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Abstract  This paper addresses non-collocated 
vibration control of multi-modal structures such as 
plates. The challenges of applying this non-collocated 
configuration in real systems are tackled by proposing 
a second-order compensator using velocity feedback 
control. The compensator design aims to use uncon-
trolled data only, where its parameters are obtained 
from a measurement of the point-frequency response 
function at the actuator attachment point (anti-reso-
nance assignment). Compared to other control strate-
gies such as optimal control, no plant model or state 
estimation is required in the hardware implementa-
tion of the controller, making this approach relatively 
simple. The compensator design is outlined for a 
generic three-degree-of-freedom system, as its sim-
plicity allows for deeper investigation of the effects 
of the compensator itself. The proposed design is 
then experimentally validated by vibration control 

of a cross-laminated timber panel, considering three 
closely spaced natural frequencies. Further difficulties 
encountered in dealing with real world systems are 
discussed by comparing experimental data with sim-
ulations. To achieve this, a model of the electrome-
chanical system composed of the panel and two elec-
trodynamic shakers is used. The parameters of the 
compensator for the system are then obtained and a 
sensitivity study to these parameters is carried out by 
calculating a control performance taking into account 
filters and the effects of time delay.

Keywords  Active vibration control · Anti-
resonance assignment · Cross-laminated timber 
panel · Non-collocated control · Transmission zeroes · 
Velocity feedback

1  Introduction

Vibration control is a wide field of study that aims to 
modify the dynamic response of a system as desired. 
This can be achieved by passive approaches, active 
approaches or a combination of both. Studies on these 
approaches are extensive and can be found, for exam-
ple, in [1–5]. Passive control is achieved, for instance, 
by adding a mechanical element to the structure to be 
controlled. From approaches such as an inerter-based 
absorbers [6] to the use of piezoelectric layers with 
attached electric circuits [7], passive control is widely 
used in structural control. A usual application of this 
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type of control is through elements such as a tuned 
mass damper (TMD). This mass-spring-damper sys-
tem is tuned to a target frequency [1, 8], typically 
the fundamental natural frequency. Since it does not 
rely on an external energy source to achieve vibra-
tion mitigation, passive control is inherently stable. 
However, its efficiency depends highly on the proper 
tuning of the TMD frequency and TMD damping, 
which becomes even more challenging when more 
than one vibration mode of the structure is to be con-
trolled with multiple TMDs. Furthermore, since pas-
sive devices can be quite large and heavy, they may 
not be practical to implement, for example, in light-
weight structures. In these cases, active control is 
more favorable.

In active control, an actuator interferes with the 
structure to be controlled, whose input signal is gen-
erated based on measurement data from a sensor 
attached to the structure. Several control approaches 
can be used for active vibration control, such as 
acceleration feedback [9], PD controllers [10], linear 
quadratic regulator [1], model predictive control [11], 
time-delayed vibration absorbers [12], pole placement 
[13], and modal filters [14]. Due to its simplicity in 
terms of hardware implementation, direct velocity 
feedback [15, 16] has been a widely used approach in 
active vibration control applications whose implica-
tions are still being discussed in the literature [17]. In 
the present paper, velocity feedback will be discussed 
in more detail.

In a single input-single output (SISO) layout, col-
located and non-collocated configurations can be 
distinguished. Control is referred to as collocated 
when the sensor-actuator pair is located at the same 
position in a structure as the actuator that applies 
the control. Due to its inherent stability, collocated 
control has been extensively studied [8, 9, 15, 16, 
18, 19]. However, collocated setups are often diffi-
cult to achieve in practice, either because of a slight 
positional mismatch between sensor and actuator, or 
because of the inaccessibility of the target position. 
Therefore, the study of non-collocated control, i.e. the 
sensor and actuator are located at different positions, 
is of interest [1, 14, 20]. In [14], a modal filter of sec-
ond-order is proposed for non-collocated control of 
flexible structures, with good high-frequency roll-off 
characteristics. In [21], a positive position feedback 
algorithm in a non-collocated setup of a free sand-
wich plate is examined. The study shows that greater 

amplitude reduction is achieved by non-collocated 
control compared to collocated control. In [22], a fil-
tered velocity feedback control is used to overcome 
instabilities caused by the non-collocated configura-
tion in the control system, which is achieved by com-
bining direct velocity feedback with positive position 
feedback. Other approaches can also be used, such as 
the receptance method, which requires only the avail-
able states of the system to complete the equations, 
while the usual state-space approach requires all 
states to be known (by measurement or estimation by 
an observer). In [23], the receptance method for out-
put-feedback is used for collocated vibration control 
by eigenvalue assignment, where no prior knowledge 
of the system matrices is required, using only meas-
ured receptances from the open-loop system.

The assignment of poles and zeroes for vibra-
tion reduction is a widely used technique in control 
theory. For example, [24] uses transmission zeroes 
to propose a criterion for the optimal placement of a 
collocated set of sensor and actuator to maximize the 
modal damping ratio for target modes. Other studies, 
such as [13] present a control design method for the 
assignment of poles and zeroes for linear time-invar-
iant systems in the context of non-collocated vibra-
tion control. The methodology employed by [25] is to 
set the anti-resonance frequency (corresponding to a 
transmission zero in the Laplace domain) to the same 
value as the force excitation frequency for non-collo-
cated vibration control. In contrast, [26] focuses on 
maximizing the stability margin of a control system 
while assigning transmission zeroes on the imaginary 
axis.

In the present paper, a cross-laminated timber 
(CLT) panel is used as the structure to be controlled. 
CLT is a structural element composed of glued tim-
ber layers, usually made of an odd number of layers 
arranged perpendicular to each other [27]. Due to 
this configuration, CLT panels can support in-plane 
and out-of-plane loads and can therefore be used as 
floors and walls. Compared to conventional structures 
made of concrete or steel, CLT structures are consid-
ered light-weight, which makes them more prone to 
vibrations. This can cause discomfort to people, mak-
ing the study of vibration control of CLT elements of 
great interest [28]. Studies on the reduction of floor 
vibrations can be found in [8, 9, 15, 16, 29, 30].

