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Abstract: This paperdealswith theanalysisof reinforcedconcrete~RC! structureswith specialemphasison modelingof theinteraction
betweenconcreteandreinforcement.A newmodefor considerationof the responseof thecompositematerialat the member (structural)
scale is proposed.It is obtainedfrom extensionof thefractureenergy concept,originally developedfor thesimulationof crackingof plain
concrete,to reinforcedconcrete.Hereby, the fractureenergy relatedto theopeningof primarycracksis increasedin orderto accountfor
bond slip betweensteeland concrete.This increaseis determinedfrom the distribution of bond slip by meansof a one-dimensional
compositemodel introducedat the bar scale. The model consistsof steel bars and the surroundingconcrete.Betweenthesetwo
components,a nonlinearbond stress–bond slip relation is considered.The obtainedresultsat the bar scale, suchas the averagecrack
spacingbetweenadjacentcracksandthe load-displacementresponseof the compositematerial,form the basisfor determinationof the
increaseof the fractureenergy at themember scale. Theperformanceof theproposedtransitionof thesteel-concreteinteractionfrom the
bar scale to themember scale is assessedby meansof reanalysisof experimentsperformedon RC bars.Theapplicationof therespective
materialmodel for reinforcedconcreteto real-life engineeringstructuresis reportedin Part II of this series.
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Introduction

Researchon the interactionbetweensteelandconcreteaiming at
numericalanalysesin structuraldesignis characterizedby a con-
densationof information,finally providing realisticmodelsfor a
descriptionof thecompositebehavior. Thecondensationof infor-
mationis performedby a changefrom a lower observationscale
to a higher one. In modeling of the steel-concreteinteraction,
three observationscalesmay be distinguished~Cox and Herr-
mann1998! ~seeFig. 1!:

• The rib scale refersto the observationscaleof single ribs of
reinforcementbars.This scaleis significantlysmallerthanthe
‘‘unit cell for concrete,’’ i.e., much of the aggregateis larger
thanthe rib.

• The actionof the ribs is homogenizedat the bar scale, allow-
ing usto treatthereinforcementbaraswell asthesurrounding
concreteasa continuum.Theinteractionbetweenthetwo con-
tinua is describedby meansof ~nonlinear! bond slip–bond
stressrelations.Theserelationsare either obtainedfrom nu-
mericalanalysesperformedat therib scale @transitionfrom rib
scale to bar scale, seeBen Romdhaneet al. ~1998! and Cox

and Herrmann~1998!# or from curve fitting of experimental
resultsas providedby, e.g., Harajli et al. ~1995! and Martin
andNoakowski~1981!.

• At the member (structural) scale, either a structuralcompo-
nentor a completestructureis modeled.The reinforcementis
usually describedby meansof the embedded-trussmodel in
caseof beamand frame analyses,or by meansof the layer
modelin caseof plateandshellanalyses.In general,a uniaxial
strainandstressstateis assumedin the steeltrussor layer. At
themember scale, theeffect of thesteel-concreteinteractionis
commonlyreferredto as‘‘tensionstiffening.’’ This termstems
from the capacityof the intact concreteto carry tensileforces
betweenadjacentcracks,resultingin a higherstiffnessascom-
paredto the stiffnessof the respectivebaresteelbars.

Overthelast20 years,severalmodelsfor considerationof tension
stiffeninghavebeenproposedin theopenliterature.Most of them
belongto oneof the two following categories:
• The first one is characterizedby adding additional stiffness

andforce termsto the stiffnessmatrix andthe force vectorof
the finite-element~FE! formulation. Thesetermsmay be re-
latedto thestrainin thesteelbarasproposedby Feenstraand
De Borst ~1995!. Already in 1967,Ngo andScordelis~1967!
usedlinear springsbetweenthe reinforcing bar and the sur-
roundingconcretein orderto computethe additionalstiffness
and force terms.In the past,this approachwas continuously
improvedby the introductionof nonlinearsprings,asreported
in Kwak andFilippou ~1995! andMonti andSpacone~2000!.

• The use of a specific distribution of bond stressalong the
reinforcementbars allows for the determinationof so-called
tension-stiffening factors.Already in 1982,Floegl and Mang
~1982! proposedthe determinationof a tension-stiffening fac-
tor assuminga constantdistribution of the bond stress.More
recently, this approachwasextendedto piecewiseconstantdis-
tributionsasreportedin ~Choi andCheung1996!.

Both approachesto accountfor tensionstiffening are character-
izedby a scaletransitionfrom thebar scale to themember scale.
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However, differentmethodswereused.The introductionof non-
linear springs is basedon micromechanicalconsiderations.For
determinationof tension-stiffening factors,as reportedin Floegl
andMang ~1982! andChoi andCheung~1996!, the principle of
virtual work wasused.

