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Abstract

In this thesis, we investigate polarised solitary waves, known as magnetic solitons and
dark-antidark solitons, in binary (two-component) Bose-Einstein condensates in the miscible
phase. These solitons have been recently realised in experiments and are predicted to
form bound states. We calculate the interaction potentials between magnetic solitons
with the same and opposite polarisation, uncovering the mechanisms underlying bound
state formation. By considering two superimposed counter-propagating magnetic solitons
with opposite polarisation, we analytically calculate the dissociation energy of the bound
states and find good agreement with full numerical simulations. Furthermore, we show
that the oscillation period of bound states depends on the maximum soliton separation.
We subsequently extend these results to dark-antidark solitons. For binary dipolar Bose-
Einstein condensates, we derive the dispersion relation of elementary excitations and find
that, in the presence of a spin-roton, spin-density modulations form around dark-antidark
solitons. These modulations lead to additional local maxima and minima in the inter-soliton
potentials, enabling the formation of additional bound state regions. Additionally, we
compare the collision characteristics of magnetic solitons in non-dipolar systems with
dark-antidark solitons in dipolar–nondipolar condensate mixtures and explore the collisions
between bound states in the non-dipolar case.
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1. Introduction

Solitons are localised excitations that move through a medium without dispersing. They
retain their shape over long distances and emerge unscathed from collisions with other
solitons, except for a shift in position and phase. The �rst recorded observation of a soliton
was made by John Scott Russell in 1834, when he observed a wave travelling upstream
along a water channel while maintaining its shape over a long distance [1].
Solitons emerge in non-linear systems, where nonlinearity balances the dispersive e�ects.
Zabusky and Kruskal were the �rst to numerically simulate solitons in the context of the
Korteweg�de Vries (KdV) equation, demonstrating their particle-like behaviour [2]. Shortly
after, Gardner et. al. showed that solitons emerge from the same equation as an exact
solution via the inverse scattering transform method [3]. Systems described by non-linear
partial di�erential equations for which the inverse scattering transform is applicable are
often referred to as integrable systems and yield true solitons as exact solutions [4]. True
solitons are theoretically well understood and have been experimentally realised in many
di�erent research areas, including optical �bres [5� 7] and some many-body systems, such
as Bose-Einstein condensates [8].
A Bose-Einstein condensate (BEC) is an ultracold state of matter that exhibits quantum
mechanical phenomena on a macroscopic scale. A BEC can form when a dilute Bose
gas is cooled to temperatures of a few hundred nanokelvin. At such low temperatures a
second-order phase transition occurs, and the bosons begin to macroscopically occupy the
same single-particle ground state (see,e.g., Ref. [9]). BECs are highly controllable and
are widely used to study fundamental concepts in physics, including condensed matter
physics [9], quantum statistics [10] and cosmology [11,12], with controllable temperature
e�ects.
Since interacting many-body systems are notoriously di�cult to solve exactly, they are
often described using mean-�eld approximations. The Gross-Pitaevskii equation (GPE),
a non-linear Schrödinger equation, is a standard mean-�eld description for condensates
and assumes low temperature, where a signi�cant fraction of the particles occupy the same
condensate state [13]. The particles can then be described by an order parameter, a classical
�eld obeying the GPE instead of the full many-body description. This is analogues to the
description of the electro-magnetic �eld obeying the Maxwell equations for many photons
in the same quantum state. The GPE provides an accurate description for a large dilute
BEC with weak interactions at low temperatures.
The GPE is non-linear and thus supports many exotic excitations, such as quantised
vortices [14], solitonic vortices [15, 16], dark solitons [8], and bright solitons [17]. True
solitons are only supported in the homogeneous, quasi-one-dimensional (quasi-1D) limit,
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1. Introduction

where the GPE reduces to the quasi-one-dimensional non-linear Schrödinger equation.
Beyond the quasi-1D limit, the integrability of the GPE breaks down, and true solitons are
no longer supported. Nonetheless, the GPE supports solitary wave solutions with properties
similar to those of dark or bright solitons. However, the higher dimensionality may allow
these solitary waves to,e.g., form snake instabilities due to radial excitations, causing them
to decay into vortices [18].
Another way to break integrability is to add long-range interactions, such as dipole-dipole
interactions (DDIs), in addition to the local contact interaction. Dipolar interactions give
rise to fundamentally novel phenomena, including a roton-maxon dispersion relation [19� 24],
liquid-like droplets [25� 30] and supersolidity [31� 33]. In a quasi-1D BEC with DDIs, solitons
can form density modulations around their centre, which have been predicted to give rise
to bound states between two black solitons [34,35] and two bright solitons [36,37].
Since integrability breaks down in the presence of DDIs, these solitary waves are not
true solitons and experience radiative loss in the form of phonon and roton excitations.
Nonetheless, the literature tends to name them solitons regardless, since, far from the roton
instability, the radiative loss is negligible and they behave similar to dark or bright solitons.
After the experimental realisation of BECs in 1995 by Cornell, Wieman [38], and Ketterle
[39], multi-component BECs with homonuclear mixtures [40] and heteronuclear mixtures
[41� 44] were quick to follow. The inter-component interactions introduce additional degrees
of freedom, giving rise to a range of phenomena, including phase separation [45], skyrmions
[46], vortex-vortex pairs [47] and vector solitons [48,49]. Intriguingly, for vector solitons,
there have been interesting bound states predicted, including breathing patterns of dark-
bright solitons [50], kink-antikink con�gurations [51], beating of dark-dark solitons [52]) and
Flemish strings for spin-1 BECs [53]. The realisation of these bound states is now within
reach, as demonstrated by the recent experimental production of vector solitons, such
as dark-bright solitons [54], dark-antidark solitons [55� 58] and magnetic solitons [59,60].
Two-component (binary) BECs are only integrable in the case of equal intra-component and
inter-component interactions (commonly referred to as the Manakov regime [61]), which
means that only in this regime are vector solitons true solitons. However, outside this
regime, vector solitons still behave very similarly to true solitons.

1.1. Focus of this thesis

In this thesis, we explore magnetic soliton bound states in non-dipolar binary BECs and
extend the analysis to dark-antidark soliton bound states. Later, we consider binary dipolar
BECs, where we predict additional types of soliton-soliton bound states.
Through numerical calculations, we evaluate the interaction potentials between solitons
with the same or opposite polarisation, demonstrating repulsive and attractive behaviour
respectively, shedding light on the mechanism behind the formation of bound states.
By considering two superimposed counter-propagating magnetic solitons with opposite
polarisation, we analytically determine the bound state dissociation energy and can con�rm
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1. Introduction

our �ndings with full numerical simulations. For binary dipolar BECs, we uncover a
connection between the spin roton in the dispersion relation and periodic modulations
in the soliton-soliton interaction potential, which enable the formation of at least three
distinct bound state regions. Finally, we study soliton collisions, observing that in the
absence of dipolar interactions, slow-moving solitons with the same polarisation bounce o�
one another, while those with opposite polarisation pass through one another. However,
in the presence of dipolar interactions, solitons consistently bounce, independent of their
polarisation.

