Compressed Sensing and Dictionary
Learning with non-uniform support
distribution

DISSERTATION IN MATHEMATICS

Submitted by

Simon Ruetz

to the Faculty of Mathematics, Computer Science
and Physics of the University of Innsbruck

B universitat
Innsbruck

in partial fulfillment of the requirements
for the degree of Doctor of Philosophy

Advisor: Univ.-Prof. Dr. Karin Schnass

Innsbruck, 17th August 2022






Abstract

With ever growing amounts of data, the task of finding and using underlying structure is be-
coming more and more important. One influential insight, which modern signal processing
tasks like compressed sensing or dictionary learning rely on, is that many data types allow
some kind of sparse representation. So given a suitable basis, a small number of elements is
sufficient to approximate any given signal.

In the first part of this thesis we derive technical results allowing us to analyse compressed
sensing and dictionary learning in more general settings than previously possible. Concretely,
we derive tail bounds for the operator norm of random submatrices with non-uniformly dis-
tributed supports, essentially showing that for a well-conditioned matrix most submatrices
behave like an isometry.

Compressed sensing consists of reconstructing a sparse signal from a small number of linear
measurements. If these measurements are chosen from a bigger set of possible linear mea-
surements via sampling from a (possibly non-uniform) probability distribution, this is called
(variable density) subsampling. In the next part of the thesis we derive an optimal subsam-
pling density, guaranteeing recovery in a very general setting. More precisely, we show how
the optimal subsampling density depends on the structure of the sensing matrix and on the
distribution of the sparse supports, which can easily be estimated from data. This leads to a
simple formula for subsampling densities achieving state of the art performance in numerical
experiments. Our approach also extends to structured acquisition, where instead of isolated
measurements, blocks of measurements are taken.

In some applications the sparsifying basis is not known or one wants to find a better one.
Learning such a basis from data is called dictionary learning. In the third part of this thesis
we study the convergence behaviour of two of the most popular dictionary learning algorithms
- the Method of Optimal Directions (MOD) and the Approximate K-SVD (aK-SVD). By again
using our bounds for operator norms of non-uniformly distributed submatrices, we are able to
use a very general non-uniform signal model and derive sufficient conditions for the conver-
gence of these algorithms, improving greatly upon existing results.

In the last part we analyse the performance of two sparse approximation algorithms, Orthogo-
nal Matching Pursuit (OMP) and Thresholding in the case in which only a perturbed version
of the basis is known. Both theory and numerical simulations show that the computationally
lighter Thresholding algorithm is a viable alternative to OMP in applications such as dictionary
learning.
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Chapter 1

Introduction

Sparse representations are crucial for modern signal processing tasks like denoising, compres-
sion, compressed sensing, inpainting and many more. When talking about sparsity, we usually
mean that a signal is either directly sparse, i.e. has only a small number of non-zero entries,
or has a sparse representation in a suitable basis or overcomplete system, meaning that it can
be written as a linear combination of a small number of elements.

Sparsity for example lies at the heart of modern compression algorithms like the JPEG and
JPEG2000 standards which transform images into a different basis before using a threshold to
keep only the largest coefficients, thus saving space when storing data. Frequently used trans-
forms (especially for image data) are the discrete cosine transform (DCT) or some wavelet
transform, for which it is well known that the resulting representations are approximately
sparse. These two transforms correspond to orthogonal bases, which are very easy to handle.
Unfortunately, in many applications we have to resort to overcomplete systems, called dictio-
naries, to get decent sparse representations for a particular signal class.

Formally, we represent a signal y € R? as a linear combination of S < d elements of
®=(¢1, - ,0x) € R™K with d < K, via

y= ¢ =brx; st || =S5,
el

where ®; denotes the restriction to the columns indexed by I, called the support.
Nevertheless, such a representation in a dictionary also has some drawbacks. For example
finding the vector x and its support I given the dictionary ® and signal y is combinatorial
in nature. So to avoid searching through all possible sets I, suboptimal routines are typically
used. This is called sparse approximation and some of the most popular sparse approximation
algorithms are Orthogonal Matching Pursuit (OMP), Thresholding or Basis Pursuit (BP).
Deriving sufficient conditions for these algorithms to successfully recover z and I given the
dictionary ® and signal y will be a big part in the first part of the thesis. We will see that
success of these algorithms depends to a large extend on bounding the extreme singular values
of ¥ I-

In the next part we will analyse a close cousin of sparse approximation, compressed sens-
ing. There, we usually talk about a measurement matrix A which, contrary to using a fixed
dictionary @, has some design choices. We try to recover an unknown signal from as few
measurements as possible, where by measurements we mean a linear map A € R™*?, taking
a signal = € R? and mapping it to a vector y € R™ via y = Az. As we want to minimise the
number of measurements, we usually have m < d and thus the above system of linear equations



is underdetermined, meaning there is either no solution or infinitely many. So by assuming
that = is sparse (or sparse in a orthogonal basis) we hope to get uniqueness by searching for
the sparsest vector, such that the linear equations are satisfied. So similar in spirit as sparse
approximation we want to solve

Z =argmin||z|o s.t. y= Az

As this is non-convex and in general NP-hard, compressed sensing traditionally focuses on the
convex relaxation of this minimisation problem — replacing the fp-norm by the £;-norm and
instead trying to solve

& =argmin||z|; s.t. y= Az

Finding conditions on the matrix A and lower bounds on the number of measurements m
such that the above minimisation problem recovers x with a given sparsity level S are some
of the main research goals in the vast field of compressed sensing [17, 32]. Some of the best
theoretical lower bounds on m in terms of the sparsity level S and signal dimension d are
achieved by using either a Gaussian or Bernoulli random matrix. While such random designs
also yield very good practical performance, in applications like Computed Tomography (CT)
or Magnetic Resonance Imaging (MRI) such random measurements are not possible due to
existing hardware constraints.
These applications inspired the setup that we will look at in this thesis, where the sensing
matrix A € C™*K is constructed by choosing m rows from some bigger matrix Ay € CEXK
which represents the set of possible linear measurements. The question then becomes how to
best spend this budget of m rows, i.e. how to pick the "best” linear measurements from this
set of possible linear measurements. Usually these strategies are characterised via a (possibly
non-uniform) probability distribution that tells us which row of Ay should be picked with which
probability. This setting is called (variable density) subsampling and we will analyse it in the
next part of the thesis.
All of the above applications assume knowledge of a basis ® in which our given signals have a
sparse representation. Yet not for all signal classes such a basis is known, or in some cases we
would like to have a better one. For the signal class of images it is for example well known that
they can be sparsely represented in the 2D DCT basis, yet when dealing only with a certain
subclass (think of images of trees or knees), we would like to find a better dictionary that is even
more adapted to the data we want to represent. This process of learning a dictionary from data
is called dictionary learning. Formally we try to decompose a data matrix ¥ € R/ where
each column corresponds to one signal, into a dictionary ® € R¥X and a sparse coefficient
matrix X € RE*Y such that

Y ~dX and X sparse.

There exist many algorithms to try and solve this problem. The most popular among them
belong to the class of alternating minimisation algorithms, which alternate between updating
the dictionary @, while keeping the sparse coefficients X fixed, and vice versa. The next part of
this thesis will analyse the convergence behaviour of two of the most popular such alternating
minimisation dictionary learning algorithms - the Method of Optimal Directions (MOD) and
a variation of the Approximate K-SVD (aK-SVD). When analysing these algorithms, one big
hurdle is to control the sparse approximation step between the dictionary updates. Since alter-
nating minimisation algorithms rely heavily on the choice of sparse approximation algorithm,
we finish this thesis by arguing that Thresholding is a viable alternative to OMP in settings
where only a perturbed version of the generating dictionary is available. This is the reason why
we analyse MOD and K-SVD with Thresholding as sparse approximation algorithm instead of
the computationally more complex OMP algorithm.
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Chapter 1. Introduction

1.1. Outline

This thesis will be structured as follows. Section will define the setting and commonly used
notation.

In Chapter [2| we will see that in order to get theoretical results for sparse approximation
algorithms that reflect practical performance, we have to control the operator norms of the
submatrices ®7. Deterministic bounds on ||®7®; — I||2 2 for arbitrary supports I are, unfortu-
nately, only of limited use, since they are very restrictive with regards to the matrix ®. This
led to the emergence of results where the support I is chosen uniformly at random amongst
all possible subsets with cardinality S, thus deriving bounds on ||®7®; — 1|22 for most sup-
ports I. These early results yielded powerful concentration inequalities for the operator norms
of these random submatrices yet they rely on the assumption that the support I is chosen
uniformly at random. Unfortunately, to model more general signal classes we show that it is
necessary to analyse the operator norms of non-uniformly selected random submatrices. Thus
in Chapter [2| we will derive concentration inequalities for the operator norms of non-uniformly
selected submatrices. These results, for instance, allow us to conduct an analysis of the average
case performance of Thresholding, Orthogonal Matching Pursuit and Basis Pursuit under very
general model assumptions.

In Chapter [3] we will turn to compressed sensing in a subsampling setup, where the sensing
matrix A is constructed by sampling rows form a bigger matrix Ay comprising all possible
linear measurements. Whereas early results in compressed sensing theory focused mainly on
uniform sampling methods, more recent results showed that, apart from the structure of the
matrix Ag, the optimal subsampling strategy should also take the sparsity pattern of the sig-
nal into account. The obvious caveat of these results is that in most practical application this
oracle-like knowledge remains elusive.

We close this gap by characterising the structured sparsity via a probability distribution p on
the supports of the sparse signals, allowing us to again derive optimal subsampling strategies.
Given access to a dataset of similar signals, the probability distribution p can be easily es-
timated and we show that this technique achieves state of the art performance in numerical
experiments. In practice, instead of isolated measurements (single rows of Ag), often blocks of
measurements are taken. We extend our results to this setting and show how to again derive
an optimal sampling strategy. Once again, our knowledge of how to bound submatrices with
non-uniformly distributed sparse supports is the key to the theoretical results in this chapter.

In Chapter 4| we will derive sufficient conditions for the dictionary learning algorithms MOD
and aK-SVD to recover an underlying ground truth under much more relaxed conditions than
previously thought necessary. We will show that if the distance max; ||1; —®;||2 between the gen-
erating dictionary ®, i.e. the ground truth, and the initialisation ¥ is smaller than 1/log(K),
then both dictionary learning algorithms with Thresholding as the sparse approximation algo-
rithm will recover the generating dictionary. This in itself is already a huge improvement upon
existing results, but the true strength of our result is to expand this radius of convergence to
distances close to v/2, if ® and ¥ exhibit a certain structure, where each element in ¥ only
points to one element of ®. This confirms intuition that even for very large distances between
the initialisation and the generating dictionary, as long as there is an obvious choice for each
element in the initialisation to converge to, it will find the solution. We will further use a very

11



1.2. Notation

general signal model with non-uniformly distributed sparse supports by again using the results
about the operator norms of random submatrices derived in Chapter

In Chapter [5| we study the performance of OMP in comparison to Thresholding in the case
in which only a perturbed version of the generating dictionary is known. Both theory and
numerical simulations show that even for reasonably small perturbations, the advantage of
the computationally more complex OMP algorithm disappears. Moreover, simulations also
indicate that Thresholding is better at avoiding spurious local minima in the optimisation
landscape of dictionary learning. This is the reason why we only analysed Thresholding in
the sparse approximation step in the dictionary learning algorithms in the previous chapter,
even thought the original MOD and K-SVD algorithms used OMP as sparse approximation
algorithm.

Finally, Chapter [0] finishes this thesis with an outlook on possible future research directions
and a discussion of open problems.

1.2. Notation

A quick note on the notation used throughout this text. For an integer K, we write K :=
{1,---,K}. The vectors (e;)1<i<x denote the vectors of the canonical basis of RE. For a
matrix A € C*X | we denote by A. 1, (resp. Ay.) the k-th column (resp. row) of A and by A,
the submatrix with rows indexed by set J C {1,--- ,d} and columns indexed by set L C K. If
we talk about certain columns of a matrix A, we often drop the second index, i.e. instead of
A, we will write A and instead of A. ;, we will write A;. By A* we denote the conjugate
transpose of the matrix A and by A} € R4 the conjugate transpose of the k-th column of A.
We denote by ATJ the Moore-Penrose pseudoinverse of the matrix A; and by P(Ay) == A JAT]
the projection onto the column span of Aj.

For 1 <p,q,r < oo we set

|Allpg = max [ Ac]l.

l[z]lg=1

So for B € CK*™ we get |AB pa < NAllgrl|Bllrp and [[Az|, < ||A

encountered quantities are

‘q,p Hpr Frequently

[Allooz = max [|A*]> and [|Allag = max || Agll2,
ke{l,....d} ke{l,...K}

which denote the maximum #s-norm of a row and the maximum #o-norm of a column of A
respectively. Note that ||Al|cc2 = [|[A*[|2,1. Further note that || A w1 simply is the maximum
absolute entry of the matrix A. For ease of notation we sometimes write ||A| = ||Al|2,2 for the
operator norm which corresponds to the largest singular value of A. For a vector v € R?, we
denote by v := ||v||min := min; |v;| the smallest absolute entry of v and ||v|lmax := ||v]|co the
biggest absolute entry of v. We write z < y if there exists a constant ¢ > 0, such that x < cy.
We write vec : C¥*4 s C4* for the vectorisaton operation that transforms a complex matrix
into a complex vector by stacking the columns on top of each other and by vec™! its inverse.
Further, for any vector v we denote by D, resp. diag(v) the diagonal matrix with v on the
diagonal and abbreviate D,,.,, ;== D, - D,,. Finally we write ® for the Hadamard Product (or
pointwise product) of two matrices of the same dimension.

In the following we will often consider dictionaries ® and W, i.e., a collection of K unit norm
vectors ¢;,10; € RY, called atoms, and define the coherence of a dictionary ® as u(®) :=

12



Chapter 1. Introduction

max;; [(¢;, ¢j)|. For a dictionary ® and an index set I of size S we define J(®;) = ||®7P; —
Isll2,2. Note that if ¥(®;) < 1 and therefore ®; has full rank, we have for the projection
P(®;) = &;(®3®;)"1®%. If it is clear from context, we will write 9 instead of ¥(®) and u
instead of u(®).

As was noted in the introduction we want the supports to follow a non-uniform distribution,
allowing some columns, to be picked more frequently than others. For a set K we denote by
P(K) the power set (set of all subsets) of K. We are going to use the following two sampling
models which define two discrete probability measures on P(K) that allow us to model non-
uniform distributions for our supports.

Definition 1.1 (Poisson sampling) Let 0; denote a sequence of K independent Bernoulli
0-1 random variables with expectations p; such that Z]K:1 pj = S. We say the support I follows
the Poisson sampling model, if I :== {i | 6; = 1}. Each support I C K is chosen with probability

Pp(I) =[] pi [J(1 - p))- (1.1)

i€l ¢l

Supports following a Poisson sampling model have (by definition of the Bernoulli r.v.) car-
dinality S on average. This comes with the big advantage that the probability of one atom
appearing in the support is independent of the others, allowing us to use concentration inequal-
ities for sums of independent random matrices later on. The drawback of this model is that
the supports are not exactly S sparse. This can be achieved by keeping only those supports
that have cardinality S and throwing away the rest. This amounts to simply conditioning the
above Poisson sampling model on the event that exactly S of the Bernoulli r.v. are equal to
1, leading to our second support distribution model.

Definition 1.2 (Rejective sampling - Conditional Bernoulli) Let §; denote a sequence
of K independent Bernoulli 0-1 random variables with expectations p; such that ZJK:1 pj =S
and denote by P the probability measure of the corresponding Poisson sampling model. We
say our support I follows the rejective sampling model, if each support I C K is chosen with
probability

c[Lierpillje (L —pj) if [I[=5

Ps(I) = Pp(I | |I| = S) = {0 , (1.2)

else
where ¢ is a constant to ensure that Pg is a probability measure.

The distributions of the supports in the above two sampling models are uniquely defined
by the expectations of the Bernoulli random variables py,. For more information on Poisson
and rejective sampling, we refer the interested reader to [42]. We define the square diagonal
matrix D ; := diag((,/p¢)¢) and set the inclusion probabilities in the rejective sampling model
7 := Pg(¢ € I). Note that my # p; except for the case where 7, = S/K for all ¢. This is
a result of the rejective sampling model with its intrinsic dependence. The square diagonal
matrix D, := diag((/7¢)¢) will also be used often throughout this thesis. We further set
Ry :=(I))* € RHIXK, allowing us to write A; = ARj}. This also allows us to embed a matrix
Ar € RS into R K by zero-padding via A;R; € R¥™*K. We denote by 1; € RE the vector,
whose entries indexed by I are 1 and zero else.

Let D; be the square diagonal selector matriz whose diagonal entries are the dy, i.e., set
Dy := diag((d¢)¢). Note that there is a one to one correspondence between selector matrices

13



1.2. Notation
and index sets, i.e., (D) = 1 < £ € I. Thus, any probability measure on the index sets I
induces a probability measure on the set of selector matrices. Note also that we have
D; = RjR; = diag(1y).

Further, for A € RE*K and j,k € K let ffm = Ajre; ® ep, be the K x K matrix with only
non-zero entry A; . This allows us to write

Note that for a set I with |[I| = S and A € R>K | we have A; € R and AD; € R¥*K,
However, as all columns of AD; that are not in I are zero, the operator norms ||A;|| and ||ADy||
coincide.

14



Chapter 2

Submatrices with non-uniformly
selected random supports and
insights into sparse approximation

The following chapter essentially is a reprint of the article

S. Ruetz and K. Schnass. Submatrices with nonuniformly selected random sup-
ports and insights into sparse approximation. SIAM Journal on Matrix Analysis
and Applications, 42(3):1268-1289, 2021

https://doi.org/10.1137/20M1386384
Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited

In this chapter we derive concentration inequalities for the operator norms of non-uniformly
selected random submatrices. This is especially important in sparse approximation and dic-
tionary learning, which will become apparent in later parts of the thesis where we will make
repeated use of the results derived in this chapter. After introducing and discussing some
existing results, we provide our new concentration inequalities and show a few applications.

2.1. Introduction

For convenience and motivation, we recall the basic concept of sparse approximation. In sparse
approximation, the goal is to find a sparse solution to an underdetermined system of linear
equations. A signal y € R? is assumed to be a linear combination of a small number S < d of
elements ¢;, called atoms, out of a larger set, called the dictionary. Denoting the dictionary
by ® = (¢1,...,0x) € R™K and by ®; the restriction to the columns indexed by the set I,
called the support, one assumes that

y%quk:L'k:(I)[ﬂj[ st. |[I| = S.
kel

The sparse approximation problem amounts to finding the vector = and its support I given
the dictionary ® and signal y. In general, this is a NP-hard problem, hence sparse approxima-
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2.1. Introduction

1000 2000 3000 4000 10 20 30 40 50 60

Figure 2.1: Left: Original image from which the patches are extracted. Middle: Relative
frequency of wavelet coefficients above threshold (blue) — average frequency (red) on a log
scale. Right: Locations of non-zeros coefficients in the 2D Haar-Wavelet basis — the higher the
row or column index the smaller the corresponding wavelet.

tion algorithms such as Thresholding, Orthogonal Matching Pursuit (OMP) and Basis Pursuit
(BP) were proposed. It turns out that in order to prove support recovery guarantees for these
algorithms, information about the extreme singular values of ®; is needed.

Let ||-||2,2 denote the operator norm and I the identity matrix. Deterministic methods to bound
|®7® —1||2,2 for arbitrary supports I are of limited use since the restrictions on the dictionary
® are too stringent. This started the study of random collections of columns of the dictionary
®. In [82] it was first shown that under rather mild conditions on the dictionary ®, most sub-
dictionaries @ are close to an isometry, i.e., ||®7P; —1I|j22 < ¥y < 1, with later improvements
in [25]. So far, all available results on the conditioning of random subdictionaries rely on the
supports I to be drawn from the uniform distribution. Unfortunately this assumption is rarely
satisfied for practically relevant signal classes, where some atoms of the underlying dictionary
are usually more likely to appear in a sparse representation than others.

