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15.2 The Method of Moments IIdea:Sample statistics such as the mean or the variance can be treatedas simple descriptive measures. However, in general, samplestatistics each have a counterpart in the population, for example,the correspondence between the sample mean and the population.The natural next step in the analysis is to use this analogy to justifyusing the sample 'moments' as estimators of these populationparameters. It remains to establish whether this approach is a goodway to use the sample data to infer the characteristics of thepopulation. 3 / 69



15.2 The Method of Moments IIThe basis of the method of moments is as follows:� In random sampling, under generally benign assumptions, asample statistic will converge in probability to someconstant. For example, with i.i.d sampling m̄′2 = 1n∑ni=1 y2iconverges to σ2y − µ2y .� This constant will, in turn, be a function of the unknownparameters of the distribution.� In order to estimate K parameters we compute K suchstatistics whose probability limits are known functions of theparameters. 4 / 69



15.2.1 Random Sampling and Estimatingthe Parameters of Distributions IConsider i.i.d. random sampling from a distributionf (y |θ1, θ2, ..., θK ) with �nite moments up to E [y2K ]. The randomsample consist of n observations y1, ..., yn.
m̄k ≡ 1n n

∑i=1 yki kth uncentered momentE [m̄k ] = E [yki ]Var [m̄k ] = 1nVar [yki ]plim m̄k = E [yki ]
(m̄k − E [m̄k ]) −→d N (0,Var [m̄k ]) 5 / 69



15.2.1 Random Sampling and Estimatingthe Parameters of Distributions IIExample 1: Method of Moments Estimator for N(µ, σ2)
m̄1 = (1/n)∑i yi
m̄2 = (1/n)∑i y2i } plim m̄1 = µplim m̄2 = E [y2i ] = σ2 + µ2

=⇒ µ̂ = m̄1 and σ̂2 = m̄2 − m̄
21Note that σ̂2 is biased, although both estimators are consistent.
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15.2 The Method of Moments IAlthough the moments based on powers of y provide a naturalsource of information about the parameters, other functions of thedata may also be useful. Let mk(·) be a continuous anddi�erentiable function not involving the sample size n, and letm̄k =
1n n
∑i=1 mk(yi ), k = 1, ...,K .These are also 'moments' of the data.plim m̄k = E [mk(yi )] = µk(θ1, ..., θK ) 7 / 69



15.2 The Method of Moments IIWe assume that µk(·) involves some of or all the parameters of thedistribution. With K parameters to be estimated, the K momentequations, m̄1 − µ1(θ1, ..., θK ) = 0,m̄2 − µ2(θ1, ..., θK ) = 0,...̄mK − µK (θ1, ..., θK ) = 0,provide K equations in K unknowns, θ1, ..., θK . If the equations arecontinuous and functionally independent, then method of momentsestimators can be obtained by solving the system of equations for
θ̂k = θ̂k(m̄1, ..., m̄K ). 8 / 69



15.2 Example 15.4 Mixtures of NormalDistributions If (y) = λN (µ1, σ21)+ (1− λ)N (µ2, σ22)
=

λ
√2πσ21 e−1/2[(y−µ1)/σ1]2 + 1− λ

√2πσ22 e−1/2[(y−µ2)/σ2]2The sample mean and second through �fth central moments,m̄k =
1n n
∑i=1(yi − ȳ)k , k = 2, 3, 4, 5,provide �ve equations in �ve unknowns that can be solved forconsistent estimators of the �ve parameters. 9 / 69



15.2 Example 15.4 IIm̄k =
1n n
∑i=1(yi − ȳ)k and µk = E [(yi − µ)k ]

µ = E [yi ] = λµ1 + (1− λ)µ2
σ2 = Var [yi ] = λσ21 + (1− λ)σ22 + λ(1− λ)(µ1 − µ2)2...m̄1 − µ1 = 0 → m̄1 − [λµ1 + (1− λ)µ2] = 0m̄2 − µ2 = 0 → m̄2 − [λσ21 + (1− λ)σ22 +

+λ(1− λ)(µ1 − µ2)2] = 0m̄3 − µ3 = 0...
⇒ λ̂, µ̂1, µ̂2, σ̂21 , σ̂22 10 / 69



15.2 Example 15.4 IIIComputation of the variance:
σ2 = Var [y ] = ∫ [y − E [y ]]2f (y)dy

=

∫

[y2 − 2yE [y ] + E [y ]2] f (y)dy =

∫ y2f (y)dy − E [y ]2
=

∫ y2f1(y)dy +

∫ y2f2(y)dy − E [y ]2
= λσ21 + λµ21 + (1− λ)σ22 + (1− λ)µ22 − [λµ1 + (1− λ)µ2]2
= λσ21 + λµ21 + (1− λ)σ22 + (1− λ)µ22 − λ2µ21 − 2λ(1− λ)µ1µ2

−(1− λ)2µ22
= λσ21 + (1− λ)σ22 + λµ21(1− λ) + (1− λ)µ22(1− 1+ λ)