In this paper, active vibration control is approached 
through velocity feedback control, which aims to 
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attenuate the amplitude of the system response 
around resonance peaks by providing active damping. 
Non-collocated control is considered, where a new 
assignment of zeroes is proposed to cope with the 
instabilities caused by this configuration. Unlike [25, 
26], which use extensive mathematical operations and 
require a model of the system to be controlled, the 
present solution is direct and requires neither a model 
nor an estimation of states. A compensator is pro-
posed that is designed based solely on antiresonance 
information about the uncontrolled system, making 
its implementation simple and easily applicable to 
real systems.

The paper is organized as follows. In sect.2, the 
necessary basics for non-collocated configurations 
and the design of compensators are presented using 
the example of a three-degree-of-freedom (3 DoF) 
system. The application of the compensator, which is 
demonstrated by experiments, is presented in sect.3, 
considering a CLT panel and two electrodynamic 
shakers. Both the experimental results and the mod-
eling as well as system identification of the entire 
electromechanical system are discussed. In sect.4, 
conclusions are drawn with respect to the control sys-
tem with the proposed compensator.

2 � Problem statement

2.1 � Generic setup

Consider the generic mass-spring-damper system 
depicted in Fig. 1, which is composed of three single-
degree-of-freedom oscillators connected in series 
with lumped masses m1,m2,m3 , linear elastic springs 
with stiffness k1, k2, k3 , and viscous dampers b1 , b2 , 
b3 . The degrees-of-freedom are the displacements 

x1(t), x2(t), x3(t) of each mass, respectively, and the 
external disturbance is provided by a force f1(t) applied 
to the mass m1 . The coupled equations of motion of the 
uncontrolled 3 DoF system in its general form is

where x(t) = [x1(t) x2(t) x3(t)]
T , f(t) = [f1(t) 0 0]T 

and M,C,K are the mass matrix, damping matrix and 
stiffness matrix, respectively.

It is possible to write Eq. (1) in terms of the modal 
coordinates yk(t) [31–33] as

where �kn is the mode shape of the kth mode 
(k = 1, 2, 3) for degree-of-freedom n (n = 1, 2, 3) . The 
equations of motion then become

where � is the modal coefficient matrix and M̃, C̃, K̃ 
are the modal mass matrix, damping matrix and stiff-
ness matrix, respectively. Assuming modal damping - 
which, strictly speaking, contradicts the model defini-
tion by means of arbitrary damper coefficients bk , but 
is a good approximation for lightly damped systems 
- Eq.  (3) can be written as a set of three uncoupled 
modal oscillators,

where m̃k is the modal mass, �k is the undamped nat-
ural frequency, �k the damping ratio and �k1 are the 
modal coefficients at DoF 1. The Laplace transform 
of Eq. (4) is

where capital letters denote the Laplace transformed 
variable from time domain. Considering the transfor-
mation to physical coordinates through Eq.  (2), the 
transfer function from the input force f1 to the output 
quantity acceleration an ≡ ẍn is

(1)M 𝐱̈(t) + C 𝐱̇(t) +K x(t) = f(t)

(2)xn(t) =

3∑
k=1

�kn yk(t)

(3)M̃ 𝐲̈(t) + C̃ 𝐲̇(t) + K̃ y(t) = 𝚽T f(t)

(4)ÿk(t) + 2𝜉k𝜔kẏk(t) + 𝜔2

k
yk(t) =

1

m̃k

𝜙k1f1(t)

(5)s2 Yk(s) + 2𝜉k𝜔ks Yk(s) + 𝜔2

k
Yk(s) =

1

m̃k

𝜙k1F1(s)

(6)

Hn1(s) =
An(s)

F1(s)
=

s2Xn(s)

F1(s)
=

3∑
k=1

𝜙kn𝜙k1s
2

m̃k(s
2 + 2𝜉k𝜔ks + 𝜔2

k
)

control control

Fig. 1   Collocated (dashed line) and non-collocated (solid line) 
configurations of a 3 DoF control system
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Values of s that make the denominator of Eq. (6) go 
to zero are called poles, while zeroes (or transmis-
sion zeroes) are the values of s that make the transfer 
function Eq. (6) go to zero [1, 34, 35]. Both assume 
complex values and have a clear physical meaning. In 
the case of a pole, its imaginary part is the (damped) 
natural frequency while for a zero the imaginary part 
corresponds to the frequency at which a non-zero 
input leads to a zero output, i.e. an anti-resonance, 
where there is a cancellation of the contribution of 
modes between two resonance peaks (but not a com-
plete cancellation in the case of a damped system). 
Zeroes provide a phase lead to the system, which 
compensates the phase lag from a pole [1, 34].

The concept of poles and zeroes is widely used in 
control theory and stability analysis. For example, the 
closed-loop poles of a control system tend toward the 
open-loop zeroes for infinite feedback gain. Instabil-
ity of the control system occurs when at least one pole 
assumes a positive real part for any feedback gain.

2.2 � Velocity feedback control

For vibration control, an actuator is attached to 
the structure, which is shown as a gray rectangle 
in Fig. 1 and is positioned so that it actuates on m2 
(DoF x2 ). Both a collocated and a non-collocated 
configuration are considered. In the collocated case, 
information about the motion of m2 is transmitted to 
the actuator, while in the non-collocated configura-
tion, information about the motion of m1 is used. In 
the following, it is assumed that the measured accel-
erations of these masses a2(t) and a1(t) provide this 
information, as accelerometers are usually used as 
sensors in practice. In velocity feedback control, the 
actuator supplies the system with the counteract-
ing force fc(t) proportional to the measured velocity 

by integrating the acceleration signal. The Laplace 
transform of the control law reads

where n = 1 for the non-collocated control and n = 2 
for the collocated control. g is the scalar gain value.

