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Introduction

Operator algebra is a branch ofmathematics at the crossroads of functional anal-
ysis and algebra, with important connections to mathematical physics, in par-
ticular to quantum theory. Rather than studying individual operators in isola-
tion, it studies operators through the structures formed by their interactions.
These structures have a strong algebraic flavor, but are enriched by additional
features such as involutions, norms, and topologies. They provide a natural set-
ting in which geometry, algebra, and analysismeet. The subject originated in the
early 20th century, when mathematicians such as John von Neumann and Israel
Gelfand sought to formalize the algebraic and analytic properties of bounded op-
erators on Hilbert spaces, motivated in part by questions arising from the foun-
dations of quantummechanics.
The most basic objects of study are algebras of operators on Hilbert spaces that
are closed under certain natural operations. Among these, C∗-algebras occupy
a central position. They can be characterized axiomatically as complete normed
algebras equippedwith an involution satisfying theC∗-identity. In this way, they
simultaneouslygeneralize thealgebraof continuous functionsonacompact space
and the algebra of bounded operators on a Hilbert space.
Within pure mathematics, C∗-algebras provide deep links between functional
analysis, topology, representation theory, and geometry. For instance, the the-
orem of Gelfand–Naimark identifies every commutativeC∗-algebra with the al-
gebra of continuous functions on a compact Hausdorff space. This result unifies
algebraic and topological viewpoints and opens the door to noncommutative ge-
ometry, where noncommutativeC∗-algebras are interpreted as algebras of func-
tions on “noncommutative” or “quantum” spaces.
From the standpoint of applications, C∗-algebras form one of the basic mathe-
matical languages of quantum mechanics. Physical observables are modeled by
self-adjoint elements,while states aremodeledbypositive linear functionals. The
operator-algebraic approach therefore provides not only a rigorous formalism for
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quantum theory, but also a powerful framework for studying statistical mechan-
ics, quantum information theory, and quantum field theory.
In these lecturenotes,wegradually build themachineryneeded toworkwithop-
erator algebras and operator spaces. We begin with ∗-algebras, states, and rep-
resentations; thenmove on toC∗-algebras and their classification; continuewith
operator systems; and finish with selected applications.
Among the many sources on the topic, we recommend [1, 3, 4, 5, 6, 7, 8, 9].



Chapter 1

Algebraswith Involution

1.1 Preliminaries
In this section we recall some basic concepts and results from functional analysis
that will be used throughout the course. We do not include proofs here, but refer
the reader to standard texts on functional analysis, for example [6].

Definition 1.1.1. (i) A Banach space is a normed vector space overC that is com-
plete with respect to the metric induced by the norm; equivalently, every Cauchy
sequence converges.
(ii) AHilbert space is a vector space overC equippedwith an inner product such
that the induced normmakes it into a Banach space.
(iii) If V andW are normed spaces, a bounded linear operator from V toW is
a linear map

L : V → W

for which there exists some λ ⩾ 0 such that

∥Lv∥W ⩽ λ∥v∥V

for all v ∈ V . We denote the set of all bounded linear operators from V toW by
B(V,W ), and simply write B(V ) if V = W .
(iv) For a bounded linear operator L ∈ B(V,W ), its operator norm is defined
by

∥L∥op := inf {λ ⩾ 0 | ∀v ∈ V : ∥Lv∥W ⩽ λ∥v∥V } . △

Example 1.1.2. (i)Cn with the standard inner product is a Hilbert space.
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(ii) The space

ℓ2 :=

{
(ci)i∈N | ci ∈ C,

∞∑
i=0

|ci|2 <∞

}
is a Hilbert space with respect to the inner product

⟨(ci)i, (di)i⟩ :=
∞∑
i=0

cidi.

(iii) LetX be a compact Hausdorff space. Then the space C(X) of all continuous
complex-valued functions onX is a Banach space with respect to the sup-norm

∥f∥∞ := sup {|f(x)| | x ∈ X} .

(iv) If V andW are Banach spaces, then B(V,W ) is again a Banach space with
respect to the operator norm. △

Remark 1.1.3. (i) Every finite-dimensional normed vector space over C is a Ba-
nach space. Every finite-dimensional inner product space is a Hilbert space.
(ii) If V is finite-dimensional, then every linear map L : V → W is bounded.
Thus, after choosing bases, B(V,W ) identifies withMatm,n(C).
(iii) For linearmaps between normed spaces, boundedness is equivalent to con-
tinuity. The operator norm can also be described as

∥L∥op = sup

{
∥Lv∥
∥v∥

| v ∈ V, v ̸= 0

}
= sup {∥Lv∥ | v ∈ V, ∥v∥ = 1} . △

Definition 1.1.4. Let I be an arbitrary index set, and letHi be a Hilbert space for
every i ∈ I. The direct sumofHilbert spaces is defined by⊕

i∈I

Hi := {(hi)i∈I | hi ∈ Hi,
∑
i∈I

∥hi∥2 <∞},

where the infinite sum is understood as the supremum of all finite partial sums.
This direct sum carries the inner product

⟨(hi)i, (gi)i⟩ :=
∑
i∈I

⟨hi, gi⟩.

With this inner product it is again a Hilbert space.
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Now assume further that Li : Hi → H̃i is a bounded linear operator between
Hilbert spaces for every i ∈ I. Wewould like todefine thedirect sumofoperators

⊕iLi :
⊕
i

Hi →
⊕
i

H̃i

(hi)i 7→ (Lihi)i.

For this map to be well-defined and bounded, the operator norms of theLimust
be bounded uniformly in i. △

Definition 1.1.5. If V is a normed space, we denote by V ′ its topological dual
space, i.e. the space of all bounded linear functionals on V . The weak topology
onV is the coarsest vector space topology thatmakes all functionals fromV ′ con-
tinuous. It is therefore coarser than the norm topology. The weak∗-topology on
V ′ is the coarsest vector space topology that makes all evaluation maps at points
of V continuous. It is therefore coarser than the operator norm topology on V ′,
and also coarser than the weak topology on V ′. △

Remark 1.1.6. We will use two important theorems from functional analysis in
these notes. First, the Theorem of Banach–Alaoglu states that the operator norm
unit ball in V ′ is compact in the weak∗-topology. Second, the uniform boundedness
principle, also known as the Theorem of Banach–Steinhaus, says that if a sequence
of bounded linear operators from a Banach space to a normed space is pointwise
bounded, then it is bounded in operator norm. In particular, every weakly con-
vergent sequence in a Banach space is bounded in norm (Exercise 1). △

1.2 ∗-Algebras
Definition1.2.1. (i) A∗-algebra is aunital, notnecessarily commutative,C-algebra
A equipped with an involution, i.e. a map a 7→ a∗ satisfying

(λa+ γb)∗ = λ a∗ + γ b∗, (a∗)∗ = a, (ab)∗ = b∗a∗

for all a, b ∈ A and all λ, γ ∈ C.
(ii) For a ∗-algebraA, the real subspace

Asa := {a ∈ A | a∗ = a}

is called the subspace of self-adjoint orHermitian elements.
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(iii) The set of sums of squares is defined by

∑
A2 :=

{
m∑
i=1

a∗i ai | m ∈ N, ai ∈ A

}
.

It is a convex cone inAsa and satisfies

a∗ ·
∑

A2 · a ⊆
∑

A2

for all a ∈ A.
(iv) ByA× we denote the set of invertible elements inA, i.e.

A× := {a ∈ A | ∃b ∈ A : ab = ba = 1}.

(v) A ∗-algebra homomorphism is a unital algebra homomorphism

π : A → B

between ∗-algebras that is compatiblewith the involutions, i.e.π(a∗) = π(a)∗ for
all a ∈ A. △

Example 1.2.2. IfX is a compact Hausdorff space, the algebra C(X) of contin-
uous complex-valued functions onX is a commutative ∗-algebra. All operations
are defined pointwise; in particular,

f ∗(x) := f(x)

for f ∈ C(X) and x ∈ X. The self-adjoint elements are precisely the real-valued
functions. Sums of squares coincide with single squares and are precisely the
nonnegative functions. Every continuous map π : X → Y induces a ∗-algebra
homomorphism

π′ : C(Y ) → C(X); f 7→ f ◦ π,

and every ∗-algebra homomorphism between such algebras arises in this way.
△

Example 1.2.3. (i)The ringC[x1, . . . , xn] of complex polynomials inn variables is
a commutative ∗-algebra. The involution is given by complex conjugation of the
coefficients, so

C[x1, . . . , xn]sa = R[x1, . . . , xn].
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To define a ∗-algebra homomorphism π : C[x1, . . . , xn] → B, one has to choose
pairwise commuting self-adjoint elements b1, . . . , bn ∈ Bsa and set π(xi) = bi.
(ii)The ringC⟨z1, . . . , zn⟩ of polynomials in noncommuting variables is defined
similarly, except that the variables do not commute. Its elements are finite linear
combinations of words in the variables, and the order of the letters matters. For
example, z1z2−z2z1 is not the zero polynomial. Wedefine the involution by com-
plex conjugation on the coefficients and by z∗i = zi. Since involutions reverse the
order of products, we get for example

(z1z2 − iz2z1)
∗ = z2z1 + iz1z2.

Thus the self-adjoint polynomials are not simply the polynomials with real coef-
ficients. To define a ∗-algebra homomorphism π : C⟨z1, . . . , zn⟩ → B, one has
to choose self-adjoint elements b1, . . . , bn ∈ Bsa and set π(zi) = bi; in contrast to
the commutative case, the elements bi need not commute. △

Example 1.2.4. (i)The algebraMatd(C) of complex d× dmatrices is a ∗-algebra,
with involution given by the usual adjoint operation. It is noncommutative for
d ⩾ 2. Its self-adjoint partMatd(C)sa consists of the Hermitian matrices and is
also denoted byHerd(C). Sums of squares coincide with single squaresQ∗Q and
are precisely the positive semidefinite matrices.
(ii) More generally, the algebra B(H) of bounded linear operators on a Hilbert
spaceH is a ∗-algebra. Every bounded operator φ has a unique adjoint, defined
by

⟨φ(h1), h2⟩ = ⟨h1, φ∗(h2)⟩
for all h1, h2 ∈ H. Again, sums of squares coincide with single squares and with
positive semidefinite operators, i.e. self-adjoint operators φ with ⟨φ(h), h⟩ ⩾ 0
for all h ∈ H. △

Example 1.2.5. Let Γ be a group with identity element e; we use multiplicative
notation. The group algebraCΓ is the complex vector space with basis Γ,

CΓ =

{∑
g∈Γ

cg · g | cg ∈ C, only finitely many cg ̸= 0

}
.

Multiplication in Γ extends bilinearly to a multiplication onCΓ:(∑
g

cg · g

)
·

(∑
g

c′g · g

)
=
∑
g

(∑
f ·h=g

cfc
′
h

)
· g.
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In this wayCΓ becomes an algebra. It is commutative if and only if Γ is commu-
tative, and its identity element is 1 · e. We equipCΓwith the involution(∑

g

cg · g

)∗

=
∑
g

cg · g−1 =
∑
g

cg−1 · g.

Hence an element
∑

g cg · g is self-adjoint if and only if

cg = cg−1

for all g ∈ Γ.
For example, consider Γ = Z with addition. Then CZ is commutative and iso-
morphic to the algebra

CZ ∼= C[t, t−1]

ofLaurentpolynomials inonevariable,where thebasis vectorm ∈ Z corresponds
to tm. The corresponding involution satisfies (ti)∗ = t−i, so the self-adjoint ele-
ments are not the real Laurent polynomials. However,C[t, t−1] is also generated
by the self-adjoint elements

x :=
t+ t−1

2
and y :=

t− t−1

2i
.

They satisfy x2 + y2 = 1, and we obtain a ∗-algebra isomorphismwith

C[x, y]/(x2 + y2 − 1) = C[S1],

the algebra of polynomial functions on theunit circle, nowwith involutionx∗ = x
and y∗ = y. In this presentation, the self-adjoint elements are exactly the poly-
nomials with real coefficients. More generally,CZn is isomorphic to the algebra

C[S1 × · · · × S1︸ ︷︷ ︸
n

]

of polynomial functions on the n-dimensional torus, with its canonical involu-
tion.
Another important example isΓ = Fn, the freegrouponngeneratorsz1, . . . , zn.
Its elements are words in the letters

z1, . . . , zn and z−1
1 , . . . , z−1

n .
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The group operation is concatenation of words, subject only to the relations

z−1
i zi = ziz

−1
i = e

for all i, where e denotes the empty word. The group algebra CFn contains the
noncommutative polynomial algebra C⟨z1, . . . , zn⟩ as a subalgebra, but not as a
∗-subalgebra: inC⟨z⟩we have z∗i = zi, whereas inCFn we have z∗i = z−1

i . △

1.3 Stone-Weierstraß andBurnsideTheorems
In this section we prove two fundamental results that are closely related in spirit.
Thefirst is theStone-Weierstraß theorem,which concerns∗-subalgebras ofC(X)
for a compact Hausdorff spaceX. The second is Burnside’s theorem, which can
be viewed as a finite-dimensional noncommutative analogue for subalgebras of
matrix algebras.

Lemma 1.3.1. LetA ⊆ C(X) be a closed subalgebra. If f, g ∈ A are real-valued, then

|f |, max(f, g), min(f, g) ∈ A.

Proof. Assume without loss of generality that ∥f∥∞ ⩽ 1. By the classical Weier-
straß approximation theorem, there is a sequence of polynomials pn ∈ R[t] con-
verging uniformly on [−1, 1] to the absolute value function. Hence

∥pn(f)− |f |∥∞
n→∞→ 0.

SinceA is a subalgebra, it contains all pn(f), and sinceA is closed, it follows that
|f | ∈ A. The remaining claims follow from

max{f, g} =
1

2
|f − g|+ 1

2
(f + g) and min{f, g} = −max{−f,−g}.

AsubsetA ⊆ C(X) is said to separatepoints ofX if for every pair of distinct points
x, y ∈ X there exists some f ∈ Awith f(x) ̸= f(y).

Theorem 1.3.2 (Stone-Weierstraß). IfA ⊆ C(X) is a closed ∗-subalgebra that sepa-
rates points ofX , thenA = C(X).

Proof. ByExercise 2 (iii), it is enough to show thatA contains all real-valued func-
tions inC(X). SinceA is closed, it suffices to showthat every real-valued function
g ∈ C(X) can be uniformly approximated by elements ofA.
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Let such a function g and some ε > 0 be given. We first construct, for each
x ∈ X, a real-valued function fx ∈ A such that

fx(x) = g(x) and g − ε ⩽ fx onX.

For this purpose, fix x ∈ X. For every y ∈ X, choose a real-valued function
fxy ∈ A with fxy(x) = g(x) and fxy(y) = g(y). If g(x) = g(y), we can take a
constant function. Otherwise,we choose an element ofA separatingx and y, and
obtain such an fxy by scaling and adding a constant. Herewe use again Exercise 2
(iii), which ensures that real-valued elements ofA already separate points.
For every y ∈ X, there is a neighborhood Uy of y such that g − ε ⩽ fxy on Uy.
The setsUy coverX, so compactness gives a finite subcover

X = Uy1 ∪ · · · ∪ Uyn .

Then
fx := max{fxy1 , . . . , fxyn}

has the required properties and belongs toA by Lemma 1.3.1.
Now choose, for each x ∈ X, a neighborhood Vx of x such that fx ⩽ g + ε
on Vx. Again, compactness gives a finite subcover. Taking the minimum of the
corresponding finitely many functions fx, we obtain a function f ∈ A satisfying

g − ε ⩽ f ⩽ g + ε

onX. Hence ∥f − g∥∞ ⩽ ε, as required.