In orderto circumventtheshortcomingsof thetwo approaches
suchasthelack of robustnesswhenconsideringnonlinearsprings
in theFE modelor constantdistributionsof thebondslip asused
by Floegl andMang ~1982! andChoi andCheung~1996!, a new
modeof scaletransitionis presentedin this paper. It is basedon
the fractureenergy concept~Hillerborg et al. 1976!. This concept
has been successfullyemployedover the last decadesfor the
analysisof plain concreteby meansof the FEM @see,e.g.,Feen-
stra~1993!; EtseandWillam ~1994!; Meschkeet al. ~1998!; Piv-
onkaet al. ~2001!#. The proposedtransitionfor the consideration
of tensionstiffeningat themember scale is basedon theextension
of this concepttowardsreinforcedconcrete.The paperis divided
into two parts:

The first part dealswith the aforementionedextensionof the
fractureenergy concept.Startingpoint is thedeterminationof the
averagecrackspacingof thestabilizedcrackpatternof reinforced
concrete.For this purpose,a one-dimensionalcompositemodel
will be introducedat the bar scale. This modelwill be employed
for thedeterminationof themaximumcrackspacing.Theaverage
crackspacing,which will be relatedto themaximumcrackspac-
ing, definesthe length of the one-dimensionalcompositemodel
whenemployedfor the determinationof the influenceof tension
stiffening on the load-carryingbehaviorof reinforcedconcrete.
Hereby, cracksareassumedto opensimultaneouslyat a distance
of the averagecrack spacing.Thereafter, the resultsobtainedat
the bar scale will be transferredto the member scale. The pro-
posedmodeof scaletransitionwill be assessedby meansof re-
analysesof uniaxial experimentsconductedby Rostásy et al.
~1976!.

The secondpart of the paperis devotedto the applicationof
the proposedmaterialmodel for reinforcedconcreteto real-life
engineeringstructures.

Fracture Energy Concept for Plain Concrete
„Hillerborg et al. 1976…

Dependingon the type of loading,the microstructureof concrete
leadsto different deformationcharacteristicsand failure modes.
Undertensileloading,the relatively low adhesivestrengthof the
cement-aggregateinterface causesa brittle material behavior,
characterizedby the developmentof cracks.Within the fracture
energy concept,the discretejumps in the displacementfield at
thesecracks vub are replacedby the respectivedistribution of
plasticstrains~smearedcrackapproach!

vub→E
,c

«
pdxn (1)

wherexn5 local coordinatenormal to the crack. For plain con-
crete,the zonerepresentingthe crackby meansof plasticstrains
is localizedin onefinite element~seeFig. 2!. Hence,thewidth of
theplasticzone,c is relatedto theelementsize@see,e.g.,Oliver
~1989! andHuemeret al. ~1999!#.

Becauseof cracking,the tensilestrengthq̄ is decreasing.This
decreaseis consideredby meansof anexponentialsofteninglaw,
given by

q̄5 f tu exp~2a/ā ! (2)

where f tu5tensile strength at the onset of cracking and a
5 internalvariableof theemployedfailure criterion.Accordingto
the fracture energy concept,the calibration parameterā is ob-
tainedfrom settingtheareaundertheemployedsofteningrelation
Eq. ~2! equalto the fractureenergy of onecrack divided by the
respectivecrackwidth, i.e., equalto G f /,c

G f

,c
5E

0

`

q̄da5E
0

`

f tu exp~2a/ā !da5 f tuā. (3)

Reformulationof Eq. ~3! yields the calibrationparameterā asa
function of the elementsize,c andthe fractureenergy G f

ā5

G f

,c f tu
(4)

Fracture Energy Concept for Reinforced Concrete

The presenceof steelbarsin reinforcedconcreteresultsin a dis-
tribution of cracks,finally giving a stabilizedcrack pattern.The
averagedistancebetweentwo primary cracks, s dependson the
geometricproperties~concretecover, bar diameter, etc.! and the
materialproperties~Young’s moduli of concreteandsteel,tensile
strengthof concrete,etc.!. In contrastto assuminglocalizationof
plastic strains in a single finite elementas in the caseof FE
analysesof plain concrete,the presenceof the reinforcemental-
lows for an increaseof the appliedload evenif crackingof con-
cretewas initiated.As long asno relativedisplacementbetween

Fig. 1. Scalesof observationin modelingof steel–concreteinterac-
tion accordingto Cox andHerrmann~1998!

Fig. 2. One-dimensionalillustration of smearedcrackapproachap-
plied to plain concrete:~a! discretecrackwidth vu b and ~b! its rep-
resentationby meansof respectivedistribution of plastic strain «p

(,c : sizeof finite element!
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steelandconcreteis considered,theincreasingloadcausescrack-
ing in every elementintersectedby the steel bar. Hence,each
primary crack is distributedover the respectivecrackspacing, s

along the steel bar and is representedby the respectiveplastic
strains~seeFig. 3!. In the contextof the fractureenergy concept,
thewidth of theplasticzoneis equalto theaveragecrackspacing
, s . Hence,considerationof a stabilizedcrackpatternin the cali-
brationof the fracturecriterion is obtainedby replacing,c in Eq.
~4! by the averagecrackspacing, s , giving

ā5

G f

,s f tu
(5)

Determination of Average Crack Spacing øs

The averagecrack spacing, s of the stabilizedcrack patternis
computedin two steps:
1. In the first step, the maximumcrack spacingbetweentwo

primary cracks,, s,max, is evaluated.The maximum crack
spacing is defined as the distancebetweentwo adjacent
cracksopeningsimultaneously, with the concretestressat
midpoint betweentheseadjacentcracksbeing equal to the
tensilestrength.

2. In thesecondstep,theaveragecrackspacing, s is estimated
from , s,max following CEB-FIP ~1990!. According to
CEB-FIP~1990!, , s canbe setequalto (2/3), s,max.