2.3 � Collocated vs. non‑collocated control

The following simulations consider the 3 DoF sys-
tem shown in Fig. 1 with equal stiffness coefficients 
k1 = k2 = k3 = 6000  N/m, unit masses mn = 1 kg 
as well as a low damping �1 = �2 = �3 = 0.02 . It is 
also assumed at this point that the actuator has ideal 
dynamics and is therefore not considered in the 
modeling of the system. In this case, the force vec-
tor f(t) = [f1(t) fc(t) 0]T in Eq. (1) includes both the 
external disturbance and the actuator force.

Figure  2 shows block diagrams for both col-
located and non-collocated configurations, where 
H21(s),H22(s),H11(s) and H12(s) are open-loop trans-
fer functions defined analogously to Eq.  (6). Since 
the disturbance F1 is always assumed at DoF x1 , the 
input branches in the block diagrams for the tar-
get points of vibration mitigation (DoFs x2 and x1 , 
respectively) are represented by the transfer func-
tions H21(s) and H11(s) , respectively. Meanwhile, the 
control branches use H22(s) and H12(s) , which repre-
sent the relationships between the actuator input at 
DoF x2 and the target points. Considering the block 
diagram for the collocated control shown on the left 
of Fig.  2, the counteracting force provided by the 
actuator in Eq. (7) results in the closed-loop transfer 
function

(7)Fc(s) = G(s)An(s) = g
1

s
An(s) with G(s) = g

1

s

Fig. 2   Block diagrams 
for: a collocated configura-
tion and b non-collocated 
configuration
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Figure 3 shows on the left side magnitude and phase 
plots of the accelerance frequency response func-
tions (FRFs) for the uncontrolled system and the con-
trolled system with different gain values. As the gain 
increases, the magnitudes around the resonance peaks 
decrease accordingly. Thus, as known from the litera-
ture [1], (direct) velocity feedback provides additional 
damping of the natural frequencies of the controlled 
system. To analyze the stability of the control system, 
a root locus plot is given in Fig.  4, where the poles 

(8)Hcl
21
(s) =

A2(s)

F1(s)
=

H21(s)

1 + G(s)H22(s)

are indicated by “x" markers and the zereos by “o" 
markers. Both poles and zeroes are complex conju-
gate pares, but throughout the paper only the positive 
half of the imaginary axes is shown for simplicity. 
Note the alternating poles and zeroes, a known effect 
of this type of control. Since no root locus enters the 
positive real part, it can be seen that the collocated 
configuration guarantees the stability of the control 
system for all gain values.

For the non-collocated case, also depicted in 
Fig. 2, the closed-loop transfer function reads

)b()a(

Fig. 3   Magnitude and phase plots of the accelerance FRF for: a collocated and b non-collocated configurations, where g = 0 cor-
responds to the uncontrolled case

Fig. 4   Root locus for: a collocated and b non-collocated configurations
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In this case, the FRFs in Fig.  3 show that the non-
collocated configuration can result in larger magni-
tudes around resonance peaks than the uncontrolled 
system. The root locus in Fig.  4 shows that a pole-
zero flipping takes place [1]. Here, instability occurs 
in the controlled system for gain values higher than 
12.9. Thus, a gain of 13 as seen in Fig. 3 represents 
unstable behavior.

2.4 � Compensator for non‑collocated control

The aim of the proposed compensator is to avoid 
instability of the control system for the non-collo-
cated configuration, while mitigating vibration in 
a non-collocated setup by having only information 
about the uncontrolled system. To this end, a second-
order compensator in the form of

is proposed. �z and �z are the parameters to be 
assigned, representing a frequency and a damping 
ratio. Thus, the compensator introduces a pair of 
complex conjugated zeroes into the control system, 
providing a 180 ◦ phase lead. It is important to note 
that this is an improper transfer function, leading to 
unbounded behavior at high frequencies. Although 
in this idealized example the resulting control system 
is still proper, in real systems further measures must 
be taken to ensure stability, such as the use of filters. 
This is discussed in sect.3.3, where a low-pass filter 
of the same order as the used compensator is applied 
to address this amplification of the response.

When the transfer function of Eq.  (10) is added 
to the feedback path, the denominator of the 
closed-loop transfer function in Eq.  (9) becomes 
1 + Hc(s)G(s)H12(s) . The frequency �z and damp-
ing �z compensator parameters are obtained from a 
zero of the uncontrolled system. Figure 4 shows that 
the absence of a zero between the two poles leads 
to instability in the non-collocated case. In the fre-
quency domain, these poles correspond to the sec-
ond and third damped natural frequencies, while the 
zero corresponds to an anti-resonance between them. 
Therefore, �z and �z are obtained directly from the 

(9)Hcl
11
(s) =

A1(s)

F1(s)
=

H11(s)

1 + G(s)H12(s)

(10)Hc(s) =
s2 + 2�z�zs + �2

z

�2
z

anti-resonance in H22 , the transfer function used in 
the feedback path of the collocated control (compare 
with Fig. 2). These values are given in Table 1.

A schematic representation of the process of 
determining the compensator parameters is shown in 
Fig. 5. For a generic target point of vibration control 
at DoF p and a control applied at DoF q, the first step 
is to determine Hpq , where between the resonance 
peaks �n and �n+1 the absence of an anti-resonance 
(or the absence of a zero in the pole-zero map) can 
be observed, resulting in a phase shift of 180 ◦ . Then, 
the point FRF Hqq is measured so that the values of 
the frequency �zn and the damping ratio �zn can be 
obtained from the anti-resonance between the poles 
�n and �n+1 . Finally, the compensator is designed so 
that in Eq. (10) �z = �zn and �z = �zn.

