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a b s t r a c t

In recent years, considerable research has been devoted to developing complex regression
models that can deal simultaneouslywith nonlinear covariate effects and time trends, unit-
or cluster specific heterogeneity, spatial heterogeneity and complex interactions between
covariates of different

∧
types. Much less effort, however, has been devoted to model and

variable selection. The paper develops
∧
a methodology for the simultaneous selection of

variables and the degree of smoothness in regression models with a structured additive
predictor. Thesemodels are quite general, containing additive (mixed)models, geoadditive
models and varying coefficient models as special cases.

∧
This approach allows one to decide

whether a particular covariate enters the model linearly or nonlinearly or is removed from
the model. Moreover, it is possible to decide whether a spatial or cluster specific effect
should be incorporated into themodel to copewith spatial or cluster specific heterogeneity.
Particular emphasis is also placed on selecting complex interactions between covariates
and effects of different types. A new penalty for two-dimensional smoothing is proposed,
that allows for ANOVA-type decompositions into main effects and an interaction effect
without explicitly specifying the main effects. The penalty is an additive combination of
other penalties. Fast algorithms and software are developed that allow

∧
one to even handle

situations with many covariate effects and observations. The algorithms are related to
backfitting andMarkov chainMonte Carlo techniques, which divide the problem in a divide
and conquer strategy into smaller pieces. Confidence intervals taking model uncertainty
into account are based on the bootstrap in combination with MCMC techniques.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction 1

In recent years, substantial progress has been made towards realistic, complex regression models. Their capabilities 2

for data analysis go far beyond the traditional linear or generalized linear model. Prominent examples are additive and 3

generalized additive models (Hastie and Tibshirani, 1990; Rigby and Stasinopoulos, 2005; Wood, 2006b), geoadditiv 4

models (Fahrmeir and Lang, 2001; Kamman and Wand, 2003), generalized additive mixed models (Lin and Zhang, 5

1999; Ruppert et al., 2003), varying coefficient models (Hastie and Tibshirani, 1993), geographically weighted or space 6

varying regression (Fotheringham et al., 2002; Gamerman et al., 2003) and structured additive regression (Fahrmeir et al., 7

2004; Brezger and Lang, 2006). The latter is the most general model class that can deal simultaneously with nonlinear 8

covariate effects and time trends, unit- or cluster specific heterogeneity, spatial heterogeneity and complex interactions 9

between covariates of different type. Moreover, the models can routinely be estimated using user-friendly statistical 10
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Table 1
Determinants of undernutrition: Overview of covariates

Variable Description

ageC Child’s age in months
bfmC Months child was breastfed
agebirM Mother’s age at child’s birth
bmiM Mother’s body mass index
heightM Mother’s height in cm
sex Gender of the child
district District in India the mother and her child lives

software packages, particularly the R packages mgcv (Wood, 2004, 2006b) and GAMLSS (Stasinopoulos et al., 2005) and1

BayesX (Brezger et al., 2005a,b).2

Much less effort, however, has been devoted to model and variable selection for these complex models. For linear3

models, a number of highly efficient model and variable selection routines
∧
is available, particularly stepwise selection4

procedures (see Miller (2002) for an overview), LASSO (Tibshirani, 1996), least angle regression (Efron et al., 2004),5

boosting approaches (Bühlmann, 2006) and Bayesian variable selection (Casella and Moreno, 2006). To our knowledge,6

for semiparametric regression models, the only available procedures are the stepwise algorithm implemented in S-plus7

for additive models (Chambers and Hastie, 1991), and a selection approach implemented in the mgcv package of R (Wood,8

2006a). There is also a Bayesian approach proposed by Shively and Wood (1999) and Yau et al. (2003), but (user-friendly)9

software is not available.10

In this paper we propose algorithms for simultaneous selection of variables and the degree of smoothness in regression11

models with structured additive predictor. Our algorithms are able to12

• decide whether a particular covariate is included in the model,13

• decide whether a continuous covariate enters the model linearly or nonlinearly,14

• decide whether a spatial effect enters the model,15

• decide whether a unit- or cluster specific heterogeneity effect is included in the model,16

• select complex interaction effects (two-dimensional surfaces, varying coefficient terms),17

• select the degree of smoothness of nonlinear covariate, spatial or cluster specific heterogeneity effects.18

Particular emphasis is devoted to modeling and selecting interaction terms. As a side aspect, we propose a new penalty19

for two-dimensional P-splines. The penalty is an additive combination of two other penalties. It allows an ANOVA type20

decomposition into main effects and an interaction effect without explicitly specifying the main effects. A particular special21

case is a main effects model with nonlinear effects modeled by one dimensional P-splines. This allows one to discriminate22

between a main effects model and a more complex model with additional interaction term within the model selection23

process.24

The basis for inference is a penalized least squares view developed in the next section. A Bayesian approach (without25

model selection) for models with structured additive predictor has been developed in Lang and Brezger (2004) and Brezger26

and Lang (2006). We will utilize the close connection to the Bayesian approach for computing (pointwise) confidence27

intervals for nonlinear effects. Another basis for inference not employed in the paper is a mixed model representation,28

see Fahrmeir et al. (2004) and Ruppert et al. (2003).29

The development of methodology is motivated by various cooperations and consulting cases. In a considerable number30

of applications, we are confronted with large datasets, many potential covariates of different types and a lack of theory31

guiding the analyst when specifying promising models. Moreover, the existence or non-existence of complex interactions32

between covariates is often one of the central scientific questions. The estimation of a particular model including the choice33

of smoothing parameters poses no difficulty. However, the number of competing models is usually too large for model34

selection by ‘hand’. Hence, flexible, automated and fast procedures are necessary to perform this difficult task.35

In this paper we discuss an application from development economics. We analyze data from the second National Family36

Health Survey (NFHS-2) from India, which was conducted in the years 1998 and 1999. The aim is to study the determinants37

of child undernutrition measured through an anthropometric indicator. Potential covariates used in this paper are given in38

Table 1. An important issue is also spatial heterogeneity induced by latent or unobserved covariate effects. It is also well39

known that there is a gender bias in undernutrition andmortality among new born children in India. Hence, one of themost40

important scientific questions are possible gender related differences in undernutrition. This leads to the model41

zscore = f1(ageC, bfmC) + g1(ageC, bfmC) · sex + f2(agebirM)42

+ g2(agebirM) · sex + f3(bmiM) + g3(bmiM) · sex + f4(heightM)43

+ g4(heightM) · sex + f5(district) + f5(district) · sex + γ0 + γ1 sex + ε,44

where f1 − f4 are possibly nonlinear functions of the continuous covariates, f5 is a district specific spatial effect and g1 − g545

are possible interactions with sex. The effect of ageC and bfmC is modeled by a two-dimensional (nonlinear) effect because46

an interaction between both variables is very likely a priori. For a child of age three months a duration of three months of47

breastfeeding is quite normal whereas for a 24 months old child it is much less than recommended by health organizations.48
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The literature on undernutrition expects that the age effect depends on the amount of breastfeeding. For children that have 1

not been breastfed enough (according to the health organizations) the age effect is supposed to be below the effect for 2

children with adequate duration of breastfeeding. It is clear that model choice by hand is very tedious for this complex 3

model and an automated approach is required for simultaneous selection of relevant terms and the degree of smoothness 4

of nonlinear functions. 5

The plan of the paper is as follows: The next section describes models with structured additive predictors mostly from a 6

penalized least squares point of view. Section 3 presents algorithms for simultaneous selection of variables and smoothing 7

parameters while Section 4 briefly discusses interval estimates both conditional and unconditional on the selected model. 8

Section 5 presents results of extensive simulations to study the performance of the approach and to compare it to other 9

methodology. Section 6 is devoted to the application on undernutrition in india. The final section summarizes the paper. 10

2. Models with structured additive predictor: A penalized least squares view 11

Suppose that observations (yi, zi, xi), i = 1, . . . , n, are given, where yi is a continuous response variable, and zi = 12

(zi1, . . . , ziq)′ and xi = (xi1, . . . , xip)′ are vectors of covariates. For the variables in z possibly nonlinear effects are assumed, 13

whereas the variables in x are modeled in the usual linear way. The components of z are not necessarily continuous 14

covariates. A component may also indicate a time scale, a spatial index denoting the region or district a certain observations 15

pertains to, or a unit- or cluster index denoting the unit (e.g. community) a certain observation pertains to. Moreover, the 16

components of z may be two- or even three dimensional in order to model interactions between covariates. Summarizing, 17

the vector z contains covariates of different type and dimension with possibly nonlinear effects. We assume an additive 18

decomposition of the effects of zij (and xij) and obtain the model 19

yi = f1(zi1) + · · · + fq(zi1) + x′

iγ + εi. (1) 20

Here, f1−fq are nonlinear functions of the covariates zij and x′

iγ is the usual linear part of themodel. The errors εi are assumed 21

to be mutually independent Gaussian with mean 0 and variance σ 2, i.e. εi ∼ N(0, σ 2). 22