In the following, the determinationof , s,max is outlined. It is
basedon a one-dimensionalcompositemodel introducedat the
bar scale of the steel-concreteinteraction.

One-dimensional Composite Model

For theevaluationof , s,max, a one-dimensionalmodelof length,

is used ~see Fig. 4!. The model consistsof the reinforcement
given by the steel area per unit length, a s (mm2/m), and the
surroundingconcrete.The concreteareais given by the effective
tensionheightof concrete,hc,eff (m). It is estimatedaccordingto

CEB-FIP ~1990! recommendations.For the caseof distributed
reinforcementby meansof, e.g.,reinforcementgrids,hc,eff is ob-
tainedasdepictedin Fig. 5.

Thelengthof themodel, is equalto thedistancebetweentwo
primary cracks.Betweenthesecracksboth steelandconcreteare
treatedasa continuum.A nonlinearbondstress–bondslip relation
is considered~bondslip is therelativedisplacementbetweensteel
andconcrete!. In the following, the distributionof the bondslip
will be determinedfor this relation.

Determination of Bond Slip Distribution

The changeof bond slip s betweenthe steel bars and the sur-
roundingconcreteis equalto thedifferencebetweenthesteeland
concretestrains,« s and«c ,

ds

dx
5«s2«c5

ss

Es
2

sc

Ec
(6)

wheres s5stressin the steeland sc5stressin the surrounding
concrete.E s andEc5Young’s moduli for steelandconcrete,re-
spectively. The load p sc , acting on the compositestructure~see
Fig. 4!, mustbecarriedby thereinforcementandthesurrounding
concrete.This resultsin

psc5ssas1schc,eff → sc5

psc

hc,eff
2ss

as

hc,eff
(7)

InsertingEq. ~7! in Eq. ~6! and differentiatingwith respectto x
yields

d2s

dx2 5

dss

dx

11nrs

Es
with n5

Es

Ec
, rs5

as

hc,eff
(8)

notingthatp sc mustbeconstantin orderto satisfytheequilibrium
condition in direction of the steel bars. Hence, dp sc /dx50.

Fig. 3. One-dimensionalillustration of smearedcrackapproachap-
plied to reinforcedconcrete:~a! discretecrackwidth vu b and ~b! its
representationby meansof respectivedistributionof plasticstrain«p

(,s : spacingof primary cracks!

Fig. 4. One-dimensionalcompositemodelat bar scale (hc,eff : effec-
tive tensionheightof concrete;psc : forceactingon compositestruc-
ture!

Fig. 5. On evaluationof effectivetensionheightof concretehc,eff for
different arrangementsof reinforcement according to CEB-FIP
~1990!
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ds s /dx is obtainedasthe force transferredfrom thesteelbarsto
the concrete~bond force! divided by the cross-sectionalareaof
the steelbars

dss

dx
5

nsBsp

as
t~s !5

4

Bs
t~s ! (9)

where n s5number of steel bars per unit length and B s

5diameterof the reinforcement.t(s) is the bondstresswhich is
a function of s. SubstitutingEq. ~9! into Eq. ~8! yields the differ-
ential equationfor the bondslip as ~Rehm1961!

d2s

dx22kt~s !50 with k5

4

Bs

11nrs

Es
5constant.0 (10)

In this paper, thebondstress–bondslip relationgivenin CEB-FIP
~1990! is used~seeFig. 6!. This relation is in accordancewith
experimentaldatasuchasreportedin Ciampiet al. ~1981!, Elige-
hausenet al. ~1983!, andCiampi et al. ~1982!. In order to avoid
numericalproblemsarising from spatialdiscretizationat the bar
scale, an analytical solution for the bond slip s is derived.The
origin of thecoordinatesystemwith theaxisx coincideswith the
onsetof thebondslip; thevalueof s(x) increaseswith increasing
x. According to the nonsmoothbond stress–bond slip relation
depictedin Fig. 6, the analyticalsolution consistsof four parts.
The first part is relatedto the nonlinearpart of the bondstress–
bond slip diagram.It containsthe onsetof bond slip at x50,
characterizedby s50. Moreover, a perfectbond at the onsetof
bondslip gives«c5« s , yielding ds/dx50 at x50 @seeEq. ~6!#.
For this typeof boundaryconditions,theanalyticalsolutionof the
differential Eq. ~10! referring to the first ~nonlinear! part of the
bondstress–bondslip diagramis given in theAppendix.For the
remainingparts,characterizedby linearandconstantbondstress–
bond slip relations,respectively, the constantcoefficientsof the
solutionsgivenin theAppendixmustbeadjustedto thetransition
conditions,i.e., to the valuesof s and ds/dx at the end of the
precedingpartof theanalyticalsolutionof s(x). Fig. 7 showsthe
bondslip distributionobtainedfor a specificsetof parametersk,
s1 , s2 , s3 , t f , and tmax. For this set,characterizedby s15s2 ,
the analyticalsolutionconsistsof threeparts.