Figure 5 also shows the root locus plot for the con-
trolled system with this compensated velocity feed-
back. With a generic gain g, it can be seen that the 
damping ratios for all resonance peaks are increased.

For the current example with 
�z∕2� = �z2∕2� = 17.43 Hz and �z = �z2 = 1.92 % , 
Fig. 6 shows magnitude and phase as well as the root 
locus plots for the controlled system for the same gain 
values as shown in Figs 3 and 4. For a better visuali-
zation, the magnitude is shown in linear scale (com-
pared to dB in Fig. 3). The root locus plot shows that 
the system is now unconditionally stable. Optimal 
performance in terms of vibration mitigation would 
be obtained for gain values corresponding to root loci 
with minimum real part, i.e. maximum damping. For 
the present example, this gain would be around 250, 
resulting in a more pronounced amplitude reduction.

2.5 � Parametric study

By varying the parameters of the system to be con-
trolled, the validity of the proposed compensator is 
investigated. Figure  7 depicts the FRFs for non-col-
located control of the generic 3 DoF example, where 

Table 1   Frequencies and damping ratios of resonances and 
anti-resonances of H

22

k �k∕2� [Hz] �k [%] �zk∕2� [Hz] �zk [%]

1 5.49 2.00 12.33 1.74
2 15.37 2.00 17.43 1.92
3 22.21 2.00 – –
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Fig. 5   Schematic representation of compensator parameter selection

Fig. 6   Controlled system with �z∕2� = 17.43 Hz and �z = 1.92 % , with a magnitude and phase plots of the accelerance FRF, where 
g = 0 corresponds to the uncontrolled case; b root locus plot
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either spring stiffness k2 or k3 is reduced to 3000 N/m, 
i.e., one half of the other spring stiffness values. As 
a result, the poles and zeroes of the uncontrolled 
system change, such that for each case the zero of 
interest must be recalculated so that its frequency 
and damping ratio can be used for the compensator, 
as discussed in sect.2.4. For the first case considered 
with k2 reduced, the response at DoF 1 is dominated 
by the second mode. In addition, modes 2 and 3 are 
more closely spaced than in the original setup. For 
gains in the order of magnitude as considered before, 
almost no amplitude reduction for the second reso-
nance peak is observed, hence larger gains ( g = 100 
and 500, respectively) are considered in this case to 
highlight the control performance more clearly. In 
view of the practical implementation of the control 
law (considering the actuator dynamics and the influ-
ences of higher modes and noise), it is questionable 
whether such high gains can be realized. Therefore, 
limitations in the control performance for closely 
spaced modes can be expected. On the other hand, 
the reduction of k3 distributes the natural frequencies 
of the system more evenly than in the original system 
such that the control performance is good for all three 
modes even for small gains.

A parametric study of the proposed compensator 
parameters can also be performed. For example, it is 
possible to completely suppress control for a desired 
resonance frequency by placing the zeroes exactly at 
the pole corresponding to the target frequency, a known 
effect for the assignment of transmission zeroes in con-
trol systems [23]. This case is given in Figs 8 and 9, 
where �z∕�z are chosen to coincide with �2∕�2 and 
�3∕�3 , respectively (compare with Table  1). The fig-
ures show that the proposed compensator can be used 
to force the non-collocated control to behave almost as 
it was a collocated one, as seen through the root locus, 
except for the “spared mode". However, larger gains 
are required for the compensated system to achieve the 
same amount of damping as the collocated system.

In a real-world application of the proposed com-
pensator, the system is more complex than the 3 DoF 
example analyzed. There are other elements such as 
out-of-band modes, filters, or the actuator dynamics 
that introduce additional poles and zeroes. The time 
delay may be a problem that limits the stability of the 
controlled system. Therefore, in the next step the pro-
posed control is applied to a CLT panel which is excited 
by electrodynamic shakers.

Fig. 7   Magnitude and phase plots of the accelerance FRF of the uncontrolled (g = 0) system and of the controlled systems for 
reduced spring stiffness: a k2 = 3000 N/m and b k3 = 3000 N/m
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3 � Experimental verification

3.1 � Experimental setup

Figure 10 shows the experimental setup tested in the 
laboratory of the Unit of Applied Mechanics at the 
Universität Innsbruck. It is composed of a three-layer 
CLT panel with dimensions 2 m × 0.975 m × 0.1 m 
and two electrodynamic shakers. To tune the natural 
frequencies of the panel to a range realistic for CLT 
floors, additional weights are added to the panel.

The CLT panel is fixed to a rigid table with two 
aluminum profiles at one of its corners (upper left 

corner in Fig.  10), and three Brüel&Kjaer 4508B 
accelerometers are placed at the remaining corners, 
which are numbered in the figure for easy reference. 
Two APS 400 Electro-Seis long-stroke shakers from 
APS Dynamics, Inc., are attached to the corners 
denoted as Accelerometer 1 and Accelerometer 2 and 
are fed by APS 145 power amplifiers. ME Meßsys-
teme KM26z force sensors are used to measure the 
input forces, while the input voltage and current 
to the shakers are provided from the power ampli-
fier. Data acquisition is performed by a National 
Instruments CompactDAQ (NI cDAQ-9178) sys-
tem. Control is provided by a National Instruments 

Fig. 8   Magnitude and phase plots of the accelerance FRF of the uncontrolled (g = 0) and of the controlled system with: a 
�z∕2� = 22.21 Hz, �z = 2.00 % and b �z∕2� = 15.37 Hz, �z = 2.00 %

Fig. 9   Root locus of the controlled system with: a �z∕2� = 22.21 Hz, �z = 2.00 % and b �z∕2� = 15.37 Hz, �z = 2.00 %
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CompactRIO system (NI cRIO-9037) using another 
Brüel&Kjaer 4508B accelerometer as the measure-
ment sensor. Both systems use National Instruments 
NI-9234 analog-digital-converter modules, which 
provide 24 bit precision at a maximum sampling rate 
of 25.6 kHz.