Throughout the paper the nonlinear functions fj are modeled by a basis functions approach, i.e. a particular nonlinear 23

function f is approximated by a linear combination of basis functions 24

f (z) =

K∑
k=1

βkBk(z). 25

The Bk are known basis functions and β = (β1, . . . , βK )′ is a vector of unknown regression coefficients to be estimated. To 26

ensure enough flexibility, typically a large number of basis functions is defined. To avoid overfitting a roughness penalty on 27

the regression coefficients is additionally specified. We use quadratic penalties of the form β′K(λ)β where K(λ) is a penalty 28

matrix. The penalty depends on one ormultiple smoothing parameters λ that govern the amount of smoothness imposed on 29

the function f . In the case of a single smoothing parameter, i.e. λ is a scalar rather than a vector, we will also write β′K(λ)β. 30

From a Bayesian point of view the quadratic penalty β′K(λ)β corresponds to a Gaussian (improper) prior for the regressions 31

coefficients β, i.e. 32

p(β) ∝ exp
(

−
1
2
β′K(λ)β

)
. 33

The choice of basis functionsB1, . . . , BK andpenaltymatrixK(λ)depends onour prior assumptions about the smoothness 34

of f as well as the type and dimension of z. We will give specific examples below. Defining the n × K design matrix Z with 35

elements Z[i, k] = Bk(zi) the vector f = (f (z1), . . . , f (zn))′ of function evaluations can be written in matrix notation as 36

f = Zβ. Accordingly, for model (1) we obtain 37

y = Z1β1 + · · · + Zqβq + Xγ + ε, 38

where X is the design matrix for linear effects, γ is the vector of regression coefficients for linear effects, and y and ε are 39

the vectors of observations and errors. In the next subsections we will give specific examples for modeling the unknown 40

functions fj or in other words for the choice of basis functions and penalty matrices. We start with modeling the effect of 41

continuous covariates using splines. 42

2.1. Continuous covariates 43

2.1.1. P(enalized)-splines 44

Suppose first that a particular component z of z is univariate and continuous. There is a considerable amount of literature 45

on basis functions approaches in combination with a (quadratic) roughness penalty for continuous covariates. Prominent 46

examples are smoothing splines, P(enalized)-splines, Thin-plate splines and radial basis functions, see the monographs 47

Hastie and Tibshirani (1990), Hastie et al. (2003), Fahrmeir and Tutz (2001), Wood (2006b) and Fahrmeir et al. (2007) and 48
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the references cited therein. Here, we apply the P-splines approach introduced by Eilers and Marx (1996). The approach1

assumes that the unknown functions can be approximated by a polynomial spline of degree l and with equally spaced knots2

zmin = ζ0 < ζ1 < · · · < ζm−1 < ζm = zmax3

over the domain of z. The spline can be written in terms of a linear combination of K = m + l B-spline basis functions (De4

Boor, 2001). The columns of the design matrix Z are given by the B-spline basis functions evaluated at the observations zi.5

To overcome the well known difficulties involved with regression splines, Eilers and Marx (1996) suggest a relatively large6

number of knots (usually between 20 and 40) to ensure enough flexibility, and to introduce a roughness penalty on adjacent7

regression coefficients based on squared r-th order differences, i.e.8

β′K(λ)β = λ

K∑
k=r+1

(∆rβk)
2.9

The penalty matrix is given by K(λ) = λD′

rDr where Dr is a r-th order difference matrix. Typically, second or third order10

differences are used. The limiting behavior λ → ∞ depends both on the order of the spline and the order of the penalty. If11

the order of the spline is equal to or higher than the order of the penalty, which is typically the case, then a polynomial fit12

of degree r − 1 is obtained in the limit.13

The approach can be extended to impose monotonicity or more general shape constraints. We will not need P-splines14

with shape constraints in the applications of this paper. We therefore omit the details and refer to Bollaerts et al. (2006).15

However, our software is fully capable of fitting P-Splines with shape constraints.16

2.1.2. Tensor product P-splines17

Assume now that z is two-dimensional, i.e. z =
(
z(1), z(2)

)′ with continuous components z(1) and z(2). The aim is to18

extend the univariate P-spline from the preceding section to two dimensions. A common approach is to approximate the19

unknown surface f (z) by the tensor product of one dimensional B-splines, i.e.20

f
(
z(1), z(2))

=

K1∑
k=1

K2∑
s=1

βksB1,k(z(1))B2,s(z(2)), (2)21

where B11, . . . , B1K1 are the basis functions in z(1) direction and B21, . . . , B2K2 in z(2) direction. See Gu (2002), Eilers andMarx22

(2003), Wood (2003) and Lang and Brezger (2004) for some recent references to surface fitting based on tensor products.23

The n × K = n × K1K2 design matrix Z now consists of products of basis functions.24

Several alternatives are available for the penalty matrix K(λ):25

(a) Penalty based on first differences: The two-dimensional generalization of a penalty based on first differences is given by26

combining row- and column wise quadratic differences27

K1∑
k=2

K2∑
s=1

(βks − βk−1,s)
2

= β′(IK2 ⊗ D1)
′(IK2 ⊗ D1)β28

K1∑
k=1

K2∑
s=2

(βks − βk,s−1)
2

= β′(D2 ⊗ IK1)
′(D2 ⊗ IK1)β29

to the penalty30

β′K(λ)β = β′λ
[
(IK2 ⊗ D1)

′(IK2 ⊗ D1) + (D2 ⊗ IK1)
′(D2 ⊗ IK1)

]
β.31

Another way of expressing the penalty is given by32

β′K(λ)β = β′λ
[
IK2 ⊗ K1 + K2 ⊗ IK1

]
β, (3)33

where K1 and K2 are the respective one dimensional penalty matrices. In the limit λ → ∞ a constant fit is obtained.34

(b) Penalty based on second differences: In a similar way two-dimensional penalties based on higher order differences are35

constructed. A second order difference penalty is obtained if K1 and K2 in (3) correspond to penalty matrices based on36

second rather than first differences. Similar to one dimensional P-splines the limit λ → ∞ results in a linear fit, i.e.37

f
(
z(1), z(2))

= c0 + c1z(1)
+ c2z(2)

+ c3z(1)z(2).38

(c) Anisotropic penalty: The two penalties considered so far are not capable of different penalization in z(1) and z(2) direction,39

respectively. Following Eilers and Marx (2003) anisotropic penalties are obtained by assuming separate smoothing40

parameters λ(1) and λ(2) in z(1) and z(2) direction. The penalty is then given by41

β′K(λ)β = β′
[
λ(1)IK2 ⊗ K1 + λ(2)K2 ⊗ IK1

]
β. (4)42

The resulting fit in the limit λ(1)
→ ∞ and λ(2)

→ ∞ depends on the penalty used to construct K1 and K2. If K1 and43

K2 correspond to a first order difference penalty a constant fit is obtained in the limit. Second order difference penalties44

result in a linear fit for f
(
z(1), z(2)

)
.45
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(d) Penalties with main effects in the limit: Sometimes, it is desirable to decompose the effect of the two covariates z(1) and 1

z(2) into two main effects modeled by one dimensional functions and a two-dimensional interaction effect, i.e. 2

f
(
z(1), z(2))

= f1
(
z(1))

+ f2
(
z(2))

+ f1|2
(
z(1), z(2)) . (5) 3

See Gu (2002) for extensive discussion of such ANOVA-type decompositions. Usually a two-dimensional surface 4

smoother, together with two additional one dimensional P-splines (or other smoothers) are estimated. However, the 5

approach has some drawbacks. First, additional identifiability constraints have to be imposed on the three functions. 6

Second, in cases where the overall hat matrix is not available (as in the estimation approach of this paper), the sum of 7

the degrees of freedom of the three smoothers is not usable as an approximation to the degrees of freedom of the overall 8

effect, see the next section. We therefore follow a different approach. We specify a two-dimensional surface based on 9

tensor product P-splines and compute the decomposition of the resulting surface into main effects and the interaction 10

effect after estimation. Moreover, we specify a penalty that allows for a main effects only model as a special case. This 11

allows one to discriminate between a simple main effects model and a more complicated two way interactions model. 12