−2λ(1− λ)µ1µ2
= λσ21 + (1− λ)σ22 + λ(1− λ)(µ1 − µ2)2 11 / 69



Example 15.5 Gamma Distributionf (y) =
λP
Γ(P)e−λyyP−1, y ≥ 0,P > 0, λ > 0

µ = E [y ] = P
λ

and σ2 = Var [y ] = P
λ2Furthermore,̄m1 = 1n n

∑i=1 yi and m̄2 =
1n n
∑i=1(yi − ȳ)2m̄1 − µ1 = 0 → m̄1 − P

λ = 0m̄2 − µ2 = 0 → m̄2 − P
λ2 = 0 } λ̂ = m̄1/m̄2P̂ = m̄21/m̄2 12 / 69



15.2.2 Properties of the Method ofMoments Estimator� In sampling from the normal distribution exact distribution isavailable� Method of Moments Estimator θ̂ is consistent� θ̂ ∼a N (θ0,Est.Asy .Var [θ̂])� Generally it is not an e�cient estimator (exception randomsampling from exponential families of distributions)
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De�nition 15.1 Exponential FamilyAn exponential (parametric) family of distributions is one whoselog-likelihood is of the formlnL(θ|data) = a(data) + b(θ) + K
∑k=1 ck(data)sk (θ)where a(·), b(·), ck (·), and sk(·) are functions. The members of the'family' are distinguished by the di�erent parameter values.If the log-likelihood function is of this form, then the functionsck(·) are called su�cient statistics. Method of moments estimatorscan be functions of them. In this case the method of momentsestimators will also be the maximum likelihood estimators, so, theywill be e�cient at least asymptotically. 14 / 69



The Gamma distribution is a member of theexponential family
f (y) =

λP
Γ(P)e−λyyP−1, y ≥ 0,P > 0, λ > 01nLL = [P lnλ− ln Γ(P)]− λ

1n n
∑i=1 yi + (P − 1)1n n

∑i=1 ln yiTwo su�cient statistics: 1n∑ni=1 yi and 1n∑ni=1 lnyi . The method ofmoments estimators based on these su�cient statistics would bethe maximum likelihood estimators and therefore e�cient undernormality. 15 / 69



More moment equations than parameters
For example for the Gamma distribution we have alsoplim1n n

∑i=1  yiy2iln yi1/yi  =









P/λP(P + 1)/λ2
Ψ(P)− ln(λ)
λ/(P − 1) 







,where Ψ(P) = dlnΓ(P)/dP . Any two of these can be used toestimate λ and P .
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15.3 Minimum Distance Estimation IThe preceding analysis has considered exactly identi�ed cases (Kparameters and K moments).How should we proceed if we have more moments than we need?A minimum distance estimator (MDE) is de�ned as follows:Let m̄n,l denote a sample statistic based on n observations suchthat plim m̄n,l = gl (θ0), l = 1, ..., L, where θ0 is a vector of K ≤ Lparameters to be estimated. Arrange theses moments and functionsin L× 1 vectors m̄n and g(θ0) and further assume that thestatistics are jointly asymptotically normally distributed withplim m̄n = g(θ0) and Asy .Var [m̄n] = (1/n)Φ. Consequently,
θ̂MDE = argminθ [q = [m̄n − g(θ)]′W [m̄n − g(θ)]]for a positive de�nite weighting matrix, W . 17 / 69



15.3 Minimum Distance Estimation IIDi�erent choices of W will produce di�erent estimators, but theestimator has the following properties for any W :Under the assumption that √n[m̄n − g(θ0)] −→d N(0,Φ), theasymptotic properties of the minimum distance estimator areas follows:� plim θ̂MDE = θ0� Asy .Var [θ̂MDE ] = 1n [Γ′0W Γ0]−1[Γ′0WΦW Γ0][Γ′0W Γ0]−1, where
Γ0 = Γ(θ0) = plim G (θ̂MDE ) = plim ∂g(θ̂MDE )

∂θ̂′MDE� Optimal weighting matrix W ∗ = Φ−1� θ̂MDE −→d N(0,Asy .Var [θ̂MDE ]) 18 / 69



15.4.1 Estimation Based on OrthogonalityConditionsConsider the least squares estimator of the parameters in theclassical regression model. An important assumption of the model isE [xiεi ] = E [xi (yi − x ′iβ)] = 0.The sample analog is1n n
∑i=1 xiei = 1n n

∑i=1 xi (yi − x ′i β̂) = 0The estimator of β is the one that satis�es these momentequations, which are just the normal equations for the least squaresestimator. So, the OLS estimator is a method of momentsestimator. 19 / 69



15.4.2 Generalizing the Method of MomentsNotation: ml(yi , xi , zi , θ) ≡ mil(θ), m̄nl (θ0) = 1n∑ni=1mil(θ0), θ =
(θ1, ..., θK ), θ0Population orthogonality conditions: E [mil(θ0)] = 0Corresponding sample moment equations: E [m̄l(y ,X ,Z , θ0)] = 0Assume L > K , we need an objective function:q =

L
∑l=1 m̄2l = m̄(θ)′m̄(θ)q = m̄(θ)′Wnm̄(θ)W = (Asy .Var [√nm̄])−1 = Φ−1

θ̂GMM = argminθm̄(θ)′Φ−1m̄(θ) 20 / 69



15.4.3 Properties of the GMM EstimatorTheorem 15.2 Asymptotic Distribution of the GMM EstimatorUnder the assumptions of convergence of the empirical moments,identi�cation and asymptotic distribution of the empirical momentsthe GMM estimator has the following properties� The GMM estimator of θ is consistent.� Asymptotic covariance matrix VGMM = 1n (Γ′Φ−1Γ)−1, where Γis the matrix of derivatives with jth row equal to
Γj = plim ∂m̄j (θ)