Determination of Maximum Crack Spacing øs,max

The maximum spacing betweentwo adjacentprimary cracks
, s,max is computed at the bar scale employing the one-
dimensionalcompositemodel depictedin Fig. 6. The length of
themodel, which, for thepresentcase,is equalto themaximum
crackspacing,mustbe determined.For this purpose,the analyti-
cal solutionfor the bondslip s(x) is employed.The onsetof the
bondslip characterizedby x50 is locatedat the middle surface
betweenadjacentcracks~seeFig. 8!. Consequently, themaximum
stressin the concreteis obtainedat x50. According to the defi-
nition of the maximum crack spacing,it is equal to the tensile
strengthof concrete,f tu .

The maximumcrackspacingis computedin an iterativeman-
ner. The startingpoint is the known force in the concreteat the
middlesurfacebetweenthetwo adjacentcracks,i.e., at x50. It is
given by

pc~0!5schc,eff5 f tuhc,eff (11)

Then,theforce in theconcreteat thecrackface,i.e., at x5,/2, is
computedusingthe analyticalsolutionfor the bondslip s(x)
• First, pc(,/2) is obtained from considerationof the stress

transferfrom concreteto steelvia bondstresst@s(x)#, reading

pc~,/2!5pc~0!2nsE
0

,/2

Bspt@s~x !#dx (12)

wheren s5numberof steelbarsper unit length.
• The secondmodeof determinationof pc(,/2) is basedon the

crackopeningvub at x5,/2, givenby vu b52s(,/2). The fac-
tor 2 accountsfor the fact that bond slip takesplaceon both
sides of the opening primary crack. Assuming exponential
softening,the force in the concreteis obtainedas

pc~,/2!5 f tuhc,eff exp~2vub/vūb! (13)

where v ū b5calibrationparameterfor the exponentialsoften-
ing law, with v ū b5G f / f tu . Note that no length scale is re-
quiredfor thecalibrationof thesofteninglaw ~13!. In contrast
to Eq. ~2!, the softeninglaw ~13! is controlledby the crack
width vub itself.

During the iteration,the lengthof the compositemodel, is con-
tinuouslyincreaseduntil bothmodesof determinationof pc(,/2)

Fig. 6. Bondstress–bondslip relationaccordingto CEB-FIP~1990!

Fig. 7. Analytical solution for bond slip consistingof three parts,
with k52.631026 mm/N, tmax58.25N/mm2, andt f50.15tmax

Fig. 8. One-dimensionalcompositemodelat bar scale: distribution
of bondslip andstrain in steelandconcretefor caseof ,5,s,max
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give thesameresult.If this is thecase,, representsthemaximum
crackspacing,giving , s,max5,. Finally, theaveragecrackspacing
can be estimated according to CEB-FIP ~1990! as , s

5(2/3), s,max.

Tension Stiffening

Theopeningof cracksis characterizedby a decreaseof thestress
in the concretewhich finally becomeszero.However, the intact
concretebetweenthe primary cracksstill carriestensilestresses.
The stresstransferfrom steelat the locationof primary cracksto
the intact concreteis mainly controlledby bondslip. Becauseof
the residualload-carryingcapacityof crackedconcretein conse-
quenceof bondslip, the responseof crackedreinforcedconcrete
specimensis stiffer than the one of an otherwiseidentical steel
bar which is not embeddedin crackedconcrete.This effect is
referredto astensionstiffening.

Sofar, theaveragecrackspacingof reinforcedconcrete, s was
computed.It allows for considerationof the openingof primary
crackswithin the fractureenergy concept.So far, however, the
effect of tensionstiffening wasdisregarded.In order to consider
this effect in the contextof the fractureenergy concept,the re-
sponseof the compositematerial is computedat the bar scale.
Again, theone-dimensionalmodelis employed.Thelengthof the
model , is set equal to the averagecrack spacing, s . The re-
sponseof the compositebar is divided in the following three
stages:
1. In the first stage,the concretestressis smallerthanthe ten-

sile strength, i.e., sc, f tu . No crack has openedso far.
Hence,bondslip is not considered.This stageis terminated
by the initiation of crackingof concrete,with sc5 f tu . At
this loadingstate,the stressin the reinforcementis obtained
from the compatibility of strainsbetweensteelandconcrete
as

ss5Es«s5Es«c5Es

f tu

Ec
5nf tu (14)

The force actingon the compositebar is given by

psc5pc1ps5hc,eff sc1asss5hc,eff f tu~11nrs! (15)

The respectivedisplacementmeasuredat the crack face is
obtainedfrom

u~,/2!5«c

,

2
5

f tu

Ec

,

2
(16)

2. Thesecondstageis characterizedby thesimultaneousopen-
ing of the two adjacentprimary cracks.The onsetpoint of
bond slip x50 is locatedbetweenthe crack face and the
middle surfacebetweenthe primary cracks~seeFig. 9!. The
force transferredvia bondslip is obtainedas

pbs~x̄ !5nsE
0

x̄
Bspt@s~x!#dx (17)

where x5 x̄5 location of the crack face. The force in the
concreteat the crack face is obtainedfrom the bondslip at
x5 x̄, s( x̄),

pc~x̄!5hc,eff f tu exp~2vub/vūb! (18)

with vu b52s( x̄). pc at theonsetof bondslip, i.e.,at x50, is
given by pc(0)5pc( x̄)1pbs . At this point, « s5«c . Hence,
the respectiveforce in the reinforcementcan be computed

from

ps~0!5asss5asEs«s5asEs«c5as

Es

Ec
sc5as

Es

Ec

pc~0!

hc,eff
5rsnpc~0!