We next prove Burnside’s theorem, a result of similar flavor for subalgebras of
the noncommutative algebraMatd(C). For a subalgebra A ⊆ Matd(C), a sub-
space V ⊆ Cd is calledA-invariant if

Mv ∈ V

for all v ∈ V and allM ∈ A. The subspaces {0} and Cd are called the trivial
invariant subspaces.

Theorem 1.3.3 (Burnside). If a subalgebraA ⊆ Matd(C) has only the two trivial in-
variant subspaces, thenA = Matd(C).

Proof. First note thatA acts transitively on nonzero vectors in Cd: for every 0 ̸=
v ∈ Cd, the space

{Mv |M ∈ A}
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is a nonzeroA-invariant subspace, and hence must be all ofCd.
We now show thatA contains a matrix of rank 1. Let 0 ̸= P ∈ A. If rank(P ) ⩾
2, choose v1, v2 ∈ Cd such that Pv1 and Pv2 are linearly independent. By transi-
tivity, chooseM ∈ A such thatMPv1 = v2. Then PMPv1 and Pv1 are linearly
independent, so PMP − λP ̸= 0 for every λ ∈ C.
On the other hand, since C is algebraically closed, the linear map induced by
PM on the image of P has an eigenvalue λ0. Thus

(PM − λ0Id)P

has rank strictly smaller than P and is nonzero. Repeating this argument, we
eventually obtain a matrixQ ∈ A of rank 1.
Once A contains one rank-one matrix, transitivity implies that it contains all
rank-one matrices; the details are left to Exercise 4. Since every matrix is a sum
of rank-one matrices, it follows thatA = Matd(C).

Remark 1.3.4. Suppose now that A ⊆ Matd(C) is a ∗-subalgebra. If A has a
proper invariant subspaceV ⊆ Cd, thenV ⊥ is also invariant, becauseA is closed
under the involution (see Exercise 5). After a unitary change of basis, all matrices
in A therefore have block diagonal form, so A is contained in an algebra of the
form

Matd1(C)⊕Matd2(C),

where 1 ⩽ d1, d2 and d1 + d2 = d. If no proper invariant subspace exists, then
Theorem 1.3.3 givesA = Matd(C). Iterating this decomposition, we find thatA
is contained in

Matd1(C)⊕ · · · ⊕Matdr(C),

and that, for each factor, the projection ofA ontoMatdi(C) is surjective. △

Example 1.3.5. Let A ⊆ Matd(C) be a commutative ∗-subalgebra. By the pre-
ceding remark, wemay assume after a unitary change of basis that

A ⊆ Matd1(C)⊕ · · · ⊕Matdr(C),

with d1 + · · ·+ dr = d, and that the projection ofA onto each block is surjective.
Since the elements ofA commute with one another, each full matrix block must
be commutative. Hence di = 1 for all i. Thus every commutative ∗-subalgebra of
Matd(C) is unitarily conjugate to a subalgebra of the diagonal matrices. △
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1.4 States andRepresentations
From now on,Awill always denote a ∗-algebra.

Definition 1.4.1. (i) A state onA is aC-linear functional φ : A → C satisfying

φ(1) = 1 and φ(a∗a) ⩾ 0

for all a ∈ A. One often also requiresφ(a∗) = φ(a), but this already follows from
positivity on squares (cf. Exercise 3). In particular, the restriction φ : Asa → R
is R-linear. A pure state is a state that cannot be written as a nontrivial convex
combination of two other states; equivalently, it is an extreme point of the convex
set of all states.
(ii) A bounded ∗-representation ofA is a ∗-algebra homomorphism

π : A → B(H)

for someHilbert spaceH. The representation is calledfinite-dimensional ifH is
finite-dimensional. After choosing a basis ofH, this means that

π : A → Matd(C).

(iii) An unbounded ∗-representation is an algebra homomorphism

π : A → L(D)

into the algebra of linear operators on an inner product spaceD, such that

⟨π(a)v, w⟩ = ⟨v, π(a∗)w⟩

holds for all v, w ∈ D and all a ∈ A. △

Example 1.4.2. Every Borel probability measure µ on a compact Hausdorff space
X gives rise to a state

φµ : C(X) → C

f 7→
∫
X

f dµ.

Wewill see inTheorem 1.4.6 that all states on C(X) arise in this way. △
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Example 1.4.3. Every linear functional onMatd(C) is of the form

φQ : Matd(C) → C
M 7→ tr(Q∗M)

for some Q ∈ Matd(C). This follows from finite-dimensionality and the inner
product ⟨A,B⟩ = tr(B∗A) onMatd(C).
The functionalφQ is nonnegative on squares if and only ifQ is positive semidefi-
nite, using the self-duality of the positive semidefinite cone. Moreover,φQ(Id) =
1 is equivalent to tr(Q) = 1. Thus states onMatd(C) are in one-to-one corre-
spondence with positive semidefinite matrices of trace one.
Every suchmatrix can be written as

Q =
d∑
i=1

λiviv
∗
i

with orthonormal vectors vi ∈ Cd, coefficients λi ⩾ 0, and
∑

i λi = 1. HenceφQ
is pure if and only ifQ = vv∗ has rank one. Thus pure states correspond to unit
vectors inCd, modulomultiplication by a complex number of absolute value one,
called a phase. △

Example 1.4.4. For everyHilbert spaceH and every unit vector h ∈ H, we obtain
a state

φh : B(H) → C; L 7→ ⟨Lh, h⟩. △

Example 1.4.5. On a group algebraCΓ, two basic examples of states are

φ1

(∑
g

cgg

)
:=
∑
g

cg,

φ2

(∑
g

cgg

)
:= ce.

The verification that these are states is left to Exercise 6. △

Theorem1.4.6 (Riesz–Markov–Kakutani). IfX is a compactHausdorff space, then for
every stateφ onC(X) there exists a unique regular Borel probabilitymeasureµ onX such
thatφ = φµ. The pure states correspond to Dirac measures, and hence to points ofX.
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Sketch of Proof. Let φ : C(X) → C be a state. For an open subset U ⊆ X, denote
by 1U its characteristic function, which is usually not continuous. Define

µ(U) := sup{φ(f) | f ∈ C(X), 0 ⩽ f ⩽ 1U onX}.

This set function extends to a probability measure on the Borel σ-algebra of X,
and this measure is the desired one.

Example 1.4.7. (i) LetA be a commutative ∗-algebra and let π : A → Matd(C) be
a finite-dimensional ∗-representation. By Example 1.3.5, after unitary conjuga-
tion wemay assume that

π(A) ⊆ Mat1(C)⊕ · · · ⊕Mat1(C).

Thus π is given by a d-tuple of ∗-algebra homomorphisms πi : A → C.
(ii) LetA = C[x1, . . . , xn]with the involution fromabove. Thefinite-dimensional
∗-representations of C[x1, . . . , xn] are, after a change of basis, direct sums of
evaluations at points ofRn. △

Example 1.4.8. The ∗-representations of a group algebraCΓ on aHilbert spaceH
correspond exactly to unitary representations of Γ, i.e. group homomorphisms
Γ → U(H). Given a ∗-representation π : CΓ → B(H), one obtains a unitary
representation

π̃ : Γ → U(H); g 7→ π(g).

Conversely, a unitary representation π̃ : Γ → U(H) gives a ∗-representation

π : CΓ → B(H);
∑
g

cgg 7→
∑
g

cgπ̃(g). △

The following result says that matrix algebras have only the expected finite-
dimensional representations.

Theorem1.4.9. Ifπ : Matd(C) → Mate(C) is a∗-representation, thene is amultiple of
d, and after unitary conjugation inMate(C), the representationπ is a direct sum of copies
of the identity representation.

Proof. The image of π is a ∗-subalgebra of Mate(C). By Theorem 1.3.3 and the
following remark, after a unitary change of basis it is contained in a direct sum
of matrix algebras, and its projection onto each block is surjective. Composing π
with such a projection gives a surjective ∗-algebra homomorphism

πi : Matd(C) → Matei(C).
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SinceMatd(C) is simple, the kernel of πi is either zero or all ofMatd(C). Surjec-
tivity excludes the latter, so πi is injective. By dimension count, d = ei for every
i. Finally, every ∗-automorphism ofMatd(C) is of the form

M 7→ U∗MU

for some unitary matrix U . After applying the corresponding unitary conjuga-
tion on each block, every πi becomes the identity representation. This proves the
claim.

Remark 1.4.10. (i) Let a ∈
∑

A2 and let π be a ∗-representation ofA. Then π(a)
is positive semidefinite. Indeed, if a =

∑
i a

∗
i ai, then

⟨π(a)v, v⟩ =
∑
i

⟨π(ai)∗π(ai)v, v⟩ =
∑
i

⟨π(ai)v, π(ai)v⟩ =
∑
i

∥π(ai)v∥2 ⩾ 0.

(ii) Every ∗-representation π ofA gives rise to many states onA. If h is a unit
vector in the representation space, define

φ(a) := ⟨π(a)h, h⟩.

The properties of a state follow directly. △

The important construction of Gelfand, Naimark, and Segal, known as theGNS
construction, provides a converse to the previous remark. Starting from a state
φ : A → C, it constructs a representation

πφ : A → L(D)

and a unit vector h ∈ D such that

φ(a) = ⟨πφ(a)h, h⟩

for all a ∈ A. Before explaining the construction, we need two lemmas.

Lemma 1.4.11 (Cauchy–Schwarz Inequality). Let φ : A → C be a state. Then for all
a, b ∈ A,

|φ(b∗a)|2 ⩽ φ(b∗b)φ(a∗a).

Proof. TheHermitian matrix

M :=

(
φ(a∗a) φ(a∗b)
φ(b∗a) φ(b∗b)

)
∈ Her2(C)
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is positive semidefinite. Indeed, for v = (v1, v2)
t ∈ C2,

v∗Mv = φ ((v1a+ v2b)
∗(v1a+ v2b)) ⩾ 0.

HenceM has nonnegative determinant, and

det(M) = φ(a∗a)φ(b∗b)− φ(a∗b)φ(b∗a) = φ(a∗a)φ(b∗b)− |φ(b∗a)|2.

This proves the claim.

Lemma 1.4.12. Letφ : A → C be a state. Then

Nφ := {a ∈ A | φ(a∗a) = 0}

is a proper left ideal inA.

Proof. See Exercise 7.

Construction 1.4.13 (GNS Construction). Let φ be a state on A. First equip the
vector spaceAwith the sesquilinear form

⟨a, b⟩φ := φ(b∗a).

This form is positive semidefinite. To obtain a positive definite inner product, we
factor out its null spaceNφ. Thus, on

D := A/Nφ,

the form ⟨·, ·⟩φ becomes a well-defined inner product.
Since Nφ is a left ideal, left multiplication by elements of A is well-defined on
D. Thus each a ∈ A defines a linear operator

ma : D → D; d 7→ ad.

In this way we obtain a ∗-representation

πφ : A → L(D)

a 7→ ma.

If h ∈ D is the equivalence class of 1, then ∥h∥φ = 1 and

⟨πφ(a)h, h⟩φ = φ(1∗a1) = φ(a)

for all a ∈ A. This proves the assertion. The remaining details are left to Exer-
cise 8. △
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Definition 1.4.14. We callA Archimedean if for every a ∈ Asa there exists r > 0
such that

r − a ∈
∑

A2.

After dividing by r, this is equivalent to saying that for every a ∈ Asa there exists
ε > 0with

1− εa ∈
∑

A2.

Equivalently, 1 is an algebraic interior point of the cone
∑

A2 inside the real vector
space Asa. This means that one can move a small distance from 1 in any self-
adjoint direction without leaving the cone of sums of squares. △

Example 1.4.15. (i) For a compact Hausdorff space X, the ∗-algebra C(X) is
Archimedean.
(ii) For everyHilbert spaceH, the∗-algebraB(H) is Archimedean. Inparticular,
Matd(C) is Archimedean.
(iii) The polynomial algebras C[x1, . . . , xn] and C⟨z1, . . . , zn⟩ are both not
Archimedean. △

Proposition 1.4.16. Every group algebraCΓ is Archimedean.

Proof. For a =
∑

g cgg ∈ CΓ, set

∥a∥1 :=
∑
g

|cg|.

Omitting terms with zero coefficients, one checks the identity

∥a∥21 − a∗a =
1

2

∑
g,h∈Γ

|cgch|
(
1− cgch

|cgch|
h−1g

)∗(
1− cgch

|cgch|
h−1g

)
.

Hence ∥a∥21 − a∗a ∈
∑

CΓ2. If a ∈ CΓsa and a ̸= 0, then for r = ∥a∥1 we obtain

r − a =
1

2r

(
(r − a)∗(r − a) + (r2 − a∗a)

)
∈
∑

CΓ2.

Proposition 1.4.17. If A is Archimedean, then the GNS construction associated to any
stateφ onA yields a bounded ∗-representation.
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Proof. Letφ be a state onA, and let πφ be the corresponding GNS representation
onD = A/Nφ. For a ∈ A, Archimedeanicity applied to a∗a gives some r > 0
such that

r − a∗a ∈
∑

A2.

Every vector v ∈ D is represented by some b ∈ A, and

b∗(r − a∗a)b ∈
∑

A2.

Therefore

∥πφ(a)v∥2φ = ⟨πφ(a)v, πφ(a)v⟩φ = φ(b∗a∗ab) ⩽ φ(rb∗b) = r∥v∥2φ,

where the inequality follows frompositivity ofφ on
∑

A2. Thusπφ(a) is bounded
onD, with operator norm atmost

√
r, and extends uniquely to the Hilbert space

completionH ofD. Hence
πφ : A → B(H)

can be regarded as a bounded ∗-representation; see Exercise 9 for the remaining
details.

We cannowshow thatArchimedean∗-algebras have bounded∗-representations
that are as injective as possible.

Theorem 1.4.18 (RepresentationTheorem for Archimedean ∗-Algebras). For every
Archimedean ∗-algebraA there exists a bounded ∗-representation

π : A → B(H)

with
Ker(π) = {a ∈ A | φ(a∗a) = 0 for all statesφ}.

IfA is finite-dimensional, thenH can be chosen finite-dimensional.

Proof. Forevery stateφonA, letπφ : A → B(Hφ)be thebounded∗-representation
obtained from the GNS construction. For each fixed a ∈ A, the previous propo-
sition gives a bound on ∥πφ(a)∥op that is independent of φ. Hence, by Defini-
tion 1.1.4, we may form the direct sum representation

π : A → B

(⊕
φ

Hφ

)
a 7→ ⊕φπφ(a).
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For every state φ̃ and every a ∈ A, we have

∥π(a)hφ̃∥2 = ⟨πφ̃(a∗a)hφ̃, hφ̃⟩ = φ̃(a∗a),

where hφ̃ ∈ Hφ̃ ⊆
⊕

φHφ is the distinguished unit vector from the GNS con-
struction. This gives the asserted description of the kernel.
IfA is finite-dimensional, it is enough to take a finite set of states spanning the
vector space generatedby all states. For such states, eachquotientA/Nφ is finite-
dimensional and therefore already complete. Thus the resulting Hilbert space is
a finite direct sum of finite-dimensional spaces.
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Chapter 2

C∗-Algebras

2.1 Definitions and First Properties
Definition 2.1.1. A Banach algebra is a complex unital algebraA equipped with
a norm such that

(i) (A, ∥ · ∥) is complete,

(ii) ∥ab∥ ⩽ ∥a∥ · ∥b∥ for all a, b ∈ A.