For the system identification discussed in sect.3.2, 
a multi-input multi-output (MIMO) system of the 
CLT-shaker assembly is considered, where both shak-
ers excite the structure simultaneously. Two inde-
pendent white noise signals with time period of 60 s 
and frequency range from 5  Hz to 45 Hz are used. 
Meanwhile, for the vibration control tests, shaker 
1 provides white noise excitation in the same way, 
while shaker 2 serves as actuator for control.

It should be noted that the experimental setup is 
slightly nonlinear. This is due to the boundary condi-
tions and the CLT panel itself. Specifically, the panel, 
which is fixed to a laboratory table, tends to lift off 
the table slightly at larger excitation amplitudes. On 
the other hand, cracks and gaps between the boards 
of the CLT panel open and close during vibrations, 
hence a slight decrease in stiffness (i.e. natural fre-
quencies) and an increase in damping of the slab is 
to be expected as the excitation amplitudes increase. 
This must be taken into account when comparing the 
results from the uncontrolled and the controlled sys-
tems, where the vibration response for the latter is 
smaller for the same excitation level.

3.2 � Uncontrolled system

In this section, an electromechanical model of the 
experimental CLT panel-shaker setup is developed 
to compare experimental and simulation data in the 
following sections. The CLT panel is assumed to be 
a linear, time-invariant system that can be described 
by equations of motion in the same form as the 
generic 3 DoF system discussed in sect.2.1, Eq.  (1). 
Here x(t) = [x1(t) x2(t) x3(t)]

T is the response vec-
tor measured at the three corners depicted in Fig. 10, 
while f(t) = [fS1(t) fS2(t) 0]T is the vector of exter-
nal forces provided by the shakers. For the frequency 
range of interest specified in sect.3.1, three natural 
frequencies are present. Therefore, a modal trunca-
tion can be implemented for n = 3 to write the equa-
tions of motion in terms of modal coordinates using 
the same relation as in Eq. (2), yielding three modal 
equations of motion in the same form as in Eq.  (4). 
The only difference is that there are now two input 
forces on the right-hand side.

Each of the two electrodynamic shakers shown in 
Fig.  11 consists of a body, which is assumed to be 
rigidly attached to the ground, and a moving mass mSi 
with degree-of-freedom xSi(t) , which is coupled to the 
body by a spring-damper element (spring stiffness 
kSi , damping coefficient bSi ). The subscript S stands 
for “shaker" and i = 1, 2 . An electric current in a coil 
generates the Lorentz force f c

Si
(t) = 𝛼iq̇i(t) , which 

Shaker 1

Power amplifier

Power amplifier

Input generator

DAQ

Accelerometer 1

Shaker 2

Accelerometer 3 

Accelerometer 2

Force sensors

)b()a(

Fig. 10   a Photo and b illustration of the experimental setup



3417Meccanica (2025) 60:3407–3427	

Vol.: (0123456789)

drives the moving mass, where q̇i(t) = i(t) is the cur-
rent, qi(t) is the charge, and �i is the force-to-current 
ratio. The shaker is driven by a voltage ui(t) through 
the power amplifiers. The equivalent electrical cir-
cuit can be described by an inductance li , a resist-
ance ri and a voltage induced by the moving magnetic 
field, given by uc

Si
(t) = 𝛽iẋSi(t) with a coupling factor 

�i [36]. While in an ideal electrodynamic actuator, 
�i = �i would hold, here two separate coupling fac-
tors are used to better represent experimental results, 
considering that the present electromechanical shaker 
model is a simplification. Thus, each shaker can be 
described by two coupled equations of motion in 
terms of degrees-of-freedom xSi(t) and qi(t) as

(11)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ẍSi(t) + 2�Si�SiẋSi(t) + �2
SixSi(t) = 1

mSi

(

�iq̇i(t) − fSi(t)
)

liq̈i(t) + riq̇i(t) + �iẋSi(t) = ui(t)

where �2

Si
= kSi∕mSi is the natural frequency and 

�Si = bSi∕(2mSi�Si) is the damping ratio of the mass-
spring-damper assembly.

Coupling of the CLT and shaker subsystems 
is accomplished via the forces fSi(t) and assum-
ing that the displacement of each shaker is equal 
to the displacement of the panel at each posi-
tion 

(
xSi(t) ≡ xi(t)

)
 . Employing the modal coordi-

nates as in Eq. (2) for the panel, the coupling forces 
are obtained from the first equation in Eq.  (11) as 
fSi(t) = 𝛼i q̇i(t) − mSi

∑3

k=1

�
𝜙kiÿk(t) + 2𝜉Si𝜔Si𝜙kiẏk(t) + 𝜔2

Si
𝜙kiyk(t)

�
, i = 1, 2 . 

The complete dynamics of the CLT-shakers system is 
then given by five coupled differential equations,

Note that the inputs to the coupled system are not 
given by the forces applied to the plate, but rather by 
the voltages u1(t) and u2(t) supplied to each shaker. 
Using the Laplace transform of Eqs 12, transfer func-
tions can be derived and evaluated at s = i� , yielding 
FRFs that are compared to experimental data. In what 
follows, H1i,H2i,H3i correspond to the FRFs for the 
accelerations in each corner of the slab and H4i,H5i 

(12)
⎧⎪⎪⎨⎪⎪⎩

ÿk(t) + 2𝜉k𝜔kẏk(t) + 𝜔2

k
yk(t) =

1

m̃k

�
𝜙k1 fS1(t) + 𝜙k2 fS2(t)

�
, k = 1, 2, 3

liq̈i(t) + riq̇i(t) + 𝛽i

�
3�

k=1

𝜙knẏk(t)

�
= ui(t), i = 1, 2

)b()a(

Fig. 11   Schematic representations of: a CLT panel and b electrodynamic shaker
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to the FRFs for currents q̇1(t), q̇2(t) in the shaker 
coils, respectively, due to input voltage ui, i = 1, 2 . In 
Figs  12 and 13 experimental results for these FRFs 
are shown with dots. Three natural frequencies can be 
identified in the frequency range from 10 to 30  Hz, 
where the first two are closely spaced.