A penalty that guarantees a main effects model in the limit is defined by the Kronecker product of two penalty matrices 13

for one dimensional P-splines based on first order differences, i.e. 14

β′K(λ)β = β′λK1 ⊗ K2β. (6) 15

The drawback of this penalty is that the limit λ → ∞ yields unpenalized main effects, i.e. quite complex and wiggly 16

functions. We therefore propose to use a modified penalty which is effectively a combination of the two penalties (4) 17

and (6). More specifically we define 18

β′K(λ)β = β′

[
λ(1)

K1
IK2 ⊗ K1 +

λ(2)

K2
K2 ⊗ IK1 + λ(3)K̃1 ⊗ K̃2

]
β, (7) 19

where K1 and K2 are penalty matrices corresponding to one dimensional P-splines based on first or second order 20

differences. The matrices K̃1 and K̃2 are penalty matrices of P-splines based on first order differences. This penalty has 21

the following nice properties (see Appendix A of Belitz (2007) for a derivation): 22

• The limit λ(3)
→ ∞ results in a mere main effects model. The main effects are one dimensional P-splines with 23

smoothing parameters λ(1) and λ(2). 24

• The limit λ(3)
→ 0 yields the anisotropic penalty (4) as a special case. 25

• The limit λ(1)
→ 0 and λ(2)

→ 0 yields the Kronecker product penalty (6) as a special case. 26

• The limit λ(1)
→ ∞, λ(2)

→ ∞ and λ(3)
→ ∞ results in a main effects model with linear or constant main effects 27

depending on the difference order used to construct K1 and K2. 28

It is important that the penalty matrices K̃1 and K̃2 used in the third Kronecker product in (7) are based on first order 29

differences. For higher order differences, for instance second order differences, the limit for λ(3)
→ ∞ results in amodel 30

withmain effects and additional complex interactions (varying coefficient terms), i.e. the nice property of a main effects 31

model in the limit is lost. 32

After estimation, the main effects f1
(
z(1)
)
, f2

(
z(2)
)
and the interaction effect f1|2

(
z(1), z(2)

)
are computed from 33

f
(
z(1), z(2)

)
as follows: We first compute the interaction surface by 34

f1|2
(
z(1), z(2))

= f
(
z(1), z(2))

− f̄1
(
z(2))

− f̄2
(
z(1))

+ f̄ , 35

where 36

f̄1
(
z(2))

=
1

range(z(1))

∫
f
(
z(1), z(2)) dz(1)

37

f̄2
(
z(1))

=
1

range(z(2))

∫
f
(
z(1), z(2)) dz(2)

38

f̄ =
1

range(z(1)) · range(z(2))

∫∫
f
(
z(1), z(2)) dz(1)dz(2)

39

are the row wise, column wise and overall means of f , respectively. The next step is to extract the two main effects as 40

f1
(
z(1))

= f̄2
(
z(1))

− f̄ f2
(
z(2))

= f̄1
(
z(2))

− f̄ . 41

Finally, the interceptγ0 is corrected by adding the overallmean f̄ of f . The approach guarantees that the rowwise, column 42

wise and overall means of the interaction f1|2 as well as the means of the twomain effects are zero, see also Chen (1993) 43

and Stone et al. (1997). Moreover, by inserting the tensor product representation of f into f̄1
(
z(2)
)
, respectively f̄2

(
z(1)
)
, 44

it is easily shown that the two main effects are P-splines. 45

2.2. Spatial heterogeneity 46

In this subsection we assume that z represents the location a particular observation pertains to. The location is typically 47

given in two ways. If exact locations are available, z = (z(1), z(2))′ is two-dimensional, and the components z(1) and z(2)
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correspond to the coordinates of the location. In this case the spatial effect f (z(1), z(2)), could bemodeled by two-dimensional1

surface estimators as described in the preceding section.2

In many applications, however, exact locations are not available. Typically, a geographical map is available and3

z ∈ {1, . . . , K} is an index that denotes the region (e.g. district) an observation pertains to. For instance, the data on4

undernutrition in India contains information in which of the approximately 400 districts the mother and her child lives.5

A common approach is to assume f (z) = βz , i.e. separate parameters β1, . . . , βK for each region are estimated. The n × K6

design matrix Z is an incidence matrix whose entry in the i-th row and k-th column is equal to one if observation i has been7

observed at location k and zero otherwise. To prevent overfitting, a penalty based on squared differences is defined that8

guarantees that parameters of neighboring regions are similar. Typically two regions are assumed to be neighbors if they9

share a common boundary although other neighborhood definitions are possible. The penalty is defined as10

β′K(λ)β = λ

K∑
k=2

∑
s∈N(k),s<k

(βk − βs)
2, (8)11

where N(k) denotes all sites that are neighbors of site k. The elements of the penalty matrix are given by12

K[s, r] = λ

{
−1 k 6= s, k ∼ s,
0 k 6= s, k � s,
|N(k)| k = s.

(9)13

If we adopt a Bayesian point of view, the prior resulting from penalty matrix (9) is an example of an intrinsic Gaussian14

autoregression or a Gaussian Markov random field prior.15

Depending on the prior belief on smoothness of the spatial effect, several alternatives to penalty (9) are available. If16

a very smooth effect is assumed, the two-dimensional smoothers discussed in the preceding section could be used as an17

alternative. Since exact locations are not available, the centroids of the regions could be used instead. In some situations a18

smooth spatial effect is not justified, because of local
∧
spatial heterogeneity. In this case, the assumption of spatial dependence19

of neighboring parameters is not meaningful. Instead, a simple ridge type penalty20

β′K(λ)β = λβ′β = λ

K∑
k=1

β2
k21

with penalty matrix K(λ) = λI may be defined. This penalty does not assume any spatial dependence, but prevents highly22

variable estimates induced by small samples, for some regions or sites.23

2.3. Unit- or cluster specific heterogeneity24

There is a vast literature on modeling unit- or cluster specific heterogeneity, see e.g. Verbeke and Molenberghs (2000).25

An important special case arises for longitudinal data, where individuals are repeatedly observed over time (Diggle et al.,26

2002). Typically, unit- or cluster specific random effects are introduced, to account for heterogeneity. In its simplest form, a27

random intercept βz with βz ∼ N(0, τ 2) is introduced. Here, z ∈ {1, . . . , K} is an index variable that denotes the cluster a28

particular observation pertains to. This is equivalent to a penalized least squares approach with function f (z) = βz , penalty29

matrix I and smoothing parameter λ = σ 2/τ 2. The n × K design matrix Z is a 0/1 incidence matrix whose entry in the i-th30

row and k-th column is equal to one, if observation i belongs to the k-th cluster and zero otherwise. Random slopes could31

be treated in the same way, see the next subsection.32

Note that more than one random intercept with respect to different cluster variables are possible. In many cases, there33

exists a hierarchical ordering of clusters. Models with such hierarchical clusters are also called multilevel models, see for34

instance Skrondal and Rabe-Hesketh (2004).35

2.4. Varying coefficients36

In our application on undernutrition in India, an important scientific question is concerned with gender related37

differences. Hence a modeling framework is required that allows for sex specific covariate effects. More generally, suppose38

that the effect of a continuous covariate z(2) is assumed to vary with respect to a categorical covariate z(1). For notational39

convenience, we restrict the discussion to binary covariates z(1). The generalization to (multi)categorical covariates is40

straightforward. The interaction between z(2) and z(1) can be modeled by a predictor of the form41

η = · · · + f1(z(2)) + g(z(2))z(1)
+ · · · ,42

where f1 and g are smooth functions (modeled by P-splines). The interpretation of the two functions f1 and g depends on43

the coding of the binary variable z(1). If z(1) is in dummy-coding, the function f1 corresponds to the effect of z(2) subject44

to z(1)
= 0, and g is the difference effect for observations with z(1)

= 1. If z(1) is in effect-coding, the function f1 can be45

interpreted as an average effect of z(2), and g respectively −g , is now the deviation from f1 for z(1)
= 1 and z(1)

= −1. It46

turns out that the coding of z(2) is not only important for interpretation, but also crucial for inference. Since the estimation47
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described in the next section is based on an iterative backfitting-type procedure, dependence between f1 and g should 1

be minimized, to avoid convergence problems. Hence, effect coding for z(2) is an effective yet simple device, to avoid 2

convergence problems. 3

Models with interaction effects of the form g(z(2))z(1) are known as varying coefficient models (Hastie and Tibshirani, 4