∂θ′ .� The estimator is asymptotically normally distributed
θ̂GMM ∼a N(θ0,VGMM).Example 21 / 69



Assumption 1: Convergence of the EmpiricalMomentsThe data generating process is assumed to meet the conditions fora law of large numbers to apply, so that we may assume that theempirical moments converge in probability to their expectation. Whatis required for this assumption is thatm̄n(θo) = 1n∑ni=1mi(θ0) −→p 0.The empirical moments are assumed to be continuous andcontinuously di�erentiable functions of the parameters.Consequently, we will be able to assume that the derivatives of themoments Ḡn(θ0) = ∂m̄n(θ0)
∂θ′0 = 1n∑ni=1 ∂mi,n(θ0)

∂θ′0,converge to a probability limit, say, plim Ḡn(θ0) = Ḡ (θ0).Return Button 22 / 69



Assumption 2: Identi�cationFor any n ≥ K , if θ1 and θ2 are two di�erent parameter vectors,then there exist data sets such that m̄n(θ1) 6= m̄n(θ2). Formally,identi�cation is de�ned to imply that the probability limit of theGMM criterion function is uniquely minimized at the true parameters,
θ0.The identi�cation condition has three important implications:1. Order condition: L ≥ K .2. Rank condition. The L× K matrix of derivatives, Ḡn(θ0), willhave row rank equal to K .3. Uniqueness. With the continuity assumption, the identi�cationassumption implies that the parameter vector that satis�es thepopulation moment condition is unique.Return Button 23 / 69



Assumption 3: Asymptotic Distribution ofEmpirical MomentsWe assume that the empirical moments obey a central limit theorem.This assumes that the moments have a �nite asymptotic covariancematrix, (1/n)Φ, so that
√nm̄n(θ0) −→d N(0,Φ).Return Button
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Example 15.7 GMM Estimation of theParameters of a Gamma Distribution IFor the gamma distributionf (y) = λP
Γ(P)e−λyyP−1,Y ≥ 0,P > 0, λ > 0 we have for examplethe following four moment equations (Ψ(P) = d ln Γ(P)/dP)E 



yi − P/λy2i − P(P + 1)/λ2ln yi −Ψ(P) + lnλ1/yi − λ/(P − 1) 







=









0000 The sample means of these will provide the moment equations forestimation. Let y1 = y , y2 = y2, y3 = ln y , and y4 = 1/y . Thenm̄1(P , λ) =
1n n
∑i=1(yi1 − P/λ) = 1n n

∑i=1(yi1 − µ1(P/λ))
= ȳ1 − µ1(P , λ)m̄2(P , λ) = ..., m̄3(P , λ) = ..., m̄4(P , λ) = ..., 25 / 69



Example 15.7 IIFor our initial set of estimators, we will use OLS. The optimizationproblem isMinimizeP,λ 4
∑i=1 m̄l(P , λ)2 =

4
∑i=1 [(ȳl − µl(P , λ)]2 = m̄(P , λ)′m̄(P , λ).This estimator will be the minimum distance estimator withW = I . This is a nonlinear optimization problem (initial values arethe ML estimates P̂ML = 2.4106, λ̂ML = 0.0771), for which we gotP̂ = 2.0583 and λ̂ = 0.0658. Using these we get our estimate forW :

Φ̂ =
120 20
∑i=1  yi1 − P̂/λ̂yi2 − P̂(P̂ + 1)/λ̂2yi3 −Ψ(P̂) + ln(λ̂)yi4 − λ̂/(P̂ − 1) 



















yi1 − P̂/λ̂yi2 − P̂(P̂ + 1)/λ̂2yi3 −Ψ(P̂) + ln(λ̂)yi4 − λ̂/(P̂ − 1) 









′ 26 / 69



Example 15.7 IIIThe GMM estimator is now obtained by minimizingq = m̄(P , λ)′Φ̂−1m̄(P , λ).The two estimates are P̂GMM = 3.3589, and λ̂GMM = 0.1245.To obtain an asymptotic covariance matrix for the two estimates,we �rst recompute Φ̂. Then we require the derivatives matrix,
Γ′(θ) =

(

∂m̄1/∂P ∂m̄2/∂P ∂m̄3/∂P ∂m̄4/∂P
∂m̄1/∂λ ∂m̄2/∂λ ∂m̄3/∂λ ∂m̄4/∂λ )

=

(

−1/λ −(2P + 1)/λ2 −Ψ′(P) λ/(P − 1)2P/λ2 2P(P + 1)/λ3 1/λ −1/(P − 1) )Finally, we get the estimate Ḡ (P̂, λ̂) of Γ(θ) andVGMM =
120 [Ḡ (P̂, λ̂)′Φ̂−1Ḡ (P̂ , λ̂)]−1. 27 / 69



Example 15.5 Testing Hypothesis in theGMM FrameworkTesting the Validity of the MomentRestrictionsCriterion for GMM estimation q = m̄(θ)′Wm̄(θ). If L = Km̄(θ) = 0 W irrelevant to the solution.If L > K substantive restrictions, Wald statistic with H0 : validity ofthe model:nq =
(√nm̄(θ̂)