IfA is also equipped with an involution ∗ satisfying

(iii) ∥a∗a∥ = ∥a∥2 for all a ∈ A,

thenA is called aC∗-algebra. △

Remark 2.1.2. Condition (i) says that A is a Banach space, while (ii) expresses
compatibility between the norm andmultiplication. In particular,multiplication
is continuous. Condition (iii), called the C∗-property, imposes a strong compati-
bility between the norm and the involution. For example, it implies ∥a∥ = ∥a∗∥
for all a ∈ A; see Exercise 10. △

Example 2.1.3. (i) IfX is a compact Hausdorff space, then the ∗-algebra C(X),
equippedwith the sup-normfromExample 1.1.2 (iii), is a commutativeC∗-algebra.
(ii) If H is a Hilbert space, then B(H), equipped with the operator norm, is a
C∗-algebra. This includes the finite-dimensional caseMatd(C).
(iii) IfA is a C∗-algebra and B ⊆ A is a closed ∗-subalgebra, then B is again a
C∗-algebra. The closedness assumption ensures that B is complete. △

21
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Definition 2.1.4. LetA be a Banach algebra. The spectrum of an element a ∈ A
is

σ(a) := {λ ∈ C | λ− a /∈ A×}.

Its complement

ρ(a) := C \ σ(a) = {λ ∈ C | λ− a ∈ A×}

is called the resolvent set of a. △

Example 2.1.5. (i) An element f ∈ C(X) is invertible if and only if it has no zero
onX. Hence the spectrum σ(f) is precisely the set of values f(X).
(ii) ForM ∈ Matd(C), the spectrum σ(M) coincides with the usual spectrum
from linear algebra, i.e. the set of complex eigenvalues ofM . △

The next proposition contains most of the analytic machinery about Banach al-
gebras that we will need.

Proposition 2.1.6. LetA be a Banach algebra and let a, b ∈ A.

(i) If ∥a∥ < 1, then 1− a ∈ A×.

(ii) The group of unitsA× is an open subset ofA.

(iii) The spectrum σ(a) is a nonempty compact subset ofC, contained in the closed disk
of radius ∥a∥.

(iv) We have
max{|λ| | λ ∈ σ(a)} = lim

n→∞
∥an∥1/n.

(v) σ(ab) \ {0} = σ(ba) \ {0}.

Proof. (i) Define bn :=
∑n

i=0 a
i. Since ∥a∥ < 1, the sequence (bn)n is Cauchy and

hence converges to some b ∈ A. Moreover,

(1− a)bn = bn(1− a) = 1− an+1 n→∞−→ 1.

By continuity ofmultiplication, (1− a)b = b(1− a) = 1. Thus 1− a is invertible.
(ii) Let e ∈ A×. If a ∈ A satisfies ∥e− a∥ < ∥e−1∥−1, then

a = e
(
1− e−1(e− a)

)
.
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Since ∥e−1(e−a)∥ < 1, part (i) shows that 1− e−1(e−a) is invertible, and hence
so is a. ThusA× contains an open ball around each of its elements.
(iii) SinceA× is open, the resolvent setρ(a) is open, and thereforeσ(a) is closed.
If |λ| > ∥a∥, then

λ− a = λ(1− λ−1a) ∈ A× (2.1)

by part (i). Hence σ(a) is contained in the closed disk of radius ∥a∥, and is com-
pact.
It remains to prove nonemptiness. Fix λ0 ∈ ρ(a). For λ sufficiently close to λ0,
the Neumann series gives

(λ− a)−1 =
∞∑
n=0

(λ0 − λ)n(λ0 − a)−(n+1).

Hence, for every bounded linear functional χ onA, the scalar-valued function

rχ(λ) := χ((λ− a)−1)

is holomorphic on ρ(a). For |λ| > ∥a∥, using (2.1), we have

rχ(λ) = χ((λ− a)−1) = λ−1

∞∑
n=0

χ(an)

λn
, (2.2)

and therefore
|rχ(λ)| ⩽

∥χ∥op
|λ| − ∥a∥

.

In particular, rχ(λ) → 0 as |λ| → ∞.
If σ(a)were empty, then rχ would be a bounded entire function and hence con-
stant by Liouville’s theorem. Since it tends to zero at infinity, it would be iden-
tically zero. Thus χ((λ − a)−1) = 0 for all bounded linear functionals χ, which
forces (λ− a)−1 = 0, a contradiction. Hence σ(a) is nonempty.
(iv) First, the sequence (∥an∥1/n)n converges by Exercise 11. Let

r := max{|λ| | λ ∈ σ(a)}.

Equation (2.2) extends to every λ with |λ| > r, because the resolvent is defined
and holomorphic there. It follows that

χ
((a

λ

)n) n→∞−→ 0
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for every bounded linear functional χ. Thus (a/λ)n converges weakly to zero and
is therefore bounded in norm by Exercise 1. Hence there is a constant c such that

∥an∥1/n ⩽ c1/n|λ|

for all n. Letting n→ ∞ and then |λ| ↓ r gives

lim
n→∞

∥an∥1/n ⩽ r.

Conversely, if |λ| > limn→∞ ∥an∥1/n, then

lim
n→∞

∥∥∥(a
λ

)n∥∥∥1/n < 1.

By the root test, the series
∑∞

n=0(a/λ)
n converges inA, and

λ−1

∞∑
n=0

(a
λ

)n
= (λ− a)−1.

Hence λ ∈ ρ(a). Therefore every λ ∈ σ(a) satisfies

|λ| ⩽ lim
n→∞

∥an∥1/n,

which proves the formula.
(v)Wefirst show that 1−ab is invertible if and only if 1−ba is invertible. Assume
1− ab is invertible. Then

(1− ba)
(
b(1− ab)−1a+ 1

)
= b(1− ab)−1a+ 1− bab(1− ab)−1a− ba

= b
(
(1− ab)−1 − ab(1− ab)−1

)
a+ 1− ba

= b
(
(1− ab)(1− ab)−1

)
a+ 1− ba

= 1.

The same computation in the other order shows that b(1−ab)−1a+1 is also a left
inverse, so 1 − ba is invertible. The converse follows by symmetry. Applying this
to λ−1a and b proves the statement for all 0 ̸= λ ∈ C.

Corollary 2.1.7 (Gelfand–Mazur). LetA be a Banach algebra withA× = A \ {0}.
ThenA = C.
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Proof. If there were an element a ∈ A \ C, then λ − a ̸= 0 for every λ ∈ C.
By assumption, each λ − a would be invertible, so σ(a) would be empty. This
contradicts Proposition 2.1.6 (iii).

Corollary 2.1.8. IfA is aC∗-algebra and a ∈ A is normal, i.e. a∗a = aa∗, then

∥a∥ = lim
n→∞

∥an∥1/n = max{|λ| | λ ∈ σ(a)}.

If a ∈ Asa, then σ(a) ⊆ R.

Proof. The second equality is Proposition 2.1.6 (iv), so we only need to prove the
first. Since a is normal,

∥a2∥2 = ∥(a2)∗a2∥ = ∥(a∗a)2∥ = ∥a∗a∥2 = ∥a∥4.

Here the first, third, and fourth equalities use theC∗-property, while the second
uses normality. Hence ∥a∥ = ∥a2∥1/2, and by induction

∥a∥ = ∥a2k∥1/2k

for every k ⩾ 1. Therefore

lim
n→∞

∥an∥1/n = lim
k→∞

∥a2k∥1/2k = ∥a∥.

Now assume a = a∗. For every γ ∈ R, we have

σ(γi+ a) = γi+ σ(a).

If λ ∈ σ(a), then

|γi+ λ|2 ⩽ ∥γi+ a∥2 = ∥(γi+ a)∗(γi+ a)∥ = ∥γ2 + a∗a∥ ⩽ γ2 + ∥a∗a∥.

Writing λ = x+ iy, this gives

y2 + 2γy + x2 ⩽ ∥a∗a∥

for all γ ∈ R. This is possible only if y = 0. Hence λ ∈ R.
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2.2 Classification of CommutativeC∗-Algebras

In the previous section we saw that C(X) is a commutativeC∗-algebra whenever
X is a compact Hausdorff space. The goal of this section is to prove the converse:
every commutative C∗-algebra is of this form. Throughout the section, A will
denote a commutative Banach algebra, and later a commutativeC∗-algebra.

Definition 2.2.1. LetA be a commutative Banach algebra.
(i) The Gelfand space ofA is

XA := {ξ | ξ : A → C is an algebra homomorphism}.

(ii) Each element a ∈ A defines a complex-valued function â onXA by

â(ξ) := ξ(a).

WeequipXAwith the coarsest topology for which all functions â are continuous.
△

Lemma 2.2.2. Every algebra homomorphism ξ : A → C is bounded with ∥ξ∥op ⩽ 1.

Proof. Suppose there were an element a ∈ A with ∥a∥ < 1 and |ξ(a)| = 1. By
Proposition 2.1.6 (i), the element 1− ξ(a)−1a is invertible. Applying ξ gives

0 ̸= ξ(1− ξ(a)−1a) = 1− ξ(a)−1ξ(a) = 0,

a contradiction. Hence |ξ(a)| < 1 whenever ∥a∥ < 1, and therefore ∥ξ∥op ⩽
1.

Theorem2.2.3. For every commutativeBanachalgebraA, theGelfandspaceXA isa com-
pact Hausdorff space. Themap

Γ: A → C(XA)

a 7→ â

is an algebra homomorphismwith ∥Γ∥op ⩽ 1. Moreover, for every a ∈ A,

σ(a) = {â(ξ) | ξ ∈ XA}.
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Proof. ByLemma2.2.2, the spaceXA is contained in theunit ball of thedual space
A′. This unit ball is compact in the weak∗-topology by Banach–Alaoglu. The con-
ditions

1̂(ξ) = 1 and âb(ξ) = â(ξ)b̂(ξ)

for all a, b ∈ A are closed conditions in theweak∗-topology. HenceXA is a closed
subspace of a compactHausdorff space, and is therefore compactHausdorff. The
map a 7→ â is an algebra homomorphism because every ξ ∈ XA is one.
We next prove the spectral statement. If λ /∈ σ(a), then λ− a ∈ A×. Hence for
every ξ ∈ XA,

0 ̸= ξ(λ− a) = λ− ξ(a),

so λ ̸= â(ξ). This shows

{â(ξ) | ξ ∈ XA} ⊆ σ(a).

Conversely, let λ ∈ σ(a). Then λ − a is not invertible, so the ideal generated by
λ−a is proper. ByZorn’s Lemma, it is contained in amaximal idealMofA. Since
the closure of a proper ideal is again proper, using openness ofA× from Propo-
sition 2.1.6 (ii), the maximal idealM is closed. Thus A/M is a Banach algebra
in which every nonzero element is invertible. By the Gelfand–Mazur Theorem,
Corollary 2.1.7, we haveA/M ∼= C. The quotient map

π : A → A/M ∼= C

is therefore an element ofXA. Since λ− a ∈ M, we get

0 = π(λ− a) = λ− π(a),

and hence â(π) = λ.
It remains to show that ∥Γ∥op ⩽ 1. If |λ| > ∥a∥, then λ /∈ σ(a) by Proposi-
tion 2.1.6 (iii). Using the spectral identity just proved, this implies |â(ξ)| ⩽ ∥a∥
for all ξ ∈ XA. Hence ∥â∥∞ ⩽ ∥a∥.

Wenowobtain thepromisedclassification theoremfor commutativeC∗-algebras.

Theorem 2.2.4. IfA is a commutativeC∗-algebra, then the Gelfand transform

Γ: A → C(XA)

is an isomorphism ofC∗-algebras, i.e. an isometric ∗-algebra isomorphism.
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Proof. SinceA is commutative, every element ofA is normal. Combining Corol-
lary 2.1.8 with the spectral formula fromTheorem 2.2.3, we obtain

∥a∥ = max{|λ| | λ ∈ σ(a)} = ∥â∥∞

for every a ∈ A. Thus Γ is isometric, and in particular injective.
Next let a ∈ Asa. By Corollary 2.1.8, σ(a) ⊆ R. Hence â is real-valued, so
â ∈ C(XA)sa. Since every element ofA can be written as a + ib with a, b ∈ Asa

(see Exercise 2), it follows that Γ is compatible with the involutions.
ThereforeΓ(A) is a unital ∗-subalgebra of C(XA), isometrically ∗-isomorphic to
A. It separates points ofXA by definition of the topology and of the functions â.
By the Stone-Weierstraß theorem, Γ(A) is dense in C(XA). Since Γ(A) is com-
plete, it is closed, and hence Γ(A) = C(XA).

Corollary2.2.5. Thecategoryof commutativeC∗-algebraswith∗-algebrahomomorphisms
is equivalent, contravariantly, to the category of compactHausdorff spaces with continuous
maps.

Remark 2.2.6. In view of Corollary 2.2.5, studying commutative C∗-algebras is
equivalent to studying compact Hausdorff spaces. By Theorem 1.4.6, states on
commutativeC∗-algebras correspond to probability measures on these spaces.
The study of noncommutative C∗-algebras is therefore sometimes called non-
commutative topology, and the study of their states noncommutative probability the-
ory. Since C∗-algebras and their states also form a standard model for quantum
theory, as we will explain in Section 4.1, one can view quantum theory as a form
of noncommutative probability theory. △

2.3 Functional Calculus for Normal Elements

From now on,A denotes aC∗-algebra, not necessarily commutative.

Lemma 2.3.1. LetB ⊆ A be aC∗-subalgebra, and let b ∈ B be normal. Then

b ∈ A× ⇐⇒ b ∈ B×.

Inparticular, the spectrumof b is independent of the ambientC∗-algebra inwhich it is com-
puted.
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Proof. The implication “⇐” is immediate. For the converse, assume for contra-
diction that b ∈ A× but b /∈ B×. Replacing B by theC∗-subalgebra generated by
b, we may assume that B is commutative, because b is normal.
By Theorem 2.2.4, we may identify B with C(XB) via the Gelfand transform.
Since b is not invertible in B, we have 0 ∈ σB(b). Equivalently, byTheorem 2.2.3,
the function b̂ has a zero at some point ξ ∈ XB.
Choose a continuous function f ∈ C(XB) such that

|f(ξ)| > ∥b−1∥A and |f b̂| ⩽ 1 onXB.

This is possible because b̂(ξ) = 0. Then

∥b−1∥A < ∥f∥∞ = ∥Γ−1(f)∥B = ∥Γ−1(f)∥A
= ∥Γ−1(f)bb−1∥A
⩽ ∥Γ−1(f)b∥A∥b−1∥A
= ∥Γ−1(f)b∥B∥b−1∥A
= ∥f b̂∥∞∥b−1∥A ⩽ ∥b−1∥A,

a contradiction. Hence b is invertible in B.

Theorem 2.3.2 (Functional Calculus for Normal Elements). LetA be aC∗-algebra
and let a ∈ A be normal. Then there is an isometric ∗-algebra homomorphism

Γa : C(σ(a)) → A

such thatΓa(idσ(a)) = a.

Proof. Let B be the C∗-subalgebra of A generated by a. Since a is normal, B is
commutative. By Theorem 2.2.4, the Gelfand transform gives an isometric ∗-
isomorphism

Γ: B → C(XB).

Consider the continuous function

â : XB → σ(a); ξ 7→ ξ(a).