To demonstrate this non-homogeneity, we conduct the following small experiment. We take
the 2D Haar-Wavelet decomposition of all normalised 64 x 64 patches from the image Peppers
and apply a threshol of v/log(d)/(36d) for d = 642 to the coefficients to get sparse approxi-
mations. We then count how often each atom has a non-zero coefficient to get a proxy for its
inclusion probability in a sparse support 1. shows the relative frequency of each element
of the 2D Haar-Wavelet basis. It comes as no surprise that low frequency (large) wavelets are
much more likely to appear in the sparse supports than high frequency (small) wavelets. So
the supports of the sparse signals exhibit a non-uniform structure which previous results on
the conditioning of random subdictionaries do not cover. We try to close this gap by defining
two non-uniform support distributions and deriving tail bounds on the norms of the resulting
random submatrices. This allows us to derive recovery guarantees of the sparse supports for a
larger class of practically relevant signals.

Prior work: As mentioned above, Tropp [82] and Chrétien and Darses [25] derived con-
centration inequalities for the operator norm of random submatrices with uniformly distributed
supports. These results were applied to BP showing that BP recovers the correct support and
coefficients under rather mild conditions on the dictionary [83]. For OMP, similar results were
developed in [73], whereas for Thresholding average case results appeared in [74].

In [48] the dictionary ® is assumed to be a concatenation of two dictionaries ®; and P, i.e.,

1. The threshold is inspired by the expected size of the largest inner product of a wavelet with noise drawn
uniformly at random from the unit sphere.

16



Chapter 2. Submatrices with non-uniformly random supports

® = (P, Ps). The authors derive a concentration inequality on the extreme singular values
of submatrices that consist of a fized set of columns with cardinality n; of the first dictionary
and a random set of columns ns of the second dictionary. This allows to model signals where
some atoms are known to be in the support while some others are picked uniformly at random.
The idea of using the structure of sparse signals to improve recovery of the sparse coefficients
can also be found in the field of compressed sensing (CS). The aim in compressed sensing is to
recover a sparse signal y € R? from an incomplete set of linear measurements z = Ay, where
A e R™ 4 and m < d, [18, 30]. The signal y is assumed to be sparse or compressible in some
(orthonormal) basis or frame ®, i.e., y = ®x for a sparse coefficient vector z.

From a theoretical point of view the best measurement matrices A, i.e., those achieving the
smallest m for a given sparsity level S, are random matrices. Unfortunately in many prac-
tical applications it is not possible or efficient to use random matrices, since they cannot
be realised by the underlying physical measurement process, such as in compressed magnet
resonance imaging (MRI). Instead one is given an (often orthonormal) measurement matrix
U € R¥™9 and has to find a subsampling pattern Q C {1,...,d} which selects m rows of ¥,
so that for A = PV the signal y and the coefficients x can be reliably reconstructed from
2= Ay = Adzr = Ax.

As in sparse approximation, rather strong assumptions on the matrix A® = A are needed in
order to guarantee recovery for all sparse x. In [19] the elements of {2 were assumed to be chosen
uniformly at random in order to employ probabilistic arguments to derive sufficient conditions
for recovery for relatively small m. Over the years, various different subsampling strategies
— most of them highly non-uniform — were proposed (see for example [13, 22} [60, 2 [46], [14]).
Underlying the success of these variable density sampling strategies is the highly non-uniform
structure of the sparse supports. So it was shown that previous lower bounds on the size of
m are too pessimistic and performance can be improved if the subsampling pattern takes the
support structure of the sparse signals into account [2], 46l [14].

Contribution: We derive tail bounds for the operator norm of non-uniformly chosen sub-
matrices. The supports are assumed to follow either a Poisson sampling model or a rejective
sampling model, thus allowing us to model a large class of non-uniform distributions. Our
results rely on a generalisation of a Theorem by Chrétien and Darses [25]. The main tool
to handle non-uniformly distributed S-sparse supports is a kind of Poissonisation argument
where we provide a generalised version of Lemma 4.1 of [42]. We apply these results to derive
sufficient conditions for sparse approximation to work with high probability for Thresholding,
OMP and BP. In the CS setup this analysis provides a criterion to decide between two possible
measurement matrices A; and Ao depending on the frequency of the basis elements. Further,
if there is no design freedom for the dictionary or CS matrix, we show how to incorporate
this prior information about the coefficient distribution into the algorithms using the ideas of
preconditioning and sensing dictionaries.

Organisation: In Section we state our results for norms of non-uniformly distributed
random submatrices and apply those concentration inequalities to sparse approximation in
Section Finally, we incorporate this knowledge in the construction of special sensing
dictionaries in Section and show how they improve performance.

2.2. Main results

We now present our main results on submatrices whose supports are sampled from a non-
uniform distribution. We begin by stating the concentration inequality for the operator norm
of non-uniformly picked random submatrices, before turning to some special cases arising in
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2.2. Main results

sparse approximation. Then we state a concentration inequality for the maximal row norm of
random column-submatrices. Lastly we state and proof a kind of Poissonisation argument, of
independent interest, which is key for our proofs. Note that we state our results only for the
rejective sampling model, but they hold for the Poisson sampling model as well — see [2.6

2.2.1 Operator norm of random submatrices

The aim is to get a tail bound for the random variable | Hj |22, where I is distributed
according to the models introduced above and H is a matrix with zero diagonal. As expected,
the result shows how the more frequently picked entries have a higher impact on the operator
norm than less important ones.

Theorem 2.1 Let H € CEXK be o matriz with zero diagonal and assume I C K is chosen
according to the rejective sampling model with probabilities p1,...,px such that Zfil pi=S.
Further let D ; denote the corresponding weight matriz. Then, for all v > 2¢*||D ;HD 422

2 2
T T r
PS(HHI,IH > 7") < 216K exp| —min , , .
2 4€*|HD 53, 5" 42| D s H I3 " 2] Hlloo 1

Proof [Proof outline] We follow the proof that appeared in Chrétien and Darses [25] with
some minor changes to account for the non-uniformly distributed supports and the extension
to non-symmetric matrices. Their proof consists of roughly three steps. First they bound the

failure probability of the rejective sampling model by the independent Poisson sampling model,
which necessitates Lemma [2.5]

Ps (| DrHDyll22 > 1) < 2Pg (| DrHDyll22 > 7).

Then they use a decoupling argument to make the selection of rows and columns independent,
ie.,
Py (||DrHD;

o2 >7) < 72Pg (| DrHD]|l22 > 7/2),

where D/ is an independent copy of Dy. Then they apply the matrix Chernoff inequality three
times to finish the proof. Our proof in the non-uniform, non-symmetric case follows the above
outline very closely. The main difficulty lies in bounding the rejective model by the Poisson
model, which is why we had to provide Lemma [2.5] The second and third steps are straight-
forward extensions of their argument. For the sake of completeness we provide a detailed proof
in Section [2.5 [ |

SPECIAL CASES — HOLLOW (CROSS)-GRAM MATRICES

In this subsection we look at the special case H = ®*® —1I that appears naturally in the sparse
approximation framework. Previous results showed that success of recovery depends on the
coherence 1 := max;-; [(¢s, ;)| and the conditioning of the subdictionary @, i.e.,

Or = || @5 — Ifl22 = max { A2, (®r) — 1,1 — A2, (D))} -

max min

Here A2 (®7) and A2, (®;) denote the largest and smallest eigenvalue of ®3®; respectively.
In this setting, the matrix H := ®*® — I is called the hollow Gram matrix and we call
poi= max;-; [(¢i, ¢j)| = ||H||oo,1 the coherence. Applying Theorem to this matrix, we get

the following bound on ¥7;.
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Chapter 2. Submatrices with non-uniformly random supports

Corollary 2.2 Let ® € C™K be o dictionary with unit norm columns and assume I C K
1s chosen according to the rejective sampling model with probabilities p1,...,px such that
Zfilpi = S. Further let D , denote the corresponding weight matriz. Then, for all r >
262HD¢5HD¢5H272

’I"2 T
]P>3<y<1>*<1>1—1[|| 2r>§216Kexp —mind ——— |
! > 4e?|HD 4%, 21

In this setting H is symmetric, hence H*D ; = HD ,. The result can be used to bound

. 1
Ps(I91l2 2 VIEr) and P (H(@Icpf) Yoo > 1 _T> .

This comes in handy when trying to prove recovery guarantees for sparse approximation algo-
rithms later in this text.

Another frequently arising quantity is the cross-Gram matrix H := U*® — diag(¥*®), where
® and ¥ are dictionaries. In this setting, we call fi := max;-; [(¢;, )| the cross-coherence.
Applying Theorem yields

Corollary 2.3 Let U, ® € C™XK be dictionaries with unit norm columns and assume I C
K is chosen according to the rejective sampling model with probabilities p1,...,px such that
Zfilpi = S. Further let D ; denote the corresponding weight matriz. Then, for all v >
262HD¢5HD¢5H2,2

72 72 r
PS(”HI,IH > T‘) < 216K exp| — min , =7 |-
22 4€2HHD\/E||30,2 462”D¢5H||%,1 2/

Note that in contrast to Subsection the matrix H is not symmetric any more, hence we
need to control both ||HD ,;||cc2 and ||D ;H]||2,1.
In contrast to previous works the above results are in terms of the maximal row norm of the

weighted Gram matrix. Using the bounds

|HD slloo2 < [T PD 4lloo2 < ¥ |loo,2l|®D sll22 = |PD 5|22,
|DsHll21 = |H*D 4llo02 < |2 loo2l|¥D ;ll22 = [¥D 4
1D sHD 422 < 2[WD j;l22]|®D ;2,2

2,2,

one would get bounds similar in spirit and appearance to [25] [82].

We stick to the quantities HHDw;HgQ2 and ||D\/5H”§,1 to see how the weights of the distribution
interact with the structure of H. Intuitively the above results state that the more frequently
an atom is picked, the less coherent it should be to all the other atoms in order for a random
submatrix to be well-conditioned.

The generality of this result allows for p; € [0, 1], which thus includes models where some atoms
are already known to be in the support and some to not appear at all. This allows for models
where a dictionary @ is a concatenation of two dictionaries ®; and ®9, i.e., ® = (®1, P2) and
the submatrix of interest consists of a fized set of columns with cardinality n, of the first
dictionary and a random set of columns no of the second dictionary. Such a scenario can easily
be modeled by setting the p; and the weight matrix D ; accordingly and would yield similar
results to [48].

19
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2.2.2 Maximum row norm of a random restriction

Another frequently encountered random variable in sparse approximation is the maximal row
norm ||Hr||s,2. Given a weight matrix D ;, the following Lemma states that one can expect
this quantity to be approximately of size |HD ;| c,2. This can be significantly smaller than
the worst case max; j |H; j|V/S for |I| < S, depending on the structure of H and D ;. Plugging
in H = ¥*® — diag(V*®) we again see that the more frequently picked atoms should have
smaller coherences in order for |[HD ,;||o,2 to be small. This result is an integral part of the
proof of Theorem and hence we defer its proof to Section

Lemma 2.4 Let H € REXE pe some matriz. Assume I C K is chosen according to the
rejective sampling model with probabilities p1,...,px such that Zfil pi = S. Further let D ,
denote the corresponding weight matriz. Then, for all v > 0

2

HD |2, \ 7%,
Ps ([ Hrlloo2 > v) < 2K <e|gf7wm> -
[

2.2.3 Poissonisation argument in the non-uniform case

As already mentioned, we have to bound the failure probability under the rejective sampling
model by the failure probability under the Poisson sampling model in order to apply concentra-
tion inequalities for sums of independent random variables. In the uniform case the following
lemma is not needed, as one can argue that the supports can also be sampled by drawing one
atom after the other to get a uniform support distribution; see Claim (3.29) p. 2173 in [16].
For the non-uniform case it is not that easy. Lemma 4.1 of [42] almost provides the result that
we need, but has too restrictive assumptions on the expectations p;. Therefore we proveE] the
following result which does not have any constraints on the expectations p;.

Lemma 2.5 (Poissonisation) Denote by Pp the probability measure corresponding to the
Poisson sampling model and by Pg the probability measure corresponding to the rejective
sampling model — both with the same weight matriz D ;. Let f : P(K) — {0,1} be such
that for all I,J € P(K)

fI)
Then for all I C K we have Pg (f(I) =1) <2Pp (f(I) =1).

IN

FO) if IC

Proof Note that the conditions on f imply that if f(J) = 0 for some J, then f(I) = 0 for all
I C J. We start by showing that for 0 < T < K — 1 we have

Pe(f(I)=1|I|=T) <Pp(f(I)=1|[I|=T+1).

Expanding the conditional probability we get

ZI:\[\:T f(I)PB(I) < ZJ;\J\:T_H f(J)PB(J)
>rn=rPs) T Xpera Pe(I)

which is equivalent to

Yo r@MPs(I) Y. Pe()< D> F(DPs(I) Y Ps(I). (2.1)

L|I|=T Ji|J|=T+1 Ji|J|=T+1 L|I|=T

2. The result might be known but extremely well hidden, thus forcing us to prove it.
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Chapter 2. Submatrices with non-uniformly random supports

Now the crucial step is to see that we can partition these sums in a special way. For a pair
(I,J), by definition of the Poisson sampling model, we can write Pp(/)Pg(J) in the following
way

Pe(Ps()) = [[o: [[Q ) [[o: [JC v = ] #F I] 0 =p0) J] (1 —pp)*
T i€l j¢J i€lng  ielnd J¢Iug
This implies that for two pairs (I,.J), (I’,J) with
INJ=I'nJ" and IAJ=IAJ wehave Pp(I)Pp(J)=Pg(I')Ps(J),

where IAJ denotes the symmetric difference between the sets I and J. This allows us to
define natural partitions on the set of pairs (7, .J) such that the probability Pg(I)Pg(J) is
constant on each partition: Let k € {0,...,T}, A C K with |A] = k and B C K\ A with
|B| =2(T — k) + 1. A will be the intersection and B will model the symmetric difference of
the sets I and J respectively. For such a combination of A, B we define

OQup={IJ): [,LJCK|I|=T,|J| =T +1,I0J = A IAJ = B} .
Note that each pair (I, J) with [I| =T, |J| =T + 1 can be uniquely assigned to one Q4 p. So

if
Yooofm< Y f) (2:2)

(I,J)eQa,B (I,J)eQa,B

for all possible choices of A, B then (2.1) follows and we are done.
We start with the special case |A| = 0 and fix B C K with |B| = 27" + 1. With slight abuse of
notation we write I¢ := B\ I for the complement in B. With this notation (2.2]) becomes

Y o< Y )

ICB:|I|=T JCB:|J|=T+1

Remembering that f(IU{i})=11if f(I) =1 we get

> = Y e Y i)

ICBI|=T ICBI|=T iele
1 .
= > f(Dme(IU{Z})
ICBI|=T i€l

IN

ICB:|I|=Ti€l*

e i) DD SRS (3}
o st D SR 0)}
JCB:|J|=T+1

If |A| > 0 then the same argument as above replacing f(-) with f(AU-) and T with T' — |A]
yields ([2.2) for all possible choices of A and B. Thus we get

Pp(f(I)=1|[I|=T) <Pp(f(I)=1|{|=T+1).
Now we are finally in a position to prove our result. Note that

Pp (f(I)=1) = X4 Be (f(I) = 1| || = k) Pp (1] = k)
>Pp (f(I) = 1| [I| = 8) Ci_sPs ([I| = k) > Ps (f(I) = 1) - 3,
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2.3. Application to sparse approximation

where the last inequality follows from Theorem 3.2 of [45] which says that if the mean number
of successes of K independent trials is an integer S, the median is also S. |

Remark 2.6 Applying the above result to the functions fi(I) := 1{\|H11||22>t} and fo(I) ==
L))o o>ty we get

Ps ([[Hr 1ll22 > 1) < 2Pp ([[Hr 122 > 7) and

Ps (|[Hilloo2 > v) < 2Pg (|| Hillso2 > v) .

FEven though we stated our results only for the rejective sampling model, all of our proofs
consist of first bounding the failure probability under the rejective sampling model by the failure
probability under the Poisson sampling model. Hence all of our results hold for the Poisson
sampling model as well, with the failure bound actually improved by a factor 1/2.

2.3. Application to sparse approximation

In this section we apply the derived result to sparse approximation. The starting point of
sparse approximation is an underdetermined system of linear equations for which one tries to
find the sparsest solution. Assuming that the signal y is a linear combination of S columns of a
dictionary ®, we show under which conditions sparse approximation algorithms are successful.
To that end we define the following statistical model for our signals.

Definition 2.7 (Signal model) We model our signals as
y=®;x; = Z;jzl GipTiy, Ti, = cpog, Vke{l,...,S},

where ® € R>K is o dictionary of K normalised atoms, I = {i1,...1ig} is the random support
and ¢ = {c1,...cs} is an arbitrary sequence of strictly positive coefficients. We assume I C
K is chosen according to the rejective sampling model with probabilities p1,...,px such that
Zfil p; = S and denote by D  the corresponding weight matriz. Further we assume that the
signs o; form an independent Rademacher sequence, i.e., o; = 1 with equal probability.

This definition allows us to use probabilistic arguments to show that in the majority of cases,
sparse approximation algorithms are able to recover the support under mild conditions on the
dictionary ® and on the coefficients . We denote by P, := P, 5 the product measure of the
signs and the support and by p := max;; [(¢;, ¢;)| the coherence of the dictionary ®.

2.3.1 Thresholding

We start by considering the fastest and conceptually easiest sparse approximation algorithm.
Thresholding works by finding the indices corresponding to the S largest values of |(y, ¢;)],
i.e.,

find J = argmax;_g|[®7yll1 and
reconstruct zj = P(®;)y.

In slight abuse of notation, let ||¢||min := min; ¢;. In [74], average case results for Thresholding
were derived for the uniform case. There, a sufficient condition for Thresholding to work with
high probability was Su?log(K) < |cl/2,,/llcl|%. We extend these results to the non-uniform
case and show how the structure of the dictionary interacts with the distribution of coefficients.
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Chapter 2. Submatrices with non-uniformly random supports

Theorem 2.8 (Thresholding) Assume that the signals follow the model in , where the
support I C K is chosen according to the rejective sampling model with probabilities p1,...,pK
such that Zfilpi = S. Further let D ; denote the corresponding weight matriz and denote by
H = ®*® — 1 the hollow Gram-matriz. If

2 2
2 < Hchin cmd HD 2 < ”CHmin ’
= Sl log2 (4K /%) 1D slls2 < gaayicz 10p(ak /o)

then Thresholding recovers the support with probability at least 1 — €.
Proof By definition of the algorithm, Thresholding recovers the full support if
[@Teylloo < [[PTYlImin-
Note that the signals have two sources of randomness, o and I. Plugging in the definition of
y we derive a bound on the failure probability
Py (197¢lmin < 1®7ylloc) = Py (197121 [[min < |97 P11 ]lo0)
< Py (llellmin = (@727 = Darlloe < [|PFPrar]loo)
< Py (llellmin < 2|H127]l00) -

Where we used that x;, = ojci, where o € RS is an independent Rademacher sequence. Now
as the signs o are independent from the support I, we can apply Hoeffding’s inequality to each

entry of Hro (2.19) and use Lemma to get
Py ([[@7ylImin < [[®7cylloc) < Py ([l/lmin < 2[[Hrz1]o0)

e
<, (el = 0 A <) + P (1l > )

2

,
2 HD |2 .\ »*
< 2K exp <—”C”mm> +2K (erHm?) ‘

8|3~ gl
2
Setting 72 = m, we see that the conditions of the Theorem imply that the failure
probability does not exceed ¢. |
2.3.2 OMP

One of the most popular sparse approximation algorithms is Orthogonal Matching Pursuit
(OMP). This greedy algorithm finds the support iteratively, adding one index at a time to the
current support. In every step, it picks the index of the atom which has the largest absolute
inner product with the residual and then updates the residual. Initialising ro = y and Jy = (),
it

finds j = argmax,, [(¢x, ;)| and

updates Jip1 = J;U{j} resp. rj., =y—P(®s,)y,
until a stopping criterion is met. Hence to prove that OMP recovers the correct support, one
needs to ensure that it picks an atom from the support in each step. So assuming OMP has
successfully found J C I in the i-th step, it will find another correct atom if

[@7erslloe < IPL oo,

where L := I\ J. Based on this observation we prove the following Theorem.
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2.3. Application to sparse approximation

Theorem 2.9 (OMP) Assume that the signals follow the model in (2.7)), where the support
I C K is chosen according to the rejective sampling model with probabilities p1,...,pKx such

that Zfil pi = S. Let D, denote the corresponding weight matriz. Assume that the hollow
Gram-matric H = ®*® — 1 satisfies | D ;HD 422 < L If

4e?*

2
1
0D 2 < mi . llerlls d
” ﬂ”w—mm{Lg?%i‘?,S} 1662]cr 3" 16e710g(216K /) | "

(1 < min min lewfloo 7 1 ’
LC{1,...5} 4||ep||2/log (218K /e)  41og(218K /<)

then OMP recovers the correct support with probability at least 1 — ¢.