1.2. Thesis outline

This thesis is structured as follows.
In Chapter 2, we review preliminary concepts for studying magnetic solitons in both
non-dipolar and dipolar BECs. We begin by reviewing Bose-Einstein condensation, then
introduce the theoretical description of dilute condensates, followed by an extension to binary
condensates. We then consider the fundamentals of dark solitons in single-component BECs
and vector solitons in binary BECs, reviewing the theory of dark-bright and dark-antidark
solitons, with a particular focus on magnetic solitons, a special case of dark-antidark
solitons that arises near the transition to the immiscible regime. Subsequently, we review
the description of dilute BECs in dipolar condensates and then dark solitons in single-
component dipolar BECs.
In Chapter 3, we review recent research developments that motivate this thesis. We
examine relevant experiments that create dark-antidark and magnetic solitons, and consider
theoretical predictions of bound states between these solitons. We also review theoretical
work predicting bound states between dark solitons in single-component dipolar BECs.
By combining these two concepts of bound-state formation, we motivate our investigation
presented in Chapter 6.
In Chapter 4, we outline the derivation of the mean-�eld description, the GPE, for elongated
binary dipolar condensates. We review the derivation of the coupled 3D GPEs from the
Lagrangian density. Subsequently, we reduce the coupled GPEs to a quasi-1D description
by assuming cigar-shaped con�nement of both components.
In Chapter 5, we examine the numerical methods used to solve the coupled GPEs. We
convert the coupled GPEs to their dimensionless form, and then describe the numerical
solver. Next, we outline the imprinting methods used to generate the initial states of two
dark-antidark solitons or magnetic solitons.
In Chapter 6, we present the main results of this thesis. We demonstrate that bound
states between magnetic solitons in binary BECs are possible if the solitons have opposite
polarisation. We then calculate the inter-soliton potential, which explains the dynamics
between the solitons. Next, we analytically calculate the dissociation energy of the bound
states and consider the oscillation period, which depends on the maximum soliton separation
of the bound states. We extend these considerations to the general case of dark-antidark
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1. Introduction

solitons. Furthermore, we consider dark-antidark solitons in binary dipolar BECs, and
derive the Bogoliubov dispersion relations. Next, we �nd that the presence of a spin roton in
the dispersion relation causes density modulations around the centre of the soliton and leads
to the formation of additional bound states. We again calculate the inter-soliton potential
to understand the forces acting between the solitons. Finally, we explore collisions between
dark-antidark solitons. We begin by considering collisions between magnetic solitons in the
non-dipolar case and also consider collisions between bound states. We then examine the
dipolar case, where the collisions di�er fundamentally.
In Chapter 7, we summarise the key �ndings of this thesis. We then provide an outlook
for future research that could expand these �ndings and support their realisation in
experiments.
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2. Foundations

In the following, we �rst introduce the phenomena of Bose-Einstein condensation (BEC)
and then develop the Hamiltonian description of a dilute two-component condensate with
short-ranged interactions. We do this by considering the ideal Bose gas, introducing
contact interactions and then extending the formalism to a two-component system. We
then consider solitons in BECs. We discuss the theoretical description of dark solitons
and multi-component solitons, called vector solitons. Later, we introduce dipole-dipole
interactions (DDI), which, along with contact interactions, govern the interactions between
particles in dipolar BECs. Finally, we consider dark solitons in dipolar BECs.

2.1. Bose-Einstein condensation (BEC)

A Bose-Einstein condensate is an exotic state of matter with macroscopic quantum mech-
anical properties, where a macroscopic number of particles occupy the same single-particle
state. The theoretical description was developed in the early 1920's, when Satyendra Nath
Bose made anerror in one of his lectures, trying to show his students inconsistencies
at the time between theory and experimental results on the photoelectric e�ect and the
ultraviolet catastrophe. This error, which introduces the indistinguishability of particles,
lead him to show instead that theory and experimental results were in agreement. After
careful considerations Bose tried to publish his �ndings on quantum statistics of phonons,
which found strong resistance until he sent them to Albert Einstein, who published them
on his behalf [62]. In subsequent papers, Einstein extended Bose's concept of photon
indistinguishability to matter particles, which are now known as bosons. This resulted in
the theory we now refer to as Bose-Einstein statistics.
A major result of Bose-Einstein statistics is the Bose-Einstein distribution [9],

N i =
1

e(E i � � )=kB T � 1
; (2.1)

predicting the mean number of bosonsN i occupying thei -th single-particle state with an
energyE i , where� is the chemical potential,kB is the Boltzmann constant andT is the
temperature. The total number of particlesN is then the sum over all single-particle states

N = N0 +
X

i 6=1

N i = N0 + NT ; (2.2)

whereN0 is the occupation number of the lowest energy state andNT =
P

i 6=1 N i is known
as the occupation number of the thermal cloud. According to Eq. (2.1),� must be smaller
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2. Foundations

than the lowest energy stateE0, meaning that for a givenT, the thermal population NT

saturates at a �nite value NC (� = E0; T). Thus, increasing the total particle numberN ,
which increases� , beyondNC while keepingT �xed, places all excess particlesN � NC into
the lowest energy state, also known as the condensate state. As� �! E0, the condensate
state exhibits macroscopic occupation (N0 � N ) and a second-order phase transition occurs.
This is referred to as the Bose-Einstein condensation (BEC) phase [9]. This can also be
achieved by reducingT, while keepingN �xed. For lower T, the thermal cloud saturates
at a lower particle numberNC . Accordingly, for a givenN , there exists a temperatureTC

for which NC (� = E0; TC ) = N . For T < TC , the system enters the BEC phase.
An inherent feature of the BEC transition, like other second-order phase transitions, is the
presence of an order parameter, resulting from the formation of a o�-diagonal long-ranged
order (LRO) from an unordered thermal state. Phase coherence throughout the condensate
causes the LRO and can be understood by considering the de-Broglie wavelength of a
particle given by [63]

� =
h

p
2�mk B T

; (2.3)

wherem is the mass of the particle and~ is the Planck constant. According to Eq. (2.3), the
de-Broglie wavelength of the particles in a Bose gas increases as the temperature decreases.
At the critical temperature TC , � becomes comparable to the average separation between
the particles d = ( N=V)1=3 = n1=3 and the single-particle wavefunctions start to overlap,
resulting in quantum degeneracy. For Bosons, a macroscopic matter wave begins to form
which is described by the order parameter [9]

	 0(r ; t) = j	 0(r ; t)jei� (r ;t ) ; (2.4)

where� (r ; t) represents the phase of the condensate.
After the theoretical prediction of BECs in 1925, it took another 70 years to realise this
exotic state of matter in dilute gases of rubidium [38], lithium [64] and sodium [39]. E. A.
Cornell, C. E. Wieman, and W. Ketterle were awarded the 2001 Nobel Prize in Physics for
their pioneering work on Bose-Einstein condensation. The major hurdle was to cool down
the atoms to nanokelvin temperatures, which was only possible after the development of
laser cooling [65� 67] and evaporative cooling methods [68� 70]. The development of laser
cooling and trapping methods led to S. Chu, C. Cohen-Tannoudji, and W. D. Phillips
being awarded the 1997 Nobel Prize in Physics. The realisation of BECs provided new
opportunities to study many-body states and quantum degeneracy, in contrast to previously
observed phenomena such as superconductivity in metals and super�uidity in helium, which
o�ered limited insights due to the strong interactions and lack of tunability involved.

2.2. Short-range interactions in dilute binary condensates

In this section, we introduce the description of short-range interactions in dilute binary (two-
component) condensates, forming the foundation for studying vector solitons in Sec. 2.3.2.
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2. Foundations

For a more detailed review, see,e.g., Ref. [9]. We begin by outlining the basic formalism of
second quantisation for many-body systems by considering single-component ideal Bose
gases. Building on this, we incorporate short-range interactions in dilute condensates,
neglecting three-body and higher-order collisions and approximating two-body contact
interactions with a soft pseudo-potential. Finally, we extend the description to a dilute
two-component condensate.