By Lemma 2.3.1, the spectrum of a is the same whether computed inA or in B.
ByTheorem 2.2.3, the image of â is exactly σ(a), so â is surjective.
We claim that â is also injective. Indeed, if two characters onB agree on a, then
they also agreeona∗, since characters are∗-homomorphisms in the commutative
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C∗-algebraB. AsB is generated by a and a∗, the two characters agree on a dense
∗-subalgebra of B, and by continuity they agree on all of B. Thus â is injective.
SinceXB is compact and σ(a) is Hausdorff, the continuous bijection â : XB →
σ(a) is a homeomorphism. Therefore pullback along â gives an isometric ∗-iso-
morphism

C(σ(a)) ∼= C(XB).

Composing this isomorphismwithΓ−1 : C(XB) → B ⊆ A gives the desiredmap

Γa : C(σ(a)) → A.

Under this composition, the identity function on σ(a) is first sent to â, and then
to a.

Remark2.3.3. For polynomial functions p ∈ C(σ(a)), the functional calculus sat-
isfiesΓa(p) = p(a), becauseΓa is an algebra homomorphismand sends the iden-
tity function to a. Thus Theorem 2.3.2 extends the usual polynomial calculus to
all continuous functions on the spectrum. We write

f(a) := Γa(f)

for f ∈ C(σ(a)). This applies, in particular, to bounded normal operators on
Hilbert spaces. △

2.4 Positive Elements inC∗-Algebras
In this section we define and study positive elements in C∗-algebras. Positivity
is one of the central order-theoretic features of C∗-algebras, and it admits sev-
eral equivalent descriptions. Throughout the section, A denotes a general C∗-
algebra.

Proposition 2.4.1. For a ∈ Asa, the following are equivalent:

(i) σ(a) ⊆ [0,∞).

(ii) a = b2 for some b ∈ Asa.

(iii) ∥t− a∥ ⩽ t for some, equivalently for every, real number t ⩾ ∥a∥.

In particular, everyC∗-algebra is Archimedean as a ∗-algebra.
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Proof. For (i)⇒(ii), use the functional calculus Γa : C(σ(a)) → A from Theo-
rem 2.3.2. Since a is self-adjoint, it is normal. If σ(a) ⊆ [0,∞), then the square-
root function is real-valued and continuous on σ(a). Define

b :=
√
a := Γa(

√
·) ∈ Asa.

Then
b2 = Γa(

√
·)2 = Γa(idσ(a)) = a.

For (ii)⇒(i), assume a = b2 with b ∈ Asa. Let B be the commutative C∗-
subalgebrageneratedby b. ByLemma2.3.1, the spectrumofa is the samewhether
computed inA or in B. Under the Gelfand transform for B, we have

â(ξ) = ξ(a) = ξ(b2) = ξ(b)2 ⩾ 0

for all ξ ∈ XB, since ξ(b) ∈ R for self-adjoint b. Hence σ(a) ⊆ [0,∞) by Theo-
rem 2.2.3.
For (i)⇔(iii), Corollary 2.1.8 gives

∥t− a∥ = max{|t− λ| | λ ∈ σ(a)}

for every real t. If t ⩾ ∥a∥, then σ(a) ⊆ [−t, t]. The inequality ∥t − a∥ ⩽ t is
therefore equivalent to |t − λ| ⩽ t for all λ ∈ σ(a), which is equivalent to λ ⩾ 0
for all λ ∈ σ(a).
Finally, if a ∈ Asa, then

σ(∥a∥ − a) = ∥a∥ − σ(a) ⊆ [0,∞).

Thus ∥a∥ − a is a square by (ii). This shows ∥a∥ − a ∈
∑

A2, and thereforeA is
Archimedean.

Definition 2.4.2. An element a ∈ Asa satisfying the equivalent conditions of
Proposition 2.4.1 is called positive. We write a ⩾ 0 for this. For self-adjoint ele-
ments a, b ∈ A, we write b ⩾ a if b − a ⩾ 0. The set of all positive elements is
denoted byA+. △

Example 2.4.3. (i) An element f ∈ C(X) is positive if and only if it is pointwise
nonnegative onX.
(ii) A matrixM ∈ Matd(C) is positive if and only if it is Hermitian and all its
eigenvalues are nonnegative; equivalently, ifM is positive semidefinite. △

Proposition 2.4.4. The following hold:
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(i) A+ is a convex cone inAsa.

(ii) For a ∈ A, the element−a∗a is positive if and only if a = 0.

(iii) Every a ∈ Asa can be written as

a = a+ − a−

with a+, a− ∈ A+, a+a− = a−a+ = 0, and

∥a∥ = max{∥a+∥, ∥a−∥}.

Proof. (i) Positive scalar multiples of positive elements are clearly positive. Let
a, b ∈ A+. By Proposition 2.4.1 (iii),

∥(∥a∥+ ∥b∥)− (a+ b)∥ ⩽ ∥∥a∥ − a∥+ ∥∥b∥ − b∥
⩽ ∥a∥+ ∥b∥.

Since ∥a∥ + ∥b∥ ⩾ ∥a + b∥, another application of Proposition 2.4.1 (iii) shows
that a+ b is positive. HenceA+ is a convex cone.
(ii) Suppose that−a∗a is positive. By Proposition 2.1.6 (v), the nonzero spectra
of−a∗a and−aa∗ agree, so−aa∗ is also positive. Writea = b+icwith b, c ∈ Asa.
Then

a∗a+ aa∗ = 2b2 + 2c2,

which is positive byProposition2.4.1 andpart (i). Since−aa∗ is positive, it follows
that

a∗a = (a∗a+ aa∗)− aa∗

is positive as well. Thus both a∗a and−a∗a are positive, so

σ(a∗a) ⊆ [0,∞) and σ(a∗a) ⊆ (−∞, 0].

Since the spectrum is nonempty, σ(a∗a) = {0}. By Corollary 2.1.8,

0 = ∥a∗a∥ = ∥a∥2,

and hence a = 0. The converse is immediate.
(iii) Apply the functional calculus to the self-adjoint element a. Let f = idσ(a) ∈
C(σ(a)), and define

f+(t) := max{t, 0}, f−(t) := max{−t, 0}.

Set a+ := Γa(f+) and a− := Γa(f−). Then a+, a− ∈ A+, a = a+ − a−, and
a+a− = 0 because f+f− = 0. The norm identity follows from

∥a∥ = ∥f∥∞ = max{∥f+∥∞, ∥f−∥∞} = max{∥a+∥, ∥a−∥}.
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Theorem 2.4.5. We haveA+ =
∑

A2. In particular, for every a ∈ A,

∥a∥ = min{r ∈ [0,∞) | r2 − a∗a ∈
∑

A2}.

Proof. By Proposition 2.4.1, every positive element is a square of a self-adjoint
element, andhencebelongs to

∑
A2. Since sumsofpositive elementsarepositive

by Proposition 2.4.4 (i), it remains only to show that each element of the form a∗a
is positive.
Write a∗a = b+ − b− as in Proposition 2.4.4 (iii). Since b+b− = b−b+ = 0, we
compute

−(ab−)
∗(ab−) = −b−a∗ab− = −b−(b+ − b−)b− = (b−)

3.

The element b− is positive, hence so is (b−)3 by functional calculus. By Proposi-
tion 2.4.4 (ii), this implies ab− = 0. Therefore (b−)3 = 0, and functional calculus
again gives b− = 0. Thus a∗a = b+ is positive.
Now r2−a∗a ∈

∑
A2 if and only if r2−a∗a is positive. Since a∗a is positive, this

is equivalent to r2 ⩾ ∥a∗a∥ = ∥a∥2. Hence the smallest such r ⩾ 0 is ∥a∥.

Remark2.4.6. Thepreceding theorem shows in particular that the normon aC∗-
algebra is determined by the underlying ∗-algebra structure. Indeed, if a given
unital ∗-algebra carries aC∗-norm, then for every element a this normmust sat-
isfy

∥a∥ = min{r ∈ [0,∞) | r2 − a∗a ∈
∑

A2}.

The right-hand side only refers to the algebraic operations and the involution.
Hence a ∗-algebra admits at most one norm that turns it into aC∗-algebra.

2.5 More Properties ofC∗-Algebras
Theorem2.5.1. Every unital ∗-algebra homomorphism betweenC∗-algebras is bounded
with operator norm 1. If it is injective, then it is isometric, i.e. norm-preserving.

Proof. Let π : A → B be a unital ∗-algebra homomorphism. If r2− a∗a ∈
∑

A2,
then

r2 − π(a)∗π(a) ∈
∑

B2.

ByTheorem 2.4.5, this implies ∥π(a)∥ ⩽ ∥a∥ for all a ∈ A. Hence π is bounded
and ∥π∥op ⩽ 1. Since our homomorphisms are unital, equality follows from
π(1) = 1.
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If π is injective, then π(A) carries twoC∗-norms: the norm transported fromA
via π, and the norm inherited from B. By the uniqueness of the C∗-norm on a
given ∗-algebra, these two norms coincide. Thus π is isometric.

Theorem 2.5.2 (Russo–Dye). The closed unit ball of a C∗-algebra is the closed convex
hull of its unitary elements, i.e. of the elements u satisfying u∗u = uu∗ = 1.

Proof. Every unitary element has norm one, since ∥u∥2 = ∥u∗u∥ = ∥1∥ = 1.
Hence the closed convex hull of the unitary elements is contained in the closed
unit ball.
For the converse, let a belong to the open unit ball. We first show that, for every
unitary element u, the element

b :=
1

2
(u+ a) =

1

2
u(1 + u∗a)

is a convex combination of unitaries. Since ∥u∗a∥ < 1, the element 1+ u∗a is in-
vertible by Proposition 2.1.6. Thus b is invertible and still belongs to the open unit
ball. By the polar decomposition from Exercise 14, write b = vp with v unitary
and p positive invertible, with ∥p∥ = ∥b∥ < 1.
Since 0 ⩽ p and ∥p∥ < 1, we have p ⩽ 1. Hence the element 1 − p2 is positive.
Thus 1 − p2 = q2 for some self-adjoint q which commutes with p by functional
calculus. Setw := p+ iq. Then

w∗w = p2 + q2 = 1,

and alsoww∗ = 1, sow is unitary. Moreover,

1

2
(w + w∗) = p and

1

2
(vw + vw∗) = vp = b.

Thus b is a convex combination of two unitaries.
Now choose any unitary a0. If ai is a convex combination of unitaries, say ai =∑
j λjuj, then

ai+1 :=
1

2
(ai + a) =

∑
j

λj
1

2
(uj + a)

is again a convex combination of unitaries by the previous paragraph. The se-
quence ai converges to a along the line segment from a0 to a. Hence every ele-
ment of the open unit ball lies in the closed convex hull of the unitary elements,
and the result follows by closure.
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Proposition 2.5.3. LetA be a C∗-algebra and let φ : A → C be a linear functional.
Thenφ is a state if and only if

φ(1) = 1 and ∥φ∥op ⩽ 1.

Proof. Ifφ is a state, thenφ(1) = 1 by definition. For a ∈ A,Theorem 2.4.5 gives

∥a∥2 − a∗a ∈
∑

A2,

hence φ(a∗a) ⩽ ∥a∥2. The Cauchy–Schwarz inequality for states yields

|φ(a)|2 ⩽ φ(a∗a) ⩽ ∥a∥2.

Thus ∥φ∥op ⩽ 1.
Conversely, assume φ(1) = 1 and ∥φ∥op ⩽ 1. For any a ∈ A, the element a∗a is
positive, and Proposition 2.4.1 gives

∥∥a∗a∥ − a∗a∥ ⩽ ∥a∗a∥.

Therefore
|∥a∗a∥ − φ(a∗a)| = |φ(∥a∗a∥ − a∗a)| ⩽ ∥a∗a∥.

Writing φ(a∗a) = r + iswith r, s ∈ R, this implies r ⩾ 0.
It remains to show s = 0. For λ ∈ R, set

b := a∗a− r − iλs.

Since a∗a− r is self-adjoint, we have

b∗b = (a∗a− r)2 + λ2s2.

Using ∥φ∥op ⩽ 1, we obtain

(1− λ)2s2 = |φ(b)|2 ⩽ ∥b∥2 = ∥b∗b∥ ⩽ ∥a∗a− r∥2 + λ2s2.

Hence
2λs2 + ∥a∗a− r∥2 − s2 ⩾ 0

for all real λ. This is possible only if s = 0. Thus φ(a∗a) = r ⩾ 0 for all a ∈ A, so
φ is a state.

Corollary 2.5.4. For every normal element a ∈ A,

conv(σ(a)) = {φ(a) | φ is a state onA} ⊆ B∥a∥(0).
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Proof. It is enough to prove the equality inside the commutativeC∗-algebra gen-
erated by a. Indeed, let B be this subalgebra. The spectrum of a is independent
of the ambient algebra by Lemma 2.3.1. Every state on A restricts to a state on
B. Conversely, if φ is a state on B, then Proposition 2.5.3 gives ∥φ∥op ⩽ 1, and
the Hahn–Banach theorem extends φ to a functional onA of the same norm. By
Proposition 2.5.3 again, this extension is a state onA.
Wemay therefore assumeA = C(X) for some compact Hausdorff spaceX. By
Example 2.1.5, σ(a) = a(X). By Theorem 1.4.6, the values of a under states are
precisely {∫

X

a dµ | µ is a probability measure onX
}
.

Point masses show that a(X) ⊆ {φ(a) | φ state}, and the latter set is convex
because the set of states is convex. Thus conv(σ(a)) is contained in the set of state
values.
Conversely, each integral

∫
X
a dµ is a limit of integrals of step functions, hence

a limit of finite convex combinations of values a(xi). Since σ(a) = a(X) is com-
pact, its convex hull is compact and therefore closed. Thus every such integral lies
in conv(σ(a)). The final inclusion in the closed ball of radius ∥a∥ follows from
Proposition 2.1.6.

Corollary 2.5.5. The coneA+ consists exactly of those self-adjoint elements that are non-
negative under every state. In particular,A+ is closed. If a ∈ A+, then

∥a∥ = max{φ(a) | φ is a state onA}.

Moreover, if 0 ⩽ a ⩽ b, then ∥a∥ ⩽ ∥b∥.

Proof. If a ∈ A+, then φ(a) ⩾ 0 for every state by the definition of states and
Theorem 2.4.5. Conversely, if a = a∗ and all states are nonnegative on a, then
Corollary 2.5.4 implies that σ(a) ⊆ [0,∞), hence a ∈ A+.
Since states are continuous by Proposition 2.5.3, the characterization by states
shows thatA+ is closed. If a ∈ A+, then Corollary 2.5.4 gives

∥a∥ = max{λ | λ ∈ σ(a)} ⩽ max{φ(a) | φ is a state} ⩽ ∥a∥,

proving the norm formula. Finally, if 0 ⩽ a ⩽ b, then φ(a) ⩽ φ(b) for every
state φ. Taking maxima over all states and using the norm formula yields ∥a∥ ⩽
∥b∥.
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2.6 Classification of GeneralC∗-algebras
We have seen that closed ∗-subalgebras of B(H) are C∗-algebras. We can now
show that these are actually all examples.

Theorem 2.6.1. For eachC∗-algebraA, the representation π : A → B(H) fromTheo-
rem 1.4.18 is injective. SoA is isomorphic to a closed ∗-subalgebra ofB(H).