)′ (Est.Asy .Var [√nm̄(θ̂)]
)−1 (√nm̄(θ̂)

)nq −→d χ2(L− K )This is a speci�cation test, not a test of parametric restrictions.However, there is a symmetry between the moment restrictions andrestrictions on the parameters: (nqR − nq) →d χ2(J). 28 / 69



Example 15.5.2 GMM Counterparts to theWald, LM, and LR TestsH0 : r(θ) = 0De�ne c1 the GMM estimates of θ without the restrictions, and c0the restricted GMM estimates; J possibly nonlinear restrictions onK parameters.LRGMM = nq0 − nq1 −→d χ2(J)Wald = r(c1)′(Est.Asy .Var [r(c1)])−1r(c1)
= r(c1)′(R1 1n Ḡ (c1)′Φ−1Ḡ (c1)R1) r(c1),where R1 = ∂r(c1)/∂c ′1LMGMM = g1(c0)′ (Est.Asy .Var [g1(c0)])−1 g1(c0),where g1(c0) = ∂q/∂c0
= n [m̄(c0)′Φ̂−11 Ḡ1(c0)] [Ḡ1(c0)′Φ̂−11 Ḡ1(c0)]−1

·
[Ḡ1(c0)′Φ̂−11 m̄(c0)]29 / 69



Example 15.6.1 Single Equation LinearModels Iyi = x ′iβ + εiE [ziεi ] = 0,for K variables in xi and for some set of L instrumental variables,zi , where L ≥ K .In the generalized regression model zi = xi , and in the classicalregression framework Ω = I .Assumption about the DGP:� Classical regression: Var [εi |X ,Z ] = σ2.� Heteroscedasticity: Var [εi |X ,Z ] = σ2i .� Generalized model: Cov [εt , εs |X ,Z ] = σ2ωts ,where Z and X are the n × L and n × K observed data matrices.No speci�c distribution is assumed for the disturbances. 30 / 69



Example 15.6.1 Single Equation LinearModels IIThe assumption E [ziεi ] = 0 implies the following orthogonalitycondition E [zi (yi − x ′iβ)] = 0. This further implies thePopulation moment equationE [1n n
∑i=1 zi (yi − x ′iβ)] = E [m̄(β)] = 0Sample counterpart1n n

∑i=1 zi (yi − x ′i β̂) =
1n n
∑i=1 mi (β̂) = m̄(β̂) = 01. Underidenti�ed L < K : Impossible to �nd a solution. 31 / 69



Example 15.6.1 Single Equation LinearModels III2. Exactly identi�ed L = K :m̄(β̂) =
1nZ ′y − 1nZ ′X β̂

β̂ = (Z ′X )−1Z ′y3. Overidenti�ed L > K : There is no unique solution to theequations system m̄(θ̂) = 0.Minβq = m̄(β)′m̄(β)

∂q
∂β

= 2(∂m̄(β̂)′

∂β

) m̄(β̂) = 2Ḡ (β̂)′m̄(β̂)

= 2(1nX ′Z)(1nZ ′y − 1nZ ′X β̂

)

= 0
β̂ = [(X ′Z )(Z ′X )]−1(X ′Z )(Z ′y) 32 / 69



Example 15.6.1 Single Equation LinearModels IVIt remains to establish consistency and to obtain the asymptoticdistribution for the estimator, therefore we need to check/formulatethe assumptions 15.1 till 15.3.1. Convergence of moments: plim m̄(β) = 0.2. Identi�cation: The order condition (L ≥ K ) is alreadyassumed. We must state the rank conditionThe L× K matrix
Γ(β) = E [Ḡ (β)] = plim Ḡ (β) = plim ∂m̄

∂β′ = plim 1n∑ni=1 ∂mi
∂β′must have row rank equal to K .3. Limiting Normal Distribution for the Sample Moments.The population moment obeys a central limit theorem or somesimilar variant.Under these assumptions we obtain the desired properties of ourGMM estimator β̂. 33 / 69



Example 15.6.1 Single Equation LinearModels VAsy .Var [β̂] =
1n [Γ′Γ]−1Γ′ (Asy .Var [√nm̄(β)]

)

Γ[Γ′Γ]−1m̄(β) = (1/n)(Z ′y − Z ′Xβ)Ḡ (β) = (1/n)Z ′X
Γ(β) = QZXAsy .Var [√nm̄(β)] = V =

1nVar [ n
∑i=1 ziεi ] = 1n n

∑i=1 n
∑j=1 σ2ωijziz ′j

= σ2Z ′ΩZnEst.Asy .Var [β̂] =
1n [Ḡ (β̂)′Ḡ (β̂)]−1Ḡ (β̂)′V̂ Ḡ (β̂)[Ḡ (β̂)′Ḡ (β̂)]−1

= n[(X ′Z )(Z ′X )]−1(X ′Z )V̂ (Z ′X )[(X ′Z )(Z ′X )]−1.34 / 69



Example 15.6.1 Single Equation LinearModels VI� Classical regression:V̂ =
(e ′e/n)n n

∑i=1 ziz ′i = e ′e/nn Z ′Z .� Heteroscedastic regression: V̂ = 1n∑ni=1 e2i ziz ′i .� Generalized regression:V̂ =
1n [ n
∑i=1 e2i ziz ′i+

