meteorologial onditions, and so on. Available data just are not
amenable to statisti al methods. However, as noted
in the introdu tion, the planning engineer an usually
provide lower and upper bounds at various risk levels,
using his experien e and extrapolating data of former
proje ts. In on lusion, the input parameters  and 
an be rationally des ribed by fo al sets. We assume
that the information is onsonant; then we may assemble these fo al sets into fuzzy numbers, following
e. g. the pro edure outlined in [7℄. The main goal
is to al ulate the possibility distribution of the total
run time T , from whi h other indi ators of engineering interest an be omputed.
We shall base our analysis on a standard probabilisti
queueing model, whi h assumes that the servi e time
and the return time are exponentially distributed with
expe tation values 1=; 1= , leading to the Markov
(M=M=1) : N queueing system (see e. g. [16℄). In
this ase, the de isive state variables are the probabilities pk (t); k = 0;    ; N that k ustomers are present
in the queueing system at time t. These probabilities give preliminary information on the initial behavior of the system, but will hie y be used to ompute the stationary state with limiting probabilities
k = limt!1 pk (t). The stationary state will serve as
a good approximation to the behavior of the system
(simulations with a tual data from onstru tion management indi ate that it is usually rea hed within one
to two hours). Given fuzzy data ~; ~, all these probabilities are fuzzy as well. As shown below, the fuzzy
run time T~ an be omputed from there without difulty.

3.2 The risp queueing model
Following standard arguments (see e.g. [16℄) one an
dedu e the system
p00 (t) = Np0(t) + p1 (t) ;
p0 (t) = (N k + 1)pk 1 (t)
k

( + (N k) )pk (t) + pk+1 (t) ;
k = 1;    ; N 1 ;
(19)
0
pN (t) = pN 1 (t) pN (t)
with onstraint
N
X
k=0

pk (t) = 1 :

(20)

We normally will assume \deterministi " initial data
pj (0) = 1 for some j; pi (0) = 0 for i 6= j . We note

P
that ( pk (t))0 = 0 so that the onstraint (20) is automati ally satis ed for all times i satis ed initially.
There is a unique equilibrium state given by
0 =

N
X

N!

  n !

1

(21)
n)! 
 n
N!

k = 0
k = 1; : : : ; N : (22)
(N n)! 
n=0 (N

Proposition. The probabilities pk (t); k = 0; : : : ; N

onverge to the equilibrium probabilities k as t ! 1,
uniformly when  and  vary in ompa t subsets of
(0; 1).
Proof: We are dealing with a system of ordinary differential equations of the form

p0 (t) = A(;  )p(t)
with onstraint (20). Considering the olumns of
the matrix A(;  ), Gershgorin's theorem immediately shows that the eigenvalues j ; j = 0; : : : ; N of
A(;  ) are zero or have real part stri tly less than
zero. One of the eigenvalues equals zero, say 0 = 0,
giving the stationary state A(;  ) = 0. We will
show that the algebrai multipli ity of 0 equals 1.
First, the geometri multipli ity is 1 (otherwise, this
would ontradi t the
P uniqueness of the equilibrium
state A(;  ) = 0; k = 1). Suppose the algebrai
multipli ity is greater than 1. Then the Jordan form
of A would ontain a nontrivial Jordan blo k with diagonal elements equal to 0. For a suitable hoi e of
initial data, this would imply that there is a dire tion
in whi h the solution exp(tA)p(0) grows at least linearly as t ! 1 while remaining bounded in the other
dire tions. This ontradi ts the onstraint (20). It
follows that A(;  ) has one eigenvalue 0 = 0 with
multipli ity 1, while the other eigenvalues have real
part stri tly negative. Therefore, exp(tA)p(0) onverges to the equilibrium state  uniformly in ;  as
t ! 1 under the onstraint (20).
Remark: The onvergen e of pk (t) to an equilibrium
state follows from probabilisti arguments as well [16℄.
However, we shall need the uniform onvergen e asserted in the proposition.
By standard arguments from queueing theory, the average number of vehi les in the queue (in the equilibrium state) is easily omputed as L = N (= )(1
0 ). By equating the arrival with the departure rate
we get  =  (N L) = (1 0 ). Finally, we obtain T = N= for the average total run time of ea h
vehi le.

3.3 Fuzzy di erential equations
For our purpose, it suÆ es to onsider a linear system
of the form
x0 (t) = A( )x(t)
(23)

where A is an (n  n)-matrix depending smoothly on
a parameters 2 Rm and x(t) 2 Rn . We x ( risp)
initial data and denote the value of the solution at
time t by x(t) = St ( ). When some of the omponents
of are fuzzy, we an view it as a fuzzy subset ~ of Rm
(from now on, we use the tilde notation to distinguish
a fuzzy variable from its realizations). Our approa h
will be to apply the Zadeh extension prin iple [31℄ to
the ( ontinuous) map ! St ( ) : Rm ! Rn , and
we will onsider St (~) as the fuzzy solution at time
t. In this way, the -level sets of St (~) are pre isely
the images of the -level sets of ~ under the solution
operator St . We prefer this approa h be ause

- viewing the -level sets of ~ as fo al sets, the

output onsists of the fo al sets indu ed by solving the system of di erential equations. This is
pre isely the information of engineering interest,
namely the possible u tuations of the output at
level , given the u tuations of the input;

- one an rewrite (23) as a prolongued system,
putting all fuzzy parameters in the initial data,
and then apply the extension prin iple to the
equation and to the time evaluation map at time
t. This gives a fuzzy solution on ept of (23), for
whi h t ! St (~) is the unique solution (see [22℄).