Proof Set ||®7®; — 1|22 =: ¥ and assume that 9¥; < 1/2. We start by expanding the
residual in step

ry=y—P(®@,)y=®x; — P(®))P2; = (I)I\Jml\J - ‘I’J(‘I’iq’ﬂ*l@?‘l’l\ﬂ[u
Set L :=1\ J. By definition, OMP finds another correct atom in the next step if
@7 (@rar — s (P5Dy) ' OFPLL)|loo < ([P (Prar — By(P5P) ' OGPL2L) oo,

i.e., the inner products with the residual of the remaining atoms in the support are bigger than
the inner products with the residual of atoms outside the support. Using the (reverse) triangle
inequality, we get the sufficient condition

1@7e@LaL oo + (| @@y (RGP )~ PG PLE Lo
<ozl = (@1 PL — Daplloo — |9, PS(P5Ps) ' @) PL2L] o0

Note that
max {[[ @7 [loo.2, [P7ePslloo2, [PLPL — Llloo,2, [P7 P lloc,2} < [[H|loo,2-
So OMP works if

2| Hilloo2llzzll2 + 20 Hilloo 2l (2520) 22 @5 L 22/lzLll2 < oL, (2.3)

By properties of the operator norm we have ||[®5®r|22 < U7 and [[(®5P )7 22 < L
Plugging this into (2.3) we see that OMP will pick a correct atom in the next step, if

Iy > [EA1S
H 2+2 < .
H IHOOQ ( 1_ 19[ Hl,LH2

So on the set {¥; < 1/2} the columns of ®; are linearly independent and we need to have

in lezfloo =: v for OMP to find the correct support. So by Corollary
LEl,....S} 4flerllz2

and Lemma [2.4 we get

Ps([[®7erslloc = [|®771]l0) < Ps(r > 1/2) + Ps(|[Hilloo2 = )

[Hilloo2 <

M)

~y

1 1 HD ||? uZ
< 216K exp | —min 5 5 ,— 49K ew ‘
16e¢ HHDWHOOQH 4u ~y

Owing to the conditions on p and [[HD ;|2 in the Theorem, the right hand side does not
exceed €. [ |
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Chapter 2. Submatrices with non-uniformly random supports

Remark 2.10 Note that for coefficients ¢, ~ o we can always lower bound ||cp||so/|lcL|l2 >
V1—a?. So in the case of uniformly distributed supports (p; = S/K) and a very incoherent
dictionary the conditions above reduce to

Sp?<1-a® and Sp?logK <1,

which are essentially the same conditions derived in [73] for exactly sparse signals. This is
quite surprising, since this new proof is not only shorter but more importantly does not use the
assumption of random signs of the coefficients — meaning that the Theorem also holds without
the assumption of random signs.

2.3.3 BP

A very popular alternative to the above algorithms is the Basis Pursuit principle. Instead of
tackling the NP-hard problem of finding the sparsest solution with greedy methods, it instead
aims to solve the convex relaxation

Z = argmin ||z|; s.t. y= dzx. (2.4)

The average case performance in the uniform case of this optimisation problem has been
extensively studied [82] [62], [16]. We give a short proof how these results can be transferred to
the non-uniform case.

Theorem 2.11 Assume that the signals follow the model in , where the support I C
K is chosen according to the rejective sampling model with probabilities py,...,px such that
Zfilpi = S. Let D, denote the corresponding weight matriz. Assume that the hollow Gram-
matriz H = ®*® — I satisfies | D ;HD 422 < 1. If

and \|HD

1
G — 20 <
H'= og(220K /¢) vl < oo @R )

then BP recovers the correct coefficients with probability at least 1 — €.

Proof We use results for fixed supports such that ¢;-minimisation yields the exact solution
[8T, 36]. In particular we know that if y = > . ; ¢icioy, for some I C {1,.., K} with [I| = S
and if HCI)*CCI>1(<I>}‘¢'I)*1UIHOO < 1, then z is the unique solution to the ¢; - minimisation
problem (2.4). So all we have to show is that ||®}.®;(®5®;)  oy|lee < 1 is satisfied with high
probability. Set M := ®%.®(®5®;)~! and ¥ := ||®5P; — [||22. As usual we note that

1
1-9;

IM|loc2 = @721 (P7P1) ooz < 197 @1lloo2l|(R7P1) " l22 < [ Hrlloc,2

Now Corollary together with applying Hoeffding’s inequality to each entry of Mo (2.19)
and Lemma [2.4] yields

Py ([|Mo]leo > 1)
<Py (Moo = 1 [ [[M]lco2 <27) +Ps (91 2 1/2) + Ps (|| Hillo2 = 7)

2
~

1 1 1 HD || 5\
<2Ke #7* + 216K exp| —min 5 > ¢ | T2K e% )
16e2[|HD 45 2 41 v
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Figure 2.2: From left to right: The K-space {(k1, ko) : —VEK/2+1 < ki, ko < VK /2} with the
frequencies used for the measurement matrix A;. The frequencies used for the measurement
matrix As. Locations of non-zero coefficients of patches in the 2D-Haar Wavelet Basis. Ex-
pectation of each atom to be in the support (blue) and average expectations for comparison
(red) on a log scale.

Setting 72 = m, we see that under the conditions of the Theorem the failure proba-
bility is bounded by e. |

To illustrate our results we conduct the following small experiment. We take the 2D Haar-
Wavelet decomposition of 1000 randomly chosen normalised patches v, of size 64 x 64 from
the image Peppers before applying a threshold of +/log(d)/(36d) for d = 642 on the coefficients
to get sparse approximations. Counting how often each atom is used we get a proxy for the
probability of any atom being in the sparse support I, (right). We denote by D , the
corresponding weight matrix and by D the vectorised 2D Haar-Wavelet basis. Now we are
given two measurement matrices derived from subsampled vectorised 2D-DCT matrices which
we denote by A; € R™*% and Ay € R™*?. The subsampling pattern is generated by two
different subsampling strategies — see (left and middle left). For our experiment we set
m = 512. We are tasked with solving the minimisation problem

T =argmin||z|; s.t. Ajy=A;Dzx (2.5)

and are given the choice between the two measurement matrices A; and As. Our results tell
us that as long as the sparse supports of our signals follow the distribution described by the
weight matrix D ;, we should pick the sensing dictionary A; that minimises the quantities p,
|HD |02 and ||D ;HD ,||22 (where H is the hollow Gram matrix of the matrix A;D after
normalisation). Looking at columns 1-3 we see that for signals following the distribution
specified by D ;, our results suggest Ay yields better performance. To test the actual perfor-

mance, we used BP to recover the coefficients x, from the set of incomplete measurements
A;yn, = A;Dx,. Note that the coefficients x,, are not sparse, but compressible. Looking at the
mean squared error (MSE) + Zflvzl |y — D2y l|3 in we see that even though strictly speak-
ing our theory does not apply here (as these signals are not perfectly sparse) the quantities
|HD 4||o0,2 and | D ,HD 4|22 seem to be good predictors of average performance for signals
where the sparse support (in this case of the biggest entries) follows a distribution specified by
a weight matrix D ;.
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Chapter 2. Submatrices with non-uniformly random supports

p IHDylloz IDzHD )20 MSE

A 0.79 3.80 2.80 0.18
A 0.98 0.74 0.77 0.06

Table 2.1: The first line corresponds to the uniform subsampling strategy, the second line to
the variable density subsampling strategy.

2.4. Sensing dictionaries and preconditioning

As an application of our results we construct a sensing dictionary to improve the average
performance of a dictionary for Thresholding and OMP, given that we know the distribution
of supports. We then extend these ideas to BP via preconditioning.

In the most general sense a sensing dictionaryE] W for a given dictionary ® is a matrix of the
same size as ®, whose columns satisfy (g, ¢r) = 1 for all k£ € K. It can be used in greedy
algorithms to replace the original dictionary in the atom selection step. Sensing dictionaries
improving the worst case performance of OMP and Thresholding were first characterised and
constructed in [75]. In [74] those ideas were generalised to construct sensing dictionaries that
improve the average performance. We extend these average case results to non-uniformly
distributed supports to see how the distribution interacts with the structure of the sensing
dictionary.

The main idea in Thresholding and OMP is to determine which atoms to include in the support
by looking at the absolute inner products between the signal and the atoms. Using a sensing
dictionary changes this step in the Thresholding algorithm to

find J = argmax;_g|[¥7y[l1 and

reconstruct x; = P(®;)y.

For OMP, similarly, the sensing dictionary comes into play when choosing the next atom to
add to the support while the residual update step stays the same. Initialising r¢ = y and
Jo = 0, for OMP with sensing dictionary ¥ one has to

find j = argmaxy, [(¢¥g, )| and
update Jiy1 =J;Uj resp. vy, =y— P(®s,)y,

until a stopping criterion is met. Now we will show how to construct a sensing dictionary given
knowledge about the distribution of the supports.

Assuming that the distribution of our supports follows a Poisson or rejective sampling model
with known weight matrix D ;, a sensing dictionary with good average case performance should
ideally minimise ||(U*® —I)D ;|lo0,2 - see Section We now try to find ¥ such that this
quantity is minimised under the constraint that diag(V*®) = I. First note that the quantity
[(W*® —T)D ,[|%, 5 is bounded from above by [|(¥*® — 1)D ,||%. Minimising the Frobenius
norm instead of the maximum row norm has the big advantage that it is easy to find an analytic
solution. For ease of notation let P := W?2. Following [74] we use Lagrangian multipliers and
derive both the objective and the constraint function along v; to get

d
@ [U*®D 4[5 = > 2(¢i, vj)dipi = 20PD*;  and (65 15) = ;.
J i

a
di;

3. Note that strictly speaking ¥ # & is not actually a dictionary, as the columns are not normalised.
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2.4. Sensing dictionaries and preconditioning

So we see that for Thresholding and OMP, the sensing dictionary should be set to
T = (PPP*)1DA,

where A is a diagonal matrix such that (¢;,1;) = 1 for all i € K. This compares nicely
to the result in [74], where they arrived at ¥ = (®®*)~1®A for the special case p; = S/K.
This shows how the distribution of coefficients changes the optimal sensing dictionary via the
diagonal matrix P. Figures [2.4 and [2.5] show how the performance of Thresholding and OMP
improves when using sensing dictionaries for various dictionaries and distributions.

For BP it is not as simple to use a different sensing dictionary. Instead we use preconditioning,
multiplying the original dictionary by an invertible matrix from the left and by a diagonal
matrix from the right. Inspired by the argument above, we set

U = (0PP*)/2DA,

where A is a diagonal matrix such that (¢;,1;) =1 for alli € {1,..., K}. We then change the
BP minimisation problem to

min ||z||; such that g = ¥z,

where §j = (®P®*)~'/2y. This is equivalent to the original optimisation problem, as A is a
diagonal matrix with positive entries and (®P®*)~1/2 is invertible.

2.4.1 Numerical results

To test the performance of our sensing dictionaries and preconditioning, we conduct the follow-
ing experiment. We build 2 dictionaries, each with 256 atoms of dimension 128. The columns
of the first dictionary are drawn uniformly at random from the unit sphere and the second
dictionary is a uniformly subsampled Discrete Cosine Basis with subsequent normalisation.
We consider three different distribution models: quadratic, linear and step — see [2.3] For
each distribution model and each support size between 1 and 80 we construct 1000 signals by
choosing the support according to the rejective sampling model. The sparse coefficients of x

0.9

— Linear — Linear
I — — Quadratic 0.8 — — Quadratic |
0127 | Step ’ Step
0.7 Wavelet |
0.09 - 0.6
0.5
0.06 \ ] 0.4
0.3
0.03F N 1 0.2
(AR
0 0 T e
0 50 100 150 200 250 0 50 100 150 200 250

Figure 2.3: Left: Expectations of the Bernoulli random variables employed in our distribution
models. Right: The same plot with the relative frequency of the wavelet coefficients from [2.1
for comparison.
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Figure 2.4: Percentage of recovered supports (y-axis) for Thresholding with different sensing
dictionaries for various sizes of sparse supports (x-axis). Blue corresponds to no sensing dictio-
nary, red to the uniform average case sensing dictionary and orange to the distribution specific
average case sensing dictionary.

have absolute value one with random signs, i.e., x; = +1 with equal probability. We then
compare how often Thresholding, OMP and BP can recover the full support when using the
original dictionary, the uniform average case sensing dictionary (P = ]I%), and the distribution
specific average case sensing dictionary (or the preconditioned matrix for BP). The results for
Thresholding and OMP are displayed in respectively. 2.6 shows how the preconditioning
changes the recovery rates for BP. As can be seen, incorporating prior knowledge about the
distribution of supports into the algorithms improves performance quite significantly for all 3
algorithms.

2.5. Proof of operator norm concentration

The proof follows the one that appeared in Chrétien and Darses [25] with some minor changes
to account for the non-uniformly distributed supports and the extension to non-symmetric
matrices. We start with an argument that lets us decouple the random variables selecting
the rows and columns. This is crucial for the application of concentration inequalities for
sums of independent random matrices later in the proof. Throughout this section, we write
| -1 == - ||2,2 for the operator norm.

Proposition 2.12 Let H € CK*E be some matriz with zero diagonal. Assume I C K

1s chosen according to the Poisson sampling model with probabilities p1,...,px Ssuch that
Z£1 p; = S. Then, for allr >0

Py (|DiHDy| > 7) <36 Py (| DiHD1]| > 7/2),
where Dy is an independent copy of Dr.

Proof Let n; for 1 <7 < K be a series of i.i.d. Rademacher random variables. We follow the
approach of Chrétien/Darses [25] and Tropp [83] who refer to Bourgain/Tzafriri [12] and de la
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Figure 2.5: Percentage of recovered supports (y-axis) for OMP with different sensing dictionar-
ies for various sizes of sparse supports (x-axis). Blue corresponds to no sensing dictionary, red

to the uniform average case sensing dictionary and orange to the distribution specific average
case sensing dictionary.
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Figure 2.6: Percentage of recovered supports (y-axis) for BP with different preconditioning
strategies for various sizes of sparse supports (x-axis). Blue corresponds to the original /-

minimisation problem, red to preconditioning with uniform weights and orange to precondi-
tioning with the correct weights.

Pena/Giné [28]. We define

Z =Z(n,0) == 345 (1 — niny)6:; Hi 5.

Setting Y = Zi# 5i5jﬁi7jnmj, we can write Z = DfHD; — Y. Recall the Hahn-Banach
Theorem.
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Chapter 2. Submatrices with non-uniformly random supports

Theorem 2.13 (Hahn-Banach) Let X be a real vector space and p a sublinear functional
on X. Let f be a linear functional defined on a subspace A C X such that f(a) < p(a) for all
a € A. Then there exists a linear functional f on X satisfying f(a) = f(a) for alla € A and
f(z) < p(x) for all z € X.

From now on we work conditional on a choice of I (i.e. we fix our sequence d;, therefore the
support set I and the entries of Dy are fixed as well). Denote by A = {A\D;HDy | A € R} the
subspace generated by DyH Dy and define a linear form f(AD;HDy) = A||D;HDy|| on this
subspace. By definition we have f(a) < ||a|]| =: p(a) for all a € A, where the properties of the
operator norm imply that p is a sublinear functional. Thus the Hahn-Banach Theorem gives
us the existence of a linear functional f satisfying

f(DrHDy) = f(D;HD;) = |DrHDy|| and f(Z) < ||Z|.

Using the linearity of f and that Y is symmetric around 0 we get
P, (1]l = \DiH D) = B, (12l = f(D1H D)) = By (§(2) = f(D1HDy))
~P, (f( Y) + f(DrHD;) > f(DrHDy) ) ( ) > o) :
where again by linearity of f we have
Z F(H; j)min; = Z [f(ﬁz',j) + f(ﬁj,i)} nin;-
1#j,5€l 1>5:1,7€1

So we see that f(Y) is a homogeneous Rademacher chaos of order 2. For ease of notation
write { := f(Y). As £ is a centered real random variable we can write E[|¢|] = 2E[¢]¢~0] and
a simple application of Holders inequality yields

E, (€))7 = 4, [€leso)® < 4Py (€ > 0) Ey[€%).
Write E, [¢%] = [52/ 3¢4/3] and apply Holders inequality again with p = 3 and q =3 to get

En[€?) < By [|€)5E,q[€Y]5.
Putting the above together we arrive at

Eq[l<[)* | TE,[€]°

Ey[€?] — 4 Eyl¢Y]

Since £ is a homogeneous Rademacher chaos of order 2 we can apply Lemma 2.1 of Chrétien
and Darses [25], which states

Pp(§ >0) =

212
Ey [54] > }
E,lgt 9
So following the arguments in Chrétien and Darses [25] for bounding such a Rademacher chaos
we get P, (||Z|| > |[DrHDyl|) > 5. Multiplying both sides with Igjp,sp, (>} and taking the

expectation w.r.t. to I leads to

Pe(|DrHD;|| > ) < 36 Pp (|| Z]] = 7),

where Pp ,, denotes the product measure. By the same argument as in Proposition 2.1 of [83]
there exists a 7 € {—1,1}¥ s.t.

Py (1Z] =) =By [En (Lyzmeyizr | 1)] < E (Lyzasyzn) = Ps (12(7,0)] > 7).
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2.5. Proof of operator norm concentration

Setting T'= {i : 7; = 1}, we see by the definition of Z
Z(ﬁ, (5) =2 Z 5j5kﬁj,k + 2 Z (Sj(skﬁch =2 Z 5]'(5],3(]?]'7]{; + ﬁkJ).
JET keTe jeTe keT jET keTe
Now we can do the decoupling. As §; for ¢ € T" are independent from §; for j € T we can
replace 9; for j € T° with ¢’ which is an independent copy of §. Thus
Py (121 27) <Pe(l > 60w+ iyl = 1/2).
JET,kET*

The operator norm of this matrix (after reordering) satisfies

2
o A\|[* |I/BB 0 \]| _ 2 2
15 =157ty = mextrar iz,

where A corresponds to Z]ET,keTC 5j5;€ﬁj7k and B to Z]ETJCE:FC (5j5§€ﬁk7j. As the spectral
norm of a submatrix is always less than or equal to the spectral norm of the whole matrix we
get by reintroducing the missing entries

Pny(1Z]] = r) < Pp(||DIHD;| > r/2).
Putting everything together yields the desired result. |

Now we are in a position to apply concentration inequalities for sums of independent random
matrices. For that recall the Matrix Chernoff inequality, [84].