(19)

whereuseof the definition for n and r s @seeEq. ~8!# was
made.The force actingon the compositebar at the onsetof
slip is given by

psc~0!5pc~0!1ps~0!5~11rsn!pc~0! (20)

Recall,p sc must be constantin order to satisfy the equilib-
rium condition in direction of the steelbar. Hence,p sc(x)
5p sc(0)5constant.The displacementu at the crackfaceis
computedfrom integrationof thestrainsin thesteelbar ~see
Fig. 9!, reading

u~x̄!5«s~0!S,22x̄D1E
0

x̄S«s~0!1
pbs~x!

asEs
Ddx (21)

with

pbs~x!5nsE
0

x

Bspt@s~x!#dx. (22)

p sc( x̄)5p sc (0) and the correspondingdisplacementu( x̄)
aredeterminedfor differentvaluesof x̄, with 0< x̄<,/2.

3. In the third stageof the responseof the compositebar, the
onsetof bond slip has reachedthe middle surface.Hence,
x̄5,/2. From this loadingstateon, a constantload transfer
from steelto concreteis assumed,with

pbs5nsE
0

,/2

Bspt@s~x !#dx. (23)

Bondslip at thecrackfaces(,/2) is continuouslyincreasing
during this part of the simulation.The force in the concrete
at the crack face is obtainedfrom the exponentialsoftening
law, reading

Fig. 9. One-dimensionalcompositemodelat bar scale: distribution
of bondslip andstrainin steelandconcrete,respectively, for onsetof
bond slip locatedbetweencrack face and middle surfacebetween
adjacentcracks
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pc~,/2!5 f tuhc,eff exp~2vub/vūb!, with vu b52s~,/2!
(24)

The force in the concreteat the middle surfaceis obtained
from pc(0)5pc(,/2)1pbs . The force in the reinforcement
is computedfrom the compatibility condition of the dis-
placementat the crackface ~seeFig. 10!

us2uc5s~,/2! (25)

Replacingthe displacementsin Eq. ~25! by the respective
integralsover the strainsgives

E
0

,/2F«s~0!1

pbs~x !

asEs
Gdx2E

0

,/2F«c~0!2

pbs~x !

hc,eff Ec
Gdx5s~,/2!

(26)

Using « s(0)5p s(0)/(a sE s) and «c(0)5pc(0)/(hc,eff Ec)
givesthe force in the reinforcementat the middle surfaceas

ps~0!5
asEs

,/2 H s~,/2!1E
0

,/2Fpc~0!2pbs~x !

hc,eff Ec
2

pbs~x!

as Es
GdxJ

(27)

Finally, the force in the composite bar is obtained as
p sc(x)5p sc(0)5pc(0)1p s(0). The corresponding dis-
placementu is equalto the displacementof the steelbar at
x5,/2 ~seeFig. 10!. It is computedfrom thefirst integralin
Eq. ~26!, reading

u5E
0

,/2Fps~0!1pbs~x !

asEs
Gdx (28)

The analysisis terminatedwhen the yielding of steelis encoun-
tered at the location of the crack. Finally, a load-displacement
responseof the composite bar as depicted in Fig. 11~a! is
obtained.

Transition from Bar Scale to Member Scale

The input parameterfor the fractureenergy conceptfor thesimu-
lation of crackingof plain concreteis the energy releasedduring
the openingof one single crack, referredto as fracture energy.
Thefractureenergy is assumedto bea constantmaterialproperty.
In theextensionof the fractureenergy conceptto reinforcedcon-
crete, the releasedenergy in consequenceof both cracking of
concreteand bond slip servesas the input parameter. Conse-
quently, the main objective during the transition of the steel-
concreteinteractionfrom thebar scale to themember scale is the
preservationof the releasedenergy. Basedon the alreadycom-
putedload-displacementresponseof the compositematerial,p sc

2u response@seeFig. 11~a!#, and the reactionforce for the re-
spectivebaresteelbarsp s @seeFig. 11~b!#, the energy releasein
consequenceof cracking of concreteand bond slip at the bar
scale-relatedto the areaof concrete-isobtainedas

W5Wsc2Ws5E
0

` psc2ps

hc,eff
du (29)

At the member (structural) scale, W is assignedto the material
responseof concrete.p sc andp s @seeEq. ~29!# werecomputedon
thebasisof a compositemodelof length, s . Hence,theextension
of the calibration of the fracture criterion given in Eq. ~5! to
considerationof tensionstiffening takesthe form

ā5

W

,s f tu
. (30)

Eq. ~30! canbe rewritten in the form

ā5

G f

,s
redf tu

(31)

where, s
red

5artificially reduced averagecrackspacing,definedas
, s

red
5, sG

f /W. Thetwo modesof computingā accordingto Eqs.
~30! and ~31! are equal for the one-dimensionalcase.For the
plane-stresssituation,however, useof the reducedaveragecrack
spacing, s

red is advantageousfor theextensionof thecalibrationto

Fig. 10. One-dimensionalcompositemodel at bar scale: ~a! unde-
formedand ~b! deformedconfiguration

Fig. 11. Schematicload-displacementrelationat thebar scale for ~a!

embeddedsteelbarsand ~b! baresteelbars

Fig. 12. Definition of reducedaveragecrack spacing,s
red for rein-

forcementbarsintersectingcracksnonorthogonally~CEB-FIP1990!
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reinforcementbarsintersectingthe cracknonorthogonallyandto
orthogonallyreinforcedconcretemembers.