+

p
∑l=1 (1− lp + 1) n

∑t=l+1 etet−l (zzz ′t−l + zt−lz ′t)] .� If it is known only that the terms in m̄(β) are uncorrelated,then V̂ = 1n∑ni=1mi(β̂)mi(β̂)′. 35 / 69



Example 15.6.1 Single Equation LinearModels VIILet's go a step back:Minβ q = m̄(β)′Wm̄(β), where W is any positive matrix.� Exactly identi�ed case L = K : W is irrelevant to thesolution.� Overidenti�ed case: In this case the 'optimal' weightingmatrix, that is, the W that produces the most e�cientestimator, is W = V−1. Consequently,
β̂GMM = [(X ′Z )V̂−1(Z ′X )]−1(X ′Z )V̂−1(Z ′y)Est.Asy .Var [β̂GMM ] =

1n [Ḡ ′V̂−1Ḡ ]−1 = [(X ′Z )V̂−1(Z ′X )]−136 / 69



Example 15.6.1 Single Equation LinearModels VIIIPractical Implementation:Minβ q = m̄(β)′V−1m̄(β)The process of GMM estimation will have to proceed in two steps:Step 1: Use W = I to obtain a consistent estimator of β. Thenestimate V , e.g. in the heteroscedastic case by V̂ = 1n∑ni=1 e2i ziz ′i .Step 2: Use W = V−1 to compute the GMM estimator.Note: Continuously updated GMM estimator. 37 / 69
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16.2 The Likelihood Function andIdenti�cation of the Parameters IThe probability function, or pdf, for a random variable, y,conditioned on a set of parameters, θ, is denoted f (y |θ).Thisfunction identi�es the data-generating process.The joint density of n independent and identically distributedobservations from this process is the product of the individualdensities: f (y1, ..., yn |θ) =∏ni=1 f (yi |θ) = L(θ|y).This joint density is the likelihood function, de�ned as a function ofthe unknown parameter vector, θ, where y is used to indicate thecollection of sample data.It is usually simpler to work with the log of the likelihood function:ln L(θ|y) =∑ni=1 ln f (yi |θ). 39 / 69



16.2 The Likelihood Function andIdenti�cation of the Parameters IIIt will usually be necessary to generalize the concept of thelikelihood function to allow the density to depend on otherconditioning variables.Consider as example the classical linear regression model:Suppose the disturbances are normally distributed. Then,conditioned on its speci�c xi , yi is normally distributed with mean
µi = x ′iβ and variance σ2. That means the observed randomvariables are not i.i.d., they have di�erent means. Nonetheless theobservations are independent, and consequentlylnL(θ|y ,X ) =

n
∑i=1 ln f (yi |xi , θ)

= −12 n
∑i=1 (lnσ2 + ln(2π) + (yi − x ′iβ)2/σ2) ,where X is the n × K matrix of data with ith row equal to x ′i . 40 / 69



16.2 Identi�cationThe parameter vector θ is identi�ed (estimable) if for any other pa-rameter vector, θ∗ 6= θ, for some data y , L(θ∗|y) 6= L(θ|y).Example 16.1 Multicollinearity in the classical regression modelSuppose that there is a nonzero vector a such that x ′i a = 0 forevery xi (perfect multicollinearity). Then there is another parametervector γ = β + a such that x ′iβ = x ′i γ for every xi . ConsiderlnL(θ|y ,X ) = −12 n
∑i=1 (lnσ2 + ln(2π) + (yi − x ′iβ)2/σ2) .If this perfect multicollinearity is the case, then the log-likelihoodfunction is the same whether it is evaluated at β or at γ. As such itis not possible to consider estimation of β in this model because βcannot be distinguished from γ. 41 / 69



16.3 E�cient Estimation: The Principle ofMaximum Likelihood IThe logic of the technique is easily demonstrated in the setting of adiscrete distribution. Consider a random sample of the following 10observations from a Poisson distribution: 5, 0, 1, 1, 0, 3, 2, 3, 4, and1. The density of each observation isf (yi |θ) =
e−θθyiyi !f (y1, y2, ..., y10|θ) =
10
∏i=1 f (yi |θ) = e−10θθ∑10i=1 yi

∏10i=1 yi ! =
e−10θθ20207, 360The last result gives the probability of observing this particularsample.What value of θ would make this sample most probable? 42 / 69



16.3 E�cient Estimation: The Principle ofMaximum Likelihood II

43 / 69



16.3 E�cient Estimation: The Principle ofMaximum Likelihood IIIf (y1, y2, ..., yn |θ) =
e−nθθ∑ni=1 yi
∏ni=1 yi !ln L(θ|y) = −nθ + ln θ n

∑i=1 yi − n
∑i=1 ln(yi !)