1993), because the effect of z(1) varies smoothlywith respect to the continuous covariate z(2). Covariate z(2) is called the effect 5

modifier of z(1). The approach can be easily extended to a two-dimensional effectmodifierwith components z(2) and z(3). The 6

interaction effect is then given by g(z(2), z(3))z(1) where g(z(2), z(3)) is a two-dimensional surface, which is modeled by the 7

tensor product P-splines discussed in Section 2.1.2. For instance, for the India data wemodel the sex specific effect of the age 8

of the child (ageC) and the duration of breastfeeding (bfmC) by the interaction effect g(ageC, bfmC)sex. Anothermodification 9

arises if the effect modifier is the location, either given as the coordinates or as a spatial index. In this case, we have a space 10

varying effect of z(1). Models of this kind are also known as geographically weighted regression, see Fotheringham et al. 11

(2002). A final modification is obtained for a unit- or cluster index as effect modifier. The effect of z(1) is now assumed to be 12

unit- or cluster specific and typically referred to as a random slope. 13

Independent of the specific type of the effect modifier, the interaction term g
(
z(2)
)
z(1) (or g

(
z(2), z(3)

)
z(1)) can be cast 14

into our general framework by defining 15

f
(
z(1), z(2))

= g
(
z(2)) z(1) or f

(
z(1), z(2), z(3))

= g
(
z(2), z(3)) z(1). (10) 16

The overall design matrix Z is given by diag(z(1)
1 , . . . , z(1)

n )Z(1) where Z(1) is the usual design matrix for P-Splines, tensor 17

product P-splines, spatial- or cluster specific effects. 18

3. Simultaneous selection of variables and smoothing parameters 19

A main building block of our algorithms are smoothers of the form 20

S(y, λ) = Zβ̂ β̂ = (Z′Z + K(λ))−1Z′y, 21

where Z andK(λ) are design and penaltymatrices, corresponding to the smooth covariate effects discussed in the preceding 22

section. The cross product matrices Z′Z + K(λ) are band matrices, or can be transformed into a matrix with band structure. 23

For the spatial penalty (8) the cross product matrix is not a priori a band matrix, but sparse. It can be transformed into a 24

band matrix (with differing band size in every row), by reordering the regions using the reverse Cuthill Mc-Kee algorithm 25

(see George and Liu (1981) p. 58 ff). Hence, numerical evaluation of the smoothers is done by using matrix operations for 26

sparse matrices, in particular Cholesky decompositions. In our implementation, we use the envelope method for Cholesky 27

decompositions of sparse matrices as described in George and Liu (1981). 28

For fixed smoothing parameter(s), β̂ is the minimizer of the penalized least squares criterion 29

PLS(β) = (y − Zβ)′(y − Zβ) + β′K(λ)β. 30

Consecutively applying smoothers Sj corresponding to the j-th function fj in (1) to the current partial residual, reveals the 31

well known backfitting algorithm to minimize the overall PLS-criterion 32

PLS =

(
y −

q∑
j=1

Zjβj − Xγ

)′ (
y −

q∑
j=1

Zjβj − Xγ

)
+

q∑
j=1

β′

jKj(λj)βj. 33

The complexity of the fit may be determined by the equivalent degrees of freedom df , as a measure of the effective number 34

of parameters. In concordance with linear models, the degrees of freedom of the fit are defined as 35

df = trace(H), 36

whereH is the predictionmatrix that projects the observations y on their fitted values ŷ, i.e. ŷ = Hy. In complexmodelswith 37

many effects, the trace of H is difficult, and computationally intensive to compute. Therefore df is typically approximated 38

by the sum of the degrees of freedom of individual smoothers, i.e. 39

df =

q∑
j=1

dfj + p, 40

where p is the number of linear effects in the model and dfj is in most cases computed as 41

dfj = trace(Zj(Z′

jZj + Kj(λj))
−1Z′

j) − 1. (11) 42

The substraction of one from the trace is necessary, because terms are usually centered around zero to guarantee 43

identifiability, and as a consequence, one degree of freedom is lost. In some situations, varying coefficient terms are 44

identifiable, and substraction of one is not required. To give an example, the varying coefficient terms in η = · · ·+g1(z1)z+ 45

g2(z2)z+γ0+γ1z+· · · are not identified, whereas in η = · · ·+g1(z1)z+γ0+· · ·, the varying coefficient term is identifiable. 46

In the first case, centering and substraction of one is necessary, in the second case, it is not. 47

The approximation provides good results, provided that correlations among individual terms, and correlations between 48

nonlinear terms and linear effects are moderate. In addition, the number of observations should be considerably larger than 49

the estimated number of parameters. Two remarks are in order: 50
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• Two-dimensional P-splines:As alreadymentioned, a two-dimensional effect of z(1) and z(2) is frequently specified, together1

with corresponding main effects, i.e. the predictor is of the form (5). In this case, the approximation of the degrees of2

freedom by the sum of individual degrees of freedom, is clearly not valid. Instead, the overall projection matrix of the3

three smoothers must be used to compute the degrees of freedom. In this paper, we therefore follow the alternative4

approach already proposed in Section 2.1.2, i.e. the penalty matrix is constructed such that a main effects model based5

on P-splines is a special case, see penalty (7). Then the approximation (11) is applicable. The approach is also much less6

computationally intensive, and gives similar results in terms of goodness of fit, than the more conventional approach,7

see also the results of the simulation study in Section 5.8

• Unit- or cluster specific effect: Consider for simplicity the predictor η = γ0 + f (z), where f (z) is a cluster specific effect9

with respect to cluster variable z. Particular for small smoothing parameters, there is increasing linear dependence with10

the intercept. We therefore base computation of the degrees of freedom on an augmented design matrix, that contains11

an additional column of ones, i.e. Zj in (11) is replaced by (Zj1).12

Our variable selection procedure described below aims at minimizing a goodness of fit criterion. The following options13

are available:14

• Test- and validation sample15

Provided that enough data are available, the best strategy is to divide the data into a test- and validation sample. The16

test data set is used to estimate the parameters of the models. The fit of different models is assessed via the validation17

data set. In the case of a continuous response, typically the mean squared prediction error is minimized.18

• AIC , AICc , BIC19

In such cases where data are sparse, an estimate for the prediction error is based on goodness of fit criteria that20

penalize the complexity of models. A general form for a wide range of criteria is given by C = n log(σ̂ 2) + penalty,21

where the penalty depends on the degrees of freedom (df ) of the model. The most widely used criteria are the AIC22

(penalty = 2df ) and the BIC (penalty = log(n)df ). A bias corrected version AICc of AIC is widely used with regression23

models, see Hurvich et al. (1998). Here, the penalty is given by penalty = 2df +
2·df (df+1)
n−df−1 . Experience from extensive24

simulations suggests
∧
using AICc for the models considered in this article.25

• Cross validation26

Cross validation mimics the division into test- and validation samples. The data are split into K parts (typically K = 527

or K = 10), of roughly equal size. One part is used to estimate prediction errors, and the other K − 1 parts are used to28

fit the models. This is done for every part, and the estimated prediction errors are added. K -fold cross validation is in29

most cases slightly more time consuming than using AIC or BIC , but an approximation of the degrees of freedom is not30

required. Hence, cross validation is recommended if the approximation to the degrees of freedom is likely to be erroneous31

e.g. because of strong correlations among covariates.32

We are now ready to describe our approach for simultaneous selection of variables and smoothing parameters. We33

first exclude smoothers with multiple smoothing parameters, as is particularly the case for the two-dimensional surface34

estimator with penalty (7). The basic algorithm works as follows:35
Q1

Algorithm 1. (1) Initialization36

Define for every possible nonlinear term fj, j = 1, . . . , q, a discrete number Mj of decreasing smoothing parameters37

λj1 > · · · > λjMj . The smoothing parameters are chosen such that they correspond to certain equivalent degrees of38

freedom. For example, for one dimensional P-splines with 20 inner knots (corresponding to 22 basis functions) and39

second order difference penalty we define λj1 = ∞ corresponding to dfj1 = 1, i.e. a linear fit, and the other smoothing40

parameters λjs, s = 2, . . . , 22, are defined such that dfjs = s. For model terms with a large number of basis functions41

typically 30–40, different smoothing parameters are defined.42

(2) Start model43

Choose a start model with current predictor44

η̂ = f̂1 + · · · + f̂q.45

where f̂j is the vector of function evaluations at the observations. For example, set f̂j ≡ 0, j = 1, . . . , qwhich corresponds46

to the empty model. Choose a goodness of fit criteria C .47

(3) Iteration48

(a) For j = 1, . . . , q:49

Form = 0, . . . ,Mj:50

Compute the fits51

f̂jm :=

{
0 m = 0
Sj(y − η̂[j], λjm) m = 1, . . . ,Mj

=

{
0 m = 0
(Z′

jZj + K(λjm))−1Z′

j(y − η̂[j]) m = 1, . . . ,Mj
52

and the corresponding predictors η̂jm := η̂[j] + f̂jm. Here, η̂[j] is the current predictor with the j-th fit f̂j removed.53
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Compute the updated estimate 1

f̂j = argmin C(f̂jm), 2

i.e. among the fits f̂jm for the j-th component, choose the one that minimizes the goodness of fit criteria C . 3