Proof. InProposition 2.4.1wehave seen thatA is Archimedean, soTheorem1.4.18
applies. For injectivity we need to show that for every 0 ̸= a ∈ A there exists a
state φ with φ(a∗a) ̸= 0. From the C∗-identity it follows that a∗a ̸= 0. So by
Corollary 2.1.8 there is some 0 ̸= λ ∈ σ(a∗a), and by Corollary 2.5.4 there is a
state with φ(a∗a) = λ ̸= 0.
NowA is isomorphic to π(A) ⊆ B(H), and from completeness we obtain that
π(A) is closed in B(H).

Remark2.6.2. Wenowknowthat everyC∗-algebra is, up to isomorphism, aclosed
subalgebra of someB(H). So onemight ask why we did not just define them like
that, and thus get rid of all the hassle with the above proofs. One reason is that
we can often construct C∗-algebras easier in an abstract way, without having a
concrete embedding into B(H). For example, given any Archimedean ∗-algebra
A, we define a seminorm by

∥a∥ := inf{r ⩾ 0 | r2 − a∗a ∈
∑

A2}.

After modding out the space of elements of seminorm zero and completing, we
obtain aC∗-algebra. See Exercise 15 for an interesting example. △

2.7 Positive and Completely PositiveMaps
Throughout this section, let A and B always be C∗-algebras. So far, the maps
between them have been (isometric) ∗-algebra homomorphisms, which preserve
all of the available structure. We nowweaken this notion in a way that is still rich
enough for many applications, especially in quantum theory. The resultingmaps
are called positive and completely positive.

Definition 2.7.1. A positivemap is a ∗-linear map ψ : A → B that maps positive
elements to positive elements, i.e. satisfies

ψ (A+) ⊆ B+.

Positive maps form a convex cone. △
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Remark 2.7.2. Thedefinition of positive elements in aC∗-algebra still usesmuch
of the algebraic structure. Thus positive maps need not preserve multiplication,
but theypreserve substantiallymore structure thanmerely theBanachspace struc-
ture.

Example 2.7.3. (i) States are positive maps φ : A → C.
(ii) Every ∗-algebra homomorphism π : A → B is a positive map. This follows
immediately from π(a∗a) = π(a)∗π(a).
(iii) For every V ∈ Matd,e(C)we obtain a positive map

ψ : Matd(C) → Mate(C)
M 7→ V ∗MV.

(iv) Transposition τ : Matd(C) → Matd(C);M 7→M t is a positive map. △

Proposition 2.7.4. Positive maps betweenC∗-algebras are bounded.

Proof. Every element a ∈ A can be written as

a = a1 − a2 + ia3 − ia4

with positive elements ai and ∥ai∥ ⩽ ∥a∥, see Exercise 19. It is therefore enough
to show boundedness on positive elements. If a ∈ A+, then both a and ∥a∥ − a
are positive, so

0 ⩽ ψ(a) ⩽ ∥a∥ψ(1).
By Corollary 2.5.5, this implies ∥ψ(a)∥ ⩽ ∥ψ(1)∥∥a∥.

Beforewe candefine an important strengthening of positivity formaps,weneed
the following observation. The algebraic tensor product fulfills

Mats(C)⊗ B(H) ∼= Mats(B(H)) ∼= B(Hs).

The first isomorphism identifies (aij)i,j ⊗ L with (aijL)i,j, and the second lets
a matrix of operators act on Hs by matrix multiplication and then applying the
operators. SinceB(Hs) is aC∗-algebra, this equipsMats(C)⊗B(H)with aC∗-
algebra structure. Furthermore, if A is an arbitrary C∗-algebra, we can realize
A ⊆ B(H) for some Hilbert spaceH and obtain

Mats(C)⊗A ⊆ Mats(C)⊗ B(H),

which also makes it a C∗-algebra. Since the norm in a C∗-algebra is unique, it
does not matter which embeddingA ⊆ B(H) we choose, i.e. we can use one of
the intrinsic definitions of the norm.
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Example 2.7.5. LetX be a compact Hausdorff space and

F = (fij)i,j ∈ Mats(C(X)) = Mats(C)⊗ C(X).

Then F is invertible inMats(C(X)) if and only if each F (x) = (fij(x))i,j is in-
vertible inMats(C), for x ∈ X.This is true since the inverse of a complex matrix
depends continuously on the matrix entries. Thus

σ(F ) =
⋃
x∈X

σ(F (x)),

and in particular, F is positive if and only if all F (x) are positive semidefinite.
This also gives theC∗-norm onMats(C(X)). We have

∥F∥ = max{∥F (x)∥ | x ∈ X},

where we use the norm in theC∗-algebraMats(C). △

Lemma 2.7.6. Every positive element inMats(C)⊗A = Mats(A) is a sum of at most
s elements of the form

(a∗i aj)i,j

with a1, . . . , as ∈ A.

Proof. Every positive element is of the form A∗A for some A ∈ Mats(A). Let
ak1, . . . , aks be the elements in the k-th row ofA and observe that

A∗A =
s∑

k=1

(a∗kiakj)i,j.

Definition 2.7.7. A ∗-linear map ψ between two C∗-algebras A and B is called
s-positive if

ids ⊗ ψ : Mats(C)⊗A → Mats(C)⊗ B

is positive. It is called completelypositive if it is s-positive for all s ⩾ 1. The set of
completely positivemaps is a convex subcone of the cone of all positivemaps. △

Remark 2.7.8. (i) Under the identificationMats(C) ⊗ A = Mats(A), the map
ids ⊗ ψ is the map that applies ψ to each matrix entry.
(ii) Since smaller matrices can be embedded into larger matrices in a positivity-
preserving way, s-positivity implies (s− 1)-positivity.
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Remark 2.7.9. There are several reasons why completely positive maps are im-
portant. First, positive maps are difficult to describe or classify in general, while
completely positive maps are often much more tractable; see for example Corol-
lary 2.7.15 below. Second, tensor products of C∗-algebras are not functorial for
positive maps: the tensor product of two positive maps need not be positive. Al-
though we have not introduced tensor products ofC∗-algebras in full generality,
this phenomenon already appears for matrix algebras; see Example 2.7.11 below.
Third, thisobstructionhasanatural physical interpretation. Positivity-preserving
maps describe operations on quantum systems (see Section 4.1), and a composite
system is described by a tensor product. If an operation ψ is applied only to one
part of such a system, while the other part is left unchanged, it should again be
positive. This requirement leads naturally to complete positivity. △

Example 2.7.10. (i) Every ∗-homomorphism π : A → B is completely positive.
This is because ids ⊗ π is again an ∗-homomorphism, and thus positive.
(ii) Maps of the form ψ : M 7→ V ∗MV as in Example 2.7.3(iii) are completely
positive. This is because

ids ⊗ ψ : Mats(C)⊗Matd(C) → Mats(C)⊗Mate(C)

is again of the same type,X 7→ (Is ⊗ V )∗X(Is ⊗ V ), and thus positive. △

Example 2.7.11. The transposition map τ : Mats(C) → Mats(C) is positive but
not completely positive if s ⩾ 2. To see this, consider the positive semidefinite
matrix

E :=
s∑

i,j=1

Eij ⊗ Eij =

(
s∑
i=1

ei ⊗ ei

)(
s∑
i=1

ei ⊗ ei

)∗

inMats(C)⊗Mats(C) = Mats2(C). For s = 2, for example, we have

E =


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 .

We compute
(ids ⊗ τ)(E) =

∑
i,j

Eij ⊗ Eji,
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and this matrix is not positive semidefinite, for example since the (2, 2)-entry is
zero, but the (2, s+ 1)-entry is 1. For s = 2, this gives

(ids ⊗ τ)(E) =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

Themap ids ⊗ τ is called the partial transposition and is denoted by Γ. △

Theorem 2.7.12. IfA orB is commutative, then every positive mapψ : A → B is com-
pletely positive.

Proof. First assume thatA is commutative. In view of Theorem 2.2.4 we can as-
sume A = C(X) for some compact Hausdorff space X. Let F ∈ Mats(C) ⊗
A = Mats(C(X)) be positive, which means that for each x ∈ X the matrix
F (x) ∈ Mats(C) is positive semidefinite, see Example 2.7.5. We have to show
that (ids ⊗ ψ)(F ) ∈ Mats(B) is positive. Fix some ε > 0.We can find a finite
covering ofX by open setsUi, and positive semidefinite matricesPi ∈ Mats(C),
such that

∥F (x)− Pi∥ ⩽ ε

for allx ∈ Ui.Wechoosea continuouspartitionofunity subordinate to that cover,
i.e. a collection of continuousmaps ui : X → [0, 1]with

∑
i ui = 1 and ui(x) = 0

for x /∈ Ui. For every x ∈ X we then have

∥F (x)−
∑
i

ui(x)Pi∥ ⩽ ε,

which means that ∥F −
∑

i uiPi∥ ⩽ ε inMats(C(X)). From

(ids ⊗ ψ)

(∑
i

uiPi

)
=
∑
i

ψ(ui)Pi

andpositivityofψwesee that this is apositive element inMats(B).Sinceψ is con-
tinuous byProposition 2.7.4, so is ids⊗ψ. Thus (ids⊗ψ)(F ) canbe approximated
arbitrarily well by positive elements, and is thus itself positive, by Corollary 2.5.5.
Now assume that B is commutative, say B = C(X). Since positivity of G ∈
Mats(C(X)) means positivity of each G(x), it is enough to show that φ ◦ ψ is
completely positive for each positive functionalφ onB, so we have reduced to the
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caseB = C.So letφ : A → C be a positive linear functional and letA ∈ Mats(A)
be positive. In view of Lemma 2.7.6 it is enough to assume A = (a∗i aj)i,j. For
v ∈ Cs we now have

v∗(ids ⊗ φ)(A)v = v∗(φ(a∗i aj))i,jv =
∑
i,j

vivjφ(a
∗
i aj)

= φ

(∑
i,j

vivja
∗
i aj

)

= φ

((∑
i

viai

)∗(∑
i

viai

))
.

This is a nonnegative real number, by positivity ofφ. So (ids⊗φ)(A) is a positive
semidefinite matrix, ids ⊗ φ thus a positive map, and therefore φ is completely
positive.

In the following result we use the matrix

E =
d∑

i,j=1

Eij ⊗ Eij ∈ Matd(C)⊗Matd(C) = Matd2(C)

that we have already encountered in Example 2.7.11. We have seen that it is posi-
tive semidefinite and of rank 1.

Theorem 2.7.13. Letψ : Matd(C) → B be a ∗-linear map betweenC∗-algebras. Then
the following are equivalent:

(i) ψ is completely positive.

(ii) ψ is d-positive.

(iii) (idd ⊗ ψ)(E) =
∑d

i,j=1Eij ⊗ ψ(Eij) = (ψ(Eij))i,j is positive inMatd(B).

Proof. The only nontrivial direction is “(iii)⇒(i)”. So let s ⩾ 1 be arbitrary. In
view ofTheorem 2.6.1 we can assumeB = B(H), and in view of Lemma 2.7.6 we
must show that

(ψ(M∗
iMj))i,j ∈ Mats(B) = B(Hs)

is positive, for allM1, . . . ,Ms ∈ Matd(C).WriteMi =
∑d

r,t=1mirtErt and com-
pute

M∗
iMj =

d∑
k=1

d∑
r,t=1

mikrmjktErt.
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Now let h = (h1, . . . , hs)
t ∈ Hs be arbitrary and compute〈

(ψ(M∗
iMj))i,j h, h

〉
=
∑
i,j,k,r,t

mikrmjkt⟨ψ(Ert)hj, hi⟩

=
∑
k,r,t

〈
ψ(Ert)

∑
j

mjkthj︸ ︷︷ ︸
=:gkt

,
∑
i

mikrhi︸ ︷︷ ︸
gkr

〉

=
∑
k

〈
(ψ(Ert))r,t gk, gk

〉
,

where gk = (gk1, . . . , gkd)
t ∈ Hd. By assumption (iii), each of the terms in the

last sum is nonnegative, proving the claim.

Definition 2.7.14. For a linear map ψ : Matd(C) → B, the matrix

(idd ⊗ ψ)(E) =
d∑

i,j=1

Eij ⊗ ψ(Eij) = (ψ(Eij))i,j ∈ Matd(B)

is called the Choi matrix of ψ. This is very similar to the representing matrix
of a linear map from linear algebra, but slightly differently arranged. So Theo-
rem 2.7.13 states that amap is completely positive if and only if its Choi matrix is
positive. △

Corollary 2.7.15 (Choi–Kraus Decomposition). For every completely positive map
ψ : Matd(C) → Mate(C) there existV1, . . . , Vr ∈ Matd,e(C) such that

ψ(M) =
r∑
i=1

V ∗
i MVi

for allM ∈ Matd(C).

Proof. We know that the Choi matrix

C =
∑
i,j

Eij ⊗ ψ(Eij) = (ψ(Eij))i,j ∈ Matde(C)

is positive semidefinite, so it can be written as a finite sum of elements vv∗ with
v ∈ Cde = Cd ⊗ Ce. Since the sum just comes out of all of the following com-
putations, we ignore it for better readability and assume C = vv∗. Write v =
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∑d
i=1 ei ⊗ yi ∈ Cd ⊗ Ce, which implies ψ(Eij) = yiy

∗
j for all i, j. Now write

M =
∑

i,jmijEij ∈ Matd(C) and compute

ψ(M) =
∑
i,j

mijψ(Eij)

=
∑
i,j

mijyiy
∗
j

= V ∗MV

where V ∈ Matd,e(C) is the matrix with rows y∗1, . . . , y∗d.

Remark 2.7.16. The number of matrices Vi can be chosen to be the number of
rank-one summands vv∗ needed to represent the Choi matrix of ψ, namely its
rank. In particular, it is bounded by de. △

Remark 2.7.17. Before we study maps intoMatd(C), we recall a fact from linear
algebra. If X, Y are vector spaces and Y is finite-dimensional, there is an iso-
morphism

Lin(X, Y ) ∼= Lin(Y ′ ⊗X,C).

Explicitly, from left to right a linear map ψ : X → Y is identified with the func-
tional

φψ : Y
′ ⊗X → C∑

i

fi ⊗ xi 7→
∑
i

fi(ψ(xi)).

For the other direction we fix a basis y1, . . . , yd of Y and denote the dual basis of
Y ′ by y′1, . . . , y′d.Then a functional φ on Y ′ ⊗X is identified with the linear map

ψφ : X → Y

x 7→
∑
i

φ(y′i ⊗ x)yi.

These two constructions are inverse to eachother andprovide thedesired isomor-
phism. △

Example 2.7.18. We will use this in the case that X = A is a C∗-algebra and
Y = Matd(C).We identify Matd(C) with its dual space via the inner product
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⟨M,N⟩ := tr(N∗M).Then, given a linear map ψ : A → Matd(C),we obtain the
functional

φψ : Matd(C)⊗A = Matd(A) → C∑
i,j

Eij ⊗ aij = (aij)i,j 7→
∑
i,j

tr(E∗
ijψ(aij)) =

∑
i,j

ψ(aij)ij.

Wewill use this in the following. △
Theorem 2.7.19. Letψ : A → Matd(C) be a ∗-linear map betweenC∗-algebras. Then
the following are equivalent:

(i) ψ is completely positive.

(ii) ψ is d-positive.

(iii) φψ is a positive functional onMatd(A).