2.2.1. Ideal Bose gas

The theory of Bose and Einstein predicted the condensation of an ideal Bose gas without
any interactions. In this simple model, the many-body Hamiltonian ofN bosons is the
sum of N single particle HamiltoniansĤsp = � ~2 r 2

2m + V(r ; t), whereV(r ; t) is the external
potential, and takes the form

Ĥ =
Z

	̂ y(r )Ĥ sp	̂( r )dr (2.5)

in second quantisation. In this formalism, the system is described by the �eld operator

	̂( r ) =
X

j

âj � j (r ); (2.6)

where� j are the wavefunctions of single-particle states, and̂ai and ây
i are the annihilation

and creation operators of a particle in statej , respectively. The �eld operator obeys the
following commutation relations

[	̂( r ); 	̂( r 0)y] = � (r � r 0); [	̂( r ); 	̂( r 0)] = [ 	̂ y(r ); 	̂( r 0)y] = 0; (2.7)

where � (r � r 0) is the Dirac delta function. These relations follow directly from the
commutation relations of the annihilation and creation operators

[âi ; ây
j ] = � ij ; [âi ; âj ] = [ ây

i ; ây
j ] = 0; (2.8)

where� ij is the Kronecker delta function.

2.2.2. Contact interactions in the dilute gas limit

This simple model of an ideal Bose gas (see Sec. 2.2.1) provides limited insight into
experimental realisations of BECs. In this subsection, we incorporate two-body contact
interactions, which o�er a highly successful theoretical framework for describing condensates
composed of non-dipolar, dilute bosons [13].
The �rst correction to the ideal Bose gas is typically the inclusion of two-body interactions,
which provides a description of a weakly interacting Bose gas. Considering only two-body
interactions and neglecting simultaneous three- or higher-order particle interactions requires
that the diluteness condition

r0 � d; (2.9)
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2. Foundations

is ful�lled, where d = n1=3 is the average separation between the atoms in the three-
dimensional case andr0 is the range of interaction forces. The dilute Bose gas can be
described by the Hamiltonian in second quantisation

Ĥ =
Z

	̂ y(r )Ĥ sp	̂( r )dr +
1
2

Z
	̂( r 0)y	̂ y(r )U(r 0 � r )	̂( r 0)	̂( r )dr 0dr ; (2.10)

whereU(r 0 � r ) is the two-body interaction potential.
The Hamiltonian (2.10) is di�cult to solve for the true inter-atomic potential U(r 0 � r ),
which diverges forjr 0 � r j �! 0. In the late 1940's Bogoliubov developed the model of
weakly-interacting Bose gases, introducing approximations to solve this Hamiltonian [71].
In the weakly interacting low temperature case, only low momenta scattering occurs and
jpjr � ~ holds, wherep is the momentum. We can then substituteU(r ) with an e�ective
soft potential Ue� (r) , which gives identical low momentum scattering properties. Further,
we retain only the p = 0 term in the Fourier transform of this e�ective potential. The
two-body interaction potential is then given by the pseudo-potential

Us(r ) = gs� (r ): (2.11)

The constant gs is referred to as the interaction coupling constant and can be determined,
at long wavelengths and within the �rst-order Born approximation, as [72]

gs =
4� ~2as

m
; (2.12)

whereas is the s-wave scattering length. Finally, the Hamiltonian (2.10) takes the form

Ĥ =
Z

dr 	̂ y(r )

2

4 �
~2r 2

2m
+ V(r ; t) +

gs	̂ y(r )	̂( r )
2

3

5 	̂( r ): (2.13)

The Hamiltonian (2.13) provides an accurate description of three-dimensional Bose gases
and supports repulsiveas > 0 and attractive as < 0 contact interactions. Condensates with
repulsive contact interactions are stable and support dark solitons, localised density dips,
as metastable solutions. In contrast, condensates with weak attractive interactions are
metastable and support bright solitons, which are stable density peaks surrounded by zero
density [73, 74]. For su�ciently strong attractive interactions, condensates are unstable
and undergo collapse [64,75].
We now consider the Hamiltonian (2.13) for a weakly repulsive interacting Bose gas that is
uniformly distributed within a volume V. Such a system can be constructed by applying
the creation operatorây

p a total of N times on the vacuum, generatingN particles with
momentap. The corresponding �eld operators are given by

	̂( r ) =
X

p
âp

1
p

V
ei p �r =~; (2.14)

and
	̂ y(r ) =

X

p
ây

p
1

p
V

e� i p �r =~: (2.15)
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2. Foundations

By inserting Eq. (2.14) and (2.15) into Eq. (2.13), and retaining terms up to second order
in particle operators with p 6= 0, while introducing the average particle densityn3D

0 = N=V
and applying the Bogoliubov transformation, we obtain (see,e.g., Ref. [76,77])

Ĥ = g
N 2

2V

"

1 +
128

15
p

�
(a3n3D

0 )
1
2

#

+
X

p
� (p)b̂y

p b̂p ; (2.16)

where we introduce the Bogoliubov dispersion relation

"(p) =

2

4c2p2 +

 
p2

2m

! 2
3

5

1=2

; (2.17)

with the speed of soundc =
q

gn3D
0 =m.

The �rst term in Eq. (2.16) gives the ground state energy of the system, and the second
term describes independent elementary excitations, created and annihilated byb̂y

p and b̂p ,
respectively [71]. Figure 2.1 shows the dispersion relation of these excitations, exhibiting
phonon-like behaviour at low momenta,

"(p) � cp; (2.18)

and free-particle character at high momenta,

"(p) �
p2

2m
+ mc2: (2.19)

Equations (2.18) and (2.19) can be obtained by performing a Taylor expansion to Eq. (2.17)
in the limits of low momenta, p � mcs, and large momenta,p � mcs, respectively.

Figure 2.1.: Bogoliubov dispersion relation for elementary excitations in a weakly interacting
Bose gas [see Eq. (2.17)], for phonons [see Eq. (2.18)] and for free particles [see �rst term in
Eq. (2.19)]. At p �

p
2, the BEC undergoes a crossover from the phonon regime to the free

particle regime. The axes are in arbitrary units.
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2.2.3. Dilute binary BECs

A binary (two-component) BECs consists of two distinct condensates that interact with
each other. The system can consist of a mixture of two di�erent atom species or of the
same atom species in di�erent spin states. The �eld operatorŝ	 1(r ) and 	̂ 2(r ) describe
the �rst and second component, respectively. In the dilute limit, the contact interactions
can be described by a2 � 2 matrix, with the diagonal terms a11 and a22 describing the
intra-component scattering lengths of the �rst and second component, respectively. The
o�-diagonal terms a12 and a21 describe the inter-component interactions. We assume
a12 = a21 in the entirety of this thesis. We �nd the interaction coupling constant to be

g =

 
g11 g12

g12 g22

!

=
4� ~2

m

 
a11 a12

a12 a22

!

: (2.20)

The Hamiltonian is given by
Ĥ = Ĥ1 + Ĥ2; (2.21)

where

Ĥ i =
Z

dr 	̂ y
i (r )

2

4 �
~2r 2

2m
+ V(r ; t) +

2X

j =1

gij 	̂ y
j (r )	̂ j (r )

2

3

5 	̂ i (r ): (2.22)

In the following, we focus on systems with repulsive contact interactions, where magnetic
solitons and dark-antidark solitons, the primary subjects of this thesis, are supported.
For repulsive intra-component contact interactionsg11; g22 > 0, there exist two regimes
depending ong12. The �rst regime is called the miscible regime, where

�
p

g11g22 < g12 <
p

g11g22 (2.23)

holds. In this regime, the magnitude of the inter-component interactions are smaller than
the intra-component interactions, and the condensates are able to coexist in the same
spatial region. In the regime withg12 >

p
g11g22, the condensates are unable to mix and

instead phase-separate into distinct regions. This is called the immiscible regime.