∂ ln L(θ|y)
∂θ

= −n + 1
θ

n
∑i=1 yi = 0 ⇒ θ̂MLE = ȳn

∂2 ln L(θ|y)
∂θ2 = − 1

θ2 n
∑i=1 yiFor the given sample we get θ̂MLE = 2 and ∂2 ln L(θ|y)

∂θ2 = −20
θ2 < 0.Note: Reference to the probability of observing the given sample in acontinuous distribution. 44 / 69



MLEs for the normal distribution
In sampling from a normal distribution with mean µ and variance
σ2, the log-likelihood function is given asln L(µ, σ2) = −n2 ln(2π)− n2 ln(σ2)− 12 n

∑i=1 (yi − µ)2
σ2Compute the MLEs, µ̂MLE and σ̂2.
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16.4 Properties of Maximum LikelihoodEstimatorsNotation: θ̂... maximum likelihood estimator; θ0... true value ofthe parameter vector; θ... another possible value of the parametervector, not the MLE and not necessarily the true values. Expec-tation based on the true values of the parameters is denoted as E0[·].Under regularity, the MLE has the following asymptotic properties:1. Consistency: plim θ̂ = θ0.2. Asymptotic normality: θ̂ ∼a N (θ0, I (θ0)−1), whereI (θ0) = −E0 [ ∂2 ln L
∂θ0∂θ′0 ].3. Asymptotic e�ciency: θ̂ is asymptotically e�cient and achievesthe Cramer-Rao lower bound for consistent estimators.4. Invariance: The maximum likelihood estimator of γ0 = c(θ0) isc(θ̂) if c(θ0) is a continuous and continuously di�erentiablefunction. 46 / 69



16.4.1 Regularity ConditionsWe assume that (y1, ..., yn) is a random sample from thepopulation with density function f (yi |θ0) and that the followingregularity conditions hold.De�nition of Regularity conditions1. R1. The �rst three derivatives of ln f (yi |θ) with respect to θare continuous and �nite for almost all yi and for all θ. Thiscondition ensures the existence of a certain Taylor seriesapproximation and the �nite variance of the derivatives of ln L.2. R2. The conditions necessary to obtain the expectations of the�rst and second derivatives of ln f (yi |θ) are met.3. R3. For all values of θ,|∂3 ln f (yi |θ)/∂θj∂θk∂θl | is less than afunction that has a �nite expectation. This condition will allowus to truncate the Taylor series. 47 / 69



16.4.2 Properties of Regular Densities IDensities that are regular by the above De�nition have threeproperties that are used in establishing the properties of maximumlikelihood estimators.Theorem: Moments of the Derivatives of the Log-Likelihood1. D1. ln f (yi |θ), gi = ∂ ln f (yi |θ)/∂θ, andHi = ∂2 ln f (yi |θ)/∂θ∂θ′, i = 1, ..., n are all random samplesof random variables. This statement follows from ourassumption of random sampling. The notation gi (θ0) andHi (θ0) indicates the derivative evaluated at θ0.2. D2. E0[gi (θ0)] = 0.3. D3. Var [gi (θ0)] = −E [Hi (θ0)]. 48 / 69



16.4.2 Properties of Regular Densities II
∫ B(θ0)A(θ0) f (yi |θ0)dyi = 1

∂
∫ B(θ0)A(θ0) f (yi |θ0)dyi

∂θ0 =

∫ B(θ0)A(θ0) ∂f (yi |θ0)
∂θ0 dyi + f (B(θ0)|θ0)∂B(θ0)

∂θ0
−f (A(θ0)|θ0)∂A(θ0)

∂θ0 = 0Necessary conditions: limyi→A(θ0)f (yi |θ0) = limyi→B(θ0)f (yi |θ0) = 0Su�cient conditions: ∂A(θ0)
∂θ0 = ∂B(θ0)

∂θ0 = 0 or the density is zero atthe terminal points. (R2) Hence,
∂
∫ f (yi |θ0)dyi

∂θ0 =

∫

∂f (yi |θ0)
∂θ0 dyi = ∫ ∂ ln f (yi |θ0)

∂θ0 f (yi |θ0)dyi
= E0 [∂ ln f (yi |θ0)

∂θ0 ]

= 0. This proves D2. 49 / 69



16.4.2 Properties of Regular Densities III
∫ [

∂2 ln f (yi |θ0)
∂θ0∂θ′0 f (yi |θ0) + ∂ ln f (yi |θ0)

∂θ0 ∂f (yi |θ0)
∂θ′0 ] dyi = 0

∂f (yi |θ0)
∂θ′0 = f (yi |θ0)∂ ln f (yi |θ0)

∂θ′0
−
∫
[

∂2 ln f (yi |θ0)
∂θ0∂θ′0 ] f (yi |θ0)dyi =

∫
[

∂ ln f (yi |θ0)
∂θ0 ∂ ln f (yi |θ0)

∂θ′0 ] f (yi |θ0)dyi
−E [∂2 ln f (yi |θ0)

∂θ0∂θ′0 ]

= E [(∂ ln f (yi |θ0)
∂θ0 )(

∂ ln f (yi |θ0)
∂θ′0 )]

= Var [∂ ln f (yi |θ0)
∂θ0 ]Proves D3. 50 / 69



16.4.3 The Likelihood EquationThe log-likelihood function isln L(θ|y) = n
∑i=1 ln f (yi |θ)The �rst derivative vector, or score vector, isg =

∂ ln L(θ|y)
∂θ

=

n
∑i=1 ∂ ln f (yi |θ)

∂θ
=

n
∑i=1 gi .Because we are just adding terms, it follows from D1 and D2 thatat θ0, E0 [∂ ln L(θ0|y)

∂θ0 ]

= E [g0] = 0.which is the likelihood equation mentioned earlier. 51 / 69



16.4.4 The Information Matrix Equality IThe Hessian of the log-likelihood isH =
∂2 ln L(θ|y)
∂θ0∂θ′0 =

n
∑i=1 ∂2 ln f (yi |θ)