Proof. “(i)⇒(ii)” is trivial. For “(ii)⇒(iii)” observe that

φψ ((aij)i,j) =
∑
i,j

ψ(aij)ij =
∑
i,j

e∗iψ(aij)ej

=
∑
i

e∗i

(∑
j

ψ(aij)ej

)
=
〈
(ψ(aij))i,j e, e

〉
where e =

∑d
i=1 ei⊗ei ∈ Cd⊗Cd = Cd2 .Thusd-positivity ofψ implies positivity

of φψ.
For “(iii)⇒(i)” fix s ⩾ 1 and A = (a∗i aj)i,j ∈ Mats(A) positive. Take v =∑s
i=1 ei ⊗ vi ∈ Csd = Cs ⊗ Cd and write vi =

∑d
k=1 λikek ∈ Cd. We now have

v∗ (ψ(a∗i aj))i,j v =
∑
i,j

v∗iψ(a
∗
i aj)vj

=
∑
i,j,k,ℓ

λikλjℓe
∗
kψ(a

∗
i aj)eℓ

=
∑
k,ℓ

e∗kψ

((∑
i

λikai

)∗∑
i

λiℓai

)
eℓ

= φψ ((b
∗
kbℓ)k,ℓ) ⩾ 0,

where bk =
∑

i λikai.
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Remark 2.7.20. The fact that d-positivity implies positivity also holds for maps
intomatrices over arbitrary commutativeC∗-algebras. Indeed, ifB = C(X) and

ψ : A → Matd(B) = Matd(C(X))

is ∗-linear, then positivity inMats(Matd(C(X))) can be checked pointwise onX.
Thus ψ is completely positive if and only if each map

ψx : A → Matd(C), a 7→ ψ(a)(x)

is completely positive. By the preceding theorem, this is already equivalent to d-
positivity of all ψx, and hence to d-positivity of ψ. △

Completely positive maps also have a useful characterization in terms of repre-
sentations. The following result generalizes both the Choi–Kraus decomposition
and the GNS construction.

Theorem 2.7.21 (Stinespring’s Dilation Theorem). Let ψ : A → B(H) be a com-
pletely positive map. Then there is a Hilbert spaceK , a ∗-representation π : A → B(K),
and a bounded linear mapV : H → K, such that

ψ(a) = V ∗π(a)V

for all a ∈ A.

Proof. On the vector space tensor productA⊗H we define a Hermitian bilinear
form by

⟨a⊗ g, b⊗ h⟩ := ⟨ψ(b∗a)g, h⟩,

extended by bilinearity. From complete positivity of ψ we obtain that this is pos-
itive semidefinite. Indeed,〈

s∑
i=1

ai ⊗ hi,
s∑
i=1

ai ⊗ hi

〉
=

s∑
i,j=1

⟨ψ(a∗i aj)hj, hi⟩

=
∑
i

〈∑
j

ψ(a∗i aj)hj, hi

〉
= ⟨(ids ⊗ ψ) ((a∗i aj)i,j)h, h⟩,

where h = (h1, . . . , hs)
t ∈ Hs. Since (a∗i aj)i,j ∈ Mats(A) is a square and thus

positive, we see that this is a nonnegative number.
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For every positive semidefinite Hermitian bilinear form, the set of elements of
norm 0 is a subspaceN ⊆ A ⊗ H, and if we pass to (A ⊗ H)/N , the bilinear
form becomes a well-defined inner product. We denote byK the completion of
(A⊗H)/N with respect to this inner product.
For a ∈ A,we define a linear mapma onA⊗H by

ma

(∑
i

ai ⊗ hi

)
:=
∑
i

aai ⊗ hi.

InAwe have ∥a∗a∥ − a∗a ⩾ 0, and thus ∥a∗a∥Is − a∗aIs ⩾ 0 inMats(A). This
implies that

∥a∗a∥(a∗i aj)i,j − (a∗i a
∗aaj)i,j ⩾ 0

inMats(A) and thus

∥a∗a∥(ψ(a∗i aj))i,j − (ψ(a∗i a
∗aaj))i,j ⩾ 0

inMats(B(H)). It follows that∥∥∥∥∥ma

(∑
i

ai ⊗ hi

)∥∥∥∥∥
2

⩽ ∥a∗a∥

∥∥∥∥∥∑
i

ai ⊗ hi

∥∥∥∥∥
2

.

This implies thatma is well-defined and bounded on (A ⊗ H)/N , actually with
∥ma∥op ⩽

√
∥a∗a∥ = ∥a∥. Thusma extends uniquely to a bounded linear oper-

ator π(a) onK with ∥π(a)∥op ⩽ ∥a∥.We have therefore constructed a bounded
∗-representation

π : A → B(K).

We now define

V : H → K

h 7→ 1⊗ hmodN

and compute

∥V h∥2 = ⟨1⊗ h, 1⊗ h⟩ = ⟨ψ(1∗1)h, h⟩ ⩽ ∥ψ(1)∥∥h∥2.

So V is bounded. Finally, we have

⟨V ∗π(a)V h1, h2⟩ = ⟨a⊗ h1, 1⊗ h2⟩ = ⟨ψ(a)h1, h2⟩

for all h1, h2 ∈ H.This implies V ∗π(a)V = ψ(a) in B(H), and the proof is com-
plete.
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Example 2.7.22. A projectivemeasurement in quantum information consists of
orthogonal projectionsP1, . . . , Pm ∈ B(H)withP1+ · · ·+Pm = idH .A positive
operator valuedmeasurement (POVM) is a generalization, consisting of positive
semidefinite operators Q1, . . . , Qm ∈ B(H) with Q1 + · · · + Qm = idH . For a
given POVMwe consider the ∗-linear map

Q : Cm = C({1, . . . ,m}) → B(H)

ei 7→ Qi

between C∗-algebras, which is positive and thus completely positive. By Theo-
rem 2.7.21 we get a ∗-representation π : Cm → B(K) and V : H → K with

Qi = V ∗π(ei)V

for i = 1, . . . ,m. Since e∗i = e2i = ei and e1 + · · · + em = 1 holds in Cm =
C({1, . . . ,m})we see that the Pi := π(ei) define a projective measurement. This
is known as Naimark’s Dilation Theorem: every POVM dilates to a projective mea-
surement. Note that ifH is finite-dimensional, i.e. theQi are matrices, thenK
is finite-dimensional as well (this follows from the proof of Theorem 2.7.21), and
hence the Pi are matrices too. △

Example 2.7.23. We demonstrate how to recover the Choi–Kraus representation
from Corollary 2.7.15 from Stinespring’s DilationTheorem.
Letψ : Matd(C) → Mate(C)be completelypositive. TheproofofTheorem2.7.21
shows that the spaceK is finite-dimensional if bothA andH are. Thuswe obtain
a ∗-representation π : Matd(C) → Matt(C), for which we can assume t = ds
and π = idd ⊕ · · · ⊕ idd, by Theorem 1.4.9. The linear map V : Ce → Cds =
Cd ⊕ · · · ⊕ Cd is thus of the form V = (V1, . . . , Vs)with Vi : Ce → Cd and

ψ(M) = V ∗π(M)V = V ∗(M ⊕ · · · ⊕M)V =
∑
i

V ∗
i MVi. △



Chapter 3

Operator Systems

We now pass from algebras of operators to linear spaces of operators. This is a
genuine weakening: multiplication will usually be lost, but the involution, the
unit, and the order structure coming from positivity remain. These remaining
structures are still rich enough to support a useful theory of positive and com-
pletely positive maps.
Abasic sourceof such spaces is compression. LetA ⊆ B(H)beaC∗-algebra and
letK ⊆ H be a closed subspace. If P : H → K is the orthogonal projection and
P ∗ : K → H the inclusion, then an operator T ∈ A restricts toK as PTP ∗ ∈
B(K). Hence

PAP ∗ := {PTP ∗ | T ∈ A} ⊆ B(K).

In general this space is no longer closedundermultiplication, and therefore is not
a C∗-algebra. It is, however, closed under adjoints and contains the identity on
K, so it is an example ofwhatwewill call an operator system. Anothermotivation
will appear later in Section 4.2.
We first define operator systems concretely as subspaces of C∗-algebras. Later
we give an intrinsic axiomatic description and show that the two points of view
agree.

3.1 Concrete Operator Systems

Definition 3.1.1. A (concrete) operator system is a unital ∗-subspace of a C∗-
algebra, i.e. a subspace

S ⊆ A

49



50 CHAPTER 3. OPERATOR SYSTEMS

that is closed under the involution and contains 1. By Theorem 2.6.1, we may
equivalently viewaconcreteoperator systemasaunital∗-subspaceof someB(H).
We set

Ssa := {s ∈ S | s∗ = s}. △

Throughout this section, S and T denote operator systems, whileA and B de-
noteC∗-algebras.

Example 3.1.2. Let A ⊆ B(H) be a C∗-algebra and let P : H → K be the or-
thogonal projection onto a closed subspace. Then PAP ∗ ⊆ B(K) is an operator
system. △

What makes such subspaces special, compared to arbitrary vector spaces with
involution, is the positivity inherited from the ambientC∗-algebra.

Definition 3.1.3. (i) For an operator system S ⊆ Awe define

S+ := S ∩ A+

andcall its elements thepositiveelementsofS.This is a closed convex cone inSsa,
with respect to the norm inherited fromA, and it has algebraic interior point 1.
(ii) For every s ⩾ 1we have

Mats(C)⊗ S = Mats(S) ⊆ Mats(A)

and we set
S(s)
+ := Mats(S) ∩Mats(A)+. △

Definition 3.1.4. Let S ⊆ A and T ⊆ B be operator systems. A ∗-linear map
ψ : S → T is called s-positive if

(ids ⊗ ψ)
(
S(s)
+

)
⊆ T (s)

+

holds. It is called completely positive if it is s-positive for all s ⩾ 1. △

Proposition 3.1.5. Positive maps between operator systems are bounded. Ifφ : S → C
is a positive functional, then ∥φ∥op = φ(1).

Proof. The proof of boundedness is the same as for Proposition 2.7.4, using the
decomposition fromExercise 24 insteadofExercise 19. Nowassumeφ : S → C is
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a positive functional. For s ∈ Ssawehave ∥s∥−s ∈ S+ and thusφ(s) ⩽ ∥s∥φ(1).
For general s ∈ S choose θ ∈ [0, 2π)with |φ(s)| = eiθφ(s) and consider

s̃ := eiθs = s1 + is2 ∈ S

with s1, s2 ∈ Ssa and ∥si∥ ⩽ ∥s̃∥ = ∥s∥.Then

R ∋ |φ(s)| = φ(s̃) = φ(s1)︸ ︷︷ ︸
∈R

+i φ(s2)︸ ︷︷ ︸
∈R

= φ(s1) ⩽ ∥s1∥φ(1) ⩽ ∥s∥φ(1),

by what we have just shown. This proves the claim.

Proposition 3.1.6. Let S ⊆ A be an operator system and let φ : S → C be a positive
functional. Thenφ extends to a positive functional φ̃ : A → C.

Proof. If φ = 0, there is nothing to prove. Otherwise, after positive scaling, we
may assume φ(1) = 1, and hence ∥φ∥op = 1 by Proposition 3.1.5. By the Hahn–
Banach theorem there is an extension to a functional φ̃ onAwith ∥φ̃∥ = ∥φ∥ =
1. Since also φ̃(1) = 1, Proposition 2.5.3 implies that φ̃ is positive.

The following important result allows us to transfermany facts about completely
positive maps fromC∗-algebras to operator systems.

Theorem3.1.7 (Arveson’s ExtensionTheorem). LetS ⊆ A be an operator system and
ψ : S → B(H) a completely positive map. Then ψ extends to a completely positive map
ψ̃ : A → B(H).

A
ψ̃

""
S

⊆

ψ // B(H)

.

If dim(H) = d <∞, then d-positivity ofψ already implies complete positivity.

Proof. First assume dim(H) = d < ∞, so B(H) = Matd(C).Themap ψ : S →
Matd(C) corresponds to a functional φψ : Matd(S) → C as described in Re-
mark 2.7.17. The same proof as inTheorem 2.7.19 shows that d-positivity ofψ im-
plies positivity of φψ. SinceMatd(S) ⊆ Matd(A) is an operator system, Propo-
sition 3.1.6 guarantees the existence of a positive extension φ̃ψ : Matd(A) → C,
which, byTheorem2.7.19, gives rise toa completelypositivemap ψ̃ : A → Matd(C).
Since φ̃ψ extends φψ, the correspondingmap ψ̃ extends ψ.
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Now in the general case consider the orthogonal projection P : H → K onto a
finite-dimensional subspaceK ⊆ H, and the compressed map

ψK : S → B(K)

s 7→ Pψ(s)P ∗,

which is still completely positive. By the finite-dimensional case, ψK has a com-
pletely positive extension toA. We then view this extension as a map into B(H)
by letting its values act as zero onK⊥. We denote this extension by

ψ̃K : A → B(H).

Theproof of Proposition 2.7.4 shows that the operator norms of themaps ψ̃K are
bounded only in terms of

∥ψ̃K(1)∥ = ∥ψK(1)∥ = ∥Pψ(1)P ∗∥ ⩽ ∥ψ(1)∥.

Thus, asK ranges over all finite-dimensional subspaces of H, the maps ψ̃K re-
main bounded in operator norm.
Now consider the coarsest vector space topology onB(A,B(H)) that makes the
functionals

ψ 7→ ⟨ψ(a)h1, h2⟩
continuous, for all a ∈ A, h1, h2 ∈ H. It can be shown that this is actually a
weak∗-topology 1, forwhich closedballs inoperatornormare compact byBanach-
Alaoglu. Thus the net of all ψ̃K , where K ranges through all finite-dimensional
subspaces, has a subnet that converges to some ψ̃ ∈ B(A,B(H)). By the defini-
tion of the topology, the limit map ψ̃ is completely positive and extends ψ.

Corollary 3.1.8. Let S ⊆ Matd(C) be an operator system, and let ψ : S → Mate(C)
be a completely positive map. Then there existV1, . . . , Vr ∈ Matd,e with

ψ(M) =
∑
j

V ∗
j MVj

for allM ∈ S.

Proof. ByTheorem 3.1.7, ψ extends to a completely positive map onMatd(C), to
which Corollary 2.7.15 applies.

1Thepair (h1, h2) corresponds to the rank one operatorh 7→ ⟨h, h1⟩h2 onH, the closed linear
span of those are called trace class operators onH, and for the correct notion of tensor product,
B(A,B(H)) is the dual ofA ⊗ TC(H). The weak∗-topology is then exactly the one we consider
here.
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3.2 Abstract Operator Systems
We now define operator systems intrinsically, without first choosing an embed-
ding into aC∗-algebra. Themain result of this section is that this abstract notion
is equivalent to the concrete one from the previous section.

Remark 3.2.1. Let S be a C-vector space with involution ∗. As usual, we denote
by Ssa = {s ∈ S | s∗ = s} the real subspace of self-adjoint elements. The space
Mats(C)⊗ S = Mats(S) carries the canonical involution, given entrywise by

(sij)
∗
i,j

:=
(
s∗ji
)
i,j
.

WewriteHers(S) for the self-adjoint elements inMats(S); equivalently,Hers(S) =
Hers(C)⊗ Ssa. △

Definition 3.2.2. LetC ⊆ X be a convex cone in the real vector spaceX. A point
u ∈ C is an algebraic interior point or order unit ofC if, for every x ∈ X, there
exists ε > 0 such that u − εx ∈ C. Equivalently, λu − x ∈ C for all sufficiently
large λ > 0. △

Remark3.2.3. Algebraic interior points coincidewith interior pointswith respect
to the finest locally convex topology onX. If u ∈ C is such an interior point, then
the closure of C consists of all points x ∈ X such that x + εu ∈ C holds for all
ε > 0. △

Definition 3.2.4. LetS be aC-vector spacewith involution. An abstract operator
system onS consists of a closed convex cone

S(s)
+ ⊆ Hers(S)

for each s ⩾ 1, such that:

(i) S(1)
+ ⊆ Ssa has an algebraic interior point and satisfiesS(1)

+ ∩−S(1)
+ = {0}.