(b) The linear effects part x′γ typically consists of the intercept γ0 and dummy variables for the categorical covariates. 4

For the moment, suppose that x contains dummies representing only one categorical variable. Then we compare 5

the fits γ̂0 = y − η[lin], γ1 = 0, . . . , γq = 0 (covariate removed from the model) and γ̂ = (X′X)−1X′(y − η̂[lin]) 6

where η̂[lin] is the current predictor with the linear effects removed and y − η[lin] is the mean of the elements of the 7

partial residual vector y− η̂[lin]. If more than one categorical covariate is available the procedure is repeated for every 8

variable. 9

(4) Termination 10

The iteration cycle in 3. is repeated until the model, regression and smoothing parameters do not change anymore. 11

If a two-dimensional surface with penalty (7) is specified, the basic Algorithm 1 must be adapted. The following algorithm 12

describes modifications for a two-dimensional surface f
(
z(1), z(2)

)
, which may be decomposed into two main effects f1 and 13

f2, and an interaction effect f1|2 as in (5): 14

Algorithm 2. (1) Initialization 15

Define for the three components of λ = (λ(1), λ(2), λ(3))′ ordered lists of smoothing parameters 16

λ
(j)
1 > · · · > λ

(j)
Mj

j = 1, 2, 3. 17

We first choose the list of smoothing parameters for the first and second component λ(1) and λ(2). This is done by 18

temporarily assuming λ(3)
= ∞, i.e. a main effects model. Then the smoothing parameters λ

(j)
1 , . . . , λ

(j)
Mj
, j = 1, 2 are 19

defined in the same way as for univariate P-Splines, i.e. they are chosen in accordance to certain equivalent degrees of 20

freedom. The next step is to define a list of smoothing parameters for the third component λ(3). For that purpose we 21

temporarily assume λ(1)
= λ(2)

= 0, which corresponds to penalty (6). We then assign again the smoothing parameters 22

in accordance to certain degrees of freedom. The largest smoothing parameter in the list is set to infinity, i.e. λ(3)
M3

= ∞, 23

to guarantee that a main effects model is included as a special case. 24

(2) Start model 25

We usually start with a main effects model, i.e. for λ(3) the largest smoothing parameter λ
(3)
M1

= ∞ in the list is set. 26

(3) Iteration 27

We distinguish the two cases (a) λ(3)
= ∞ and (b) λ(3)

6= ∞ for the current value of the third component of λ. Case 28

(a) corresponds to a main effects model, i.e. f1|2 ≡ 0 and f1 and f2 are one dimensional P-splines in (5). 29

(a) Current value of λ(3) is infinity (main effects model) 30

· Update λ(1): Compute the P-spline fits 31

f̂1m :=

{
0 m = 0(
Z′

1Z1 + K1
(
λ(1)
m

))−1 Z′

1(y − η̂) m = 1, . . . ,M1
32

for the main effect f1 in (5). The matrices Z1 and K1 correspond to the design matrix and penalty matrix of a one 33

dimensional P-spline. The corresponding predictors to f̂1m are computed as η̂m := η̂ + f̂1m, where η̂ is the current 34

predictor with the first main effect removed. Finally, the updated estimate is computed as 35

f̂1 = argmin C(f̂1m). 36

· Update λ(2): This is done in complete analogy to the previous step. 37

· Update λ(3): The third component is updated only if the main effects are not completely removed, i.e. if f̂1 6= 0 or 38

f̂2 6= 0. In this case, we fix the first and second component of λ at its current values and compute the fits 39

f̂m :=
(
Z′Z + K

(
λ(1), λ(2), λ(3)

m

))−1 Z′(y − η̂) m = 1, . . . ,M3 40

for the surface f . The corresponding predictors are given by η̂m := η̂ + f̂m, with η̂ being the current predictor with 41

the surface removed. Finally compute the updated estimate 42

f̂ = argmin C(f̂m). 43

(b) λ(3)
6= ∞ (model with interaction) 44

The main difference to the previous case is that the main effects can not be removed, because we do not allow 45

for a surface f with interaction, but without main effects. For j = 1, 2, 3 the j-th component λ(j) of λ is updated by 46

fixing the two remaining components, and computing the fits 47

f̂m :=
(
Z′Z + K

(
. . . , λ(j)

m , . . .
))−1

(y − η̂) m = 1, . . . ,Mj 48

for the surface f . The updated estimates are again given by 49

f̂ = argmin C(f̂m). 50

We conclude this section with a few remarks on the two algorithms: 51
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(1) Avoid backfitting1

When updating the function estimates f̂j, the other terms in the model are not re-estimated as in a backfitting2

procedure. However, the algorithm automatically collapses to backfitting, as soon as the variables and smoothing3

parameters included in the model
∧
no longer change. Avoiding backfitting in Step (2) dramatically reduces computing4

time, without substantial loss of estimation accuracy. In the majority of cases, the selected models with backfitting5

included in step 2 are identical to the models selected with our algorithm. In a few cases, the fit of our algorithm is6

slightly worse, but estimated functions are still visually indistinguishable.7

(2) Increasing values for the goodness of fit criterion8

The price for avoiding backfitting, is that sometimes the value of the goodness of fit criteria slightly increases after9

one of the cycles in step 3a of Algorithm 1. This might happen becausemeanwhile other functions have been adjusted. If10

backfitting
∧
could be included after every cycle in step 3a

∧
, an increase in the goodness of fit criteria would be impossible.11

It is therefore necessary to stop the algorithm only if the model selection has finished, and the algorithm has already12

collapsed into backfitting.13

(3) Connection to boosting14

Taking two modifications our (basis) algorithm turns into a boosting approach. For a description of boosting see15

e.g. Tutz and Binder (2007), who discuss boosting for ridge regression, which is conceptually similar to the methods in16

this paper. Boosting is obtained if we compute in every iteration only one fit for every nonlinear term. The fits must17

be based on comparably large λj’s in order to guarantee that the resulting smoothers are ‘‘weak learners’’. As a second18

modification, the smoothers are applied to the current residuals y − η̂ rather than to y − η̂[j].19

(4) Large linear models20

A referee suggested to express our models as large linear models as successfully proposed in Marx and Eilers (1998)21

for GAM’s and Eilers and Marx (2002) for models with additive smooth structures. Then standard methodology for22

variable selection in linear models as e.g. described in Miller (2002), could be used (with modifications). In principle,23

this approach is possible with two advantages. First, possible convergence problems due to highly correlated terms can24

be avoided. Second, an approximation to the degrees of freedom of the fit required for computing some of the goodness25

of fit criteria is not necessary
∧
, as a trace of the smoother matrix is available. However, the approach is not feasible, or26

at least very time consuming for the complex models this paper is about. The difference to the situation in Marx and27

Eilers (1998) and Eilers and Marx (2002) is that our models may contain
∧
many more parameters, because spatial effects28

and/or cluster specific random effects as described in Sections 2.2 and 2.3 are typically involved. For instance, the full29

model for the data on undernutrition in India (see Section 6), with penalty (8) for the spatial effect, has roughly 100030

parameters. In somemodels with spatially varying effects, or many cluster specific effects, several thousand parameters31

are involved. The advantage of our adaptiv backfitting-type algorithm is that the problem can be divided into smaller32

pieces. Another important advantage is also that the sparsity of the cross product matrices X′X + K(λ) can be utilized33

to substantially decrease computing time.34

(5) Derivative free optimization35

One might ask why we have not attempted a derivative based approach for minimizing the goodness of fit criteria,36

as has been successfully proposed in Wood (2000), and also in Kauermann and Opsomer (2004). The reason is that our37

models may contain a large number of parameters, particularly because spatial and/or cluster specific effects with as38

many parameters as sites or clusters are frequently included. The derivative based algorithm of Wood (2000) is of cubic39

order in the number of parameters. Hence, computationally intense, if not infeasible, algorithmswould result. However,40

we have experimented with other derivative free optimization as described e.g. in Brent (2003). While conceptually41

more demanding, substantial improvements in terms of computing time, ormodel fit have not been achieved. Therefore42

details are omitted.43

(6) Practical application44

Our algorithms aim at simultaneously estimating and selecting a model which
∧
fits well, in terms of a preselected45

goodness of fit measure. It is not guaranteed that the global minimum is found, but the solution of the algorithms are46

at least close. However, the selection process is subject to sampling error, and it is of course not guaranteed that the47

selected model is correct (if one
∧
believes that a correct model exists). Moreover, we do not