∂θ0∂θ′0 =

n
∑i=1 Hi .Evaluating once again at θ0, by takingE0[g0g ′0] = E0  n

∑i=1 n
∑j=1 g0ig ′0j ,and, because of D1, dropping terms with unequal subscripts weobtainE0[g0g ′0] = E0 [ n

∑i=1 g0ig ′0i] = E0 [ n
∑i=1(−H0i )] = −E0[H0], 52 / 69



16.4.4 The Information Matrix Equality II
Var0 [∂ ln L(θ0|y)

∂θ0 ]

= E0 [(∂ ln L(θ0|y)
∂θ0 )(

∂ ln L(θ0|y)
∂θ′0 )]

= −E0 [∂2 ln L(θ0|y)
∂θ0∂θ′0 ]The information matrix equality.
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16.4.6 Estimating the Asymptotic Varianceof the Maximum Likelihood Estimator
[I (θ0)]−1 =

(

−E0 [∂2 ln L(θ0)
∂θ0∂θ′0 ])−1

[Î (θ̂)]−1
=

(

−∂2 ln L(θ̂)
∂θ∂θ′

)

[

ˆ̂I (θ̂)]−1
=

( n
∑i=1 ∂ ln L(θ̂|yi )

∂θ

∂ ln L(θ̂|yi )
∂θ′

)−1
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Example 16.4 Variance Estimators for MLE IFind the maximum likelihood estimate of β for the following densityf (yi , xi , β) = 1
β + xi e−yi/(β+xi ).ln L(β) = −

n
∑i=1 ln(β + xi )− n

∑i=1 yi
β + xi

∂ ln L(β)
∂β

= −
n
∑i=1 1

(β + xi ) + n
∑i=1 yi

(β + xi )2 = 0
∂2 ln L(β)

∂β2 =
n
∑i=1 1

(β + xi )2 − 2 n
∑i=1 yi

(β + xi )3 55 / 69



Variance Estimators for MLE III (θ̂)−1 =

(

−E0 [∂2 ln L(θ0)
∂θ0∂θ′0 ])−1

β̂

=

( n
∑i=1 1

(β̂ + xi )2 − 2 n
∑i=1 E0[yi ]β̂

(β̂ + xi )3)−1
=

( n
∑i=1 1

(β̂ + xi )2 − 2 n
∑i=1 1

(β̂ + xi )2)−1
= 44.255Î (θ̂)−1 =

n
∑i=1 1

(β̂ + xi )2 − 2 n
∑i=1 yi

(β̂ + xi )3 = 46.163
ˆ̂I (θ̂)−1 =

1
∑ni=1[−1/(β̂ + xi ) + yi/(β̂ + xi )2]2 = 100.512For the sample data in Example C.1 in Greene, 6th Edition, theabove estimates are obtained. 56 / 69



16.5 Likelihood and Econometric Models ITill now the analysis was done in terms of the density of anobserved random variable and a vector of parameters, f (yi |α).However, econometric models will involve exogenous orpredetermined variables, xi , so the results must be extended.By partitioning the joint density of yi and xi into the product of theconditional and the marginal, the log-likelihood function may bewritten:ln L(α|data) = n
∑i=1 ln f (yi , xi |α) = n

∑i=1 ln f (yi |xi , α) + n
∑i=1 ln g(xi |α)ln L(θ, δ|data) = n

∑i=1 ln f (yi , xi |α) = n
∑i=1 ln f (yi |xi , θ) + n

∑i=1 ln g(xi |δ)57 / 69



16.5 Likelihood and Econometric Models IIAsymptotic results for the MLE must now account for the presenceof xi in the functions and derivatives of ln f (yi |xi , θ). We willproceed under the assumption of well-behaved data so that sampleaverages such as
(1/n) ln L(θ|y ,X ) = (1/n)∑ni=1 ln f (yi |xi , θ)and its gradient with respect to θ will converge in probability totheir population expectations.
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16.6 Hypothesis and Speci�cation Test andFit Measures I
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16.6 Hypothesis and Speci�cation Test andFit Measures II� Likelihood ratio test. If the restriction c(θ) = 0 is valid, thenimposing it should not lead to a large reduction in thelog-likelihood function. Therefore, we base the test on thedi�erence, ln LU − ln LR , where LU is the value of thelikelihood function at the unconstrained value of θ and LR isthe value of the likelihood function at the restricted estimate.� Wald test. If the restriction is valid, then c(θ̂MLE ) should beclose to zero because the MLE is consistent. Therefore, thetest is based on c(θ̂MLE ). We reject the hypothesis if this valueis signi�cantly di�erent from zero. 60 / 69



16.6 Hypothesis and Speci�cation Test andFit Measures III� Lagrange multiplier test. If the restriction is valid, then therestricted estimator should be near the point that maximizesthe log-function. Therefore, the slope of the log-likelihoodfunction should be near zero at the restricted estimator. Thetest based on the slope of the log-likelihood at the point wherethe function is maximized subject to the restriction.These three tests are asymptotically equivalent under the nullhypothesis, but they can behave rather di�erently in a small sample. 61 / 69