Extension to Aligned Cracks

For the generalcaseof reinforcementbars intersectingcracks
nonorthogonally, , s

red is computedfrom ~CEB-FIP1990!

,s
red

5

,s,p
red

ucosupu
(32)

whereup5anglebetweenthe direction of the reinforcement~p!

andthenormalto thecracks~seeFig. 12!. In Eq. ~32!, , s,p
red refers

to the reducedaveragecrack spacingcorrespondingto cracks
normal to the reinforcement.

Extension to Orthogonally Reinforced Concrete
Members

For orthogonallyreinforcedconcretemembers,thedescribedcal-
culationprocedurefor theevaluationof thereducedaveragecrack
spacingis performedfor both directionsof reinforcement,yield-
ing , s,p

red and, s,q
red ~p andq denotingthetwo orthogonaldirections!.

, s
red for alignedcracksis thengiven by ~CEB-FIP1990!

,s
red

5F ucosupu

,s,p
red 1

usinupu

,s,q
red G21

. (33)

Verification of Model

The proposedtransitionof the steel-concreteinteractionfrom the
bar scale to the member (structural) scale is assessedby the
recalculationof RC barswith variablereinforcementratiosr s and
bar diametersB s . The barsaresubjectedto uniaxial tension.

Material Properties

Table 1 containsthe geometricdata and the provided material
propertiesfor the consideredspecimensV1 to V4 ~Rostásy et al.
1976!. Themissingmaterialparameters,suchasYoung’s modulus
andthe fractureenergy of concrete,arecomputedfrom the com-
pressive strength following the CEB-FIP recommendations
~CEB-FIP1990!

f cu50.8f cu,cube, Ec5Ec0S f cu

f cu0
D 1/3

, G f
5G0

f S f cu

f cu0
D 0.7

(34)

wheref cu0510N/mm2 andEc0521,500N/mm2. G0
f dependson

the maximum aggregatesize dmax. In the presentcaseof dmax

516mm it is givenby G0
f
50.03Nmm/mm2. Table2 containsthe

computedmaterialparameters.
Use of the experimentallyobtained values for the tensile

strengthfor concrete~seeTable1! led to deviationsbetweenthe
experimentalandnumericalresultsat theonsetof crackingof the
reinforced bars. Taking into accountthe large scatterof these
values,they were adaptedto the experimentallyobtainedload-
displacementcurves of the RC bars. The adaptationwas per-
formed such that good agreementof the load at the onset of
crackingbetweenthe experimentsand the numericalresultswas
obtained.The employedtensilestrengthsand the computeddata
neededfor calibration of the fracture criterion for concreteare
listedin Table3. It containstheaveragespacingof primarycracks
, s and the reducedaveragecrack spacing, s

red. It is noteworthy
that the reducedaveragecrackspacingis 15 to 20 timessmaller
than the average crack spacing , s , i.e., , s/, s

red
5W/G f

515–20. The ratherhigh value of the ratio , s/, s
red is a conse-

quenceof the poor concreteemployedin the experimentaltests
by ~Rostásy et al. 1976!, characterized by G f

,0.026Nmm/mm2. For the concrete/shotcretedealtwith in Part
II of this series~LacknerandMang 2003!, , s/, s

red is mainly be-
tween5 and10.This agreeswith numericalresultsgivenin Feen-
stra ~1993! @see,e.g., reanalysisof panelstestedby Kollegger
~1988!#.

CrackÕYield Criteria for Concrete and Steel

The crack/yieldcriteria employedfor simulationof crackingof
concreteandyielding of steelaregiven as

f 5s2 q̄<0, (35)

wheres denotesthe uniaxial stressand q̄ representsthe respec-
tive materialstrength.For concrete,theexponentialsofteninglaw
accordingto Eq. ~2! is used,with ā computedaccordingto Eq.
~31!. For the reinforcement,a nonlinearhardening/softeningrela-
tion is considered~seeFig. 13!.

Table 1. GeometricDataandMaterialPropertiesProvidedfor SpecimensV1 to V4 Accordingto Rostásy et al. ~1976! ( f sy : yield stressof steel!

Experiment Bs ~mm! As ~mm2! Es ~N/mm2! f sy ~N/mm2! Ac ~mm2! f cu,cube ~N/mm2! f tu ~N/mm2! rs ~%!

V1 6 565 209,000 611 150,000 7.5 0.98 0.375
V2 8 503 206,000 544 150,000 8.7 0.85 0.333
V3 8 1,005 206,000 544 150,000 10.0 1.24 0.667
V4 8 1,508 206,000 544 150,000 8.8 0.98 1.000

Table 2. Missing Material ParametersComputed According to
CEB-FIPRecommendations~CEB-FIP1990!

Experiment f cu ~N/mm2! Ec ~N/mm2! G f ~Nmm/mm2!

V1 6.0 18,133 0.0210
V2 7.0 19,090 0.0234
V3 8.0 19,959 0.0257
V4 7.0 19,090 0.0234

Table 3. AdaptedTensile Strengthsand ComputedParametersfor
Calibrationof FractureCriterion for Concrete,,s and,s

red

Experiment f tu ~N/mm2! ,s ~mm! ,s
red ~mm!