The experimental data are contrasted with the out-
comes obtained using the derived electromechanical 
system, which shows a very accurate match, except for 
a slight deviation in the phase plots for the currents at 
the respective driving points ( H41 and H52 ). The system 
properties were obtained by solving an optimization 
problem employing the simplex algorithm implemented 
in the Matlab fminsearch function [37]. The masses of 
the shakers were assumed to be equal to mSi = 2.7 kg 
(as given in the data sheet) and the modal coefficients 
�k1 were set to unity. The 27 remaining parameters of 
the model, i.e. natural frequencies �k , damping ratios 
�k , modal masses m̃k , mode shape coefficients �k2 and 
�k3 , inductances li , resistances ri , shakers natural fre-
quencies �Si and damping ratios �Si , and coupling fac-
tors �i and �i were optimized to minimize the sum of the 
mean squared error between the model and experimen-
tal FRF magnitude and phase curves in the frequency 
range from 10 to 30 Hz, using all of the ten FRFs shown 
above. Tables 2 and 3 show the optimized parameters of 
both the shakers and the CLT panel.

Figures 12 and 13 show the magnitude and phase 
plots of the accelerance FRF for the experimental 

data and the model with the obtained parameters. It 
can be seen that the phase plots of the model with 
respect to H41 and H52 have a deviation from the 
experimental data. This may be due to nonlinearities 
in the circuits of the real system that were not consid-
ered in the model. Furthermore, differences between 
the curves can also be explained by the influence of 
higher vibration modes not considered in the model.

For a better visual representation of the three 
modes of the panel, results from a previous experi-
mental modal analysis (EMA) using a denser meas-
urement grid are shown in Fig.  14, obtained in a 
experiment performed six months before the other 
results in the present paper. Accordingly, modes 1 and 
2 are bending dominated modes of the panel, while 
mode 3 is a primarily torsional mode. The modal 
parameters given in Table 4 were obtained using the 
LSCE algorithm [32, 38] as implemented in the Mat-
lab function modalfit on this data. A comparison with 
the values given in Table 3 reveals small deviations. 
This is most likely due to the nonlinearity of the CLT 
panel mentioned above and the fact that the EMA 
was performed approximately six months earlier. 
During this period, the internal structure of the CLT 
panel changed (i.e., moisture content and mass due to 
external moisture changes and possibly creep-induced 
cracks), highlighting the challenges of obtaining 
accurate model parameters for what appears to be a 
relatively simple structure.

Table 2   Parameters of the 
shakers

i mSi [kg] li [H] ri [Ω] �Si∕2� [Hz] �Si [%] �i [N/A] �i [V s/m]

1 2.7 0.0195 1.712 1.48 44.9 17.719 19.616
2 2.7 0.0200 1.778 1.20 37.9 18.615 20.318

Table 3   Parameters of the 
CLT panel

k �k∕2� [Hz] �k [%] m̃k [−] �k1 [−] �k2 [−] �k3 [−]

1 15.19 2.00 36.4 1 1.172 -0.252
2 18.53 1.86 165.6 1 -1.984 -2.335
3 27.33 1.68 41.9 1 -1.687 0.949

Table 4   Parameters of the 
CLT panel obtained from 
previous experimental 
modal analysis

k �k∕2� [Hz] �k [%] m̃k [−] �k1 [−] �k2 [−] �k3 [−]

1 15.46 1.60 50.3 1 1.071 −0.312
2 18.30 2.12 229.6 1 -2.652 −2.545
3 27.34 1.52 48.2 1 -1.590 0.951
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3.3 � Components of the controlled system

Compared to the ideal compensator introduced in 
sect.2.4, in a real-world application additional com-
ponents must be considered in the feedback path, as 
shown in the block diagram in Fig. 15. These include 
a high-pass and low-pass filters, power amplifier 
dynamics, a voltage saturation, and possible delay, 
represented by transfer functions.

Since the ideal integrator block 1/s to compute 
velocities from the measured acceleration A1 ampli-
fies low-frequency noise, a high-pass filter is applied. 
A second-order Butterworth filter is used [39], 
described by a transfer function of the form 
Hhp(s) = s2∕

�
s2 +

√
2�hps + �2

hp

�
 , where the cut-off 

frequency is �hp∕2� = 7  Hz. Similarly, the ideal 
compensator Hc , as given by the transfer function 
Eq. (10), amplifies the high-frequency noise such that 

Fig. 12   Magnitude and phase plots of the coupled CLT-shakers system for input voltage u1 with simulation results of the model 
(sim) and results from experiments (exp)
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a low-pass filter is used. Again, a second-order But-
terworth filter [39] Hlp(s) = �2

lp
∕
�
s2 +

√
2�lps + �2

lp

�
 

is used, with cut-off frequency �lp∕2� = 170 Hz.
Since the computed output voltage of the com-

pensated velocity feedback controller may exceed 
the input range of the power amplifiers and/or the 
analog output module used in the controller, a satu-
ration of the output voltage is taken into account, 
in this case to ±5  V. Previous experiments have 

shown that the voltage input–output characteristics 
of the power amplifiers used are not ideal, but an 
additional first-order high-pass filter is implemented 
to limit the capabilities in the very low frequency 
range. The corresponding amplifier transfer func-
tion [39] was obtained as Hamp(s) = gas∕