Theorem 2.14 (Matrix Chernoff inequality [84]) Let X1, ..., Xk be independent, self-adjoint
and positive semi-definite random matrices taking values in C¥¢. Now let B,m > 0 and as-
sume that for all 1 <k < K || X3|| < B and | S0 EXy|| < m. Then, for allt >0

K t/B
P XHZt)gdem .
(133 e) <a()

Now we are going to derive a bound on Pg (||[DrHDY| > r) by applying the Matrix Chernoff
inequality 3 times. We first use the randomness of D’ while holding Dy fixed, then we bound
the two resulting terms involving Dj. This leads to the following result

Lemma 2.15 Let H € CEK*K be some matriz. Assume I,I' C K — leading to the selector ma-
trices R, R’ — are chosen according to the Poisson sampling model with probabilities p1,...,pK
such that Zfil p; = S. Further let D , denote the corresponding weight matriz. Then, for all
r >0

2
T

- 2 v
2\ 2 D HD |2\ #0402, WHIZ .\ TH1Z,
PB(HDIHDHIET)SK(&> +K<e”ﬁﬁ|> VP ’2+K<e””2,1 v
r

)

u? 02
We begin by bounding Pg (||[DrHD|| > 7).

Lemma 2.16 Let H € CE*K be some matriz. Assume I' C K — leading to the selector matriz
R’ — is chosen according to the Poisson sampling model with probabilities py,...,px such that
Zfil p; = S. Further let D , denote the corresponding weight matriz. Then, for all r >0

2
IIDIHDﬁIIZ) HDI’;IH%J

]P)B (HDIHD/IH > ’l“) < K <€ 3

r
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Chapter 2. Submatrices with non-uniformly random supports

Proof Using that for any matrix A we have |AA*|| = ||A*A|| = || A||%, we see
Pg (| DHDf|| > r) =P (|DiHD}||* > r*) = Pg (|D/HD{H*Dy|| > 7).

Denoting by Z; the j-th column of D;H, we get DfHD}H*D = Z]K:1 0;2;7%. Then we have
1Z;Z; || = 11Z;113 < |IDrH|3,, and

K K
1D B2 230 = | Y piZiZ;|| = | DrHD D yH* Dil| = [ DrHD 4>,
i=1 i=1

As Z]K:1 6§-ZjZ; is a sum of independent random variables, an application of the Matrix

Chernoff inequality yields the result. |

Now we turn to bounding the two quantities ||D;HD | and ||[D;H||2;; by the same argument
as above.

Lemma 2.17 Let H € REXE be some matriz. Assume I C K is chosen according to the
Poisson sampling model with probabilities p1,...,pKx such that Efil p; = S. Further let D ,
denote the corresponding weight matriz. Then, for all u > 0

2
u
]DW,HDWH?> 15D 512 5

Ps (|[D/HD | > u) < K (e "

Proof Again using that for any matrix A, |[AA*|| = ||A*A| = ||A||?, we see

Pi (|DIHD 4| > u) = i (IDiHD 4|2 > u?) = Pps (D H* DHD 5| > u).
Now denote by Y} the j-th row of HD , then we get D ;H*D;HD , = Z]K:1 6ij*Yj. We have
V7Yl = 1;13 < [[HD 4%, and

= HDﬁHDﬁHQ-

K K
1Y EEY;YIl =10y Yill = |1DsH* DD HD,
i=1 j=1

As Zszl 6;YY; is a sum of independent random variables, an application of the Matrix
Chernoff inequality yields the result. |

We now restate and prove Lemma [2.4] for the Poisson sampling model. Note that by definition
|DrH*||21 = [|[HDfl|oo,2 = ||Hrl|oo,2- Recall that by Lemma [2.5]
Ps ([ Hilloo2 = v) <2 Pg ([[Hilloo2 = v),

so this result translates immediately to the rejective sampling model.

Lemma 2.18 Let H € CK*K be some matriz. Assume I C K is chosen according to the
Poisson sampling model with probabilities p1,...,px such that Zfil pi = S. Further let D ;
denote the corresponding weight matriz. Then, for all v > 0

2
v
||HDﬁ|?,o,2> T

v2

Py (1Hillos > ) < K (
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2.5. Proof of operator norm concentration

Proof We begin by writing ||Hr||s,2 as the maximum of a sum of independent random vari-
ables ||H1ng2 = MaX;e(1,.. K} Zszl 5jHi2j- Now we fix ¢ € {1,.., K} and apply the standard
Chernoff inequality

v2
K 2 HH2
Z 2 2 HHD\/EHOO,Q 10,1
=1
Taking a union bound yields the result. |

Finally we can put everything together and prove Theorem The main difficulty lies in
picking v and u such as to minimise the probability bound in [2.15]

Proof [Theorem [2.1] Set

) r? 2 r 5 72 9 72
a := min — V7= — U= —.
1D, H[3, 1[HD 2, 2 ia i
Now these definitions and the assumption r? > 4e*|D ;HD ,|* imply
u? _ r? > o 6||D\/,7HD¢,;H2 _ 4¢’| D sHD 4| < el
||HD¢13H§0,2 4€2||HD¢E||§0,2 7 u? r? B ,
v IDsHI3, el DysH|G 00
2 A2 = ETEE e
72 4r’a 4u?  der? 1
—_— = — = X C— = —— —
qv2 42 ’ r2  4e?r?

So Pg (| DrHDy|| > r) < 2Pg (| D;HDy|| > r) < 72Pp (| DrHDY|| > r/2), together with

2

2 w2 il
Au2\ 12 D _HD .||?\ 1#D_,I% D H|32,\*
By (| DiHD)| > r) <K <e“) +<e’ a ﬁ”) ” *2+<e” - ”271>

72 u2 v?2

<

shows that Pg (|| DrHDy|| > r) < 216Ke™ . [ |

For convenience we restate an easy consequence of Hoeffding’s inequality.

Lemma 2.19 (Hoeffding) Let M € RX*S be a matriz and x € RS such that sign(z) € RS
is an independent Rademacher sequence. Then, for allt > 0

t2
P, (||[Mzfoo >t) < 2Kexp [ -0 |.
7 > 2| MZ, o lll12

Proof We apply Hoeffding’s inequality to the k-th entry of Mx, which yields

t2 t2
P, My jxj| >t ] <2exp | ——=—75——5 | <2exp <—>
2 Megas ( 35 M,z,jxg) AN

The statement follows using a union bound and the identity || M ||oc2 = maxy, || M. k|2 [ ]

Remark 2.20 In the published version of Chrétien and Darses [25] there is a tiny bug in the
proof of Proposition 4.2 in the way the variables u and v are balanced. In particular, for very
small ., inequality 4.17 may be violated. v? should instead be defined via an equality in 4.15,
whereas 4.14 should be an inequality.

34



Chapter 2. Submatrices with non-uniformly random supports

2.6. Sensing matrices

Lemma 2.21 (Thresholding with sensing matrix) Assume that the signals follow the model
in , where the support I C K is chosen according to the rejective sampling model with prob-
abilities p1,...,prx such that Zfilpi = S. Further let D, denote the corresponding weight
matriz and denote by H := W*® — 1 the hollow cross-Gram matriz. If

2 2
H 2 < ||CHmin d HD 2 < ”CHmin
1l < greE togarey ™ NPl < gap ~opirye)

then Thresholding with sensing dictionary ¥V recovers the support with probability at least 1 —¢.

Proof Now by definition of the algorithm, Thresholding recovers the full support if

¥7eyllmax < 1 27Yllmin-

Repeating the steps from the proof of Theorem with the obvious changes we obtain the
result. |

Lemma 2.22 (OMP with sensing matrix) Assume that the signals follow the model in
, where the support I C K is chosen according to the rejective sampling model with prob-
abilities p1,...,px such that Z@'I;Pi = S. Further let D , denote the corresponding weight
matriz. Let W be a sensing matriz and assume the hollow Gram-matric H = ®*® — 1 satisfies
IDHD gll22 < 5. If

1
HD ,|% 5 <
| \/5”0072 ~ 16e?log(216K /¢)

1
Hlor < — -
IHlloo. < 4log (218K /)

lec I3

U —I)D |2 16€2|[c. |2
I Wil = | 11 ) T6e7]e, 3

in llerlloo
LC{1,...5} 4|cp||2+/log(218K J¢)

then OMP with sensing matriz V recovers the correct support with probability at least 1 — €.

|*® — I|oo1 <

Proof Set L := 1\ J. By definition, OMP finds another correct atom in the next step if
17 (@rzr — @ (D5P,) T OFPLEL) o0 < | (Prap — B p(P5Ps) ' PIPLLL)|oo.

Repeating the steps from the proof of Theorem [2.9] with the obvious changes we obtain the
result. |

2.7. Discussion

In this chapter we have derived concentration inequalities for norms of random subdictionaries
with non-uniformly distributed sparse supports. This has allowed us to derive sufficient condi-
tions for sparse approximation algorithms to recover the correct support with high probability
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2.7. Discussion

given that the supports follow a rejective sampling or Poisson sampling model. We have shown
that recovery of signals depends on the structure of the cross-Gram matrix and the distribu-
tion of supports, proving that more frequently used atoms should be more incoherent than less
frequently used ones. The generalisation from uniformly to non-uniformly distributed supports
gives valuable insight into how, in a compressed sensing setup, measurement matrices should
be chosen or constructed. For both Thresholding and OMP it was shown that using sensing
dictionaries that take the distribution of supports into account improves performance. Using
preconditioning to extend this argument to BP, it was shown that prior knowledge about the
distribution also leads to improved performance for BP. In the next chapter we will see how
the results of this chapter can be applied in practice.
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Chapter 3

Adapted variable density
subsampling for compressed sensing

Equipped with the knowledge of how to bound operator norms of non-uniformly selected
random submatrices we turn to a prime application — compressed sensing. We will show
how to derive optimal subsampling strategies in a variable density setup by characterising the
sparsity patterns of our signals via a (possibly non-uniform) distribution on their supports.
The results in this chapter are based on [66].

3.1. Compressed Sensing

Let 2 € CK be some signal and A € C"™*¥ be some matrix, usually called the measurement
matrix. Compressed sensing (CS) consists of reconstructing the signal = from measurements
y = Axz. Usually m < K and it is assumed that the signal x is S-sparse, meaning that only
S < K elements of x are non-zero. One tries to recover z by solving the following optimisation
problem

Z =argmin||z|; s.t. y=Ax. (3.1)

Starting with the seminal works [I7), [32], compressed sensing theory tries to find sufficient
conditions for the above minimisation problem to recover the sparse signal. Early results
suggested that if each entry of the matrix A is sampled i.i.d. from a Gaussian distribution and
m 2 Slog(K), then the above minimisation program does yield the correct solution with high
probability.

These results were very soon extended to a random subsampling setting, where the sensing
matrix A is constructed by sampling rows a; from a unitary matrix Ag € CK*X uniformly
at random [I9] [63]. In this setting, a typical sufficient condition for the above minimisation
problem to recover the sparse signal with probability at least 1 — € reads as

> 2
m 2 SK max llak||Z; log(K/e). (3.2)

If A is the discrete Fourier matrix — for which maxj<k<r |lax||% = & — this leads to
theoretical results comparable to the Gaussian setting. Nevertheless this still falls short of
explaining the remarkable success of CS in most applications, as K maxj << ||ag||%, is usually
quite large.

To solve this problem, variable density subsampling was introduced [63, 23, [60, 22} [46]. There
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3.2. Contribution

meK

the sensing matrix A € is constructed by sampling the rows of Ay via a (possibly

non-uniform) probability distribution. Concretely, the sensing matrix A is defined to be

4= ()
= — | —=ay, ,
\/m Wiy ‘ 1<6<m

where m is the number of measurements we are allowed to take and j, for 1 < ¢ < m are i.i.d
random variables such that P(j, = k) = wy. Note that the subsampling strategy is determined
llaxll3

by the probabilities wy for 1 < k < K. A typical choice in this setting is wy := Sl

leading to the sufficient condition

m 28 llag]i log(K/e).
k

However, this still does not completely bridge the gap between theory and application. Recent
results go further by arguing that the optimal subsampling strategy should not only depend on
the sensing and sparsity matrices, but also on the structure of the sparse signals [2, [14] [3]. The
so called flip test proposed in [2] beautifully illustrates this. The assumption of knowledge of
the structure of the sparse signals was shown to be especially important in the case of blocks
of measurements [14} 26} [3]. The drawback of all of these results is that they rely on the exact
knowledge of the locations of the non-zero coefficients of the sparse signal, which by definition
of the problem is not available in practice.

3.2. Contribution

We generalise the aforementioned results and show that the subsampling strategy should de-
pend on the structure of the sensing/sparsity matrix together with the distribution of sparse
supports. In practice, if one has access to a number of signals from the same signal class as
x, a guess of the underlying distribution of sparse supports of x can be made and the optimal
subsampling pattern be thus derived. We then extend our results to the setting of structured
acquisition, where instead of isolated measurements, blocks of measurements are taken. In
Section the main result is stated, Section applies our theory to some special cases to
compare it to existing results and Section [3.5 shows how to apply the theory in practice. Sec-
tion looks at the setting of sparsity in levels and blocks of measurements in more detail.
The proof of our main result is stated in Section [3.7

3.3. Main result

Assume we are given a unitary matrix Ay € CKX*K representing the set of possible linear
measurements (Ag); =: af. We partition the set K into M blocks Zj, such that W7, = K and
set

By = (ai)iez, € CTxIXE

The sensing matrix A is then defined as

1 < 1
\/m VWi 1<6<m

where m < M is the number of blocks we want to measure and j, for 1 < ¢ < m are i.i.d
random variables such that P(j; = k) = wg. So the wy define the probability with which each

38



Chapter 3. Adapted variable density subsampling

block of measurements is selected. In line with existing compressed sensing literature we call
max [lag [, (3-3)

the coherence of the matrix Ag. This is not the usual coherence used in other chapters of this
thesis, but can be seen as cross-coherence (A, I) = maxy, ; [(ag, e;)|.

Definition 3.1 (Signal model) We model our signals as

xTr = Zeifﬁidi, (34)

i€l

where z; € R (or C) and I = {i1,...ig} is the random support following either the rejective
or Poisson sampling model with weight vector w such that Efil w; = S and denote by D, the
corresponding diagonal matrix. Further we assume that o; forms a Rademacher (or Stez’nhausﬂ)
sequence.

With these definitions we are finally able to state our main result.

Theorem 3.2 Assume that the signals follow the model in where the support I C K
18 chosen according to the rejective sampling model with probabilities p1,--- ,prx such that
Zszl pr =5 and 0 < pi < 1. If the measurements By are sampled according to probabilities
wi and if

~ ok
B.D,B}
> e /PRPpBill22 |
k Wi

B} By ||co
m > maxwlog?)([(/g)’
Wk
og?(K/e), (3.5)

then (3.1) recovers the sparse signal with probability 1 — €.

The exact statement — including constants — can be found in Section [3.7] The restriction
p > 0 is no real constraint, as in the case of p; = 0 for some i, a careful analysis of the proof
shows that one can then set the columns of A with indices in J¢ to zero since they are never
part of the random supports I anyway.

Remark 3.3 This result also extends to signals x that are sparse in some unitary basis ¥ by
change of variable. If we denote by ®* our original sensing matriz and let x = Vz for some
sparse vector z, then we can again apply the above result with the new sensing matriz Ag = ®*W¥
and sparse signal z. In this case, the coherence ||ag|oo Teally is similar to a cross-coherence by
noting that ||ay|lsc = max; ; [(¢i, V)]

The above result shows that the optimal sampling strategy w should depend both on the
distribution p of sparse supports via the diagonal matrix D, and on the structure of the
blocks By. One way to optimise the above bounds is by setting

B max{HBkDpBZ

2,2, [| B}y Blloo,1}
L b

(3.6)

1. Meaning o; are independent realisations of the random variable e with Z uniformly distributed on (0,2m)
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where L is a normalising constant ensuring ), w; = 1. By plugging this bound into the above
theorem we get that we need about

s (z 1B, 5]
k

measurements to ensure recovery with high probability. In Section we will look at special
cases of blocks of measurements, where this bound on m can be further simplified. For isolated

22+ ) HBZBkHoo,1> log?(K /e) (3.7)

k

measurements, i.e. By = aj the above can be further simplified to yield the following result.

Corollary 3.4 Assume that the signals follow the model in where the support I C K
is chosen according to the rejective sampling model with probabilities p1,--- ,px such that
Ei{:lpk =S5 and 0 < pr. < 1. If the measurements aj are sampled according to

_ max{axDyaj, [lax][3}
- ?

. (3.8)

Wk

where L is a normalising constant ensuring Y, wy = 1, and if

m 2 (S +)° rakuio> log®(K/e), (3.9)
k

then (3.1) recovers the sparse signal with probability 1 — €.

Proof First note that || ByD,B;

2,2 = apDpaj, and thus

> " arDyaj, = tr(AgDypAf) = tr(Dp) = S.

k
Further
1B Bk lloo1 = llagaxlloos < max|ag jan i < m?XMk,i!Q = J|ax| %,
leading to L < S + ", [Jax|%. Plugging these wy into Theorem yields the result. [ |

This result is an improvement upon standard results for general (unknown) supports I, which
read as m > S >, |lax||% log(K) [19, 60, 46, 22]. This is to be expected since we assume that
information about the supports and their distribution is available. On the other hand, the
additional log factors are the price we pay for our random signal approach. A comparison to
existing results that assume knowledge about the structure of sparsity, which will be done in
the next section, will thus be more interesting.

Further, Corollary [3.4] shows how, for a given weight vector p, this lower bound is attained via
the formula in . This is an easy-to-use recipe yielding state of the art results in a number
of experiments (see Sections and . Before moving on to empirical results, we want
to mention a few special cases of measurement matrices, sparsity basis and weights p which
underline the generality of the above result.

3.4. Special cases

In this section we show how our result can be applied to recover state of the art theoretical
results in CS theory.
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Chapter 3. Adapted variable density subsampling

3.4.1 Coherent matrix

A frequent example showing the necessity of some sort of knowledge of the structure in sparse
signals is the special case where Ay = I. Denote by J := {i : p; # 0} the set of indices, where
the weights of our random support model are zero and set the columns of Ajc to zero. In
this setting, Formula leads to wp = (SIkT“\] and thus m > |J|log®(K/e) which means that
to ensure recovery with high probability, we have to sample all rows corresponding to positive
weights py, i.e. all those rows that correspond to entries of our sparse vector that have a non-
zero probability of appearing in the support. This also includes the setting where p € {0, 1}

recovering, up to logarithmic factors, results derived in [14] for fixed sparse supports.

3.4.2 Fourier matrix

Assume that Ay = F, i.e. the 1-D Fourier transform. This matrix is known to be incoherent
(lakl% = #) and in the isolated measurement setting this yields ayDpaj = >, |agelpe <
lakllsollpllt = % >0 pe = % for any weight vector p (recall that we have ), py = 5). Plugging
these observations back into our main Theorem yields that independently of the distribution
p, one should sample uniformly at random, i.e. wp = % Corollary thus yields m =
Slog®(K) which (up to log factors) is in line with standard lower bounds on the number of

measurements [17) 31].

3.4.3 Uniformly distributed sparse supports

One possible distribution of our sparse supports is the uniform distribution, where p, = S/K.
Plugging this into Formula (3.8)) yields

_ max{S/K ||ax|3,}

L )
where L again is a normalising constant. This is very similar in spirit to coherence based
2
subsampling strategies [63], 23, 60], where wy, := % Since in the uniform case there is

no structure in the sparse signals that can influence the subsampling strategy it is only natural
that in this special case the optimal subsampling strategy depends only on the structure of the
sensing matrix together with a lower bound S/K to cover the whole space.