2.3. Solitons in BECs

Solitons are solitary wave excitations in the form of localised excitations moving through
a medium without dispersing. Since their realisation in �bre optics in 1987 by Emplit
et al. [78], solitons have been the subject of extensive research. A particularly intriguing
area of study involves vector solitons, where solitons form in two-component systems (or,
in optics, in two polarisations). Vector solitons were initially studied and experimentally
observed in the context of �bre optics, including the study of bright-bright solitons [79],
dark-dark solitons [80] and dark-bright solitons [81, 82], where the solitons in di�erent
polarisations are coupled incoherently. Extending the study of solitons beyond optics, BECs
provide a rich platform for investigating their dynamics in super�uids.
In this section, we focus on solitons in BECs with repulsive contact interactions. We begin
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by discussing dark solitons in single-component condensates, before introducing vector
solitons in binary condensates. In particular, we examine dark-bright, dark-antidark, and
magnetic solitons.

2.3.1. Dark solitons

This subsection reviews some general features of dark solitons in single-component con-
densates. For more information, the interested reader is referred to,e.g., Ref. [9].
Dark solitons are caused by a localised phase gradient and manifest as localised density
dips in a homogeneous background. They are divided into black (velocityv = 0) and grey
solitons (0 < v=c < 1). Examples of a black and two grey solitons are shown in Fig. 2.2.
The blue dotted line shows a black soliton, which has a phase-jump of� at x = 0. At this
point the kinetic energy per particleEkin =N = 1 and the density has to ben(0) = 0 . Thus,
the black soliton cuts the BEC in half and no particle �ow between the two regions occurs.
Grey solitons result from a phase di�erence� � < � , and the density dip does not reach
zero. The �nite phase change induces a �ow of the super�uid in the direction from smaller
to larger phase1, which is from right to left for the grey solitons marked by the yellow and
red dashed lines in Fig. 2.2. The super�uid �ow causes the soliton to move to the right,
similar to an electron-hole in a conductor moving opposite to the current direction. Since
the density trough is deeper for a steeper phase gradient, less super�uid can �ow beneath
it, causing the soliton to move more slowly.

Figure 2.2.: Density (left) and phase (right) distributions of dark solitons with various velocities
(see legend), plotted using Eq. (2.25). The density is normalised to the background densityn0.

Dark solitons are stable in quasi-1D BECs. In the mean-�eld description, such a system is
governed by the quasi-1D Gross-Pitaevskii equation (GPE)

i~@t  (x; t ) =

 

�
~2

2m
@2

x +
1
2

m! 2
xx2 +

gsj (x; t )j2

2�l 2

!

 (x; t ); (2.24)

where  (x; t ) is the 1D wavefunction of the condensate,l =
q

~
m0 ! �

is the characteristic
length of the radial trap, and ! x is the frequency of the harmonic trap inx direction.

1The super�uid velocity relates to the phase asv s = ~
m r � .
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Note that this form of interactions is only valid in the regime where scattering is three
dimensional, i.e., as � l . The frequency! � determines the radial con�nement of the
condensate and is much larger than! x for a quasi-1D geometry. The GPE (2.24) is
integrable and supports analytic solutions of dark solitons

 (x � vt) =
p

n0

0

@i
v
c

+

s

1 �
v2

c2
tanh

2

4 x � vt
p

2�

s

1 �
v2

c2

3

5

1

A ; (2.25)

where v is the velocity of the soliton and� = ~=
p

2mgn0 is the healing length, which
characterises the length scale over which the condensate recovers from a perturbation. The
background densityn0 = N=L represents the average particle number per unit lengthL.
The total phase change� � across the condensate is

� � = � (1 ) � � (�1 ) = � 2 arccos
v
c

; (2.26)

and the density pro�le of the soliton is

n(x � vt) = j (x � vt)j2 = n0 � �n (x � vt) (2.27)

with

�n (x � vt) = n0

 

1 �
v2

c2

!

cosh� 2

0

@x � vt
p

2�

s

1 �
v2

c2

1

A : (2.28)

We can see that the point with the lowest density is at the centre of the soliton with
n(0) = n0v2=c2 and the width is proportional to �=

q
1 � v2=c2.

Finally, we can consider the energy of a single soliton

Eds(v) =
4
3

~cn

 

1 �
v2

c2

! 3=2

; (2.29)

which underlines the character of solitons as quasiparticles with negative e�ective mass, as
the black soliton has the largest energy and dark solitons accelerate when losing energy.

2.3.2. Vector solitons

In multi-component interacting BECs, a soliton excitation can manifest in all components,
even if the initial excitation originates in only one component. These multi-component
excitations are known as vector solitons. Depending on the nature of the interactions,
vector solitons can take on various forms within each component, leading to additional
degrees of freedom,e.g., the spin densityns = n1 � n2 for two-component systems. This can
lead to interesting new phenomena, including stability against transverse decay [49,54] and
the formation of bound states [51,53,55,56,60,83,84]. Recent research on vector solitons in
binary BECs has attracted growing attention, marked by the experimental realisation of
dark-bright solitons [54], dark-antidark solitons [52,57] and magnetic solitons [59,60]. This
subsection reviews some general features of these vector solitons in binary condensates.
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Figure 2.3.: Density distribution versus position of a dark-bright soliton plotted using Eq. (2.31).
The �rst component has a dark soliton at its centre (blue line) and is �lled by the bright soliton
of the second component (red line). The ratio of particle numbers isN2=N1 = 0 :05.

For dark-bright solitons, we also review Refs. [54,85]; for dark-antidark solitons, we review
Ref. [57]; and for magnetic solitons, we review Refs. [49,86].
In the following, we refer to the component in which a vector soliton forms a density dip as
the dark component, and to the other component as the bright component for dark-bright
solitons, or as the antidark component for dark-antidark and magnetic solitons.

Dark-bright solitons

Dark-bright solitons (DBs) appear in binary BECs with highly imbalanced components
(e.g. N1 � N2), both in the immiscible regime (g12 >

p
g11g22) and in the miscible regime,

near the transition to immiscibility ( g12 �
p

g11g22). They exhibit a density trough similar
to a dark soliton in the dark component. The particles of the bright component populate
this trough to minimise the interaction energy. For su�ciently large imbalances between
the components, the trough can be populated by all particles of the bright component,
resulting in a bright-like soliton in this component. The density distribution of a DB is
shown in Figure 2.3.
One can easily achieve a DB in a binary BEC with two distinguishable components of
Bose-condensed atoms. Such a system can be described by the following dimensionless
coupled quasi-1D Gross-Pitaevskii equations (GPEs)

i@t
~ 1 =

�

�
1
2

@2
~x + ~V1(~x) +

�
�
� ~ 1

�
�
�
2

+ ~g12

�
�
� ~ 2

�
�
�
2

� ~�
�

~ 1;

i@t
~ 2 =

�

�
1
2

@2
~x + ~V2(~x) +

�
�
� ~ 2

�
�
�
2

+ ~g21

�
�
� ~ 2

�
�
�
2

� ~� � ~�
�

~ 2; (2.30)

where ~ i is the dimensionless wavefunction of thei -th component with corresponding
dimensionless trapping potential~Vi , and ~� 1 = ~� and ~� 2 = ~� + ~� are the dimensionless
chemical potentials. The dimensionless inter-component interactions are given by~g12 =
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a12=a11 and ~g21 = a12=a22. Note that Eq. (2.30) is rescaled in a way that~g11 = ~g22 = 1.
For binary BECs of 23Na in di�erent spin states, as well as those of87Rb, the inter-
component interactions are naturally close to unity, allowing us to assume the system is
in the Manakov regime (g11 = g22 = g12) [61]. In this regime, the coupled quasi-1D GPEs
(2.30) are integrable, and for~Vi (x) = 0 , the DB solutions are given by