Our approa h is equivalent to the one using the ow
in [2℄ and in [23℄. We remark that other - nonequivalent - approa hes have been undertaken: imbedding
fuzzy sets into metri spa es [5, 13, 14, 25℄, di erentiation of bounding urves of -level sets [13, 15, 27℄,
parametrized fuzzy numbers [24℄; see also [4, 6, 13℄
for a study of the interrelations. For our numerial omputations, we use the algorithm developed in
[22℄ whi h gives the omponents Stk (~) of the fuzzy
solution St (~). The Cartesian produ t of the fuzzy
omponents yields the smallest non-intera tive fuzzy
ve tor ontaining the fuzzy solution.
We end this se tion by introdu ing some notions
needed below. By a fuzzy number r~ we mean a fuzzy
subset of R su h that all level sets [~r℄ as well as its
support are ompa t intervals and [~r℄1 onsists of a
single point. We use the distan e (see e. g. [5℄) between fuzzy numbers r~; s~,

d(~r ; s~) = sup dH ([~r℄ ; [~s℄ )
2(0;1℄
where dH denotes the Hausdor distan e.

3.4 The fuzzy queueing system

0.6

p~(t) = St (~; ~)

p~k (t) = Stk (~; ~);

<1
0.4

(24)

ea h des ribing the fuzzy (marginal) probability that
k vehi les are in the system at time t. We note that
the fuzzy equilibrium probabilities ~k ould be omputed from formula (22) and (21) with the aid of the
extension prin iple. However, having our ma hinery
at hand, it is simpler to pass to the limit in the expressions (24) for the time-dependent fuzzy marginals
as t ! 1. The onvergen e is guaranteed by the following result:
Proposition. The fuzzy probabilities p~k (t) onverge
to ~k in the sense that

d(~pk (t); ~k ) ! 0 as t ! 1 :
Proof: By the Proposition in Se tion 3.2, pk (t) =
Stk (;  ) ! k (;  ) uniformly as ;  vary in the supports of ~; ~. Therefore, the Hausdor distan e of the
respe tive -level sets onverges to zero uniformly in
2 (0; 1℄ as well, as required.
What on erns the appli ation in ivil engineering, an
important onstru tion management task is to lay out
the apa ity of the system in the planning phase and
allo ate the required equipment. The basi performan e parameter in this ase is the total time needed
by ea h vehi le on average to omplete a full run. As
noted in Se tion 3.2, it is obtained from ~0 as the
fuzzy number

T~ = N=~(1 ~0 );
due to the fa t that ~ and ~0 are intera tive, this is
a tually an upper estimate. Various further information an be extra ted from there. First, the total ost
per transported unit mass is proportional to T~ and
CV + CS =N , where CV and CS denote the ost per
unit time of a single vehi le and the server, respe tively. Thus estimates (with their degrees of possibility) of how the total ost emanates depending on the
number N of vehi les an be obtained.

0.75
0.5
0.25

0.2

>0
0

whi h is dominated by the non-intera tive ve tor with
omponents

1

p0

As noted in Se tion 3.1, we suppose that the input
parameters ;  are fuzzy numbers, whi h we denote
by ~; ~, following our notational onvention. We apply the extension prin iple to the solution operator
(;  ) ! St (;  ) of system (19) with onstraint (20).
A ording to Se tion 3.3, this produ es the fuzzy solution

0
0

10

20

30

time

Figure 5: -level sets of p~0 (t).
Se ond, the average number of ompleted runs by
all vehi les together in a given period D is given by
DN=T~ = D~(1 ~0 ). Thus the degree of possibility
of a hieving a ertain performan e in a given period
of time an be omputed as well, giving the basis for
assessing the risk of not a hieving a required threshhold.
Below we present a omputational example with three
transport vehi les (N = 3) and fuzzy mean serving
time given by a triangular fuzzy number with supporting interval [2; 6℄ and enter at z = 4, while the average return time is modelled as a triangular fuzzy number with support [9; 11℄ and enter at z = 10. The initial state was taken deterministi as des ribed above
with p3 (0) = 1 (all three transport vehi les present
at start). Fig. 5 shows the -level sets of the fuzzy
time-dependent probability p~0 (t) for 0  t  30. One
an read o that at time t = 30 the equilibrium state
is almost rea hed; the probability ~0 an be approximated by a triangular fuzzy number with supporting
interval [0:13; 0:56℄ and enter at 0.28.
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