We conduct a small experiment by setting K = 2'6 and S = v/K/2. Further we let ® be
the 2D Hadamard transform and ¥ be the 2D Haar wavelet transform. We then generate 100
synthetic signals with uniformly distributed sparse supports, coefficients with absolute value 1
and random signs to compare the performance of three different subsampling strategies, which
can be seen in Figure Sampling 5% of measurements from each of these distributions and
subsequently solving with the Nesta algorithm [55], [10] and averaging the PSNR over 10
runs, each with 100 fresh signals, shows that our adapted subsampling strategy outperforms
both the uniform and the coherence bases subsampling strategy. This shows that in this special
case our result is tight in the sense that both terms in the numerator of Formula [3.8| are indeed
necessary.
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Figure 3.1: Subsampling densities (top row) and corresponding samples (bottom row) for
the adapted variable density sampling scheme (left column), the uniform distribution (middle
right) and the coherence based subsampling scheme (right row). The resulting average PSNR
are: Adapted - 133.5, Uniform - 105.6 and Coherence - 62.3.

3.5. Numerical experiments

Now that we conduct a few experiments, in each of which we assume to be given a training set
of images from which we generate the sparse distribution model by transforming them into a
wavelet basis before applying a threshold. The relative frequency with which each coefficient
appears in these sparse supports is our proxy for the inclusion probabilities p, since they are
just the expectation of an atom being in the support. This one-to-one correspondence is also
motivated by the close relationship between the rejective sampling model and the Bernoulli
sampling model with weights p. We further assume to be given a reference image which
we have to reconstruct. We will compare the performance of our subsampling strategy in
the isolated measurement case against a state-of-the-art variable density subsampling scheme
with polynomial decay, where we pick a frequency (ki, k2) in the 2D k-space with probability
W. To ensure meaningful results, each experiment is averaged over 10 runs. We will use
the 2D Fourier matrix to take measurements and plot all sampling distributions in log-scale.
For our first experiment (Figure we assume a standard compressed sensing setup with
isolated 2D Fourier measurements and a 2D DB4 wavelet matrix as sparsifying basis. We
want to sense the reference brain image (bottom right). To approximate the distribution of
the sparse supports, we use a dataset of around 4.000 real brain images [I5] onto which we
apply the 2D DB4 wavelet transform followed by a thresholding operation with a threshold of
around 0.006, yielding the matrix W (top right). Plugging these weights into Formula ([3.8)
and normalising the resulting density to 1, we get the adapted subsampling distribution w
(top left). We compare this strategy to the above mentioned polynomial decaying density
(top middle) by sampling 10% of frequencies in the k-space (bottom left and middle). Finally,
an application of the Nesta algorithm to solve for both sets of measurements yields the
results in the figure. As can be seen, the adapted subsampling strategy is able to slightly
outperform the quadratically decaying subsampling strategy — resulting in a PSNR, value of
23.8 compared to 32.0.

To show that our new subsampling strategy does indeed adapt to the underlying distribution
of sparse supports, we repeat the above experiment (Figure but this time use a different
dataset — the MRNet dataset which consists of around 30.000 images of knees [41]. To generate
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50 100 50 100 150

Figure 3.2: Adapted variable density sampling scheme (left column) vs polynomial decay
(middle column). Matrix W of sparse support distribution in the DB4 wavelet basis (top
right) and test image (bottom right). The resulting PSNR values are: Adapted - 32.8 and
Polynomial - 32.0.

Figure 3.3: Adapted variable density sampling scheme (left column) vs polynomial decay
(middle column). Matrix W of sparse support distribution in the DB4 wavelet basis (top
right) and test image (bottom right). The resulting PSNR values are: Adapted - 27.9 and
Polynomial - 26.8.

the matrix W we again transform each training image into the DB4 wavelet basis and apply
a threshold of about 0.006 to get distribution of non-zero coefficients (top right). This time
the resulting weights are non-symmetrical and hence plugging them into Formula results
in a non-symmetrical subsampling density, thereby adapting to the underlying structure of
the signals. This makes the difference between the adapted subsampling distribution and the
polynomial subsampling strategy more pronounced, which will also result in greater differences
in the PSNR. Sampling 10% of measurements from the adapted and polynomial densities
(bottom left and middle), we get by applying the Nesta algorithm to that our adapted
subsampling scheme outperforms the heuristically inspired polynomial subsampling strategy
— resulting in a PSNR value of 27.9 compared to 26.8.

This difference in performance gets even more pronounced in the next experiment (Figure ,
where we use the same setup (and dataset) as in the first experiment, but flip the sparse
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3.6. Sparsity in levels and blocks of measurements

Figure 3.4: Adapted variable density sampling scheme (left column) vs polynomial decay
(middle column). Matrix W of sparse support distribution in the DB4 wavelet basis (top
right) and test image (bottom right). The resulting PSNR values are: Adapted - 22.9 and
Polynomial - 11.6.

coefficients of each image (including the test image) by applying the transform x — zf € CK,
9:{ = xK,xg = TK_1, '+, = x1 to the vectorised sparse coefficients. This is inspired by
the so-called flip test [2]. Obviously, the estimated distribution of the sparse supports is now
flipped as well and plugging these weights p into Formula yields a completely different
sampling distribution. We again sample 10% of measurements from the 2D k-space (bottom
left and middle). This time, our adapted subsampling strategy easily outperforms the heuristic
polynomial decay subsampling strategy — resulting in a PSNR value of 22.7 compared to 12.0.

3.6. Sparsity in levels and blocks of measurements

We now analyse one of the most common framework in modern compressed sensing theory.

3.6.1 Sparsity in levels

A frequent assumption in modern compressed sensing theory is sparsity in levels [2 14} [3].
To apply our results to this framework we assume that K = 27t for some J € N and set
Ap = FU*, where F is the 1-D Fourier transform with rows indexed from —K/2 + 1 to K/2
and V¥ is the 1-D inverse Haar wavelet transform. Denote by €2 the dyadic partition of the
set {1,--+, K} where g := 0 and Q; := {2/ +1,---,2/"1} for j = 1,--- ,J. Further denote
by M the J + 1 frequency bands of the discrete Fourier transform F, i.e., My := {0,1} and
Mj:={-2/4+1,--- =271y u{27=t +1,... |27} for j=1,--- ,J. Lemma 1 in [I] states that
for £ € M; and k € §);

lago|? < 277217, (3.10)

We define the average sparsity in level ¢ as

Se = [Ipa, Il (3.11)
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For simplicity we assume Sy > 1 for all 1 < ¢ < J. Plugging this into (3.8]) yields for k& € M;

apDyaj, $ 27785 + 279 olivrlg,, (3.12)
p#j

and thus by using w as defined in (3.8)) our main result yields the sufficient condition

m2 | Y S+ > 207rls, | log? (K /), (3.13)
J PF#J

in line with results in [3].

3.6.2 Blocks of measurements

Even though the above sampling strategies yield very good reconstruction results, probing
measurements independently at random is infeasible — or at least impractical — in most real
applications, see [14] and references therein. Luckily, our results easily extend to the case of
blocks of measurements Bj,.

SENSING VERTICAL (OR HORIZONTAL) LINES IN 2D

We will again follow the notation in [I4) 3] very closely to facilitate easier comparison. Assume
again that K = 27%1 for some odd J € N. Let ® € CVEXVE pe a unitary matrix (for
example the discrete 1D Fourier-Haar transform matrix) and assume that our set of possible
measurements is given by

Ap=d® ®c CK*K (3.14)

where ® denotes the Kronecker product. With this notation, we define blocks of measurements
which, in a 2D Fourier-Wavelet setting would correspond to vertical lines in frequency space.
For this set

By =T, 0@ = (@k,lcp .| @, \/ﬁcb) e CVEXE forall 1<k < VE. (3.15)

The separable nature of this setup has the big advantage that the matrix B; By, has a very nice
representation. Note that in our main result we have to control ||ByD,Bj|| = ||D B} BrD ;|-
Using that ® is a unitary matrix we see

BBy = (Pk,; @ ©)"(p; @ @) = (P, Py, @ ©*P) = (P Py, @ I). (3.16)

For our weight vector p € RE we denote by W € RVEXVE the matrix satisfying vec(W') = p.
Multiplying B} By, = (@} Pk, ® I) from the left and right with the diagonal matrix D ; and
taking the operator norm yields

O Bl ... B D gl
1D (@5 Pk @ DD gl = [ Dy : : Dyl (3.17)
Ot @l L @ by el

Since reordering of columns and rows does not change the operator norm, we apply the per-
mutation R : K ~ vec(vec™!(K)*) to both the columns and rows of the above matrix and set
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3.6. Sparsity in levels and blocks of measurements

/

p' := R(p) to get

O D, ... 0
1D (P, Pr,: @)Dl = || Dy : : D (3.18)
0 o OF D,
) VE
— max ||®..DY? |2 = max Oy 2Wo s 3.19
1Segﬁll ke Dy, 12 1%@;‘ ki Wi (3.19)

So we look for the row v of the matrix W, such that ||®;.D \/EH% is maximised. This encapsu-
lates the relationship between the structure of the blocks of measurements and the structure
of the sparse signals via their distribution. By the same argument as above we also see that

1B Brlloc.1 = P12 (3.20)

Plugging this into our formula for blocks (3.6)) yields

mas {mas, e e SV (@32 @412 )
o = - : (3.21)

where L is the normalisation constant. If instead of vertical lines one would take horizontal
lines

B =d® ‘1316’:, (3.22)
we would get

o B ... 0
BBy = : : : (3.23)
0 ... D,

without any reordering. Hence in this case

VE
D ,BiBiD | = max O i|* Wi, 3.24
H VPEPk f” 1S€S\/?;’ k‘ N4 ( )

which amounts to taking the maximum over all columns of the matrix W. Plugging this back
into our formula for blocks (3.6) yields

VK W,
max {maxlgg,ﬁf( §:i:1 |(I)k:,i|2 i€ ||<I>k||go}
oy = - : (3.25)

where L is again the normalisation constant.

VERTICAL FOURIER-HAAR LINES

We now apply the above analysis to the special case where ® = FH* is the 1D Fourier-Haar
transform. This yields that Ag is the separable 2D Fourier-Haar transforrrﬂ Let p € RX again
be our weight vector and define the matrix W € RYEXVE guch that vec(W) = p. We again

2. In all other experiments we use non-separable 2D wavelet transforms.
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denote by M, the frequency bands of the one dimensional Fourier transform and by €, the
dyadic partition (see previous subsection). In the 2D setting we define the average sparsity
in level ¢ as

Sg = mkax HWk,Qe Hl (326)

This is equivalent to the 1D case up to taking the maximum over all rows of the matrix W.
Using (3.10) and assuming that S, > 1 for all 1 < /¢ < J, the above analysis yields for k € M;

VK VK
B;D,By|| = max D Wy, < max | ®p ;| Wy, 3.27
IBED, Bl = e, > (B fWei < 3| e [0 (327
$2778; 4279 2lirlg,, (3.28)
p#j

and thus by using w as defined in (3.21)) our main result yields the sufficient condition

m> Zs +) 2Pl | log® (K /e), (3.29)
P#J

in line with results in [3]. Note that the first inequality in is rather crude and potentially
loses a lot of information about the relationship between the matrix W and the structure of
the 2D Fourier-Haar matrix Ay = FV¥*. This is why in our experiments we will stick with the

quantity | Bf. D, Byl = max, o e SV (@1 Wei.

NUMERICAL EXPERIMENTS OF BLOCKS OF MEASUREMENTS FOURIER - DB4

In this subsection we will use blocks of measurements in numerical experiments— Figure
We conduct two experiments, first by measuring along horizontal lines in the 2D k-space (left
column) and then by measuring square blocks of size 16 x 16 in the 2D k-space (middle column).
We again use the Brain dataset with a threshold of around 0.023 to generate a estimate of
the matrix W in the separable 2D DB4 wavelet basis (top right). Plugging these estimated
weights into Formula we get an adapted sampling distribution on the vertical lines (top
left) and on the square blocks (top middle). Sampling 20% of measurements from the 2D k-
space (middle row) we get good reconstruction of the reference image (bottom right) for both
measurement techniques (bottom left and middle). This shows how our results also apply to
the setting of blocks of measurements.
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3.7. Proof of Theorem

Figure 3.5: Adapted variable density sampling schemes with vertical lines (left column) and
squares (middle column). Matrix W of sparse support distribution in the separable 2D DB4
wavelet basis (top right), test image (bottom right) and reconstructions (bottom left and
middle). The resulting PSNR values are: Lines - 29.9 and Squares - 33.9.

3.7. Proof of Theorem [3.2]

Now we turn to proving Theorem Note that we have three sources of randomness: the
signs o, the set of random measurements J and the random supports I. Strictly speaking,
we are working on the product measure of the three, but in slight abuse of notation, we will
write P,, P; and Pg to indicate the probability measure that we use for the corresponding
concentration inequalities. The exact statement of Theorem reads as

Theorem 3.5 Assume that the signals follow the model in where the support I C K
is chosen according to the rejective sampling model with probabilities py,--- ,pKx such that
Zszl pr =5 and 0 < pr < 1. If the measurements By are sampled according to probabilities
wi and if

*
- max IBEB e
Wk
By D, B
> max H kp k”2,2
Wk

12810g(216 - 6 K2 /) log?(168K /¢), and
128¢% log? (168K /<), (3.30)

then (3.1) recovers the sparse signal with probability 1 — €.

Before beginning with the proof, we state 5 concentration inequalities. Recall the definition of
the matrices Dy = I; € REXE where I C {1,---, K} with |I| = S. Define the quantities

D;BiBpD BB
A7 := max 1D L2k 122 and Kk := max M
k wWEm k WEm
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For a fixed support I, the Matrix Bernstein inequality [84] applied to the random matrices
A7 Ar — I yields

Lemma 3.6 (Lemma 2.1 [19], Lemma C.1 [14]) Let I be a fized support of cardinality S
and let A depend on the draw of the jo. Then for all t > 0, we have

. t2/2
Py ([[A7Ar =1 = t) < 2Sexp <—M>

Proof First note that by zero-padding the matrix A3A; — 1 € C*% we get ||A5A; — || =
|DrA*AD; —1J|. So to keep the notation uncluttered, we will bound || D;A*AD; — 1| as in
Chapter 2| Write

™ D;B* B; D; ™ 1 /D;B* B; D; m
D/ A*AD, — T — TR IR TS S RS ) = X
JATADy —T =} —— > — - > X,
k=1 Jk Jk 1
D;B* B: D
where X}, ::1< ) )

m

- H). By definition of the ji, we have E[X}] = 0. Further

| DB} B Di|2,2
W

1
| X%||2,2 < — max (max -1, 1> <Aj.
m k

To bound the variance, we note

D;B* B; D;\?> 1
0 <E[X{] =E (Iwm[> ] ~ ol
Jk
D;B* B; D
= AIE [W] = Ali]la
ijm m

which leads to 0% = || Y71 E[X?]||22 < A7. An application of the Matrix Bernstein inequality
yields the result. u

Further, for I fixed, and i € I, we are going to apply the vector Bernstein inequality [52] to
| A7 A;il|2. Together with a union bound this yields

Lemma 3.7 Let I be a fixed support of cardinality S and let A depend on the draw of the jy.
Then for all t > 0, we have

t2/2
P A%Aila >t) < 28K — .
 (mae 45 > o) < 285w ()

Proof Fix i € I°. Again by zero-padding, we have

m m
. 1 D[B><k Bjkel-
A7 Aeill2 = || E Eijj ll2 = E Xill2,
k=1 k=1

Jk

D;B* B;, e;
1 PP Pa : . c _ 1 M * 0 1 L
where X, := e Since ¢ € I, we have E[X}] = -Dr) ,_, BeBje; = ;-Pre; = 0.
Further
DB} Bie;
max || X ||z = max || 22 < Ak
k k WEm 2
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To bound the variance, note that

D;B: Bj,€;?
Bllx) = || 2| | <
Wi 2
Bje; |7 1 A
< A/E HW = Aflles])3— = =L
Jk 2 m
This leads to 02 = Y_7" | E[|| X¢||3] < A;. A union bound finishes the proof. [ ]

We further use the following Hoeffding-like tail bound for sums of centered complex random
variables — see ([35] Corollary 7.21 and Corollary 8.10).

Lemma 3.8 Let M € CK*5 be a matriz and x € R such that sign(x;) € R® is an independent
Rademacher sequence. Then, for allt >0

t2
P, (|Ma|oo >t) <2Kexp | —————— .
’ ~ 2| M3 2llzl13

The key ingredient to prove Theorem is the following concentration inequality for the
operator norm of random submatrices with non-uniformly distributed supports which can be
found in [67] and Chapter [2 This is what allows us to go one step further than existing results
in analysing the underlying relationship between the sensing matrix and the distribution of
sparse supports. For convenience, we restate the result.

Lemma 3.9 ([67]) Let H € CX*K be a matriz with zero diagonal. Assume that the support
I C K s chosen according to the rejective sampling model with probabilities py,...,px such
that Zfil p; = S. Further let p denote the corresponding weight vector. If t > 2¢%||D ;HD 4|
and

t
Hloog1 € — 0
[Hllooa < 21og(216K /<)

t2
HD ,|% 5 <
1D sl = faioemi6R 2y

then Ps(|DrHDy|| > t) <e.

Now we are finally able to state the proof of Theorem [3.2

Proof From [81],36] we know that if || A5. Ar(A3Ar) " tor|leo < 1, then z is the unique solution
of the f;-minimisation problem (3.1). Set M := A?CAI(A§A1)*1 and assume that ¥; =
|A7Ar —1I|| < 1/2. Then

1Moo,z = | A7 Ar(ATAD oo < |47 Arlloo 2l (A7AD ™

2,2 < 2|[Afe A1 loo 2-
Noting that ||AjcAr||oo2 = max;cye [|A]Aill2 we have
P (| Moo > 1) < Py (|Molloo 2 1| Ml < 29)

+P (A7~ 11 2 1/2) + P (x| 474 >
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Setting 72 = m and applying Lemma to Mo yields that the first term on the right
hand side is bound by ¢/3. Further

P(147Ar 11> 1/2) + P (x| 474l > 7 )
<Py (1454; ~ 1) 2 1/2|A; < v) +Ps(Ar 2 v)

+Py (Hg}x |ATA;|l2 > y|Ar < v) +Ps (Ar > v)
7 C

Setting v :=

= m and using that by the assumptions in Theorem

1
K< 2 ;
12810g(256 - 6 K2 /) log” (168K /¢)

an application of Lemma and Lemmatogether with the observation that v++/vk-v/3 <
2 .
~v* yields

IPJ<||A’}A1 =1 > 1/2‘/\1 < v) + Py (Héz}E(HA?AmQ > v|Ar < v)
1/8 72 /2
<2 _ 28K _
= SeXp( U(1+1/2)/3>+ 8 eXp( v+ ok /3
1 2
<2Sexp|—— ] +28K exp T
4v 4v
<e/3.

So to finish the proof we have to show that P(A; > v) < /6. To that end define the matrices
. Bsz — diag(BZBk)

Hy : .
wrm
Recall that by definition,
D;B;BrD BB
A[ = Inmax ” Lt I||272 and kK := max M
k WEm k WEm
By our assumptions, we have
. D;B;BrD
Ay < max||DrHDy | + || diag <1w’fm’”> | < max | D HeDy | + 5 < maxc | Hiel| +v/2.
k

So we have to show that P(maxy, ||DrHyD;| > v/2) < £/6, which we will do by showing that
P(||D;HD;|| > v/2) < e/(6K) together with a union bound. By applying[3.9] to each Hy, this
is satisfied, if

2)?
H.D )% 5 < v/
18D sllo0 2 < 4e2log(216 - 6K2/¢)
v/2
| Hiloos < /

21og(216 - 6K2/¢)’
and v > 2€2||D_;HyD ;||. Using that

|BiBeDslls _ IBEIZ 2l BeDasll3s |BxD,Bi|
= 2 5 < Kmax —————
Wgm wpm k WEm

1HRD 1% 2 <

and || Hg||oo,1 < &, this follows from the assumptions in Theorem (3.2
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3.8. Discussion

Remark 3.10 The proof of our main result relies heavily on the random signs of our signals.
One could remove this assumption by instead employing the so-called ”golfing scheme” proposed
in [40]. Following the argument in [19] one should be able to derive similar results in the case
of deterministic sign patterns. Since this would not have any impact on the optimal sampling
distribution we opted for the shorter proof presented here.