~ 1 = i
p

~� sin� +
p

~� cos� tanh
h
~� (~x � ~t~� tan � )

i
;

~ 2 =

s
N2~�

2
ei ( ~
 2~t+~� tan � + ~� )sech

h
~� (~x � ~t~� tan � )

i
; (2.31)

where N2 =
R

j 2j2dx is the particle number in the second component,� is an angle
describing the soliton's velocity. The inverse length of the soliton is

~� =
q

~� cos2 � + ( N2=4)2) � N2=4; (2.32)

and the frequency shift of the second component is

~
 2 = ~� 2(1 � tan2 � )=2 � ~� : (2.33)

For more information, the interested reader is referred to Ref. [85].
One of the early experimental realisations of dark-bright solitons was demonstrated by Becker
et al. in 2008 [54], as shown in Fig. 2.4. They produced BECs in a cigar shaped geometry
with an optical dipole trap with trapping frequencies of! z;hor;vert = 2� � f 5:9; 85; 133gHz.
The BECs consisted of� 5 � 104 87Rb atoms in the 52S1=2, jF = 1; mF = 0i state, onto
which a dark soliton was imprinted. Simultaneously, a coherent Raman pulse transferred a
small portion of the atoms to thejF = 2; mF = 0i state in the region where the dark soliton
formed in the jF = 1; mF = 0i component. The authors predicted that dark-bright solitons,
compared to their scalar counterparts, would remain stable far beyond the 1D regime.
This was attributed to the fact that the length scale of DBs is of order of the spin-healing
length, which diverges at the transition to the immiscible regime. Consequently, transverse
excitations that could lead to decay into vortices are suppressed.
For more information on dark-bright solitons beyond the Manakov regime, seee.g., Refs. [87�
89].
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Figure 2.4.: Oscillation of a dark-bright soliton. Double absorption images are used to show
the two components separately. The atoms in the front are in thejF = 2 ; mF = 0 i state and the
atoms in the back are in the jF = 1 ; mF = 0 i state. Taken from Ref. [54].

Dark-antidark solitons

Danaila et al. [57] developed theory for dark-antidark solitons (DADs) in binary BECs
in the miscible regime (0 < g12 .

p
g11g22). DADs appear as a density dip in one

component (the dark component), resembling a dark soliton, and as a density peak on
a miscible, homogeneous background in the other (the antidark component), similar to
an antidark soliton. This is possible if the imbalances between the components are small,
i.e. n(1)

0 g11 � n(2)
0 g22, wheren(i )

0 = N i =L is the average particle number in componenti per
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unit length L. In contrast, dark-bright solitons con�ne the atoms of the bright component
exclusively within the density dip of the dark component.
DADs are described in 1D binary BECs by the coupled 1D GPEs

i~@t  i =

0

@�
~2

2m
@2

x +
X

j

g1D
ij nj +

1
2

m! 2
xx2

1

A  i ; (2.34)

wherenj = j j j
2 is the 1D density,g1D

ij is the 1D coupling constant. However, the coupled
1D GPEs (2.34) are generally not integrable, and exact DAD solutions exist only for
g12 �

p
g11g22, which are referred to as magnetic soliton (see Sec. 2.3.2 Magnetic solitons).

Accordingly, DADs are not true solitons in general, but they behave very similarly to true
solitons.
Examples of stationary DADs are shown in Fig. 2.5 for di�erent inter-component interactions
g12. The magnitude of the density peak, which occurs in the antidark component (red
lines in Fig. 2.5), and the width of the DAD grow with g12. Near the immiscibility
transition (g12 �

p
g11g22), the density peak reaches the same magnitude as the depth of

the density trough for N1 = N2. This is called a magnetic soliton. Far from the transition
(g12 �

p
g11g22), the density peak gradually fades, becoming indistinguishable from the

background density.
We can characterise a DAD by a localised phase gradient� 1 across the dark component
(blue lines in Fig. 2.5). In contrast, the antidark component is characterised by� 2, which
is in�uenced by � 1, the population imbalance between the components, and the inter-
component coupling constantg12 relative to

p
g11g22 (not shown).

Compared to the dark solitons, DADs are better characterised by their magnetisation (also
called polarisation)

si =
n1(x i )
n1, max

�
n2(x i )
n2, max

; (2.35)

where x i is the position of soliton i , at which one component has a density minimum
(maximum) and the other component has a maximum (minimum). The quantityn1, max is
the maximum density of component1 for an isolated dark-antidark soliton with the antidark
part in component 1; analogously,n2, max refers to the maximum density of component2 if
the antidark part were in component2. The de�nition of Eq. (2.35) guaranties� 1 � si � 1.
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Figure 2.5.: Density pro�les of dark-antidark solitons with (a) g12 = 0 :5g and (b) g12 = 0 :75g
for balanced components (g11 = g22 = g and n(1)

0 = n(2)
0 = n0). (c) shows a magnetic soliton with

g12 = 0 :95g. The blue line shows the density of the �rst (dark) component and the dashed red line
shows the second (antidark) component. Parameters: average integrated density per component
n0 = N=2L = 50 � m� 1; total particle number N = 3000; interactions a11 = a22 = 100 a0; radial
con�nement ! = 2 � � 2667Hz.

In Ref. [57], Danailaet al. provided pioneering experimental evidence of a DAD, as shown
in Fig. 2.6. They created cigar-shaped BECs of8 � 105 87Rb atoms in the j1; � 1i hyper�ne
state and applied a microwave pulse that transferred approximately50%of the atoms into
the j2; � 2i state. The trap frequencies weref ! x ; ! y; ! zg = 2� � f 1:4; 176; 174gHz and
the scattering lengths weref a11; a12; a22g = f 100:4; 98:98; 98:98ga0, wherea11 is the intra-
component scattering length for thej1; � 1i atoms, a22 is the intra-component scattering
length for the the j2; � 2i atoms, anda12 is the inter-component scattering length. Here,a0

is the Bohr radius. The atoms in thej1; � 1i state were transferred uniformly across the
condensate to thej2; � 2i state. Due to a11 > a 22, the ground-state density distribution
of the j2; � 2i atoms was narrower and higher compared to the density distribution of the
j1; � 1i atoms. After the microwave pulse, thej2; � 2i atoms began to move towards the
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centre, creating a localised phase gradient, which in turn led to a DAD.

Figure 2.6.: Evidence of a dark-antidark soliton. The �rst (second) panel shows the absorption
images of the atoms in statej2; � 2i (j1; � 1i ) after 10ms of expansion. The third (fourth) panel
shows the corresponding integrated density of thej2; � 2i (j1; � 1i ) state. Evidence of a dark-
antidark soliton can be seen atx � 50� m. Taken from Ref. [57].