V1 1.10 481 24
V2 0.90 541 32
V3 1.15 419 27
V4 1.25 380 23

Note: For bondstress–bondslip relation,the following parameterswere
used: s150.6mm; s250.6mm; s351.0mm; tmax52Af cu; t f

50.15tmax; anda50.4 ~CEB-FIP1990!.
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For bothconcreteandsteel,the internalvariablea is setequal
to the respectiveplasticstrain.

Numerical Results

Fig. 14~a! containsthe numericalresultsfrom the simulationof
the RC Bars V1 to V4. They indicategood agreementwith the
experimentalresults.Fig. 14~b! showsthe influenceof the pro-
posedmodeof considerationof tensionstiffeningby meansof the
reducedaveragecrackspacingfor the RC Bar V3. For this pur-
pose,a dimensionlessparameterb is introduced.b51 represents
full considerationof tensionstiffening, whereasin caseof b50
tensionstiffening is neglected.A continuousdecreaseof the in-
fluenceof tensionstiffening in the materialmodelfor concreteis
achievedby increasingthe reducedaveragecrack spacing, s

red

from its original value, i.e., , s
red

527mm, to the averagecrack
spacing, s5419mm

,s
red~b !5419~12b !127b@mm# (36)

Fig. 14~b! contains numerical results obtained for b
P$1,0.95,0.75,0%. A decreasingvalueof b resultsin an increase
of the reducedaveragecrackspacing, s

red @seeEq. ~36!#. As , s
red

increases,lesscracksareassumedto openand,hence,lessenergy
is released.Consequently, the load-carryingcapacityof the RC
Bar V3 is underestimated.

Conclusions

In this paper, thetransitionof thematerialresponseresultingfrom
thesteel-concreteinteractionin reinforcedconcrete~RC! from the
bar scale to themember (structural) scale wasdealtwith. For this
purpose,thefractureenergy concept,commonlyemployedfor the
analysisof plain concrete,wasextendedtowardsconsiderationof
the reinforcement.

At the bar scale, a one-dimensionalcompositemodelwasin-
troduced.It consistsof steelbarsandthepartof concreteassigned
to therespectivereinforcement.Theinteractionbetweensteeland
concretewasmodeledby meansof a nonlinearbondstress–bond
slip relation. The responseof the compositemodel was trans-
ferred to the member scale by increasingthe energy relatedto
crackingof concrete.

The performanceof the proposedconsiderationof the steel-
concreteinteractionat the member scale wasassessedby means
of reanalysesof experimentsreportedin ~Rostásy et al. 1976!.
Basedon the obtainedresults,the following conclusionscan be
drawn:
• Good agreementbetweenthe numericalresult and the avail-

ableexperimentaldatawasobserved.
• Disregardof thesteel-concreteinteractionin thecalibrationof

theconcretemodelresultedin anunderestimationof the load-
carryingbehaviorof the investigatedRC bars.
In contrastto previous approachesfor the transition of the

steel-concreteinteraction from the bar scale to the member
(structural) scale, the proposedmodeallows considerationof a
nonlinearbondstress–bondslip relation.Thecomputationsat the
bar scale for determinationof calibrationparametersrequiredat
the member scale were performedin advance.Hence,no addi-
tional analysesareneededduring structuralanalysisat the mem-
ber scale, renderinga robustmaterialmodel for reinforcedcon-
crete.This robustnessis a necessaryprerequisitefor the analysis
of real-life structuressuchasreportedin PartII of this paper:The
RC cooling tower III Ptolemaı¨s SES ~Greece! and the shotcrete
tunnelshell installedat the Lainzer tunnel ~Austria!. Both struc-
tureswererecentlyinvestigatedat ViennaUniversity of Technol-
ogy.

Appendix

This appendix contains analytical solutions of the differential
equationfor the bond slip. The generalform of this differential
equationis given as

s92csa
50 (37)

In thefollowing, Eq. ~37! will besolvedfor differentcasesarising
from the employedbondstress–bondslip law.

Case 1: aÄ0, cÌ0

The solutionof the resultinglinear differentialequations95c is
obtainedby integration

Fig. 13. Employedhardening/softeningrelationfor cold-drawnsteel
bars~Dilger 1966! ( f sy : yield stress!

Fig. 14. P/As2« curveson basisof proposedmodeof transitionof
steel-concreteinteractionto member scale: numericalresultsfor ~a!

ExperimentsV1 to V4 and~b! reductionof influenceof tensionstiff-
eningfor ExperimentV3 by meansof dimensionlessparameterb. As

denotesareaof reinforcementbarsof respectiveRC bar
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s5

cx2

2
1C1x1C2 (38)

whereC1 andC25 integrationconstants.