16.6 Hypothesis and Speci�cation Test andFit Measures IV� Likelihood ratio test. LR = −2 ln L̂RL̂U ∼a χ2(df ).� Wald test.W = [c(θ̂)− q]′(Asy .Var .[c(θ̂)− q])−1[c(θ̂)− q] ∼a χ2(df ).The Est.Asy .Var .[c(θ̂)− q] = Ĉ (Est.Asy .Var [θ̂]) Ĉ ′, whereĈ =
(

∂c(θ̂)
∂θ̂′

).� Lagrange multiplier test.LM =
(

∂ ln L(θ̂R )
∂θR )′

[I (θ̂R)]−1 (∂ ln L(θ̂R )
∂θR )

∼a χ2(df ).Where df equals to the number of restrictions imposed. 62 / 69



16.6.5 Comparing Models and ComputingModel FitFor nonnested models, the computation is a comparison of onemodel to another based on an estimation criterion to discern whichis to be preferred.1. Information criteria. Two common measures that are based onthe same logic as the adjusted R2 for the linear model areAkaike information criterion (AIC) = −2 ln L+ 2K ,Bayes (Schwarz) information criterion (BIC)
= −2 ln L+ K ln n.2. Vuong statistic. V =

√nm̄sm , where mi = ln Li ,1 − ln Li ,2. Underthe hypothesis that the models are equivalent V → N(0, 1),large positive (negative) values indicate that model 1 (2) is'better'.3. Correlation between prediction and actual value. Corr(y , ŷ ). 63 / 69



16.7 Two-Step Maximum LikelihoodEstimation IThe literature contains a large and increasing number of models inwhich one model is embedded in another, which produces whatare broadly known as 'two-step' estimation problems.y2 = f (x2, θ2,E [y1|x1, θ1])There are two ways to proceed:1. Full information maximum likelihood (FIML). Forming thejoint distribution f (yi1, yi2|xi1, xi2, θ1, θ2) of the two randomvariables and then maximizing the full log-likelihood function,ln L =
∑ni=1 f (yi1, yi2|xi1, xi2, θ1, θ2).2. Limited information maximum likelihood (LIML). Estimatingthe parameters of model 1, and then maximizing a conditionallog-likelihood function using the estimates from step 1:ln L̂ =
∑ni=1 f (yi2|xi2, θ2, (xi1,θ1). 64 / 69



16.7 Two-Step Maximum LikelihoodEstimation IIAsymptotic Distribution of the Two-Step MLEIf the standard regularity conditions are met for both log-likelihoodfunctions, then the second-step maximum likelihood estimator θ2 isconsistent and asymptotically normally distributed with asymptoticcovariance matrixV ∗2 = 1n [V2 + V2[CV1C ′ − RV1C ′ − CV1R ′]V2],where V1 = Asy .Var [√n(θ̂1 − θ1)] based on ln L1,V2 = Asy .Var [√n(θ̂2 − θ2)] based on ln L2|θ1,C = E [ 1n (∂ ln L2
∂θ2 )(∂ ln L2

∂θ′1 )], R = E [ 1n (∂ ln L2
∂θ2 )(∂ ln L1

∂θ′1 )]. 65 / 69



16.7 Two-Step Maximum LikelihoodEstimation IIIThe correction of the asymptotic covariance matrix at the secondstep requires some additional computation. Matrices V1 and V2 areestimated by the respective uncorrected covariance matrices. Typi-cally, the outer product estimators,V̂1 =

[1n n
∑i=1 (∂ ln fi1

∂θ̂1 )

(

∂ ln fi1
∂θ̂′1 )]−1

,V̂2 =

[1n n
∑i=1 (∂ ln fi2

∂θ̂2 )

(

∂ ln fi2
∂θ̂′2 )]−1are used. 66 / 69



16.7 Two-Step Maximum LikelihoodEstimation IIIThe matrices R and C are obtained by summing the individual obser-vations on the cross products of the derivatives. These are estimatedwith Ĉ =
1n n
∑i=1 (∂ ln fi2

∂θ̂2 )

(

∂ ln fi2
∂θ̂′1 )

,R̂ =
1n n
∑i=1 (∂ ln fi2

∂θ̂2 )

(

∂ ln fi1
∂θ̂′1 )

.
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16.8.1 Maximum Likelihood and GMMEstimation IIn order to obtain the maximum likelihood estimator,Maximizeβ(1/n) ln L(β|y ,X ) = (1/n) n
∑i=1 ln f (yi |xi , β)We maximize the log-likelihood function by equating itsderivatives to zero, so the MLE is obtained by solving the set ofempirical moment equations1n n

∑i=1 ∂ ln f (yi |xi , β)
∂β

=
1n n
∑i=1 di (β) = d̄(β) = 0The population counterpart to the sample moment equation isE [1n ∂ ln L∂β

]

= E [1n n
∑i=1 di (β)] = E [d̄(β)] = 0 68 / 69



16.8.1 Maximum Likelihood and GMMEstimation IIUsing what we know about GMM estimators, then β̂ML isconsistent and asymptotically normally distributed with asymptoticcovariance matrix equal toV = [G (β)′G (β)]−1G (β)′{Var [d̄ (β)]}G (β)[G (β)′G (β)]−1,where G (β) = plim ∂d̄(β)/∂β′.In the MLE case G (β) = (1/n)E [H(β)] = H̄(β), consequentlyV = (−E [H(β)])−1.Hence, we have developed an e�cient, generalized method ofmoments estimator that has the same asymptotic properties as theMLE under the assumption of normality. 69 / 69
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