Magnetic solitons

Magnetic solitons (MSs) are dark-antidark solitons that arise in balanced binary BECs
within the miscible regime (n(1)

0 g11 = n(2)
0 g22 and m1 = m2), near the transition to the

immiscible regime. In this regime, the inequality

0 < �g =
p

g11g22 � g12 �
p

g11g22; (2.36)

holds. Within such a system, the MS appears as a localised density dip in the dark
component and a localised density peak in the antidark component, such that the total
density, n(x) = n1(x) + n2(x), is approximately constant.
In non-dipolar binary BECs, where Eq. (2.36) is ful�lled, magnetic solitons are analytic
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solitons to the coupled 1D GPEs (2.34). The wavefunctions are given by

 
 1(x; t )
 2(x; t )

!

=

0

@

q
n1(x; t )ei� 1 (x;t )

q
n2(x; t )ei� 2 (x;t )

1

A ; (2.37)

where ni (x) denotes the density and� i (x) the phase of componenti , with i 2 f 1; 2g.
Introducing the relative phase

� A = � 1 � � 2; (2.38)

the total phase� B = � 1 + � 2, and the spin polarisation distribution cos� = ( n1 � n2)=n,
the wavefunctions can be rewritten as

 
 1

 2

!

=
p

n

 
cos (�=2)ei ( � B + � A )=2

sin (�=2)ei ( � B � � A )=2

!

: (2.39)

Inserting Eq. (2.39) into Eq. (2.34), and following the steps laid out in Ref. [49], one obtains
three coupled equations

@� � B = � cos�@� � A ;

@� � A =~v
cos�
sin2 �

;

@2
� � =~v2 cos�

sin3 �
� sin� cos�; (2.40)

where~v = v=cs is the velocity of the solitonv divided by the speed of soundcs =
q

n�g=2m,
� = ( x � vt)=�s represents the dimensionless position of the soliton, and� s = ~=

p
2mn�g

is the spin-healing length. It describes the characteristic length scale of spin excitations
(out-of-phase density modulations) that occur only in the spin densityns(x) = n1(x) � n2(x),
while keeping the total densityn constant.
For g11 = g22 = g, magnetic soliton solutions of the coupled equations (2.40) take the form

n1;2(� ) =
n
2

(1 � cos� ) =
n
2

"

1 �

p
1 � ~v2

cosh�
p

1 � ~v2

#

; (2.41)

with relative phase

cot � A (� ) = � sinh
�
�
p

1 � ~v2
�
=~v: (2.42)

Intriguingly, MSs exhibit a total phase gradient of� in � A for all values of0 � ~v < 1. This
is in contrast to the single-component case, where only black solitons(v = 0) display a
total phase gradient of� . An example of the density pro�le of an MS withv = 0 is shown
in Fig. 2.5(c).
For an MS, the magnetisation (2.35) is equivalent to

si =
n1(x i ) � n2(x i )

n
: (2.43)
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The energy of MSs can be evaluated via

EMS =
n~cs

4

Z
d�

h
(@� � )2 + sin2 � (@� � A )2 + cos2 �

i
: (2.44)

Plugging Eq. (2.41) and (2.42) into Eq. (2.44) gives the energy

EMS(~v) = n~cs

p
1 � ~v2 (2.45)

for an isolated soliton, with e�ective massm�

m� =
1

~vc2
s

dEMS

d~v
= �

n~
cs

�
1 � ~v2

� � 1=2
: (2.46)

A Taylor expansion reveals that we can describe slow moving solitons as quasiparticles with
negative e�ective massm� = � n~=cs.

2.4. Dipole-dipole interactions

In dipolar BECs composed of particles with strong dipole moments, such as erbium [90]
and dysprosium atoms [91] (magnetic) or sodium�caesium molecules (electric) [92, 93],
particles interact via dipole-dipole interactions (DDI), alongside contact interactions. In this
section, we review the theoretical description of polarised dipolar BECs, following Ref. [94],
considering only particles with magnetic dipole moment. Subsequently, in Sec. 2.4.1, we
examine solitons in dipolar BECs.
A particle at position x1 with a permanent magnetic dipole moment� along the unit vector
e1 exerts a force on a second identical particle atx2 aligned alonge2, depending on their
relative position r = x2 � x1 [see Fig. 2.7(a)]. The DDI potential of the two particles reads

Udd(r ) =
� 0� 2

4�
(e1 � e2)r 2 � 3(e1 � r )(e2 � r )

r 5
; (2.47)

wherer = jr j, � = j� j and � 0 is the permeability of vacuum.
If the particles are polarised along the unit vectore1, e.g., by an external magnetic �eld
B , the DDI potential can be fully characterised by the magnetic dipole moment� , the
distancer , and the angle# betweene1 and r [see Fig. 2.7(b)]. Then Eq. (2.47) becomes

Udd(r ) =
� 0� 2

4�
1 � 3 cos#

r 3
: (2.48)

Introducing the dipole length add = m� 0� 2=12� ~2, we can rewrite Eq. (2.48) as

Udd(r ) =
3gdd

4�
1 � 3 cos#

r 3
; (2.49)

wheregdd = 4� ~2add=m is the dipole coupling constant. We observe that the DDIs are
long-ranged and anisotropic. In side-by-side con�gurations, particles repel each other,
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whereas in head-to-tail con�gurations, they attract each other.

Figure 2.7.: Visualisation of dipole-dipole interaction between two particles. (a) The particles
have random orientation. (b) The particles are polarised alonge1 = e2. Taken from Ref. [94].

The contact interactions and the DDIs can be treated separately, allowing the total potential
Utot (r ) to be expressed as the sum of the pseudo-potentialUs(r ) (2.11) and the DDI potential
Udd(r ), given by

Utot (r ) = gs� (r ) +
3gdd

4�
1 � 3 cos#

r 3
: (2.50)

Inserting Eq. (2.50) into Eq. (2.10) yields the Hamiltonian

Ĥ =
Z

dr 	̂ y(r )

"

�
~2r 2

2m
+ V(r ; t) +

Z
dr 0	̂ y(r 0)Utot (r 0 � r )	̂( r 0)

#

	̂( r ): (2.51)

2.4.1. Solitons in dipolar BECs

This subsection reviews some general features of dark solitons in dipolar condensates. For
more information, the interested reader is referred to,e.g., Ref. [34,35].
In a dipolar BEC, the quasi-1D GPE is given by

i~@t  (x) =

 

�
~2

2m
@2

x +
1
2

m! 2
xx2 +

gsn(x)
2�l 2

+
Z

dx0 � 1D(x � x0)j (x0)j2
!

 (x); (2.52)

wherel =
q

~=m! � is the characteristic length scale of the harmonic trap potential with
trap frequency! � � ! y = ! z in the y � z plane and� 1D is the 1D dipolar pseudo-potential
given by

� 1D(u) =
3gdd

4�
1 + 3 cos 2�

8l3

"

2u �
p

2�
�
1 + u2

�
eu2=2erfc

 
u

p
2

!