Case 2: 0ËaË1, cÌ0

This nonlineardifferential equationis solvedby choosings9 as
~Vismann1995!

s95kxp (39)

Integrationof Eq. ~39! yields

s85

k

p11
xp11

1C1 and s5

k

~p11!~p12!
xp12

1C1x1C2

(40)

The nonlinearpart of the bond slip–bond stressrelation consid-
eredin this caseis only relevantat the onsetof bondslip, char-
acterizedby s50 ands850. Accordingly, C1 andC2 in Eq. ~40!
becomezerofor a coordinatesystemwith its origin placedat the
mentionedonset point. Inserting s and s9 into the differential
equationonegets

kxp
5cS k

~p11!~p12!
xp12D a

(41)

A comparisonof the powerof x andof the coefficientyields

p5~p12!a and k5

cka

~p11!a~p12!a (42)

finally giving

p5

2a

12a
and k5S c

~p11!a~p12!aD 1/12a

(43)

Case 3: aÄ1, cË0

For the differential equationof the type s92cs50 one obtains
the characteristicequationusings5elx, giving in s95l2elx, as

l2
2c50 → l56Ac where c,0 (44)

The solutionfor this caseis given by

s5C1e iA2cx
1C2e2iA2cx or

(45)

s5C1* cosA2cx1C2* sinA2cx

with the constantsC1 andC2 ~or C1* andC2* ).

Notation

The following notation is used in this paper:
Ac 5 concreteareaof reinforced-concretebar;
A s 5 steelareaof reinforced-concretebar;
a s 5 steelareaper unit length;
c 5 concretecover;

dmax 5 maximumaggregatesizeof concrete;
Ec 5 Young’s modulusof concrete;

Ec0 5 referencevaluefor Young’s modulusof
concrete;

E s 5 Young’s modulusof steel;
f cu 5 uniaxial compressivestrengthof concrete;

f cu0 5 referencevaluefor uniaxial compressive
strengthof concrete;

f cu,cube 5 uniaxial compressivestrengthof concrete
obtainedfrom cubic specimens;

f sy 5 yield stressof steel;
f tu 5 uniaxial tensilestrengthof concrete;
G f

5 fractureenergy of concrete;
G0

f
5 referencevaluefor fractureenergy of

concrete;
h 5 heightof concretememberfor onelayer of

reinforcement;
hc,eff 5 effective tensionheightof concrete;

k 5 constantparameter;
, 5 lengthof one-dimensionalcompositemodel

at bar scale;
,c 5 width of plasticzonewithin fractureenergy

conceptrelatedto sizeof finite element;
, s 5 averagecrackspacingin reinforced

concrete;
, s,max 5 maximumcrackspacingin reinforced

concrete;
, s

red
5 artificially reduced averagecrackspacingin

reinforcedconcrete;
, s,p

red
5 artificially reduced averagespacingof

cracksnormal to reinforcementin p
direction;

, s,q
red

5 artificially reduced averagespacingof
cracksnormal to reinforcementin q
direction;

n 5 ratio betweenYoung’s moduli of steeland
concrete;

n s 5 numberof steelbarsper unit length;
pbs 5 force transferredby meansof bondstress;
pc 5 force actingon concretebar;
p s 5 force actingon reinforcementbars;

p sc 5 force actingon uniaxial compositestructure;
q̄ 5 tensilestrengthof steel/concrete;
s 5 bondslip;

s1 , s2 , s3 5 materialparametersdescribingbond
stress–bondslip relation;

t 5 heightof concretememberfor two layersof
reinforcement;

u 5 displacementvector;
u 5 displacementfor uniaxial loading;

uc 5 displacementof concreteat the crackface;
u s 5 displacementof steelat the crackface;

vu b 5 crackwidth;
v ū b 5 calibrationparameterfor fracturecriterion;
W 5 energy releasedin consequenceof cracking

of concreteandbondslip;
Ws 5 strainenergy of baresteelbars;

Wsc 5 strainenergy of compositematerial;
x 5 heightof compressionzonein concrete

member;andlocal coordinatefor analytical
solutionof bondslip;

x̄ 5 positionof crackfacegiven in the local
coordinateof analyticalsolutionof bond
slip;

xn 5 coordinatenormal to crack;
a 5 internalvariableof fracturecriterion;
ā 5 calibrationparameterof fracturecriterion;
b 5 dimensionlessparameterfor consideration

of tensionstiffening;
«

p
5 tensorof plasticstrains;

«p
5 uniaxial plasticstrain;

«c 5 uniaxial strain in concrete;
« s 5 uniaxial strain in steel;
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up 5 anglebetweendirectionof reinforcement~p!
andthe normal to the crack;

p 5 3.14...;
r s 5 reinforcementratio, given by a s /hc,eff ;
s 5 uniaxial stress;

sc 5 uniaxial stressin concrete;
s s 5 uniaxial stressin steel;

t 5 bondstress;
t f , tmax 5 materialparametersdescribingbondstress–

bondslip relation;and
B s 5 diameterof reinforcementbar.

References

BenRomdhane,M., Rossi,R., andUlm, F.-J. ~1998!. ‘‘Micro-mechanical
analysis of the steel-concreteinterface behaviour.’’ Computational
Modelling of Concrete Structures, Proceedings of the EURO-C 1998
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betonflächentragwerken.’’ PhDthesis,GesamthochschuleKassel,Ger-
many.

Kwak, H., andFilippou, F. ~1995!. ‘‘A new reinforcingsteelmodelwith
bondslip.’’ Struct. Eng. Mech., 3~4!, 299–312.

Lackner, R., andMang,H. A. ~2003!. ‘‘Scaletransitionin steel-concrete
interaction.II: Applications.’’ J. Eng. Mech., 129~4!, 403–413.

Martin, H., and Noakowski, P. ~1981!. ‘‘Verbundverhaltenvon Beton-
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