(
s + �a

)
 , 

with amplifier gain ga = 18.4 and cut-off frequency 
�a∕2� = 1.65  Hz. Finally, the analog-digital con-
verter modules used introduce a non-negligible 
amount of time delay (latency), although they 

Fig. 13   Magnitude and phase plots of the coupled CLT-shakers system for input voltage u2 with simulation results of the model 
(sim) and results from experiments (exp)
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are accurate and capable of high sampling rates. 
According to the data sheet, the delay is about 
40∕fs , where fs is the sampling rate. For fs = 25.6 
kHz, this would result in a delay of � = 1.5  ms. 
By analyzing the experimental data, a value of 
� = 1.0 ms was obtained for the implemented sys-
tem. The transfer function of a pure time delay 
is Hdelay(s) = e−s� , which is approximated for 
simulation purposes by the Padé approximation 
Hdelay(s) = (1 − s�∕2)∕(1 + s�∕2).

Figure 16 shows the magnitude and phase plots of 
the FRFs for the compensator and different combi-
nations of elements that make up the feedback path, 
so that the influence of each element in the control 

Fig. 14   Vibration modes of 
the CLT panel with modal 
parameters as in Table 4

Fig. 15   Block diagram for non-collocated control of the CLT 
panel

Fig. 16   Magnitude and phase plots of: a compensator; b different combinations of elements in the feedback path
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system can be analyzed individually. The compen-
sator contributes not only with a drop in amplitude 
around the selected frequency, but also with a phase 
lead that tends to 180 ◦ . This is the expected effect 
of introducing a pair of complex conjugate zeros, as 
discussed in sect.2.1. The same figure also shows that 
the amplifier has an effect (other than shifting mag-
nitudes to higher values) only at lower frequencies. 
The effect of the high pass filter is visible in both the 
magnitude and phase plots, while the low pass filter 
does not change the behavior of the system in the 
frequency range considered. However, as mentioned 
earlier, it provides stability with respect to higher fre-
quency noise. Furthermore, the presence of a time 
delay with � = 1.0 ms in the control system is visible 
in the phase response above about 20 Hz.

It should be emphasized that the actual transfer 
function implemented on the controller hardware 
using LabView Realtime is the time-discrete ver-
sion of Hctrl(s) = g(1∕s)Hc(s)Hhp(s)Hlp(s) and the 
saturation block, while all other transfer functions 
depicted in Fig. 15 are used for simulation purposes 
only. Here, the saturation is neglected to keep the 
simulation model linear. Thus, the controller does not 
rely on a plant model of the system to be controlled, 
although for a proper anti-resonance assignment of 
the parameters �z and �z , prior testing of the uncon-
trolled system is obvious.

3.4 � Controlled system

This section presents the comparison of simulation 
and measurement data of the controlled system for the 
non-collocated velocity feedback control with the pro-
posed compensator as shown in Fig.  15. Specifically, 
shaker 1 provides excitation to the panel via voltage U1 
at Accelerometer 1 (compare with Fig. 10). The vibra-
tion response at this corner is controlled, i.e. using 
accelerations A1 , by shaker 2 (voltage U2 ) located at 
Accelerometer 2. Since the transfer function H12 of the 
uncontrolled system introduces additional 180 ◦ phase 
lag between the first and second natural frequency (see 
Fig. 13), the relevant anti-resonance for the compensa-
tor Hc is taken from the transfer function H22 between 
these two natural frequencies. From Fig. 13, the zeroes 
z = −3.77 ± 103i are obtained, yielding the param-
eters �z∕2� = 16.4 Hz and �z = 3.66%.

Figure  17 shows magnitude and phase plots of 
the corresponding closed-loop transfer function H11 
employing these parameters for this compensated 
velocity feedback (CVF). A very good approxima-
tion of the experimental data by the simulation can 
be observed. Compared to the uncontrolled system, 
all three resonance peaks are reduced, verifying the 
proposed controller. However, as already observed 
in the generic 3 DoF example in sect.2.1, the control 
performance is limited for the present situation with 

Fig. 17   Uncontrolled (unctrl) and controlled (CVF) systems for compensator parameters wz∕2� = 16.4 Hz and �z = 3.66 % , gain 
g = 5 V/ms−2 , with a magnitude and phase plots; b root locus plot



3423Meccanica (2025) 60:3407–3427	

Vol.: (0123456789)

closely spaced modes. In the experimental test, insta-
bility occurred for gains higher than g = 5 V/ms−2 . 
The root locus plot of the simulation model in Fig. 17 
(limited to the three structural roots) suggests that 
the third root/natural frequency is responsible for 
this instability, but for higher gains g > 28.1 V/ms−2 . 
This discrepancy can be explained by the fact that in 
the actual test higher modes are not captured by the 
three-mode simulation model with introduce instabil-
ity. Further experimental tests revealed that the fourth 
and fifth natural frequency of the plate are around 
85.1 and 102 Hz, respectively.

The influence of time delay can also be explored. 
Since this is embedded to the real setup of the con-
trol system, it can only be achieved by simulation. 
Figure  18 depicts this ideal situation with the same 
experimental results as in Fig.  17 and the same 
parameters in the simulation, but now without delay. 
The presence of the time delay results in higher 
amplitudes around the third resonance peak.

Further investigation of the effects of the fil-
ters in the control system is also possible. Figure 19 
shows experimental and numerical results for differ-
ent combinations of cut-off frequencies of both low-
pass and high-pass filters for the same compensator 

parameters. By lowering the value of �lp , a higher 
gain g = 7 V/ms−2 could be used before instabil-
ity. Slightly lower amplitudes around the first reso-
nance frequency can be seen, but at the cost of larger 
amplitudes for the third resonance peak. The figure 
also shows that higher values of �hp result in slightly 
higher amplitudes around the first resonance peak 
and a reduction of amplitudes in the frequency range 
after it. A noticeable discrepancy between experi-
mental data and simulation can be seen for the case 
�lp∕2� = 100  Hz and �hp∕2� = 3  Hz. Later experi-
mental results considering higher vibration modes 
showed that this is due to their influence.