+
8
3

� (u)

#

; (2.53)

whereu = x=l. The quasi-1D GPE (2.52) is not integrable due to the long-ranged DDIs.
Accordingly, true solitons are no longer supported. However, solitary wave solutions still
exist, which behave very similar but collide inelastically. In this case a better term for
these excitations are solitary waves. Regardless, in the following, we use the term solitons
for these soliton-like excitations for simplicity.
The density pro�le of dark solitons in dipolar BECs depends on the orientation of the
dipoles. When the dipoles are aligned perpendicular to the tube axis (here, the x-axis),
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2. Foundations

density modulations form around the central density dip of the dark soliton due to the
head-to-tail attraction and side-by-side repulsion of the dipoles. Since the soliton creates a
density trough at its centre, the dipoles next to the trough feel less repulsive DDIs from
that area and tend to form a region of high density around it. This, in turn, leads to a
region of lower density next to the high-density region, reducing the energy cost due to
side-by-side repulsion. However, this low-density area is less deep than the central trough
of the soliton. We refer to the alternating high-density and low-density areas as ripples.
The strength of the ripples can be quanti�ed by the ratio"dd = add=as between the dipole
and the s-wave scattering length. Figure 2.8 shows examples of the density pro�les of
black solitons for various"dd. We can see that the blue line ("dd = 2) shows large density
peaks around the central trough of the soliton and small density dips next to the peaks.
For "dd = 1, the density of the soliton shows small peaks around the trough and quickly
becomes indistinguishable from the density of the non-dipolar soliton ("dd = 0).

Figure 2.8.: Examples of the density distributions of black solitons with di�erent "dd = add=as.
For the yellow dashed and the red line,as = 130a0, and for the blue dashed line,as = 65a0.
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In this chapter, we review recent experimental and theoretical research developments of
solitons in non-dipolar binary BECs and single component dipolar BECs. In Sec. 3.1, we
examine recent vector soliton experiments with dark-antidark solitons and magnetic solitons.
These solitons are predicted to form bound states [51� 53, 55, 56, 83, 84] and represent a
primary focus of this thesis. In Sec. 3.2, we review theoretical work on dark solitons in
dipolar BECs, predicting the formation of bound states around an equilibrium separation.
In Sec. 3.3, we summarise the �ndings of the experimental and theoretical work on solitons.
We then outline the main focus of this thesis: deepening our understanding of the formation
of bound states between magnetic solitons and dark-antidark solitons in binary BECs and
extending the theory of bound states to binary dipolar BECs.

3.1. Relevant experiments of magnetic solitons and
dark-antidark solitons in binary condensates

Following the recent experimental realisations of magnetic solitons in two components [59]
and three components [60] in 2020, as well as dark-antidark solitons in two components in
2016 [57], interest in vector solitons has increased signi�cantly. In this section, we review
three relevant experiments [52,59,60], presented in chronological order.
In the following, we omit the terms magnetic solitons and dark-antidark solitons, referring
to them simply as solitons whenever the context is clear. Furthermore, we refer to solitons
with si < 0 as # solitons and to solitons withsi > 0 as " solitons.

3.1.1. Magnetic solitons

The research group led by G. Ferrari was the �rst to experimentally realise magnetic solitons
in a two-component BEC [59]. They created BECs with2� 106 23Na atoms in an elongated
trap with trap frequencies f f y; f ? g = f 8:7(1:2); 585(2)gHz. The atoms were initially in
the j1; � 1i state, and an e�ective Rabi frequency of268(2)Hz transferred the atoms via
two-photon microwave radiation into a condensate mixture ofj1; � 1i .
The solitons were generated by applying an optical dipole potential to one side of the
condensate mixture, as shown in the top panel of Fig. 3.1. The two condensates accumulated
opposite phases due to their opposing angular momenta and shining the light for� =
70� s imprinted a total phase di�erence of� � j1;� 1i = � j1;� 1i (y = 200 � m) � � j1;� 1i (y =
� 200� m) = � � across the centre of each respective condensate. The width of the imprinted
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3. Recent research developments

Figure 3.1.: Upper panel: Schematic representation of the spin-selective optical potential,
generating magnetic solitons. Lower panel: Phase distribution of the atoms in thej1; � 1i (blue
line) and j1; 1i (red line) states as a function of positiony. Taken from Ref. [59].

phase was governed by the intensity pro�le of the light beam, which had an edge width
(from 10%to 90%) of 2� m. The resulting phase pro�le, also called the Son-Stephanov phase
domain wall1, is depicted in the lower panel of Fig. 3.1. This created two solitons stacked
on top of each other, moving in opposite directions and exhibiting opposite magnetisation.
The authors were able to fully characterise solitons during oscillatory motion in the trap
and found a dependence of the oscillation amplitude on the peak velocity, which agrees
well with the theoretical prediction in Ref. [49]. Furthermore, they investigated collisions
between solitons with equal and opposite magnetisation by imprinting two phase domain
walls separated by100� m. This resulted in the creation of two soliton pairs, each consisting
of an " soliton (s = 0:86) and a # soliton (s = � 0:86). Because of the way they were
imprinted, the " solitons moved toward each other, while the# solitons travelled to the
edges of the trap. Figure 3.2(b) shows the"" collision between the two" solitons. The
solitons collided, and it is unclear whether they bounced o� each other or passed through
one another. After the collision, the solitons acquired a higher velocity (s0 = 0:62), as
indicated by their relative positions in Fig. 3.2(d). After the # solitons hit the condensate
edge and returned,"# collisions between solitons with opposite magnetisation happened
naturally, where the solitons passed through one another. This is shown in Fig. 3.2(a)
with the relative positions in (c). The authors refrained from drawing conclusions on the
dissipations of the"# collisions due to signi�cant noise after long evolution times.

1We cover Son-Stephanov phase domain walls in depth in Sec. 5.2.2.
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Figure 3.2.: Collisions between magnetic solitons with opposite magnetisation (a), (c) and
equal magnetisation (b), (d). The time evolution of the collisions is shown in (a) and (b), where
red points represent the position of" solitons and blue points represent# solitons. Panels (c)
and (d) show the relative position of the solitons with respect to each other near the collision,
corresponding to the time evolutions in (a) and (b), respectively. Taken from Ref. [59].

3.1.2. Magnetic solitons in spin-1 condensates

On the same day as Ref. [59], Chaiet al. published their results on the experimental
realisation of magnetic solitons in a spin-1 BEC [60]. The authors created BECs similar to
the experiment in Ref. [59], with2:1 � 107 23Na atoms in a cigar-shaped trap with trap
frequenciesf f y; f ? g = f 5:4; 380gHz. The atoms were initially in the j1; 0i state and were
transferred approximately equally to the statesj1; � 1i with a radio-frequency pulse of
160� s and a magnetic shadow pulse described in the supplements of Ref. [60]. The transfer
process left a residual population of less than5% in the j1; 0i state. The solitons were
created by imprinting a Son-Stephanov phase domain wall on the atoms in thej1; � 1i
state, which resulted in a phase distribution similar to Fig. 3.1. The imprinting process
was preformed by shining a magnetic shadow on the condensate mixture, produced by the
placement of a thin metal edge in a circularly polarised light beam. The shadow of this
metal edge, with an edge width (10%to 90%) of 8� m, was then imaged onto the atom
cloud for 120� s to generate the Son-Stephanov phase domain wall.
The authors investigated the formation and propagation of the solitons after imprinting
and compared them to numerical simulations. They investigated the relationship between
the magnetisations and the velocity v of the solitons and found good agreement with the
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theoretical prediction given in Ref. [49]

jsj =

vu
u
t 1 �

v2

c2
s
; (3.1)

wherecs is the speed of sound for spin waves. Further, they considered the dynamics of two

Figure 3.3.: Collisions between" solitons as a function of time. (a) Two phase domain walls are
imprinted 110� m from each other, resulting in a relative phase pro�le as depicted in the upper
left panel. Four solitons emerge and the two" solitons (yellow) collide at � 25ms. (b) Two phase
domain walls are imprinted almost on top of each other by a light beam imprinting a relative
phase pro�le as depicted in the lower left panel. The resulting two" solitons (yellow) collide
nearly immediately. The corresponding numerical simulations of (a) and (b) are shown in (c) and
(d), respectively. Taken from Ref. [60].