3.8. Discussion

The above results showed that the optimal variable density subsampling strategy in a com-
pressed sensing setup should not only depend on the structure of the sensing and sparsity
matrices, but also on the distribution of sparsity patterns of the signals to be measured. We
derived lower bounds on the number of measurements to ensure recovery of the sparse sig-
nals with high probability and derived a simple formula for the optimal subsampling strategy.
We showed that this distribution can be estimated from a training set and that the resulting
adapted subsampling scheme provides state of the art performance in a range of situations.
For future work it would be interesting to analyse different settings of blocks of measurements,
where explicit lower bounds on the number of measurements can be derived. One of the main
assumptions in the chapter is the existence of a basis such that the signals can be sparsely
represented. How to learn such a basis from data for a general signal class will be the topic of
the next chapter.
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Chapter 4

Dictionary learning convergence

In the previous chapter we have seen that the assumption of a sparsifying basis is crucial
for compressed sensing. In some applications such a basis is unknown and thus has to be
learned from data via dictionary learning. In this chapter we derive sufficient conditions for
convergence of two of the most popular dictionary learning algorithms - Method of Optimal
Directions (MOD) and Approximate K-SVD (aK-SVD). We show that given a well-behaved
initialisation that is either within distance at most 1/log(K) to the generating dictionary
or has a special structure ensuring that each element of the initialisation only points to one
generating element, then they will converge with geometric convergence rate to the generating
dictionary.

4.1. Introduction

Dictionary learning tries to find structure in data by decomposing a data matrix Y = (y1,--- ,yn),
where g; € R?, into the product of a dictionary matrix ® = (¢1,--- , ¢ox) € R and a sparse
coefficient matrix X = (21, ,zy) € REXYN such that

Y ~®X and X sparse. (4.1)

There exist many algorithms to choose from when trying to tackle the above problem [34], 6,
33, (72, 147, 1491, (50, [76, 511, 68, [54] and a growing number of theoretical results to accompany
them [38, [77, 4, [7, 69, [70, B39, O, 8, [72, 78, [78, Bl 20, [6I]. We point the interested reader
to the surveys [65] [71] for easy access into the world of dictionary learning. The common
starting point of many dictionary learning algorithms is to formulate the problem in as a
minimisation problem,

argming x [|Y — X% st |[Yklla =1 and |lz,llo < S, (4.2)

where S is a prescribed sparsity level and the condition [[1%|l2 = 1 prevents scaling ambiguities
between the dictionary and the sparse codes x,. Since the problem is highly non-convex
with many equivalent global minima corresponding to different orderings and signs of the
dictionary and even the full gradient cannot be calculated explicitly, one usually one tries to
find a solution by alternate minimisation — meaning iteratively fixing the sparse codes X and
updating the dictionary ¥ and vice versa. Popular alternate minimisation algorithms include
MOD (Method of Optimal Directions) [33], K-SVD (K Singular Value Decompositions) [6]
and ITKrM (Iterative Thresholding and K residual Means) [72]. Despite their popularity,
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the main drawback of these algorithms is the relative lack of theoretical results underpinning
their empirical success. To the best of our knowledge, there exist no recovery guarantees for
the K-SVD algorithm. For MOD the situation is a little different as local convergence for
an alternate minimisation algorithm identical to MOD was proven in [5]. The only difference
between their proposed algorithm and the original MOD is the sparse approximation step,
which uses /1-minimisation instead of OMP. The main drawback of this result is that it works
only for initialisations with maximal atom-wise f3-distance 1/52 from the ground truth, which
limits its practical relevance considerably. For ITKrM a recent result showed contraction
under very relaxed conditions [56]. While the result does not guarantee convergence it shows
that the algorithm contracts towards the generating dictionary, if the current guess it is either
in a ball of radius 1/4/log(K) around the solution or has a special type of structure where each
atom corresponds only to one atom of the ground truth meaning that no two estimated atom
point to the same generating atom and there is sufficient separation. In this case the distance
between ground truth and initialisation might be close to the theoretical limit v/2, improving
considerably upon previous theoretical results.

The holy grail in dictionary learning theory are global convergence guarantees, but the highly
non-convex nature of the dictionary learning problem makes such results prohibitively hard
and most likely impossible for practically usable algorithms based on alternating minimisation,
which in simulations can get trapped in spurious saddle points, bl There do exist algorithms
with global recovery guarantees [29, 14, O], but either their prohibitively high computational
complexity or numerical sensitivity make them rather hard to recommend in a practise.

4.1.1 Our Contribution

In this chapter we will analyse a slight adaptation of the approximate K-SVD (aK-SVD) [64],
which exchanges the costly SVD in the dictionary update step of the original K-SVD algorithm
for a power iteration and OMP in the sparse approximation step for the computationally lighter
Thresholding algorithm. We will also analyse the MOD where we again use Thresholding as
the sparse approximation step. We show that both algorithms converge to the generating
dictionary under very general assumptions similar in spirit to the conditions in [56] meaning
that for a well-behaved initialisation it either has to be in a ball of radius 1/1/log(K’) or have
such a structure that each element of the initialisation only points to one generating element,
ensuring sufficient separation for the sparse approximation step not to mix things up. If these
criteria on the structure are met, the distance may be close to the theoretical limit of /2
while convergence is still guaranteed by our result. Further we will make use of the same
non-uniform signal model used throughout this thesis, allowing us to use model situations,
where some atoms in the generating dictionary are used more frequently than others. This in
itself represents a great generalisation of existing results, where the sparse supports are usually
assumed to be chosen uniformly at random among all possible subsets of cardinality S.

4.1.2 Organisation

In the first section, we define the signal model and special notation that will be used in this
chapter. In Section we will recall the dictionary learning algorithms that will be analysed
in this chapter. We state our main result in Section [4.4] and prove it in Section [4.5] To make
the proof more accessible, we defer the technical results it relies on to Section Section [4.7]
Section [.8] and, in particular, Section [4.9] which contains the results necessitated by the
non-uniform support model.
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4.2. Setting

We define the following model for our signals.

Definition 4.1 (Signal model) Given a generating dictionary ® € R¥>*K consisting of K
normalized atoms, we model our signals as

y=®rxr = Z(bixia T = cio, (4.3)
el
where the support I = {i1,...ig} C K is chosen according to the rejective sampling model

with probabilities p1,...,px such that Zfilpi =5 and 0 < py < 1/6, the coefficient sequence
c=(¢) € RE consists of i.i.d. bounded random variables ¢; with 0 < cmin < ¢ < Cmax < 1
and the sign sequence o € {—1, 1}K 1s a Rademacher sequence, i.e. its entries o; are i.i.d with
P(o; = +£1) = 1/2. Supports, coefficients and signs are modeled as independent and we can
writex =11 ®cO®o.

The assumption p; < 1/6 is to ensure that p; and the corresponding inclusion probabilities of
the rejective sampling model m; are not too different (see Theorem 4.17). We define the vectors
a, B € RE via

a; = (B, i) Bi = E[c7]

and the corresponding diagonal matrices D,, Dg. We define the distance between the gener-
ating dictionary ® and a guess ¥ as

5(, @) = max { | (¥~ ®)D sllaz, |0 — @ |-

This might not seem intuitive at first glance, but if we are able to show convergence of this
distance we are able to also control the weighted operator norm of the error in each step.
Sometimes we will also need just the fo-distance between two dictionary elements

(¥, @) := [0 — @21 = max ||y — dil|2.

If it is clear from context, we will sometimes write ¢ and ¢ instead of ¢(¥, ®) and §(V, P). A
very important variable which will be used very frequently throughout this chapter is

7=,

which is the difference matrix between the generating dictionary ® and our current dictionary
v,

4.3. Algorithms

We will analyse the convergence of two algorithms, K-SVD and MOD, or more accurately
slightly modified versions that use Thresholding in the sparse approximation step rather that
OMP.

We start with a detailed description of the K-SVD version we will analyse. In the original
K-SVD algorithm the dictionary is updated atom by atom with the goal of reducing the part
of current error ||Y —WX]||, which is related to the atom at hand. Concretely to update the k-th
atom, based on the current guess for dictionary and coefficients (U, X ), it first sets ¢y = 0,

Ji={n:i,(k) #0} and E:=Y;—¥Xy, (4.4)
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solves via singular value decomposition
argmin,, , ||E —vg*|F. (4.5)

and updates ¢y, = v/|v|| and XpeW = |lv] - g*. One drawback of this update is that finding
the largest left-singular vector of E for each atom in each update step is computationally quite
expensive. This is why an approximate version, called aK-SVD, of the popular algorithm was
proposed in [64]. There the singular value decomposition in each step is replaced with a simple
power iteration using as initial guess for g = (X k,7)". This means that

i = E(Xp0) " /I1E(Xp,)" |2, (4.6)

while the sparse codes in )A(k,(] are updated by (@Z;k)*E Looking more closely at the atom
update, we can write the updated atom before normalisation as

Uy =E(Xpg) = (Y —UX)(X") sk

= Z — Uiy)i, (k) =

neJ n:l

Mz

where in the last inequality we used that Z,(k) = 0 for £ ¢ J. Recall that first step in the
atom update was to set ¥ = 0. Alternatively, if we do not set ¥ = 0, we can write

N
Z Yndin (k) — Wandn (k) + Yy (k)] . (4.7)

Now whether the atoms are updated according to or an important part of all K-
SVD variants is that the atoms are updated consecutively and together with the corresponding
sparse codes. This makes them prohibitively difficult to analyse, as it is not clear how one
should order the atoms and each ordering will result in a slightly different learned dictionary. In
order to get a more analysable algorithm with less dependencies we therefore propose a slightly
simplified version of this algorithm, which we again call approximate K-SVD (aK-SVD), where
the sparse codes stay unaltered during the dictionary update step. This comes with the added
benefit of the resulting algorithm being parallelisable since each atom update is independent
of the others. Further, it allows us to write the unnormalised dictionary update step in closed
form as

M=

aK-SVD: U= [ypi}, — Vini), + U diag(ind))]

n=1

~

=YX* — UXX* + Udiag(XX*). (4.8)

A detailed description of the aK-SVD algorithm with Thresholding, that we are going to anal-
yse, can be found in Algorithm

As can be seen there apart from using Thresholding rather than OMP in the sparse approxi-
mation step and updating all atoms at once, we have included another small modification. To
avoid instability due to thresholding recovering an incorrect and very ill conditioned support
we use a cut-off that sets coefficients that are very large compared to the signal size to zero.
We can also see that aK-SVD is remarkably similar to the ITKrM algorithm, [72]. We only
need to replace [ay, + VYrin (k)] - £n(k) by [an + Vi (yir)] - sign(yiy) to arrive at the update
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Chapter 4. Dictionary learning convergence

Algorithm 4.3.1: Approximate K-SVD (one iteration)
Input : U, Y. Sk
foreach n do

Initialise U = 0, X = 0;

I, = argmaxr, r—g [|[Y7¥nll1 ; // thresholding
i'n(fn) = \I/j Yn ; // coefficient estimation
if )12 > #llyall> then

‘ Tn=0; // set pathological estimates to zero
end

an = Yn — Uiy,
foreach k € I,, do

‘ Ui P+ [an + YpZn (k)] - Tn(k) ; // dictionary update
end
end
U (P1/l1Yalles ¥ /1Y) 5 // atom normalisation
Output: ¥

step of the ITKrM algorithm.

The second dictionary learning algorithm we will analyse in this chapter is a variant of the
MOD algorithm[4.3.2] Asin the aK-SVD algorithm, we will employ the Thresholding algorithm
rather than FOCUS in the sparse approximation step. The justification for this can be found
in Chapter Now the dictionary update step is where it differs from the above algorithm.
Even though both of them try to minimise the £s-cost of the minimisation problem , MOD
updates all atoms at once, by solving a simplified minimisation problem, where ¥ need not
have normalised columns,

¥ = argming ||V — UX|%, (4.9)

and normalising afterwards. The advantage is that the problem above has a closed form
solution ¥ = Y X1, which in case X X* has full rank simplifies further to

N N -1
MOD: ¥ =YX*(XX*)'=)> y,i (Z xnmn> : (4.10)
n=1 n=1

A detailed description of the MOD algorithm with Thresholding can be found in Algorithm
As we can see the dictionary update of both aK-SVD and MOD involves the matrices X X*
and Y X* or taking into account that ¥ = ® X, rather the matrices X X* and X X*,

aK-SVD: U =YX* - UXX*+ ¥diag(XX*) = dXX* — UXX* + U diag(X X*),
MOD: ¥ =YX*XX*)!=oXX"(XX*)!

Now the key to proving convergence is to show that both these matrices or scaled versions of
them are essentially diagonal matrices, that is, we define

A= —XX’k = Z:Enl' and B := —XX* = Zajn (4.11)
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Algorithm 4.3.2: Method of Optimal Directions (one iteration)
Input : V.Y, Sk
foreach n do

I, = argmaxy. =g [ ¥7ynll1; // thresholding
fcn(fn) = \I/Lyn : // coefficient estimation
if [|&nl2 = Kllynll2 then
‘ Tn=0; // kill pathological estimates
end
end
X (&1, ,&N) ;
U (YXT) // dictionary update
U (1;1/”1/;1”2, e ,@ZK/H@Z;KHQ), // atom normalisation
Output: ¥

We first take a closer look at the terms within the sums above, where for simplicity we drop
the index n. Assuming that Thresholding finds the correct support, we can write zz* using
the zero-padding operator R} as,

zi* = p(RyUhy)* = 22t ®*(Uh)*Ry,

Further assuming that W, is well conditioned meaning, ¥7;V¥; ~ I, we can next approximate
\IJJ} ~ VU7 leading to

x2* ~ rxx* PV Ry = xa*®* VR Ry = xx*®* U diag(1y).

As we modelled the generating coefficients as © = ¢ ® o ® 11, using the independence of ¢, o, I
we get that in expectation over c, o,

Ecolzz”] = Eilec®] © Eqloc™] © (1717) = Dgdiag(1y).

So A the empirical estimator for E[zz] should we well approximated by
| N
A=< > wui;, ~ Eled"] ~ EDg diag(11)®" ¥ diag(17) = (Dp®"¥) @ E[171}].
n=1

The matrix E[1;17] simply stores as ij-th entry how often {i,j} C I, meaning the diagonal
entries ar far larger than the off-diagonal ones, and we can approximate E[1;1}] = D, + 77" =~
D;. Finally using that D, = diag(®*¥) we see that the matrix A should be very close to

A~ Elzi*] ~ (Dg®" V) © Dy = Dyos (4.12)

Using similar arguments as above we get that B the empirical estimator for E[ZZ*] should be
close to

N
1 Z - o
B= N 1x”xn ~ E[22%] =~ Dr.a2p (4.13)
-

So before normalisation the dictionary updated via aK-SVD should be approximately

U=0XX*— UXX*+ Udiag(XX*) = ®A — U[B — diag(B)] & ®Dy.0.p
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Chapter 4. Dictionary learning convergence

and the dictionary updated via MOD
¥ =0XX*"(XX*) ' =dAB '~ ®D; L (4.14)

This means that the output of both dictionary update steps after normalisation should be a
dictionary, which is very close to the generating dictionary, and the work to be done in the
proof essentially boils down to quantifying the error in the approximation steps outlined above.
Concretely, we will prove the following main result.
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4.4. Main results

We are finally in a position to state our main result. After that, we will analyse each condition
and explain the intuition behind some of the assumptions.

Theorem 4.2 Assume our signals follow the signal model in[{.1 with probabilities p1,- -+ ,px
such that ), p; = S and 0 < p; < %. Let m; := Pg(i € I) and denote by ® the generating
dictionary and by ¥ the initial guess. Set
g2 Cmin 2112 m—2 0 —2_—3/2
Q= mkinmbk,(;ﬁkﬂ =1- 5 and 7y := and  p = 26>||®|2Sy2a " 2n 32,

Cmax

We denote by 6, the desired recovery accuracy and assume 6, log (Kp/d,) < ~*/(8C). If

Q2’}/2

OD |12, [ UD %, (@), (T, @), (V) b < i
{902, 9D, (8), (B, 02 )} < B0

(4.15)
for a universal constant C', and if we are given N fresh signals each iteration, then with high
probability both MOD and aK-SVD converge with geometric rate up to precision 0, to the
generating dictionary ®. The failure probability in each step is bounded by

N(5,/32)?

This theorem might seem overwhelmingly complicated at first glance, which is why we will
provide some explanations as to what the different conditions and bounds actually mean in
practice.

Initialisation: The above result depends on the distance € between the generating dictionary
® and the initialisation ¥ via the quantity a = 1 —2/2 and the structure of the initialisation
via the cross-coherence (¥, ®) = max;x;|(1;, ¢;)|. Assuming for a moment that we are

in a uniform support model, i.e. p; = m; = %, that both ® and ¥ are very incoherent
(u(®), u(¥) < 1) and well-conditioned (||¥| ~ ||®| ~ \/K/d). Then condition (4.15) is

equivalent to o ~ SK1+§(K)‘ By the relation €2 = 2 — o this yields the sufficient condition

1/2
log( K
wwwmms<22 S%§)> .

As the maximal distance between two dictionaries is v/2, this is a huge improvement over
existing results. The price we pay for this is that the cross-coherence (¥, ®) has to be very
small in comparison to . This is encapsulated by the following condition

max |(1, ¢;)| - log(K) < min [(Yg, )| -
1#£] k

Intuitively, one can think of this as ensuring that no two estimated atoms point to the same

generating atom which might lead to errors in the sparse approximation algorithm. So if it

is clear in some sense, which estimated atom belongs to which generating atom, then the

admissible distance can be very close to v/2.

Another set of conditions arise, if one has no information about the cross-coherence (¥, ®) but

access to an incoherent and well-conditioned initialisation and generating dictionary, meaning
1

2 2
max { || ®D ||, | D |I?, u(®), n(¥) } < Tog(K)’
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Chapter 4. Dictionary learning convergence

In this setting we see that since (¥, ®)? < u(®)%+¢2, the condition ¢ < 1/4/log(K) is sufficient
for to be satisfied. So as long as the generating dictionary and the initialisation are nice
in some sense, the radius of convergence is 1/1/log(K) as stated in the introduction.

If one has no information at all about the structure or well-behavedness of the initialisation ¥
(via the coherence or cross-coherence), then one can always bound | VD -|| < ||®D || +|ZD ||
and p(¥) < p(P) + . Thus we see that as long as the generating dictionary is well-behaved,
we have that 6 = max{||[ZDs|,e} < m is sufficient to ensure convergence. In the case
of MOD even this last regime is a large improvement over the convergence radius ¢ < 1/52
derived in [5].

Attainable accuracy: Analysing the above conditions and assuming access to an arbitrarily
close initialisation, i.e. ¥ =~ ® and arbitrarily many signals N, we see that the attainable
accuracy 6, depends on ® via condition (4.15)) which in approximation reduces to

2
6, ~ SK~y~2 ma)mri—Q/3 exp (— & ) .
i i max {[|® D z[|?, u(®)}

This shows nicely how the precision one can attain depends inversely on the frequency of the
atom that appears rarest and on the properties of the generating dictionary via the weighted
operator norm and coherence. So even with unlimited fresh samples in each iteration and an
arbitrarily close initialisation, if the generating dictionary is not 'well-behaved’, we might be
limited in the accuracy up to which we can recover it.