Based on the simulation model, the sensitivity of 
the compensator parameters �z and �z on the control 
performance can be investigated. By varying these 
parameters, from the simulated closed-loop FRF a 
performance index in the form of

is computed in the frequency range from 10 to 30 Hz. 
Figure  20 shows a contour plot of this performance 
index with corresponding gains for each pair of 
parameters.

The plot was created as follows: take, for exam-
ple, the pair wz∕2� = 16.4  Hz and �z = 3.66 % , 
shown in the same figure by a red dot, correspond-
ing to the results in Fig.  17. g1, g2, g3 are the gains 
where maximum damping is achieved for each 
pole. The gain used in the performance index corre-
sponds to the lowest value between them, in this case 
g3 = 15.7 V/ms−2 . Since the goal here is to reduce all 
three resonance peaks, the cases where no additional 
damping is introduced by the control for one of the 
first two poles of the closed loop are not considered, 
corresponding to the blank space in Fig.  20. Fur-
thermore, to account for instability, the cases where 
instability occurs for one of these first two poles are 
also not considered and are also represented by the 
blank spaces. It can be observed that within a fre-
quency range of 16.2Hz < 𝜔z∕2𝜋 < 17.5Hz and 
2.9% < 𝜉z < 6.6% the performance is optimal, i.e. 
the compensator is relatively robust with respect to 
the exact determination of its parameters. However, 
as soon as �z falls below a critical value, the perfor-
mance index increases drastically, i.e. the control per-
formance drops.

(13)J = ∫
�

[
Hcl

11
(�)

]2
d�

Fig. 18   Magnitude and phase plots of the uncontrolled (unc-
trl) and controlled (CVF) systems without delay for compen-
sator parameters wz∕2� = 16.4 Hz and �z = 3.66 % , gain 
g = 5 V/ms−2
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4 � Conclusions

A new compensator for non-collocated active vibra-
tion control based on velocity feedback was pro-
posed. To account for the 180 ◦ phase lag present 
in such systems, which causes instability in con-
ventional direct velocity feedback, a second-order 

compensator with two parameters (frequency and 
damping ratio) was used. Employing anti-resonance 
assignment, these parameters are taken from experi-
mentally obtained anti-resonance information of the 
uncontrolled system. Apart from this (usually readily 
available) experimental data, no model of the plant is 
needed to implement the controller, unlike other con-
trol approaches such as optimal control. Hence, the 

Fig. 19   Magnitude and phase plots of the uncontrolled (unc-
trl) and controlled (CVF) systems for compensator parameters 
wz∕2� = 16.4 Hz and �z = 3.66 % , gain g = 7 V/ms−2 and the 

following parameters: a �lp∕2� = 100 Hz and �hp∕2� = 3 Hz; 
b �lp∕2� = 100 Hz and �hp∕2� = 7 Hz; c �lp∕2� = 100 Hz 
and �hp∕2� = 10 Hz; d �lp∕2� = 100 Hz and �hp∕2� = 12 Hz
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controller is readily applicable even to slightly nonlin-
ear models, which are often encountered in practice.

To this end, tests were performed on a cross-lam-
inated timber panel in a frequency range where three 
natural frequencies dominate the dynamic response. 
Although the setup was relatively simple, a realistic 
scenario was obtained with relatively closely spaced 
natural frequencies in the range from 15 to 27  Hz 
with mild nonlinearities introduced by the boundary 
conditions and the nature of the CLT panel itself. A 
simple yet accurate linear electromechanical model 
of the system with three vibration modes of the panel 
and two electrodynamic shakers (one providing exci-
tation, the other serving as actuator) was derived. 
This model can be easily adapted to other systems 
once the modal data and model parameters of the 
actuator are known.

The robustness of the control performance with 
respect to the two compensator parameters was inves-
tigated by numerical simulations, which showed a 
relatively low sensitivity of the parameters, except in 
the case where very small damping ratios are used in 
the compensator model. In these cases, the instability 
was more easily triggered.

For the practical implementation of the controller, 
both a high-pass and a low-pass filter were applied 
to counteract the effect of low and high frequency 
noise. Their influence on the control performance was 
evaluated both experimentally and through the model. 
Using second-order Butterworth filters, the phase-lag 

effect of the low-pass filter in particular should not be 
underestimated, even when the cut-off frequency is 
set to three to four times the highest considered natu-
ral frequency of the system.

In the experimental results, the effects of the 
time delay caused by the latency of the analog-
digital converter were revealed and verified by the 
numerical model. In the present case, a delay of 
1  ms caused a considerable performance loss for 
the third natural frequency at 27 Hz. To compensate 
this effect, additional compensators (as widely pro-
posed in the literature) could be added.

In the present investigations, only cases with one 
180 ◦ phase lag in the frequency range of interest 
(i.e. one “missing" anti-resonance) were considered. 
However, the proposed compensator is relatively 
easily extended for cases where more than one anti-
resonance is to be placed. For example, using two 
second-order compensators increases the order of 
the transfer function to be implemented on the hard-
ware by at least four, since the filter orders must be 
increased accordingly. Future studies should address 
the question of whether in this case two separately 
assigned anti-resonances influence each other in such 
a way that the compensator parameters can no longer 
be derived directly from the uncontrolled system data.
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Fig. 20   a Control performance map and b the respective gain values used at each pair of compensator parameters �z and �z , where 
the red dot corresponds to the proposed pair wz∕2� = 16.4 Hz and �z = 3.66 %
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