phase domain walls imprinted with di�erent initial separations in Fig. 3.3. Four solitons
with large velocity (� 0:82cs) were produced this way, with two" solitons in the middle and
two # solitons on the outsides. In Fig. 3.3(a) the phase domain walls are well separated and
the " solitons pass through one another at� 25ms. The associated numerical simulation is
shown in Fig. 3.3(c), predicting a collision to occur at� 35ms. In Fig. 3.3(b), the phase
domain walls are imprinted nearly on top of each other, causing the two inner solitons to
collide almost immediately. Figure 3.3(d) shows the associated numerical simulation.
Compared to the purely two-component experiment in Ref. [59], the experiment by Chai
et al. involved a three-component gas, with one component being greatly suppressed.
Although, the solitons showed identical behaviour in both experiments, there have been
predictions for bound states between two solitons in the three-component gas called Flemish
strings [53]. These Flemish strings can occur between solitons with opposite magnetisation
as depicted in Fig. 3.4. The solitons are curling around each other, and if the separation
after each curl decreases, the soliton pair can annihilate.
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Figure 3.4.: Formation of a Flemish string. Shown is the spatio-temporal evolution of two
magnetic solitons (bright yellow and dark brown) in a spin-1 BEC. Sz is the magnetisation along
the z axis. Taken from Ref. [53].

3.1.3. Interacting dark-antidark solitons

In the same year as the experimental realisation of magnetic solitons [59,60], Katsimiga
et al. [52] realised multiple dark-antidark solitons in their experiment. Although not their
�rst experimental realisation of DADs, this collaboration between experimentalists and
theorists analysed the dynamics of solitons with equal and opposite magnetisation, and
explored possible bound states between the solitons, arising from these dynamics.
The authors created BECs of4:5 � 105 87Rb atoms in the j1; � 1i hyper�ne state. The
atoms were con�ned in a cigar shaped trap withf ! x ; ! y; ! zg = 2� � f 1:5; 140; 180gHz. An
external magnetic �eld created a Zeeman shift and a microwave �eld was driving Rabi
oscillations between thej1; � 1i and j2; � 2i state. The resulting population in thej2; � 2i
state Pj2;� 2i (x; t ) varied with time t and was dependent on the resonant Rabi frequency

and the detuning of the microwave �eld� (x), and was given by

Pj2;� 2i (x; t ) =

 2


 2 + � 2(x)
sin

2

4

q

 2 + � 2(x)

2
t

3

5 : (3.2)

The authors shined the microwave �eld fort = 15 ms on the condensate, which created a
phase pattern on both components, dependent on the detuning� (x). Figure 3.5 shows six
panels, each containing absorption images of both states along with their corresponding
integrated cross-sections, for
 = 2 � � 19kHz, and for various values of� (x) and evolution
times. Figure 3.5(a) shows the absorption images and integrated densities after the driving
�eld with � � 0 was switched o�. An alternating density pattern with short-wavelength
modulations is visible in both components. Subsequently, the condensate mixture evolved
in the trap for 150ms, and the resulting density distribution is shown in Fig. 3.5(b). We
observe an array of multiple solitons with spatially alternating magnetisation ("#"# : : : ).
The density after an additional evolution of260ms is shown in Fig. 3.5(c), where the
solitons are positioned irregularly due to their di�ering velocities. The same times are
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shown in Fig. 3.5(d)-(f) for the detuned case with� = 2� � 11kHz. The detuning allowed
only for # solitons (s<0) to form in the condensate mixture. Fig. 3.5(d) shows an alternating
density pattern with long-wavelength modulations in both components. Fig. 3.5(f) shows
persistent clusters between# solitons.

Figure 3.5.: Absorption images and corresponding integrated densities of the evolution after
driving the microwave �eld for 15ms. The evolution is shown for� � 0kHz [� = 2 � � 11kHz] in
(a)-(c) [(d)-(f)]. (a) and (d) show the respective density distribution after the microwave �eld is
turned o�. (b) and (e) show the densities after 150ms of evolution in the trap, while (c) and (f)
show the densities after a total of410ms of evolution. Taken from Ref. [52].

The authors investigated the formation of stable clusters between multiple# solitons in detail
using numerical simulations of a system comparable to the one in the experiments. They
found that binary BECs in a cigar-shaped geometry support stationary states between two
# solitons for certain separations,� xstat = x2 � x1, which depend on the inter-component
s-wave scattering lengtha12 relative to the intra-component s-wave scattering lengths
(for 87Rb: a11 = 100:4a0 and a22 = 98:98a0). The density distributions of stationary
con�gurations are shown Fig. 3.6 for variousa12. Far from the transition to the immiscible
regime, Fig. 3.6(a) shows that the antidark part of the soliton is only a small peak, and
� xstat is very small. Close to the transition to the immiscible regime, the density peak in
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the antidark component is very large andxstat is also large, as depicted in Fig. 3.6(d).

Figure 3.6.: Density pro�les of stationary states of two dark-antidark solitons with equal
magnetisation for the inter-component scattering lengths (a) a12 = 20a0, (a) a12 = 50a0, (a)
a12 = 90a0 and (d) a12 = 98a0. The blue line shows the density of component1 (D) with the
dark part of solitons and the green dashed line shows the density of component2 (AD) with the
antidark part. The intra-component scattering lengths are a11 = 100:4a0 and a22 = 98:98a0. The
position x and density j	 i j

2 is shown in dimensionless units. Taken from Ref. [52].

Furthermore, the authors discovered that for certain ranges ofa12, instabilities existed
that prevented any stationary separations (see Fig. 3 in Ref. [52]). For three or more
aligned solitons, stationary con�gurations were also possible, but a wider range ofa12 led
to instabilities.
Finally, Katsimiga et al. also investigated the dynamics between solitons with opposite
magnetisation. The dynamics fora12 = 60a0 (upper two panels) anda12 = 96a0 (lower
two panels) are shown in Fig. 3.7. The �rst and third panels show the �rst component,
and the second and fourth panel show the second component. Figure 3.7 shows that the
solitons pass through one another and oscillate with increasing amplitude, independent
of a12. When the solitons reach the boundary, strong phonon excitations are produced,
resulting in the loss of a soliton att � 2000in the a12 = 60a0 case. Thea12 = 96a0 case,
however, shows the development of a stable oscillation of the two solitons through each
other for late time (t > 2000). This is also known as beating dark-dark solitons.
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Figure 3.7.: Dynamics of two dark-antidark solitons with opposite magnetisation for a12 = 60a0

(upper two panels) and a12 = 96a0 (lower two panels). The �rst (third) panel shows the density of
the �rst component, and the second (fourth panel) the mirrored density of the second component.
The intra-component scattering lengths area11 = 100:4a0 and a22 = 98:98a0. The quantities
shown are in dimensionless units. Taken from Ref. [52].

3.2. Theoretical developments of dark solitons in
single-component dipolar condensates

In this section, we review recent theoretical predictions for soliton bound states in single-
component dipolar BECs in quasi-1D con�gurations.
While dark solitons repel each other in non-dipolar quasi-1D BECs, an axial trapping
potential�which pushes the solitons toward the centre�can compensate for inter-soliton
repulsion, allowing stationary states to form. Recent theoretical work by Pawªowskiet
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