Number of signals: From the probability bound in (4.16)) we see that in order for the failure
probability in each step to be small, the number of the fresh signals per iteration has to be
approximately

2 4 P14 G244 —3
p Ak P|I"S*y "o
N~ = -log(K) = i 52 -log(K)
*

ensuring that even the most rarely appearing atoms are seen often enough to learn them
properly. For uniformly distributed supports where every atom is equally likely to be in the
support, i.e. m; = S/K, this means that N should be of order K3log(K)/d2. We are quite
convinced that this bound can be reduced using more sophisticated variance bounds in the
matrix and vector Bernstein inequalities later in the proof, however, we leave the endeavour
to those still motivated after reading the current proof.

Conditioning of submatrices: The conditions

max {[| @D ||, (@)} < log(K)

and max {||¥D .|, ()} <
are quite standard assumptions in the theory of sparse approximation and dictionary learning
since they ensure that most submatrices ®; and ¥ are well-behaved in the sense that || ®5P;—
I < ¥ < 1 for most supports I. This allows us to work with the pseudo-inverse <I>} without
worrying too much about too small or large singular values. Checking that this condition
is still satisfied for the updated dictionary after each step is one of the main hurdles of the
proof and the reason why we need to control also the weighted operator norm of the difference
between ® and the updated dictionary 0.
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4.5. Proof

To prove our main result we proceed as follows. We show that under the conditions of our main
Theorem we have contraction in each iteration and that the conditions for this contraction are
then again satisfied in the next step. For that recall that we defined the distance between the
generating dictionary ® and a guess ¥ as

6(¥, @) = max {[| (¥ = ®)D sllo., |0 — @1 }.

Proposition 4.3 Assume our signals follow the signal model in[{.1| with probabilities p,- - - ,pi
such that > ;pi =S and 0 < p; < t. Let m; == Pg(i € I) and define

a:=min [(Yy, ¢p)| =1-€%/2 and 7:= S and p = 267|025y 20 22,

Cmax

We denote by d, the desired recovery accuracy and assume & log (Kp/dy) < v2/(8C). If the
generating dictionary © satisfies

oD A (@)} < Lo (@17
m :
P = 807 10g (K p/6,)
and the current guess V satisfies either
1 042"}/2
UD 4|2, u(W, ®)2, w(P) ¢ < — 4.18
{10 1 v @) < O (1.18)
or
1 72
v, < —— 4.19
%) = 3G iog (Kp/,) (4.19)
for a universal constant C > 1, then the updated and normalised dictionary o satisfies
. 1. 1 . v gl
(¥, ®) < —6, + = min , 00, D) », 4.20
(V. 9) < 50+ {8Clog(Kp/5*) 8v/log(Kp/d.) ( )} (4.20)
except with probability
N(A/2)?
K ——]. 4.21
60 exp( 371 pA o (4.21)
where
A =15, 4 min g i 5, ) (4.22)
T 128C log(K p/5,)" 128+/log(K p/d,) e '

Remark 4.4 A few remarks are in order. In contrast to the main theorem we have two sets
of sufficient conditions on the current gquess U to ensure contraction. We will call the
first regime and the second regime. The above proposition states that in the first regime
— in which the distance between the generating dictionary and the initialisation may be close
to /2 — we contract by a factor ~ 1/log(K), allowing us to jump into the second regime.
Once in the second regime, implies 5(\@, D) < n-6(V,P) for some n < %, as long as
(W, @) > 6,, so we converge with geometric rate up to the minimal attainable distance d,.
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Proof We show that under the following 4 claims, both dictionary learning algorithms contract
towards the generating dictionary (in the maximum column norm and the weighted operator

norm). For that define
N(A/2)? >

= Kexp [ oo 2/2)
¢ P ( 202 + pA /2

Claim 1 Under the conditions of the proposition, we have
|®A(D )™ — BD 2 < 0, (c1)

except with probability 2q.

Claim 2 Under the conditions of the proposition, we have
I(Dyra) " B(Dyrap) ™ — Tz < A, (C2)

except with probability 2q.

Claim 3 Under the conditions of the proposition, we have for all £ € {1,--- K}
“q)A(Dﬂ-a-ﬂ)ile@ — ¢rll2 < @A, (C3)

except with probability 28¢.

Claim 4 Under the conditions of the proposition, we have for all £ € {1,--- , K}

o

1
NIpe (D ymo) LB(D m.g) term, 2|2 < A, C4
C g (K)o [Lee (D yra) ™ B(Dyra-p) €emy |2 (C4)

except with probability 28¢.

We will show that a properly scaled version of the updated dictionary, which we will denote
by WU, contracts towards the generating dictionary under the above claims. Concretely

(U —®)D:|| <4A and |[|¥ — ®|21 < 4A, (4.23)

So we have contraction towards the generating dictionary in the weighted operator norm and
the maximum column norm simultaneously.

aK-SVD: Recall that for aK-SVD, the updated dictionary before normalisation can be writ-
ten in a concise way as

U =3XX*— UXX*+ Udiag(XX*) = ®A — UB + ¥ diag(B).

In order to show that one dictionary update step decreases the distance to the generating
dictionary ®, we introduce a scaled dictionary update which we denote by ¥

U :=U(Dypp) ! = [®A— UB + Udiag(B)] (Dras) ', (4.24)

i.e., we multiply the dictionary update step of the K-SVD algorithm with the diagonal matrix
(Dr.a.5) ! to ensure that, on average, this matrix concentrates around ®. This does not change
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the underlying algorithm, since we have a normalisation step at the end of each iteration, which
will be analysed at the end of this section.
We make the following decomposition

U= (I)A(Dﬂ-ouﬁ)_l —¥(B - diag(B))(Dw-aﬂ)_l
=®A(Drap) ' = UDra [(Dyra) 'B(Drapg)t — D]

+UD o [(Dyra)” ! diag(B)(Dr.a.g) "t — D/ (4.25)

Recall from above that we want to have concentration in the weighted operator norm and the
maximal /o-distance. We begin by showing concentration in the weighted operator norm under
claims C1-C4 and the assumptions on |[UD 4| (or || D 4| + |[(¥ — @)D 4||). With the above
expression for the updated dictionary U we can bound the operator norm of the difference
(U — @)D ; as

18 = ®)Dy| < DD, 0s) ™ — DD sl +2 [ UD | [(Dyra)  BD ) ™ — T < 44,
SQK S C\/logg(;(p/é ) S A

meaning that the scaled dictionary update step contracts towards the generating dictionary in
the weighted operator norm.

Next, we are going to show that for each atom the /o-distance also decreases with each iteration.
As for the operator norm we use the scaled version of the updated dictionary and access the
¢-th dictionary atom v simply by multiplying ¥ with the standard basis vector e,. This yields

@g = \i’eg = (I)A(Dﬁ.a.g)ileg + \I/(B — diag(B))(Dﬂ.a.g)fleZ

N|=

= ®A(Dro) ter + VD o [(Dyra) (B — diag(B)) (D yra.g) "] eem,
1
2

= ®A(Drap) ter+ VD sra - Lpe - [(Dyra) " B(Dyrap) '] eom, 2. (4.26)
Again using this decomposition together with claims C3 and C4 and the assumptions on
| D || resp. @D + [[(¥ — )D x| we get
- _1
10 = ¢ell < |PADras) " er = duell + [ WD ral| e (Dyra) ™ B(Dyrap) ™ eem, *[| < 4A.
<aA < 1o

C+/log(Kp/6y)

<a
So putting the above together we have shown that under Claims 1-4, we get that
(U — @)D sll22 <4A and ||¥ — @[]y < 4A, (4.27)

i.e., that we have contraction in the weighted operator norm and in the maximum column
norm. This does not finish the proof since we have to also take into account the normalisation
step. We postpone the analysis of the normalising step to after the analysis of the MOD algo-
rithm, since it is the same for both algorithms.

MOD: Turning to the MOD algorithm we recall that, if the estimated coefficient matrix X
has full row rank K or equivalently X X™* has full rank, which is guaranteed by Claim 2, we
can write the dictionary update step before normalisation as

- N n —1
¥ = pxX* (XX*) — ®ABL,
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This dictionary update step — though conceptually very easy — is harder to analyse theo-
retically due to the inverse of the matrix B. Since at the end of each iteration the current
dictionary is normalised such that each atom has norm one, instead of analysing the actual
dictionary update step before normalisation we look at a scaled version. This does not change
anything, as the normalisation step simply cancels out this scaling, but it makes life much
easier when analysing the dictionary update step. So we show that

U :=®AB'D, ~ . (4.28)

So as above we start by showing that the weighted operator norm of the difference ¥ — ®
contracts under our 4 claims from above. We have to be very careful with the inverse matrix
B~!. We will show that this matrix concentrates around Dy .q2.5. Concretely, we will split
(® — ®)D - as follows
(U —®)D ~=PAB'D o, — ®D -
= QA(D rap) ' = @Dy + PA[B ' — (Drn2p) '] Dyra
_ _ _ -1
= PA(D jras) ' — BD + PAD ) [[(Dﬁ.a) 'B(D )] - ]I] .
(4.29)

Before bounding the operator norm of the above terms we will have a closer look at the
expression in the last bracket. For ease of notation set

C = (Dyra) ' BDyrap) ™ (4.30)

To analyse the inverse in last bracket of (4.29) we will make use of the Neumann series ex-
pansion. For that note that by (C2) we have that ||C' — I|| < 1/2, hence we can apply the
Neumann series expansion on the matrix C~'. This amounts to

o0

Cc1-1m= i(c ~DF-T=) (C-T)F = i(c —DFC -T) (4.31)
= k =

k=0 =1 k=0

So by (C2) we get for the operator norm of the above

I =Tl =) (C-DHC-Dl <) [C-TfIC -1 < Y 1/2¥|C ~ 1| < 2| C 1.
k=0 k=0 k=0

Note also that by (C1]), we have

[PA(D z0.5) " | < 1RA(Dsa.p) " = PDys + @D 4
<ol + @D < =1 (4.32)

4C\/log(Kp/6,)

Putting all of these observations back into (4.29)) and using the triangle inequality repeatedly
we get

(T = @)D || < | PA(D ras) ™ = @D l| + | RAD o) ™2+ |C — T <3A. (4.33)
< aA < % <A

T 4C/log(Kp/éx

This shows that under the assumptions of the proposition, the weighted operator norm of the
distance between the generating dictionary and the scaled update decreases in each iteration.
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Now to the contraction of every atom in the f3-norm. We will show this contraction only
for the first atom, as all the others are analogous. The next step makes use of the Schur-
decomposition and the separation of the inverse into different parts. First we again split our
updated dictionary atom 1), into two parts

N

e — ¢ =Veg — ¢y = [PA(Drap) 't — ¢¢) + PAD rap) " (CH —Degm, 2. (4.34)

Here (as in the previous section) the first term is well-behaved and makes no problems. (C3))
implies

IBA(Dr.ag) ter — bl < A (4.35)

The second term of needs more work, as we have to control the /-th column of the
matrix C~1 — I. The trick is to see that we have to split the inverse C~! into an off-diagonal
term, which is small enough to control the term 1/,/7; and an on-diagonal term, which only
uses the /-th column of the matrix A(D s.q.5) "' &~ ® D, which is small enough to control the
term 1/,/m;. To formalise this argument, we write

1

|PAD jrap)  (CTH = Deem, 2|

< |AD ers) eref (€7~ Degm 2| + | RAD ) e C e, *|

< IPA(D ) Meemy ?] - llei [€71 =T egll + [AD ) T - [T C e, 2|

< [ BA(Dr ) el O =T + [ DAD ap) | [1eC el -, 2, (4.36)

effectively splitting this operator norm into two parts which will be dealt with separately.
The last norm term of the above, ||I;C~te|| still needs some special treatment before we can
effectively bound it with our claims. Taking a closer look we see that we have to bound the
(-th column — without the /-th row — of the matrix C~!. For this we will use Schur’s formula
for matrix inversion.

Lemma 4.5 For a square matriz C € REXK if

-1
_la ¢ 1 |a ¢ _Jat+a ' ¢*Mca™t —a7le*M
C = [c D] then C™ = [c D] = [  Mea-1 u , (4.37)

where M := (D — ca='c*)~! is the Schur complement of a in the above matriz.

In our case, after rearranging and remembering the restriction matrices Ry with Ay = ARy,
we have a := e;Cey, ¢ := Rj. - C - ¢y and M := R}, - C™' - Rge with ||M| < ||C7Y|. Since for
any matrix V' the vector IycVe, differs from Rj.Ve, only by an extra zero entry their norms
coincide and Schur’s decomposition lemma implies

e C egl| = |R;C ™ eg|| = lla™ Me|| < [(Coe) M| | R C ™' Ree | || Rje Cegl| < 4|[LgeCey.-
<@ <2012,

Also by

H(I)A(Dﬂ’-a-ﬁ)_leéu <1+A< (4'38)

N W
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Chapter 4. Dictionary learning convergence

Putting all these observations together

[®A(D )™ (O™ = Dyegr, |
< [PAD ) eell O — L+ AIPAD ) | [MeeCeem, 2| <38, (4.39)
<3 [@39) <A@ < s @32
< A

Plugging (4.35)) and (4.39)) into (4.34]) finally yields the f3-norm bound on the distance between
the ¢-th atom of the generatlng dlctlonary and the scaled updated dictionary

e = el < |@A(Drap) " ee = full + | @A(D ra5) ™ (C™F = D)eem, <4n. (440)

Normalisation Combining the above results shows that with high probability, the dictionary
update step of each algorithm (with scaling) satisfies

§(¥, ®) = max {[|(¥ — @) [0 — @21} < 4A. (4.41)

So what is left to show is that the normalisation step at the end of iteration does not interfere
with convergence. Let F := diag(||v;]|2)~" be the square diagonal normalization matrix and
denote by ¥ := WF the normalized dictionary of the current update step. Since ||¢;|j2 = 1 we
have

U, ®
and ||T— FH_l al )

F < —_—

1
T3 (4.42)

Hence the weighted operator norm of the difference of the generating dictionary ¢ and the
normalised update ¥ can be bounded as

I(¥ — @)D sl = [|(PF — @)D ye| < (¥ = @)Dz F + @D (T — F)|

< (¥ = @)DyF| + [[@D (T - F)
< (W = @)D & F] + [ @D [[(T = F)l

- (\IJ <I>)
<|(¥ —-®)D || ——=—— ®D || ———=——
L+ @D, . .
_— v —®)D v —d < 8A. 4.43
gy e I 9D @l ) < (4.43)
The ¢5-norm can be bounded in a similar fashion
e(U, ®)

| A

) < 8A. 4.44
P e(@,0)  1-e(T,0) (444)

Thus we get by definition of A for the normalised dictionary ¥

. 1 1. 72
(W, P) < 8A = =6, + — min
( ) 2 2 {SClog (Kp/dy)' 8 log( Kp/5 )}
Combining the probability estimates of Claims 1-4 finishes the proof. |
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4.5. Proof

Proof [Theorem To proof our main Theorem we only have to show that we are
able to repeatedly apply Proposition But this follows immediately from the speed of
convergence (4.20) and the conditions of regime 2 (4.19)) together with the assumption of
O Sf %I%(IW(W' This ensures that § converges to d, geometrically and thus finishes the
proof. |
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Chapter 4. Dictionary learning convergence

4.6. Technical results

Since we are going to apply the matrix and vector Bernstein inequalities repeatedly, we have
to have good control over the operator norm of expectations of products of random matrices.
A crucial technical result to do so is the following, which can be found in [27], [43].

Lemma 4.6 (Sum of random matrices [27], [43]) Let A, € R1*d%2 B, ¢ R¥2xd (O, ¢
Rd3%ds - Then

1/2 N 1/2
max | By || CrCh
n=1
Proof Write
Al A2 A3 . Bl . . . Cl .
N o . B Cy .
> AuB,.Cp = | . . B, o (4.45)

Now the result immediately follows by applying the following properties of the operator norm
IABC| < [|AIIIBIICI, Al = [|AA*[['/* and ||C|| = [|C*C|]'>. u

This result immediately translates to expectations of products of random matrices with the
following nice little trick.

Lemma 4.7 [black magic box 2.0] Let A(I) € R4*% PB(I) € R¥E*d C(I) € R%B*d pe
random matrices, where I is a discrete random variable taking values in Z. Then for any
gC1

IE[A(D)BI)CI)1g(D)] || < E[AMI)AD) T2 - max | B(I)|| - [E[CT)*C(T)] It72

Proof Rewriting the expectation as a sum and applying the lemma above yields

IE[ADBI)CI)1g(D] || = 1Y PUIY? A BI)CIT)PI)?
Ieg
<) PIA n*|e max || B(J) -1 PlC@*C)?
Ieg 1eg

< |E[AMDAT)T |12 - max | B(I)[| - [E[C(I)"C(T)] I,

where in the last inequality we have used that the matrices A(I)A(I)* and C(I)*C(I) are
positive semidefinite and that P[I] > 0. [ |
Since all of our proofs rely on either the vector or matrix Bernstein inequality or the Chernoff

inequality, we recall them here for convenience.

Theorem 4.8 (Matrix resp. Vector Bernstein [84, [52]) Consider a sequence Yi,...,Yn
of independent, random matrices (resp. vectors) with dimension d x K (resp. d). Assume that
each random matriz (resp. vector) satisfies

Yol <R as. and ||E[Y,]|| < m.
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4.6. Technical results

Then, for allt >0,

1 & —N#t?
PSS Y < , 4.4
<”NZ | —m+t> = mexp <2R2+(R+m)t> (4.46)

n=1

where k = d + K for the matriz Bernstein inequality and k = 28 for the vector Bernstein

inequality.

Theorem 4.9 (Matrix Chernoff Inequality [84]) Let Xi,..., Xy be independent random
positive semi-definite matrices taking values in R, Assume that for all n € {1,...N},
|Xull < 1 as. and | oLy E[XG]ll < pmae. Then, for all v > ejmaa,

N r
P (HZXHH Z 7’) S K (e,u‘:mI)W )

n=1
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Chapter 4. Dictionary learning convergence

4.7. Sparse approximation and conditioning of subdictionaries

A major hurdle in analysing the above dictionary learning algorithms is that each update of
the sparse coefficients involves projecting onto submatrices of the current guess W. For the
remainder of this chapter we will write

Fo:={I : ||27P; —1|| <9} and Fyg:={I : |||V7¥;—TI| <V}

for the set of index sets where the random variables ®; resp. W; are well conditioned. We
further write

Fy = {I Nzl <6 e\/210g(320Kp/5*)}.

for the set of index sets, where the norm of the random variable Z; is comparable to d. Finally,
set

G :=Fp UFgUFy. (4.47)
To control P(Fg) and P(Fg) we use Theorem from Chapter [2| which we recall here for

convenience.

Theorem 4.10 (Operator norm of a random submatrix Let W be a dictionary and
assume I C K is chosen according to the rejective sampling model with probabilities p1, ..., px
such that Zfilpi = S. Recall that w; :== Pg(i € I). Further let D, denote the diagonal matriz
with the vector w on its diagonal. Then

2
r r
P(|U7¥; — 1| >r) < 216K — mi :
(1791 =10 > ) < 2168 0 (-min{ g .05
Further we need to control the sparse approximation step in each iteration. Recall that thresh-
olding works by finding the indices corresponding to the S largest values of |(¢;,y)], i.e.

find e argmax|r—g [¥7yll1 and
reconstruct ;= \Iij

In [74], average case results for thresholding were derived for the uniform case. There, a
sufficient condition for thresholding to work with high probability was Su?log(K) < v2. The
recent work [67] extended upon these results. Note that these results only apply for the case
where one has knowledge of the generating dictionary ® which is not the case in dictionary
learning. This setting, where knowledge of the generating dictionary is not give, was covered
in the recent work [57]. We adapt their result to our setting. For the remainder of this chapter,
we write

M= {(1,0, )| I= 1} (4.48)

for the set of index, sign and coefficient triplets, where thresholding is guaranteed to recover
the correct support. With all the necessary notation in place, we finally show that under the
assumptions of our Proposition the failure probability of Thresholding and the probability
that our submatrices are ill-conditioned can be bound by approximately d,/p. This will be
used repeatedly by the Lemmas thereafter.