∧
believe in the one single48

model that best represents and summarizes the available data. We think of the selected best model more as a good49

starting point for further investigation.50

(7) Software51

The selection algorithms, as well as themethodology for obtaining confidence intervals described in the next section,52

are included in the public domain software package BayesX (version 2.0). Our software avoids most of the drawbacks53

inherent in many of the selection routines for linear models. For instance, it is possible to force a particular term into54

the model, or to include and remove all dummies of categorical
∧
variables simultaneously. For all covariates, the user has55

full control over the prior assumptions of the corresponding model term, by manually specifying the list of permitted56

smoothing parameters. Hence, mindless data dredging can be avoided.57

4. Confidence intervals58

We first describe the computation of pointwise confidence intervals conditional on the selected model. Frequentist59

confidence intervals are based on the assumption that the distribution of the estimated regression coefficients β̂j is60
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Fig. 1. estimated effect of themother’s height on the Z-score togetherwith 95% conditional (dark-grey shaded area) and unconditional confidence intervals
(light-grey shaded area).

approximately Gaussian. As has been noticed by various authors, frequentist confidence intervals are unsatisfactory, because 1

of penalty induced bias
∧
; see Wood (2006c) for a recent discussion. Alternatively, we can resort to a Bayesian point of 2

view, which implicitly considers the prior belief about smoothness induced through the penalty terms. Bayesian inference 3

for models with structured additive
∧
predictors is extensively discussed in Lang and Brezger (2004) and Brezger and 4

Lang (2006)
∧
; see also Jullion and Lambert (2007). Inference can be based on MCMC methods, and pointwise (Bayesian) 5

confidence intervals are simply obtained by computing the respective quantiles of simulated function evaluations. If credible 6

intervals are conditional on the selected model, the smoothing parameters are fixed, and MCMC simulation is very fast, 7

because simulation requires only to draw random numbers frommultivariate normal distributions with fixed precision and 8

covariance matrix. As will be shown through simulations, the coverage rates are surprisingly close to the nominal level, 9

although model uncertainty is not taken into account. 10

Much more difficult and computer intensive are unconditional confidence intervals that explicitly take into account 11

model uncertainty. We adapt an approach proposed by Wood (2006c) which works as follows: 12

(1) For k = 1, . . . , B use parametric bootstrapping to obtain B bootstrap response vectors y(k). 13

(2) Apply the model selection algorithms of Section 3 on the bootstrap responses y(k) resulting in estimates λ̂
(k)
1 , . . . , λ̂

(k)
q 14

for the smoothing parameters. 15

(3) Simulate for each of the B smoothing parameter combinations λ̂
(k)
1 , . . . , λ̂

(k)
q , and the smoothing parameters of the 16

originally selected model random numbers from the posterior. Simulation is based conditional on the bootstrapped 17

smoothing parameters and the observed data vector y. Typically we set
∧
B = 99, resulting in 100 different smoothing 18

parameter combinations. For every smoothing parameter combination, 10 random numbers are drawn from the 19

posterior
∧
. 20

(4) Pointwise confidence intervals for the regression parameters γ , and the nonlinear functions fj are based on the whole 21

sample of (typically 1000) simulated random numbers, and are obtained via the respective empirical quantiles. 22

Note that bootstrapping is only used for getting replicated samples of the smoothing parameters, whereas samples for 23

∧
regression coefficients are based on the original data. This avoids the typical bias of bootstrap confidence intervals in 24

semiparametric regression models, see e.g. Kauermann et al. (2006). We have experimented with several proposals for 25

bias reduction, see e.g. Politits and Romano (1994). These approaches are
∧
, however, less straightforward and proved to be 26

not competitive to the conceptionally simple approach by Wood (2006c). Another advantage of the Wood approach is that 27

a relatively small number of bootstrap replicates are sufficient, because bootstrapping is limited to the sampling of the 28

smoothing parameters. This is particularly important because every bootstrap replicate requires
∧
a rerun of the relatively 29

costly model selection algorithms of Section 3. More details and justifications for the bootstrap approach are given inWood 30

(2006c). 31

In the majority of applications, conditional and unconditional confidence intervals, are almost undistinguishable. 32

In some exceptional cases, however, significant differences can be observed. As an example take Fig. 1, which plots 33

the estimated effect of the mother’s height on the Z-score in our data example on undernutrition in India, see also 34

Section 6. The selected best model contains a linear effect of the mother’s height. Since the unconditional confidence 35

intervals are based on 100 (bootstrapped) smoothing parameter combinations in a significant number of cases, a 36

sightly nonlinear effect for mother’s height is selected. This increased uncertainty is reflected in the unconditional 37

confidence intervals
∧
, which suggests that a slightly nonlinear effect is also reasonable. In this particular case, the 38

unconditional confidence intervals are favorable to conditional confidence intervals, as they provide further valuable 39

insight. 40
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Fig. 2. Simulation study 1. Average estimated functions (dashed lines) based on adaptive search (top left to bottom left). For comparison the true functions
are superimposed (solid lines). Boxplots of the empirical log MSEs for the various estimators and selected model terms.

5. Simulation results1

5.1. Additive model with varying coefficient terms2

A number of simulation experiments have been conducted to analyze the performance of our approach. As a3

representative example, we report results for a complex model that includes smooth additive effects, interactions between4

continuous and categorical covariates, spatial heterogeneity, and a spatially varying effect. The model imitates the kind of5

models estimated for the Indian data on undernutrition.6

The simulation design is as follows:
∧
six continuous covariates z1, . . . , z6 and a binary variable x have been simulated7

with values uniformly distributed in [−3, 3] and {−1, 1} respectively. The results given below are based on uncorrelated8

covariates. Experimentswithmoderately correlated covariates give virtually the same results, and are therefore omitted. The9

most general predictor with possibly nonlinear effects of the continuous covariates, possibly nonlinear interaction effects10

between the continuous covariates and the binary variable x, a spatial effect of a region indicator r and a spatially varying11

effect of x is given by12

η = f1(z1) + g1(z1) · x + · · · + f6(z6) + g6(z6) · x + f7(r) + g7(r) · x + γ0 + γ1 · x. (12)13

The simulated model contains nonlinear main effects f1 − f4 of the covariates z1 − z4, two interaction effects g1 and g314

between z1 and x and z3 and x (see Fig. 2), a spatial effect f7(r) and a spatially varying effect g7(r). The true predictor is15

therefore given by16

η = f1(z1) + g1(z1) · x + f2(z2) + f3(z3) + g3(z3) · x + f4(z4) + f7(r) + g7(r) · x + γ0 + γ1x17

and the remaining functions f5, f6 and g2, g4 − g6 are identical to zero. All functions fj, j = 1, . . . , 4, 7, were chosen such18

that σfj = 1, whereas the effect of the interaction functions gj, j = 1, 3, 7, is weaker with σgj = 0.5. We assumed a Gaussian19

model with a standard deviation of σε = 0.82, leading to a moderate signal to noise ratio of ση/σε = 3. We simulated 320

observations for each of the 309 regions, resulting in n = 927 observations for a single replication of themodel. Overall, 25021

replications have been simulated.22

We compared the following estimators:
∧
our adaptive search based on Algorithm 1, the model selection tool of the mgcv23

package (version 1.3-22) in R, the stepwise algorithm described in Chambers and Hastie (1991) (using a fast implementation24

in BayesX, version 2.0) and a fully Bayesian approach (withoutmodel selection), as described in Lang and Brezger (2004). The25

Bayesian approach may be regarded as a reference, because estimation is based on the correct model, i.e. model selection26

is not included. Selected results of the simulation study are summarized in Tables 2 and 3 and Figs. 2 and 3. We draw the27

following conclusions:28
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Fig. 3. Simulation study 1. Average estimates and empirical bias of the spatial main and interaction effect f7 and g7 for adaptive search.

Table 2
Simulation study 1

Approach Algorithm 1 Stepwise mgcv MCMC (true)

Runtime 0:07 0:42 3:05 1:31

Computing times in hours for the first 25 replications.