(ii) For all s, t ⩾ 1, Q ∈ Mats,t(C) andA ∈ S(s)
+ we haveQ∗AQ ∈ S(t)

+ .

If (S(s)
+ )s⩾1 and (T (s)

+ )s⩾1 are abstract operator systems onS and T , respectively,
then a ∗-linear map ψ : S → T is called completely positive if ids ⊗ ψmaps S(s)

+

to T (s)
+ , for all s ⩾ 1. △



54 CHAPTER 3. OPERATOR SYSTEMS

Remark 3.2.5. Under the identificationMats(S) = Mats(C)⊗ S, condition (ii)
says that the compressionsA 7→ Q∗AQ are positive with respect to the family of
cones. This is thematrix-level analogue of taking conic combinations, so abstract
operator systems are closely related to noncommutative ormatrix convex cones.
In particular, since every positive semidefinite matrix P ∈ Mats(C)+ is a sum
P =

∑
i viv

∗
i with vi ∈ Cs, condition (ii) implies that for every a ∈ S(1)

+ we have

P ⊗ a =
∑
i

viav
∗
i ∈ S(s)

+ ,

where viav∗i denotes the matrix with (k, ℓ)-entry (vi)ka(vi)ℓ. △

Lemma 3.2.6. Given an abstract operator system and an algebraic interior point u ∈
S(1)
+ , the point

u(s) := Is ⊗ u = diag(u, . . . , u) ∈ Hers(S)

is an algebraic interior point ofS(s)
+ for all s ⩾ 1.Furthermore,S(s)

+ ∩−S(s)
+ = {0}holds

for all s ⩾ 1.

Proof. First note that, by Remark 3.2.5, u(s) indeed belongs to S(s)
+ . Now let A ∈

Hers(S) be arbitrary, and write it asA =
∑n

i=1Mi ⊗ si withMi ∈ Hers(C) and
si ∈ Ssa. Since u ∈ S(1)

+ is an algebraic interior point, choose λ > 0 such that
λu ± si ∈ S(1)

+ for all i, and writeMi = Pi − Qi as a difference of two positive
semidefinite matrices. Then∑
i

(Pi +Qi)⊗ λu−
∑
i

Mi⊗ si =
∑
i

Pi⊗ (λu− si) +Qi⊗ (λu+ si) ∈ S(s)
+ ,

again by Remark 3.2.5. Thus if γ ⩾ 0 is large enough to ensure

γIs −
∑
i

(Pi +Qi) ⩾ 0,

then

γλ (Is ⊗ u)−A =
∑
i

(Pi+Qi)⊗λu−A+

(
γIs −

∑
i

(Pi +Qi)

)
⊗λu ∈ S(s)

+ .

This shows that Is ⊗ u is indeed an algebraic interior point of S(s)
+ .
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Now assumeA,−A ∈ S(s)
+ , and writeA =

∑
iMi ⊗ si withMi ∈ Hers(C) and

si ∈ Ssa linearly independent. Then for all v ∈ Cs we have

±v∗Av = ±
∑
i

v∗Miv · si ∈ S(1)
+ ,

thus
∑

i v
∗Miv ·si = 0, and linear independence implies v∗Miv = 0 for all i. This

is only possible if allMi and thusA are zero.

Remark 3.2.7. In view of Lemma 3.2.6, closedness of the conesS(s)
+ can be under-

stood either with respect to the finest locally convex topology, or algebraically as
explained in Remark 3.2.3. △

Example 3.2.8. Every concrete operator system S ⊆ A can be viewed as an ab-
stract operator system. Indeed, it comes equippedwith the conesS(s)

+ fromDefi-
nition 3.1.3 (ii), and these satisfy the axiomsabove. Inparticular, eachC∗-algebra
can be understood as an abstract operator system. △

Example 3.2.9. Let C ⊆ Ssa be a closed convex cone with nonempty interior.
Then there are several ways to construct an abstract operator system structure
with S(1)

+ = C.

The smallest one is obtained by applying all operations allowed by condition (ii)
to elements ofC, cf. Remark 3.2.5. This yields

S(s)
+ =

{∑
i

Pi ⊗ ci | Pi ∈ Mats(C)+, ci ∈ C

}
.

This is called the smallest abstract operator systemoverC, or the operator system gen-
erated byC, or the non-commutative conic hull ofC.
The largestabstract operator systemoverC consists of thoseelements that aremapped
toC under all maps from condition (ii), i.e.

S(s)
+ = {A ∈ Hers(S) | ∀v ∈ Cs : v∗Av ∈ C} .

The axioms imply that every other abstract operator system with first-level cone
C lies, level by level, between these smallest and largest choices, i.e. for all s ⩾
1. △
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Theorem 3.2.10 (Effros-Winkler Separation Theorem). Let (S(s)
+ )s⩾1 be an abstract

operator system onS, andA ∈ Hert(S) \ S(t)
+ , for some t ⩾ 1.Then there is some t′ ⩽ t

and a completely positive mapψ : S → Matt′(C)with

(idt ⊗ ψ)(A) /∈ Mattt′(C)+

andψ(u) = It′ for any chosen interior point u ofS(1)
+ .

Proof. SinceA /∈ S(t)
+ and this convex cone is closed, there exists a ∗-linear func-

tional
φ : Matt(S) = Matt(C)⊗ S → C

which is nonnegative on S(t)
+ and φ(A) < 0. With the construction from Re-

mark 2.7.17, φ corresponds to a ∗-linear map ψ : S → Matt(C), and we now
proceed as inTheorem 2.7.19. For

e :=
t∑
i=1

ei ⊗ ei ∈ Ct ⊗ Ct

it is easy to compute that

e∗(idt ⊗ ψ)(A)e = φ(A)

holds, and (idt⊗ψ)(A) is thus not positive semidefinite. To prove complete pos-
itivity of ψ, letB ∈ Mats(S), v =

∑s
i=1 ei ⊗ vi ∈ Cs ⊗ Ct, and compute

v∗(ids ⊗ ψ)(B)v = φ(V ∗BV )

where V = (v1, . . . , vs)
∗ ∈ Mats,t(C).Thus ifB ∈ S(s)

+ , then V ∗BV ∈ S(t)
+ , and

since φ is nonnegative on S(t)
+ , the expression is nonnegative. This shows that

(ids ⊗ ψ)(B) is positive semidefinite, and hence ψ is completely positive.
If the image ofψ does notmeet the interior of the coneMatt(C)+, then its inter-
sectionwith thepositive cone is a face, and each face is isomorphic to apotentially
smaller full coneMatt′(C), see Exercise 25. After replacingMatt(C) byMatt′(C)
we can thus assume that for a fixed interior point u of S(1)

+ , the matrix ψ(u) > 0
is positive definite. Upon conjugation of ψ with a suitable invertible matrix we
obtain ψ(u) = It′ .
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Theorem3.2.11 (Choi-Effros RealizationTheorem). Every abstract operator system is
isomorphic to a concrete one, i.e. there is an (injective) ∗-linear map ψ : S → B(H) for
someHilbert spaceH , such that

A ∈ S(s)
+ ⇔ (ids ⊗ ψ)(A) ∈ Mats(B(H))+.

In addition, we can ensure thatψmaps any fixed interior point ofS(1)
+ to idH .

Proof. We proceed similarly to the proof of Theorem 1.4.18, and take the direct
sum of all unital completely positive maps ψ into all matrix algebras. For s ∈ Ssa

we have λu ± s ∈ S(1)
+ for some λ > 0, and thus ψ(s) is bounded in operator

norm by λ for all ψ. Splitting everything in real and imaginary part shows that
the same is true for all s ∈ S.Thus the direct sum of all ψ(s) is an operator on
a direct-sum Hilbert space. Complete positivity of the ψ proves “⇒”, and “⇐”
follows fromTheorem 3.2.10.

Example 3.2.12. SinceMatd(C) is aC∗-algebra, it is in particular a concrete op-
erator system. The convex cone at base level isMatd(C)+, the cone at level s is

Matsd(C)+ ⊆ Matsd(C) = Mats(C)⊗Matd(C).

But if we consider S = Matd(C)with coneC = Matd(C)+, there are other ways
to equip the higher levels with convex cones to make it an abstract operator sys-
tem. For example, the smallest one, as explained in Example 3.2.9, consists of

S(s)
+ =

{∑
i

Pi ⊗Qi | Pi ∈ Mats(C)+, Qi ∈ Matd(C)+

}
,

whose elements are also called separable matrices. The largest one is

S(s)
+ =

{∑
i

Ai ⊗Bi | ∀v ∈ Cs :
∑
i

v∗Aiv ·Bi ⩾ 0

}
,

whose elements are called block positive matrices. In view of Theorem 3.2.11, each
of these systems is concrete, but except for the first one, which is concrete by the
very definition, it is not obvious how a concrete realization on a Hilbert space
looks like. △
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Chapter 4

SomeApplications

4.1 Mathematical QuantumTheory

In this section we explain a mathematical formalism for quantum theory, going
back toHeisenberg, and describe how it naturally leads toC∗-algebras and to the
Dirac–von Neumann axioms.
We cannot give a full account of the experimental and theoretical developments
that led to quantum physics. Very roughly, phenomena such as the double-slit
experimentwith photons or electrons suggest that a physical systemneed not oc-
cupy one definite classical state before measurement. Instead, it may behave as
if several classical alternatives coexist until the system ismeasured, ormore gen-
erally interacts with its environment. One says that the object is in a superposition
of classical states.
Assume, for simplicity, that there are two classical states, called 0 and 1. Here,
0 vs. 1 could stand for charged vs. uncharged, excited vs. non-excited, or spin up vs.
spin down 1. Now one could try to model the uncertainty with classical probabili-
ties, by saying that the system is in state 0 with probability p and in state 1 with
probability 1 − p, where p ∈ [0, 1].This model cannot predict all experimentally
observed phenomena. It describes only incomplete knowledge: the system is in
one of the two states, but we do not know which one. Quantum theory uses a
different model, which is initially surprising but muchmore successful.
One describes the superposition of classical states by a unit vector inC2.Math-
ematicians usually write vectors in C2 as (α, β)t with α, β ∈ C, and denote the
standard basis vectors by e1 and e2. In the bra/ket-notation, introduced by Dirac,

1Reddit says: Imagine a ball that is spinning, except it is not a ball and it is not spinning.
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the two basic vectors are denoted |0⟩ and |1⟩.This resembles the name of classi-
cal states as 0 and 1, and the funny symbols | ⟩ can make certain computations
more intuitive. For example, if by ⟨i| := |i⟩∗ we denote the conjugate transposed
vector, the product ⟨i||j⟩ of a row and a column vector is really the standard inner
product of the two. To summarize, we can write an element φ ∈ C2 as

φ =

(
α
β

)
= αe1 + βe2 = α|0⟩+ β|1⟩.

The fact that φ has norm onemeans

|α|2 + |β|2 = 1,

so the two numbers |α|2, |β|2 can indeed be interpreted as classical probabilities
for being in the states |0⟩ and |1⟩, respectively. But again, the probabilities alone
do not determine the quantum state; the complex amplitudes α and β are essen-
tial.
When theobject ismeasured2, it passes intooneof the twoclassical states |0⟩, |1⟩,
with probabilities |α|2, |β|2.Geometrically, it is projected onto one of the coordi-
nate axes and re-normalized to length one again. The closer it is to an axis, the
more likely it is to decide for this classical state.
Now imagine your colleague performs a measurement on the object, but does
not tell you the outcome. If you still want to describe the system after the mea-
surement, youmust also use classical probabilities. For you, the system is in state
|0⟩with probability |α|2 and in state |1⟩with probability |β|2.But note that this is
very different from the initial state α|0⟩+ β|1⟩. You know that the object is not in
a superposition anymore, you just do not know which of the two classical states
it is in, and this is just a lack of information on your side. So how to describe
the new state? Something like |α||0⟩ + |β||1⟩ would for example still indicate a
superposition.
The solution is to pass from vectors to matrices. Identify the unit vector φ ∈ C2

with the matrix
φφ∗ ∈ Her2(C).

This is a positive semidefinite matrix of rank 1with trace 1:

tr(φφ∗) = tr(φ∗φ) = φ∗φ = ∥φ∥2 = 1.

2No one knows what counts as a measurement in general.
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Indeed, every positive semidefinite rank 1matrix with trace 1 is of the formφφ∗,
so up to λ ∈ Cwith |λ| = 1 (a so-called phase) we can reconstruct the unit vector
φ from this matrix. The two classical states correspond to

|0⟩⟨0| =
(

1 0
0 0

)
, |1⟩⟨1| =

(
0 0
0 1

)
.

If we now take a classical probabilistic mixture of these matrices we obtain

|α|2|0⟩⟨0|+ |β|2|1⟩⟨1| =
(

|α|2 0
0 |β|2

)
.

This matrix is not of rank 1, and thus does not correspond to one single state as
above. From it one can recover the classical probabilities |α|2 for the state |0⟩ and
|β|2 for |1⟩, indeed as its eigenvalues and eigenvectors. This is exactly what we
wanted to describe the classical uncertainty arising from incomplete knowledge.
To summarize:

Definition 4.1.1. The state of a quantum object which can attain d classical states
is described by a positive semidefinite matrix of trace 1 inMatd(C).The state is
called pure if the matrix is of rank 1. Up to a phase, this corresponds to a unit
vector inCd. Such a pure state contains intrinsic quantum-theoretic uncertainty,
via superposition. A state of rank ⩾ 2 is called a mixed state. By the spectral
theorem, eachmixed state σ can be written as

σ =
d∑
i=1

λiφiφ
∗
i ,

whereλi ⩾ 0with
∑d

i=1 λi = 1 are the eigenvalues, and theφi forman orthonor-
mal basis of eigenvectors of σ. Thus every state is a classical probabilistic mix-
ture of pure states; themixture expresses classical uncertainty due to incomplete
knowledge. △

When a measurement is performed, a pure state φ ∈ C2 passes to one of the
classical states, with probabilities determined by the entries of φ. We now for-
mulate this more generally in vector andmatrix language.

Definition4.1.2. Ameasurement consists of a decomposition ofCd into pairwise
orthogonal subspaces:

Cd = U1 ⊕ · · · ⊕ Um.
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Equivalently, it consists of orthogonal projections P1, . . . , Pm ∈ Matd(C) with∑
i Pi = Id. If this measurement is performed on an object in state σ, there are

m possible outcomes, with classical probabilities

tr(σP1), . . . , tr(σPm).

If the i-th outcome appears, the state passes to the post-measurement state

1

tr(σPi)
PiσP

∗
i ∈ Herd(C). △

Let us check that these definitionsmake sense and agreewith the preceding dis-
cussion. First, all numbers tr(σPi) are nonnegative, since states and orthogonal
projections are positive semidefinite matrices, and the cone of positive semidef-
inite matrices is self-dual with respect to the trace inner-product. Second, these
nonnegative numbers sum to one, and can thus indeed be interpreted as classical
probabilities:

∑
i

tr(σPi) = tr

(∑
i

σPi

)
= tr

(
σ
∑
i

Pi

)
= tr(σId) = tr(σ) = 1.

Third, the post-measurement states are indeed states. Positive semidefiniteness
is obvious, and

tr

(
1

tr(σPi)
PiσP

∗
i

)
=

tr(PiσP
∗
i )

tr(σPi)
=

tr(σP ∗
i Pi)

tr(σPi)
=

tr(σPi)

tr(σPi)
= 1.