• Computing time: The computing times displayed in Table 2 show that model selection is considerably faster using our 1

adaptive Algorithm 1 compared
∧
with other approaches. 2

• Bias and MSE: All nonlinear terms are estimated with almost negligible bias, see Figs. 2 and 3 for our adaptive search 3

algorithm. Results for the competitors are similar, and therefore omitted. The empirical mean squared errors (MSEs) are 4

usually very close for all approaches, i.e. they performmore or less equally well (see Fig. 2 for two typical examples). Even 5

the MSEs for the fully Bayesian approach are only slightly lower than for the model selection approaches. The empirical 6

MSEs of the unimportant functions (not shown) are always below 0.02, indicating that individual estimated functions 7

are close to zero. 8

• Irrelevant terms: On average, our search algorithm included 1.32 terms with no effect, whereas the relevant terms were 9

selected in 100% of the replications. Hence, all selection errors are due the additional inclusion of irrelevant terms. 10

However, each irrelevant function is removed from the model in 72%–80% of the replications. 11

• Confidence intervals: Table 3 shows average coverage rates for the different model terms. In order to assess the 12

dependence of results on the sample size, we additionally included coverage rates based on a doubled sample size of 13

n = 1854. The results are as follows: 14

· For conditional confidence intervals, coverage rates tend to be below the nominal level, whereas the coverage rates 15

of Bayesian confidence intervals based on MCMC simulation, are considerably above the nominal level. Average 16

∧
coveragerates of unconditional confidence intervals typically match or are slightly above the nominal level. For all 17

approaches, average coverage rates are closer to the nominal level if the sample size is increased. 18

· For irrelevant terms and spatial effects, average coverage rates are considerably above the nominal level, particularly 19

for unconditional confidence intervals. 20

5.2. Two-dimensional surface 21

This section presents the results of a second simulation study that aims at examining the performance of the ANOVA 22

type decomposition of a two-dimensional surface into main effects, and an interaction as described in Section 2.1.2. The 23

true model is given by 24

y = γ0 + f1
(
z(1))

+ f2
(
z(2))

+ f1|2
(
z(1), z(2))

+ ε (13) 25

with functions 26

f1
(
z(1))

= 12 ·
(
z(1)

− 0.5
)2

− 1.13, 27

f2
(
z(2))

= 1.5 · sin
(
3 · π · z(2))

− 0.28, 28

f1|2
(
z(1), z(2))

= 3 · sin
(
2 · π · z(1))

·
(
2z(2)

− 1
)
. 29

The true functions visualized in Figs. 4 and 5 are chosen such that the row and column wise means of the interaction, as 30

well as the overall means of the three functions are zero. The errors ε are assumed to be Gaussian with variance σ 2
= 1.16 31
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Table 3
Simulation study 1

Conditional Uncond. MCMC mgcv Conditional Uncond. MCMC mgcv

f1 g1
n 95% 0.898 0.933 0.969 0.906 0.952 0.963 0.973 0.889
2n 95% 0.932 0.959 0.970 0.933 0.939 0.958 0.972 0.941
n 80% 0.738 0.769 0.834 0.735 0.799 0.828 0.856 0.757

2n 80% 0.781 0.816 0.843 0.769 0.781 0.814 0.844 0.789

f2 g2
n 95% 0.951 0.962 0.971 0.952 0.947 0.983 — 0.992

2n 95% 0.943 0.958 0.969 0.955 0.956 0.991 — 0.995

n 80% 0.807 0.830 0.857 0.992 0.812 0.924 — 0.995

2n 80% 0.794 0.827 0.848 0.818 0.852 0.930 — 0.946

f3 g3
n 95% 0.921 0.939 0.966 0.861 0.923 0.939 0.961 0.903
2n 95% 0.940 0.953 0.970 0.935 0.948 0.962 0.970 0.950
n 80% 0.748 0.767 0.837 0.670 0.763 0.781 0.819 0.741

2n 80% 0.780 0.798 0.838 0.763 0.794 0.819 0.844 0.794

f4 g4
n 95% 0.940 0.949 0.964 0.950 0.938 0.979 — 0.992

2n 95% 0.944 0.951 0.958 0.950 0.945 0.983 — 0.989

n 80% 0.782 0.793 0.822 0.796 0.851 0.917 — 0.928

2n 80% 0.789 0.802 0.817 0.799 0.846 0.920 — 0.936

f5 g5
n 95% 0.930 0.967 — 0.982 0.938 0.978 — 0.992

2n 95% 0.950 0.981 — 0.992 0.947 0.982 — 0.980

n 80% 0.803 0.885 — 0.906 0.857 0.920 — 0.922

2n 80% 0.864 0.935 — 0.948 0.867 0.930 — 0.911

f6 g6
n 95% 0.951 0.982 — 0.993 0.948 0.983 — 0.986

2n 95% 0.942 0.983 — 0.992 0.955 0.986 — 0.982

n 80% 0.877 0.938 — 0.936 0.867 0.935 — 0.926

2n 80% 0.844 0.918 — 0.945 0.868 0.933 — 0.899

fspat gspat
n 95% 0.988 0.984 0.990 0.917 0.984 0.985 0.987 0.960

2n 95% 0.994 0.991 0.995 0.926 0.980 0.983 0.987 0.940

n 80% 0.945 0.926 0.951 0.766 0.912 0.917 0.927 0.829

2n 80% 0.966 0.952 0.969 0.779 0.904 0.912 0.925 0.799

Average coverage probabilities for the individual functions based on nominal levels of 95% and 80%. Values that are more than 2.5% below (above) the
nominal level are indicated in dark gray (light gray).

corresponding to a signal to noise ratio of 3. The sample size is n = 300. Overall, 250 replications of the model have been1

simulated.2

We computed and compared the following estimators:3

(a) Tensor product cubic P-splines on a 12 by 12 grid of knots with penalty (7) (henceforth anova). The penalty matrices K14

and K2 in (7) correspond to second order difference penalties. Estimation has been carried out using Algorithm 2.5

(b) Tensor product cubic P-splines on a 12 by 12 grid of knots using penalty (3) with penalty matrices K1 and K2 based on6

second order differences (henceforth surface). Estimation has been carried out using Algorithm 1.7

(c) Bayesian tensor product cubic P-splines as described in Lang and Brezger (2004) (henceforth mcmc). In addition, two8

main effects are explicitly specified. Estimation is carried out using MCMC simulation techniques. Note that model9

selection is not part of the estimation, i.e. in contrary to estimator (a) a correctly specified model is always estimated.10

Figs. 4–6 summarize the results of the simulation study. We can draw the following conclusions:11

• Mean squared error (MSE): In terms of the empiricalMSE estimators (a) and (c) give comparable resultswhereas estimator12

(b) performs considerably worse (Fig. 4). Note that estimator (a) is competitive although it contains less parameters and13

model selection is part of the estimation process.14
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Fig. 4. Average estimated main effects together with the true underlying functions f1 and f2 (first row, first two graphs). Boxplots of log(MSE) for the
predictor η and the nonlinear functions f1 , f2 and f1|2 .

Fig. 5. First row: true predictor, true interaction component, average of estimated interaction component. Second row: bias of interaction component,
average of estimated interaction component based on MCMC, bias of interaction component based on MCMC.

• Bias: The average of the estimated functions and the predictors in Figs. 4–6 reveal practically unbiased estimates for the 1

two main effects f1 and f2. For the interaction f1|2, and the predictor η, estimators (a) and (c) show a small bias at the 2

corners and edges. For estimator (b), a considerably larger bias is observed for η. We conclude that
∧
estimators (a) and (c) 3

perform equally well, whereas estimator (b) performs substantially worse. 4

• Selection error rate: The overall selection error rate for estimator (a) is zero, i.e. in 250 out of 250 replications; both main 5

effects and the interaction effect are included in the selected model. 6
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Fig. 6. Average estimated predictors (first row) and bias (second row).

In order to investigate the ability of our estimators to select the true model, a further simulation experiment has been1

conducted. The true model still contains the two main effects, but no interaction, i.e. f1|2 ≡ 0. The variance of the errors has2

been decreased to σ 2
= 20.63, in order to pertain the signal to noise ratio of 3. Our surface estimator (a) selected the correct3

model in roughly 74% of the cases
∧
, i.e. an interaction effect is not included in the final model. However, in 24% of the cases, an4

interaction is included, although not necessary. For these cases we investigated the AICc differences between the AICc best5

model, that misleadingly includes the interaction, and the main effects model. In the majority of cases, the AICc differences6

are well below 3. Hence in most cases, the main effects model is within the set of models that are not substantially worse7

∧
than the AICc-best model.8

6. Case study: Determinants of undernutrition9

Very high prevalence of childhood undernutrition as well as very large gender bias, are two of the most severe10

development problems in India. In this case study, we analyze the determinants of undernutrition, and possible sex related11

differences. We thereby focus mostly on the statistical issues of the problem.12

The analysis is based on micro data from the second National Family Health Survey (NFHS-2) from India which was13

conducted in the years 1998 and 1999. Among others, the survey collected detailed health, nutrition and anthropometric14

information on children born in the 3 years preceding the survey. There are approximately 13000 observations of male and15

12000 observations of female children.16

Undernutrition among children is usually measured by determining the anthropometric status of the child, relative to17

a reference population of children known to have grown well. Researchers distinguish different types of undernutrition. In18

this paper, we focus on stunting or insufficient height for age, indicating chronic undernutrition. For a child i, stunting is19

determined using a Z-score which is defined as20

Zi =
AIi − MAI

σ
, (14)21

where AI refers to the height of the child, MAI and σ refers to the median height, and the standard deviation of children in22

the reference population at the same age. The aim of the analysis is23

• to select and analyze important socio-demographic, environmental and health specific determinants of undernutrition24

• to determine the functional form of the effects25

• to investigate possible sex-specific differences of undernutrition and26

• to account for spatial (and other sources of) heterogeneity.27

The covariates used in this study are described in Table 1. This is a selection of the most interesting covariates (from a28

statisticians point of view).We have not included the full list of available covariates, because this would be beyond the scope29

of the paper.30
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Fig. 7. Undernutrition in India: Estimated effects of child’s age and duration of breastfeeding for boys and girls. Shown are slices through the two-
dimensional surfaces for 0, 6, 12, 18 and 24 months of breastfeeding.

Fig. 8. Undernutrition in India: Sampling distribution of the degrees of freedom for the two-dimensional main, and interaction effect of child’s age and
duration of breastfeeding. VC is a shortcut for ‘varying coefficient’. The top row shows from left to right: df’s for the interaction f1,1|2 , the interaction g1,1|2
of the VC term and the main effect f1,1 of ageC . The bottom row shows the VC main effect g1,1 of ageC , the main effect f1,2 of bfmC and the VC main effect
g1,2 of bfmC .
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Fig. 9. Undernutrition in India: Estimated effects including 80% and 95% pointwise unconditional confidence intervals of mother’s age at birth, body mass
index and height.

The full predictor containing all effects, including interactions with sex is given by1

η = f1(ageC, bfmC) + g1(ageC, bfmC) · sex + f2(agebirM) + g2(agebirM) · sex + f3(bmiM)2

+ g3(bmiM) · sex + f4(heightM) + g4(heightM) · sex + f5(district) + f5(district) · sex + γ0 + γ1 sex,3

where f1 is a two-dimensional smooth surface of the child’s age, and the duration of breastfeeding modeled by a tensor4

product P-spline with penalty (7). The effect of ageC and bfmC is a priori modeled by a two-dimensional effect, because an5

interaction between both variables is expected. Because of the penalty matrix used f1 may be decomposed into two main6

effects, and an interaction effect, i.e.7

f1(ageC, bfmC) = f1,1(ageC) + f1,2(bfmC) + f1,1|2(ageC, bfmC).8

Algorithm2 automatically selectswhich of the components are relevant. The penalty particularly allows one to select amain9

effects model as a special case with λ(3)
= ∞. f2, f3 and f4 are one dimensional P-splines based on second order difference10

penalties, and f5 is a district specific spatial effect. The functions g1, . . . , g5 are possible interactions with sex. Again g1 may11

be decomposed into main effects g1,1, g1,2 and an interaction g1,1|2.12

Using AICc the selected model is13

η = f1(ageC, bfmC) + g1(ageC) · sex + f2(agebirM) + f3(bmiM)14

+ γ2(heightM) + f5(district) + f5(district) · sex + γ0 + γ1 sex.15

The model is much more parsimonious than the full model. In particular, most of the possible interactions with sex are16

not selected. Exceptions are the sex specific effects of child’s age and district. Moreover, the selected model still contains17

the interaction between child’s age and duration of breastfeeding. The effect of mother’s height is linear in the best model,18

although there is at least evidence for a slight decrease of the slope for very tall women, see below.19

The estimated nonlinear effects are given in Figs. 7–10. Partly included are unconditional (pointwise) 80% and 95%20

confidence intervals, and the sampling distribution of the degrees of freedom of the model. The general trend of the child’s21

age effect is typical for studies on undernutrition, see e.g. Kandala et al. (2001). We observe a continuous worsening of the22

nutritional status, up until about 20 months of age. This deterioration sets in right after birth. After 20 months, stunting23

stabilizes at a low level. We also see a sudden improvement of the Z-score around 24 months of age. This is picking up the24

effect of a change in the data set that makes up the reference standard. Until 24 months, the currently used international25

reference standard is based on white children in the US of high socio-economic status, while after 24 months, it is based on26

a representative sample of all US children. Since the latter sample exhibits worse nutritional status, comparing the Indian27

children to that sample, leads to a sudden improvement of their nutritional status at 24 months. The different curves for28
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Fig. 10. Undernutrition in India: Estimated spatial effects for boys and girls (top panel) and significance maps (bottom panel) based on 80% and 95%
confidence intervals.

children with different breast-feeding durations give evidence that both sexes are sensitive to breast-feeding. Boys and girls 1

that are breastfed for 6 or twelve months have a better nutritional status throughout. Long breast-feeding durations (18 or 2

24 months) carry no benefits, however, and are probably an indicator of poor availability of alternative nutrition. Note, that 3

the effect of breastfeeding is relatively
∧
weak. Therefore definite answers are not possible and further investigation, (using 4

e.g. data of other countries) is necessary. The sampling distributions of the degrees of freedom are very helpful for assessing 5

the uncertainty of the selected effect. It is relatively clear that a complex two-dimensional interaction effect with sex is not 6

required. Instead a (nonlinear) interaction between the child’s age and sex is sufficient. 7

The effect of mother’s age at birth is clearly nonlinear, with improving nutritional status for older mothers. The effects 8

of the mother’s body mass index, and her height are very close to linearity. The effect of BMI is close to an inverse U form 9

as suggested by the literature. However, obesity of the mother (possibly due to a poor quality diet) is likely to pose less of a 10

risk for the nutritional status of the child, as very low BMIs which suggest acute undernutrition of themother. Moreover, the 11

sampling distribution of the degrees of freedom, as well as the unconditional confidence band show that a linear effect is at 12

least reasonable. The Z-score is highest (and thus stunting lowest), at a BMI of around 30–35. The effect of themother’s height 13

is linear in the selected best model. The sampling distribution of the degrees of freedom, and particularly the unconditional 14

confidence intervals give at least evidence for a slight decrease of the slope for very tall women. 15

The spatial effect is relatively strong, showing a clear North–South pattern, with better nourished children in the South 16

of India. The spatial interaction effect with sex is much weaker, but there seem to be some sex specific differences. 17

7. Conclusion 18

This paper proposes simultaneous selection of relevant terms, and smoothing parameters in models with structured 19

additive
∧
predictors. A particular focus is devoted to developing fast algorithms for model choice. As a side aspect, a new 20

penalty for two-dimensional surface smoothing is proposed. The proposal allows an additive decomposition into main 21

effects, and an interaction effect without explicitly specifying and estimating complicated ANOVA type models. The paper 22

also investigates conditional and unconditional (pointwise) confidence intervals for nonlinear terms. In the majority of 23
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cases, conditional and unconditional confidence intervals are almost undistinguishable. In some important cases, however,1

both types of confidence
∧
interval are considerably different and unconditional confidence intervals provide further valuable2

insight.3

We see several directions for future research:4

• First of all, the approach can be generalized tomodels with non-Gaussian responses. This could be done by combining the5

usual iteratively weighted least squares (IWLS) algorithm for fitting generalized linear models (Fahrmeir and Tutz, 2001)6

with our backfitting-type algorithm. The combination of IWLS and backfitting is also known as local scoring (Hastie and7

Tibshirani, 1990).8

• Another promising direction is a fully Bayesian approach,which is, however, very challenging both fromamethodological9

and a computational point of view.10

• Finally, we plan to investigate the alternative algorithmic approach discussed in remark 4 (see Algorithm 2). Presumably,11

the approach will not work for the most complex models, but it may be a promising alternative for models of moderate12

complexity.13
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