To compare this with the preceding explanation, assume that σ = φφ∗ with φ ∈
Cd is a pure state. Then

tr(σPi) = tr(φφ∗Pi) = φ∗Piφ = ⟨Piφ, φ⟩

and this is the squared length of the projection ofφ toUi.This is exactly the prob-
ability rule described above. The post-measurement state upon observation of
outcome i is

1

tr(σPi)
Piφφ

∗P ∗
i ,

which is the pure state corresponding to the normalized vector Piφ. So just as in
the beginning, the post-measurement state is the normalized projection to the
subspace. Thus the geometric interpretation remains the same: the closer the
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vector is to the subspaceUi, the more likely it is to collapse to it duringmeasure-
ment. Alsonote that theprobabilities tr(σPi) are linear inσ, so a classicalmixture
of pure states leads to the samemixture of probabilities in themeasurement. Fi-
nally, if themeasurement is performedwithout observing the outcome, the post-
measurement state has to be considered as the classical probabilistic mixture

m∑
i=1

tr(σPi)
1

tr(σPi)
PiσP

∗
i =

m∑
i=1

PiσP
∗
i .

We have now defined states as positive semidefinite matrices of trace 1, and
hence as elements ofMatd(C). Since this matrix algebra is naturally identified
with its dual space via the trace pairing, we can equivalently view states as lin-
ear functionals on a C∗-algebra. This brings us closer to the notion of a state on
a C∗-algebra that we have already defined. It is also motivated by the following
consideration: Measurements are defined by orthogonal projections, which are
elements satisfying Pi = P ∗

i = P 2
i . Stating this requires the elements to live

in a ∗-algebra. States, however, need not themselves be algebra elements. Con-
sidered as linear functionals, the probabilities tr(σPi) are just the value that the
functional takes on the element Pi.The trace one condition means that the func-
tional definedbyσmaps Id to1. This leads toa formulationclose towhat isusually
called the Dirac–von Neumann axioms.

Definition 4.1.3. LetA be aC∗-algebra.
(i) A state is a positive linear functional onA that maps 1 to 1. A state is pure if
it cannot be written nontrivially as a convex combination of other states.
(ii) Ameasurement consists of projections p1, . . . , pm ∈ A (i.e. pi = p∗i = p2i )
with p1 + · · ·+ pm = 1.

(iii) If a measurement p1, . . . , pm is performed in the state φ, the probability of
outcome i is given byφ(pi). If this outcome occurs, the post-measurement state is

φi :=
1

φ(pi)
φ(p∗i · pi),

where φ(p∗i · pi) denotes the functional a 7→ φ(p∗i api). If the outcome is not
observed, the post-measurement state is modeled as

φ̃ =
∑
i

φ(pi)φi =
∑
i

φ(p∗i · pi). △
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We now explain the notion of entanglement, which can arise when two or more
quantum systems are combined. For simplicity, wewill go back to the setup from
the start of the section, i.e. consider states as positive semidefinite matrices. Of
course, by self-duality, thismakesnodifference to the concept of states aspositive
functionals on a matrix algebra.
Now assume we have two quantum systems whose states are described by pos-
itive matrices fromMatd(C) andMate(C), respectively. The states of the com-
bined system are then described by positive matrices from

Matd(C)⊗Mate(C) ∼= Matde(C),

and also called bipartite states. Note that positivity is defined in thematrix algebra
on the right in the usual sense. However, for the definition of entanglement, the
decomposition as a tensor product is crucial.

Definition 4.1.4. Let σ ∈ Matde(C)+ be a state. Then σ is called separable (with
respect to the above tensor decomposition), if it can be written as

σ =
∑
i

σ1i ⊗ σ2i

with σ1i ∈ Matd(C)+ and σ2i ∈ Mate(C)+. A state which is not separable is
called entangled. See Exercise 26 for what this means for pure states in unit-
vector notation.

Lemma 4.1.5. Let ψ : Mate(C) → Mate(C) be a positive map. If σ ∈ Matd(C) ⊗
Mate(C) is positive, but (idd ⊗ ψ)(σ) is not positive, then σ is entangled.

Proof. Assume that σ is separable, and write σ =
∑

i σ1i ⊗ σ2i with positive σji.
Then

(idd ⊗ ψ)(σ) =
∑
i

σ1i ⊗ ψ(σ2i)

is again positive (even separable), since ψ is positive.

Example 4.1.6. Consider the matrix

E =
2∑

i,j=1

Eij ⊗ Eij ∈ Mat2(C)⊗Mat2(C) = Mat4(C)
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from Example 2.7.11. In quantum physics notation, where |00⟩ is short for |0⟩ ⊗
|0⟩ ∈ C2 ⊗ C2 = C4, we have

E = (|00⟩+ |11⟩)(⟨00|+ ⟨11|),

soE is actually a pure state (we omit the normalization for ease of notation). The
transposition τ is a positivemap, andwe have already seen in Example 2.7.11 that
(id2 ⊗ τ)(E) is not positive. This shows thatE is entangled. △

Remark 4.1.7. A positive map that is not completely positive is also called an en-
tanglement witness. It can prove for at least some positive matrices that they are
not separable, and thus entangled. In this sense, the existence of entanglement
is the dual statement to the existence of positive maps that are not completely
positive. △

Finally, let us indicate what entanglement can be used for. Let σ ∈ Matd(C) ⊗
Mate(C) = Matde(C) be a bipartite state. It describes a combined system with
two parts (for example two electrons). Now assume that a measurement is per-
formed only on the first part of the system. If this measurement is described by
the projection operators P1, . . . , Pm ∈ Matd(C), then the measurement for the
full system is described by P1 ⊗ Ie, . . . , Pm ⊗ Ie. If this measurement yields the
i-th outcome, then the post-measurement state, up to normalization, is

(Pi ⊗ Ie)σ(Pi ⊗ Ie)
∗.

For entangled states, this can have a non-trivial effect on the state of the second
system, which has not beenmeasured.

Example 4.1.8. Consider the stateE from Example 4.1.6 again, and assume that
ameasurement with respect to the standard basis ofC2 is performed on the first
part of the system. If the first outcome appears, the state becomes

(P1 ⊗ I2)E(P1 ⊗ I2)
∗ =

∑
i,j

P1EijP
∗
1 ⊗ Eij = E11 ⊗ E11 = |00⟩⟨00|.

Thus not just the state of the first system has collapsed to |0⟩, but also the state
of the second system. In this way, strong correlations betweenmeasurements of
the two subsystems arise. △
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4.2 Free Convexity andOptimization
We finish by indicating how the language of operator systems clarifies a natural
question in convex optimization. The point is that ordinary convexity sees only
positivity at one matrix level, while complete positivity records positivity at all
matrix levels at once.

Definition 4.2.1. A spectrahedron is a convex cone of the form

S = {a ∈ Rm | a1M1 + · · ·+ amMm ⩾ 0},

whereM1, . . . ,Mm ∈ Herd(C). △

Thus S is the inverse image of the positive semidefinite coneMatd(C)+ under
the linear map

LM : Rm → Herd(C)
a 7→ a1M1 + · · ·+ amMm.

If LM is injective, we can identify S with the intersection ofMatd(C)+ with an
m-dimensional real subspace.
Spectrahedra are central objects in semidefinite optimization, where one op-
timizes a linear function over an affine slice of such a cone. Many semidefinite
programs can be solved efficiently by interior point methods.
From our point of view, a spectrahedron is the first-level positive cone of an op-
erator system. AssumingLM is injective, set

S = spanC{M1, . . . ,Mm} ⊆ Matd(C).

Then Ssa
∼= Rm and S+ = S. The higher cones S(s)

+ are therefore matrix-level
refinements of the same spectrahedron.
A basic containment problem, considered in [2], is the following. Given

M1, . . . ,Mm ∈ Herd(C), N1, . . . , Nm ∈ Here(C),

decide whether the spectrahedron defined by theNi contains the one defined by
theMi, i.e. whether ∑

i

aiMi ⩾ 0 ⇒
∑
i

aiNi ⩾ 0 (4.1)
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holds for all a ∈ Rm. Since this problem is difficult, one considers the stronger
condition that there exist matrices V1, . . . , Vr ∈ Matd,e(C)with∑

j

V ∗
j MiVj = Ni (4.2)

for all i = 1, . . . ,m. This condition certainly implies (4.1): if
∑

i aiMi ⩾ 0, then

∑
i

aiNi =
∑
i

ai
∑
j

V ∗
j MiVj =

∑
j

V ∗
j

(∑
i

aiMi

)
Vj ⩾ 0.

However, (4.2) is not necessary for (4.1) in general. Operator systems explain ex-
actly what extra information (4.2) captures.
Let S = spanC{M1, . . . ,Mm} and consider the ∗-linear map

ψ : S → Mate(C), Mi 7→ Ni.

Then (4.1) says precisely that ψ is positive. On the other hand, by Corollary 3.1.8,
the representation (4.2) is equivalent to complete positivity of ψ. Thus the relax-
ation does notmerely ask for positivity ofψ onS+; it asks for positivity of ids⊗ψ

on every matrix cone S(s)
+ .

Concretely, S(s)
+ consists of those elements

∑
iAi ⊗Mi that are positive in

Mats(C)⊗Matd(C) = Matsd(C).

Since

(ids ⊗ ψ)

(∑
i

Ai ⊗Mi

)
=
∑
i

Ai ⊗Ni,

complete positivity of ψ is equivalent to the implication∑
i

Ai ⊗Mi ⩾ 0 ⇒
∑
i

Ai ⊗Ni ⩾ 0

for all s ⩾ 1 and allA1, . . . , Am ∈ Hers(C).
This is the free, ormatrix-valued, version of spectrahedral containment. The free
spectrahedron associated toM1, . . . ,Mm is the sequence of cones

Ss :=

{
(A1, . . . , Am) ∈ Hers(C)m |

∑
i

Ai ⊗Mi ⩾ 0

}
, s ⩾ 1.
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Thus (4.2) is equivalent to inclusion of the corresponding free spectrahedra at all
matrix levels. This is stronger than the ordinary inclusion (4.1), which only tests
scalar coefficients, i.e. level 1. Operator system theory therefore gives a concep-
tual explanation for the gapbetweenordinary spectrahedral containment and the
relaxation proposed in [2].



Exercises

Exercise 1. Show that if a sequence in a Banach space converges weakly, then it
is bounded in norm.

Exercise 2. LetA be a unital ∗-algebra. Show the following:

(i) 1∗ = 1.

(ii) a ∈ A× ⇔ a∗ ∈ A×.

(iii) Asa + iAsa = A.

(iv)
∑

A2 −
∑

A2 = Asa.

Exercise 3. (i) Show that states on ∗-algebras fulfill φ(a∗) = φ(a) (i.e. they are
∗-linear).
(ii) Show that ifφ : A → C is ∗-linear, nonnegative on

∑
A2, and fulfillsφ(1) =

0, then φ = 0.

Exercise 4. Complete the proof of Burnside’sTheorem 1.3.3: IfA ⊆ Matd(C) is a
subalgebra that acts transitively onCd \{0} and contains amatrix of rank 1, then
A = Matd(C).

Exercise 5. Let A ⊆ Matd(C) be a ∗-subalgebra. Show that if V ⊆ Cd is an
A-invariant subspace, then V ⊥ is alsoA-invariant.

Exercise 6. Prove that φ1 and φ2 from Example 1.4.5 are states on the group al-
gebraCΓ.

Exercise 7. Prove Lemma 1.4.12.

Exercise 8. Fill in all details in the GNS construction.

69



70 CHAPTER 4. SOME APPLICATIONS

Exercise 9. LetD be an inner product space, and assume π : A → L(D) is a ∗-
representation for which π(a) is a bounded operator on D for all a ∈ A. Show
that π extends to a bounded ∗-representation

π : A → B(H)

on the completionH ofD.

Exercise 10. Show that in aC∗-algebra we have

(i) 1∗ = 1,

(ii) ∥1∥ = 1,

(iii) ∥a∥ = ∥a∗∥ for all elements a.

Exercise 11. Let an be nonnegative real numbers with an+m ⩽ anam for all n,m.
Prove that the sequence (a1/nn )n∈N converges to infn∈Na

1/n
n .

Exercise 12. Let A0 and A1 be the algebras of all complex 2 × 2-matrices of the
form (

α 0
0 β

)
and

(
α β
0 α

)
,

respectively. Prove that every two-dimensional complex unital algebra A is iso-
morphic to one of these, and that A0, A1 are not isomorphic. Hint: Show that A
has a basis {1, a} in which a2 = λ1 for some λ ∈ C. Distinguish between the cases
λ = 0, λ ̸= 0.

Exercise 13. Showthat there exists a three-dimensional noncommutativeBanach
algebra.

Exercise14. Showthat every invertible elementa in aC∗-algebraA canbewritten
as a = upwith a unitary element u and a positive invertible element p satisfying
∥p∥ = ∥a∥.

Exercise 15. Let Γ be a group and consider the group ∗-algebraA = CΓ.
(i) Show that

∥a∥ := inf{r ⩾ 0 | r2 − a∗a ∈
∑

A2}

is a norm onA, fulfilling theC∗-identity.
(ii) Show that the GNS construction, applied to the stateφ2 fromExample 1.4.5,
gives rise to an injective ∗-representation ofA.
(iii) Show that the operator norm induced onA by the representation from (ii)
is smaller than or equal to the norm from (i).
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Exercise 16. Compute and compare the two (potentially different) C∗-algebras
arising from Exercise 15 (i) and (ii) for the group Γ = Zn.

Exercise 17. LetX be a compact Hausdorff space. Show that there is a bijection
between closed subsets ofX and closed ideals in C(X).

Exercise 18. LetA be a Banach algebra with an involution which satisfies

∥a∥2 ⩽ ∥a∗a∥

for all a ∈ A. Show thatA is aC∗-algebra.

Exercise 19. Show that every element in aC∗-algebra can be written as

a = a1 − a2 + ia3 − ia4

with positive elements ai and ∥ai∥ ⩽ ∥a∥.

Exercise 20. Let Lij ∈ B(H) be bounded operators on a Hilbert space, for i, j =
1, . . . , s.Showthat theoperatorLonHs definedby thematrix (Lij)i,j ∈ Mats(B(H))
is bounded with

∥L∥2op ⩽
∑
i,j

∥Lij∥2op.

Exercise21 (SpectralMappingTheorem). Letabeanormal elementof aC∗-algebra
and let f ∈ C(σ(a)). Show that the spectrum of f(a) is f(σ(a)).

Exercise 22. ProveMats(B(H)) ∼= B(Hs).

Exercise 23. LetA be aC∗-algebra. Prove that the map

tr : Mats(A) → A

(aij)i,j 7→
∑
i

aii

is completely positive.

Exercise 24. Show that every element in an operator system can be written as

s = s1 − s2 + is3 − is4

with positive elements si and ∥si∥ ⩽ ∥s∥.
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Exercise 25. Show that every face ofMatt(C)+ is isomorphic toMatt′(C)+ for
some t′ ⩽ t.More explicitly, after conjugation with a suitable invertible matrix,
the face contains all matrices of the form(

P 0
0 0

)
with P ∈ Matt′(C)+.

Exercise 26. Let σ ∈ Cd ⊗ Ce be a pure state (in vector notation). Show that σ is
separable (which we have only defined inmatrix notation) if and only if the tensor
rank of σ is one, i.e. if σ = x⊗ y ∈ Cd ⊗ Ce is an elementary tensor.
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