Lemma 4.11 Under the assumptions of Proposition [{.3 we have

P(HE) - 2p + P(G°) - p < 37125*. (4.49)
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4.7. Sparse approximation and conditioning of subdictionaries

Proof We begin with bounding the failure probability of Thresholding, P(H¢). Set 1 :=
U*® — diag(V*®). By definition of the algorithm, thresholding recovers the full support of a
signal y = ®rxy, if

1¥7eylloo < 197Yllmin-
Note that the signals have two sources of randomness, o and I. Recall a = min; [(1);, ¢i)|.
Plugging in the definition of y we derive a bound on the failure probability

Py(197yllmin < [[¥7eylloc) =Py (W72 121 |[min < [[¥7ePra1]|o0)
< Py (cminl| diag(V7P1)|[min — [[(P7P@r — diag(¥7P1))z1]loc < [[Y7ePrar|oo)
< ]P)y (Cmin‘Q< QHHII‘[HOO). (450)

Next we use that for k € I, we have x, = ojci, where o € RS is an independent Rademacher
sequence. Now as the signs o are independent from the support I, we can apply Hoeffding’s
inequality to each entry of Hjxy to get

Py (W79 [min < [[W7eylloo)

.
< B, (Wil = %5 0| Vil <o) + B (12 > )

2

2
n
2. UD ~||2 .\ swa?
< 2K exp <—800;“2 -aQ) +2K (e”%/f’@?>

max

2

n

2 upD ~l? n(,2)2

< 2K exp (—872 -a2> +2K <2e”“j”‘”’2> : (4.51)
n n

where we used that by Theorem a) we have pp < 2m;, which implies ||/ D \/I;Hgog <
2||HD\/;||30’2. Further we can bound ||HD\/;||gO72 as

14D 52 = (F*® — diag(¥*®)) D s[5 2 < D52 = @D D22 (4.52)
and thus by setting n? := W:K/E) - o we get
2 2 2 2
: e e
P(HS) < 4K _ , : 4.53
( ) < exp ( min { 1662“@13\5"%72 8 (P, \11)2 }) ( )

Now we turn to bounding the quanitity P(Fg). Setting t = 2¢252 log(320K p/d,) we have by
the Poissonisation trick |2, Lemma [2.5

Ps(Fg) = Ps(1Z1l* > t) = Ps (1121 27| > t) < 2Pp(I|Z1Z] | > 1),

where Pp is the Poisson sampling model corresponding to the pi,--- ,px. Now a simple
application of the Matrix Chernoff Inequality together with a) in the last inequality
yields

Ps([1Z1Z7|| > t) < 2Pg([|1Z1Z]|| > t)

ZD, 7| \"* x|\ 1/ 2 1/62
< 2K <e”t1’H> < 2K <MZ:MH> <9k (26;5 )
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Chapter 4. Dictionary learning convergence

Plugging in ¢t = 2¢26% log (320K p/d,) we get

Ps(Fg) = Ps (|| Z1]|* > 2¢%6% log(320K p/d,)) <

4.54
160p ( )

Applying Theorem to to bound P(Fg) and P(F§) and collecting all constants into universal
constants m; to mg yields thus

P(H?) < mi K exp (‘ min { ||<1>Df||2 (ZI%g )? })

v
P(G°) < maK exp <— min { ) L }
WD zl>" pu(¥)
+ m3zK exp <— min{H(I)DfH?’ ! }) + 160p (4.55)
So if we have for a universal constant C' > 0 that
s {0 2, 19D | (). (¥ B2 (1)} < £ S (4s50)
C'log (Kp/dy)

then the claim follows. In the first regime of the Theorem, this follows immediately from the
assumptions on the generating dictionary ® and the current guess ¥. In the second regime we
again see that the conditions on |[|®D || and u(®P) are satisfied by assumption. What is left to

: 2 2 1 a?y? : :
sho(;v is that max{u(V, @)%, u(¥), |¥D ;||*} < CToa(Kpy5,y- For this recall that the assumption
reads as

,72

0(¥,P) = max {||[(V — @ — . 4.57
(W, ®) {( ) Kp/o) (4.57)
So splitting ¥ into ® and ¥ — ® yields
1 72 1 QQ,YZ

UDL? <219D; P +2(|(Y = @)D sf? < s~ < 5 4,

(DA < 20 @D A + 20 = )D€ 5o ) e R (458)
where the last inequality follows from o® = (1—¢?/2)? > 1 since we are in the regime ¢ < m.
Further the coherence p(¥) can be decomposed as

(W) = max | (i, ;)| < max |(¢i, ¢5)] + 2¢ + €
i#] i#]
2 1 2.2
< p(®) + 3¢ < 7 < a7 (4.59)

- 2Clog(K,0/5 )~ 610%(1(0/5*)'

Since u(¥,®)? can in the same manner be decomposed into p(®)? and €2, the assump-
tions (4.56|) are also satisfied in the second regime and the claim follows. |

With this result we are finally able to proof Lemmas — corresponding to Claims
1-4.
4.8. Proof of Claims 1-4

Lemma 4.12 (proof of Claim 1) Under the assumptions of Proposition we have

3 N(A/2)?
P(||PA(D 4. 1 _ oD Al <d+K - 4.
(194D o) = @Dl > 08) < (@4 Kyexp (-5 0 ). (o
where
p= 21‘12”@“253772@72173/2.
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4.8. Proof of Claims 1-4

Proof The idea is to write ®A(D s.q.5) " — ®D; as a sum of independent random matrices
and apply matrix Bernstein to show that we indeed have concentration. Since we assumed in
the algorithm that the estimated coefficients can never have larger norm than the signal times
x we first define for v € R the set of possible stable supports as B(v) := {I : H\IJ}UH < k||v||}.
Based on this definition we further define the following random matrices for n € [V]

Yo i = yayn(¥5 )" Ri (Disap) ™" - La(ya) (1) = Dy,

where as always, I,, denotes the set found by the thresholding algorithm. As each matrix Y,
only depends on the signal y, they are independent and we have

1 .
v > Y, =®ADyrap) ! — D,

so we can use the matrix Bernstein inequality to bound the left hand side of (4.12). For that
we have to find an upper bound for the operator norm. Since we assumed in the algorithm that
the estimated coefficients can never have larger norm than the signal - i.e. ||Z,] = H‘lij Ynll2 <

Fllynllz and [[yn || <[] we get

1Yall < Rl @IS cax | DA DG DG + 18Dl < ZPQ =R (4.61)
Bounding ||E[Y;]|| for some n is a little more involved. Recall that H is the set of signals y,
meaning support, sign and coefficient triplets (I, o, c), where thresholding recovers the correct
support from the corresponding signal. Further G is the set of supports I where 97 is small -
i.e. the corresponding subdictionary ¥; is well-conditioned. Therefore for each n we define a
new random matrix Y,,, for which the estimated support I, is replaced with the correct support
I, and @D is replaced by @ diag(1y,)D .

Yo i =y (U] ) R, (Dyras) ™' Ly, (In) — @ diag(1y,) D}

Note that with the same argument as above Y, is bounded by R. Further, by definition of H
the first terms of the two random matrices coincide on H, while the second terms coincide in
expectation, meaning E[® diag(1 I)Dﬁl] = ®D ;. So dropping the index n for convenience, as

each signal has the same distribution, e.g., writing I for I,,, we get

IE[Y)) < IE[Y - Y]I| + [E[Y]]
< P(H) - 2pa + [ElLge (Y]] + [[E[Lg(DY]]|
< P(H) - 2pa + B(G°) - pa + [E[1g(1)Y]] (4.62)

Next note that whenever I € G we have for any sign and coefficient pair (o,c) that the
corresponding signal y satisfies ||\Il}y|| < (1- 191)7% Nyl < &|ly||, so we have G C B(y).
Remembering that y = ®;z; = ®7(07 @ ¢1), we can therefore take the expectation over (o, c).
Using the shorthand Eg[f(I)] := E;[1g(I)f(I)] this yields
IE[1g (DY = [Er[1g(I) - Ego[®12 12707 U} Ri(Dyrp) ™ — @ diag(1,)D ]|

= |Eg[®;®;¥ ! R (D r.0) "t — @ diag(17) D]

< @Dl - [Eg[D RjO7U Ri(Dyra) ™" — D! diag(17) Da(Dyra) ]l

< IDZM- 0D, - g [DZ R} (0} = (Da)rr) RiDZ | (4.63)
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Chapter 4. Dictionary learning convergence

To simplify further note that for I € G we can write

o0 o0
Ul = (070,) 1 0f = ()0, — I+ Lg) 105 = > (070, — Le)* ) = > Hf U7, (4.64)
k=0 k=0

and have maxjeg || > req H}“JH < L. Also since Z = ¥ — ® we have by definition of D,
(Da)r,r = Is — diag(¥7Zy). (4.65)

Further, on G the columns of ¥; are linearly independent, meaning we have \I/}\I/ 1 = 1Ig and
hence we get for the expression inside the expectation above

(U — (Do) = (W5 — Z7)(U})* — (Da)1r
o0
=g — Z; U} — (Do)pr = Z;0; Y Hf | — diag(Z; 0)). (4.66)
k=0

Further we will use the decomposition Uy := Z;¥; — diag(Z;V) = Z;¥ — & 1. Plugging
this back into the expression we see that we have to control the operator norms of the
expectations of the terms in (4.66]). By using that [|[UD || < é, Corollary 4.20(c) implies the
following inequalities which will be used multiple times

—1 " _ 9 3

IE[D RiHy rHf jRiD | < iHD\/?HDﬁHQ + §H‘I/DﬁH2 < 2| D (4.67)
— * * - 3

|E[D Ry Hr A7 RiD A < 18D |* | 2D s |* + 5[ WD (4.68)

— * * — 3
IE[D Ry U (Hr i RrD | < 18||WD & |*| ZD s 1* + §||ZDﬁH2 <2|ZDs)? (4.69)

Further recall that ¥ < 1/4 and ¢ < V2. With this we get

oo
IEg[D Ry (2w > HE, — €10 ) RiD |

k=0
— |Eg[D Ry (#1,0 > HE; + 0> HE ) RiDZ]|
k=0 k=1

o o0
< |Eg[D,'RiHy,r -y Hi;-RiD| + |Bg[D RiHyr -y Hfy- RiD||- €]
k=0 k=0

82

< |Eg[D} R; ¥y 1RiDM| + |Eg[D 2} RyHy 1R D - 5 (4.70)

o0
+ IIEID A Ry Hy o} ReD | max | S HE ]
k=0
2
— * * — — * * — €
<”E[D\/;1R1HI,IH1JR[D¢;1]Hl/Z + HE[DﬁlRIHIJHI,IRIDﬁl]H1/2 : 2>

2
* 5
< 6| WD ZD sl + 3D - 5

1 6 3 g2
VDA s (512Dl + SeeD .+ VEED A )

S TNUD & NIZD | + T D s %€ (4.71)
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Where in ) we used [4.20) - 4.67) and (4.68 - Collecting all of the above and putting it back

into and - ylelds

B[] <P(Hc)2pa+P(QC)pa+ 1D -

@D el - 71D ZD el + T D e %]

< ﬁé*ng 14 DI 1D el - [ WD ] - 6, (4.72)

where the bound on the probabilities follows from Lemma [£.11] Thus by the assumptions of
our Proposition we have

2

1 o)
(g = e yp—

3 CPloa(Kpfoy) ° 47)

Also due to our assumption we always have § < V2 and so for C' > /2 - 256m, we get

1 I { ay? ay?

E[Y]|| < —=6.a + =
IEIIN < 5500+ 5 min g $5gm1 00 (K175, 198C Toa(K p/o.

] -5} <alA/2=:m. (4.74)

Finally an application of the matrix Bernstein inequality for ¢ = aA/2 with R = %gp and
m = a/A/2, and some simplifications yield the desired bound. |

The next lemma is going to show that the matrix B = Zgil Tnay essentially behaves like a
diagonal matrix. Together with the appropriate diagonal scaling matrices D -, Dg and D, we
are going to show that

(Dyra) *B(Djrap) ' =~ 1. (4.75)

For that we are again going to invoke the matrix Bernstein inequality. And again the main
difficulty lies in calculating the expected value of the involved quantities.

Lemma 4.13 (proof of Claim 2) Under the assumptions of Proposz’tion we have

2
P (||(Dyra) "B(Dyras) =T > A) < (d+ K) exp <_2£§(f//?2ﬁ)/2> (4.76)

where

p = 26°||@|°Sy a0/,

Proof To show the above statement, we are going to follow the approach in the result
above very closely. The idea is to again write (D z.q) 'B(Dyza.5) ! — I as a scaled sum of
independent random matrices Y,, and apply matrix Bernstein to show that we indeed have
concentration. Recalling that I,, denotes the set found by the thresholding and that B(v) :=
{I: ”\I/;UH < k||v]|} denotes the set of possible stable supports for v, we define for n € [N] the
matrices Y,, as well as their auxiliary counterparts Y,, as

Vo= (Do) 'R \Iﬁ ynyn\lﬁ an(Dﬁ.a.ﬁ)—lﬂB(yn)(f )—1
and Y, := (Do) 1Rlnxlf}nynyn\p[nRIn(Dﬁ.a.ﬁ)—lﬂg(yn)(f ) — diag(1;,)D; "

Both matrices can be bounded as

; ot 1 3
max{[| Vo, [1¥all} < &*lyIPI1DG2 NI D5 IIDZH + IDFH] < Jo=: R. (4.77)
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Further on H, meaning whenever thresholding succeeds, the first terms of Y, and Y, again
coincide while the second terms are the same in expectation, that is E[diag(1;,)D, '] =I. So
with the same argument as in (4.62)) and as usual dropping the index n for convenience, we
get

IEYV]Il < 20 - B(HC) + p- P(G°) + [|[E[Lg(1)Y]]]. (4.78)
Similarly as in (4.63]) we next use that all well conditioned supports are stable for any signal y,
meaning G C B(y). Taking the expectation over (o, c) therefore yields

IE[1g(D)Y]| = |E;[1g(I) Eoc[(Dyra) ' RyUI® 2125070 RI (D ) — diag(11) D5 ]|
= |Eg[(Dysra) ' RjWID 05U R (D ) ™! — (Do) LR RID2 (D ra) Y|

< D2 - |Eg [P R; (wios@pwl — (D)3 ) RiDZ | (4.79)

We next recall the shorthands X := Z*¥ — £ and H = U*W — I, the identity D, =1 — £ and
that on G we have \IJ}\I’ 1 = Ig, which allows us to rewrite the expression inside the expectation
above using again a Neumann series, (4.64)), as

Wi @5 (U])* — (D2)1s = W(0r — Z)(¥) — Z;)(¥})" — (Da)?
— T — Wiz, — 230l 1 Wiz Z50l — (DL)3;
=11 = Yso H ViZi + €1y — 2791 Y32 HY
Ia Ib
+ 2 o H}C,I‘P?ZIZ?WI > heo H}C,I - 512,1 . (4.80)

II

Due to the triangle inequality it suffices to estimate for each of the three terms the correspond-
ing operator norm of its expectation as in (4.79)). Since Term Ia is the transpose of Term Ib,
it has the same corresponding operator norm, already bounded in (4.71) as

o
1Bg (D7 Ry (Z7wr Y HEr = E0r) ReDZI < 14| D | @D Al WD 0. (481)
k=0

Term II has to be further decomposed into

0 =U;Z2,Z;Y; -+ Y Hf (ViZ1 27V + U2, 279 Y Hfg

>1 >1
IIa k2 k2
IIb Ilc
k * * k
+ > HF U3 2,270 HE
k>1 k>1
1Id

The norm term corresponding to Ila can be straightforwardly bounded using (4.69]), Corol-
lary |4.20(b) and ¢ < /2 we get
|EBg[D R} (Vi Z1 Z; W — €7 ) RiD ||

< |[Eg[D 2 RiUf Uy R D M| + 2|/Eg[D 2 RiHf 1€ 1R D ||
2

— * Tk — €
<2|ZD|I” + QHEQ[DﬁlRIHI,IRIDﬁl]H Ty
< 2| ZD|* + 6||D s M D || < 2 ZD s ||* + 12| WD ||| ZD . (4.82)
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The terms IIb and Ilc are again each other’s transpose, so we only need to bound the corre-
sponding norm for IIb. In order to do so we split

Vi ZZiVy = Vi Z Uy g+ U €1+ &7 ).
Theorem together with the bounds in (4.6714.69)) and the fact that on G we have || Z;| <
@] + || W] < 2vT1+ 9 then yields

|Eg[D} RfH; Y Hf (Vi Z Hr, RiD |

k=0
fEHEUI;fﬁfﬁJfﬁJR? ]H2 TﬁXHE:EGIWIZﬂ|HE[ ]fﬁLGIkUIRIDJWP
k=0
1 + 19
< V2| UD | -2 V2| ZD |, (4.83)
as well as

|Eg[D} RiH; 1Y Hf (Hf (€1 RiD || = |Eg[D . RjHy 1 > HF Hf [RiD €|
k=0 k=0

e8]
— * * y— 1 — * Trk —11
< IIE[DﬁleHI,IHI,szDﬁI]H2 max | ZH}“,IH |B[D Ry Hf M RiD |2 - ||€]
=0

< V2D - - V2 ZD s - €7/2, (4.84)

and finally using also Corollary [4.20(b)
o0
IEg(D} RiH; 1Y " Hf (€7 (RiD |
k=0

o
< |Eg[DRiHr RiD | - |l€|° + |Bg[D 2 RiHyr > HffHrRiDZ - |IE]
k=0

o
< 3D |* - €I + IEID L Ry Hr i Hy (RiD | - ma | Y Hi- el

<3| UD |2 - et /4+ 2D % (1 —9)7 - et/4 (4.85)

Combining (4.83H4.85) and assuming that ¢ < 1/4 yields the following bound for the norm
term corresponding to IIb

oo
IEG[D 2R > Hf Wi Z1Z; U R D]
k=1
20 8 ez 17 gt
55?;”WIZEHHZ[%E”*‘g”WIZﬁHHZIZEH'EZ‘F?;HQIlﬁnz'jI

<10 WD 1 ZD sl + 5 WD %€ (4.86)

Before we bound the norm term corresponding to IId, note that on G we have two possibilities
to bound || Z;Z}| = || Z1|?, either via || Z|| < ||¥/]| + ||®;]] < 2v/1 + I or simply using that by
definition ||Z;|| is close to 6 on G, cp. (4.47). Combining both estimates we get

max|| Z1Zf| < 21+ 0 - min {2\/1 10, \/2¢210g (320K p]6,) - 5} . (4.87)
(S
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Applying this together with Theorem [4.7] yields
[0.9] o
IEg[D ARy Y HfViZrZir Y Hf (RiD M|
k=1 k=1

< |[E[D_! RrHy rHf (R; D || - maX” ZHI I‘I’IZIZI‘I’IZHI 7ll
k=0 k=0

< 2||UD,-|J? - (Hg -2v/1+ Y min {2\/1 0, /22 log(320K p/6,) - 5}
< 10|[TD,-||? - min {3, V262 10g(320K p/3,) - 5} . (4.88)

Combining the bounds for the norm terms corresponding to Ia/b and Ila-d collected from
(4.81)), (4.82)),(4.86) and into a bound for [[E[1g(I)Y]|| in (4.79), which in turn is sub-
stituted into with the same bound for P (%) 2p + P (G%) p < 350, as in the last Lemma
finally yields

IE[Y] O + |1 Dy 2H[QHZDHIQ+28H<I>DfHH‘I’DfH 0+ 32 WD & ZD x|

\\_32

+10]|UD,||%¢ + 10 ¥D.-||? - min {3, V/2e210g (320K p/3,,) - 5} } (4.89)

We can use either IZD| < [|¥Dy| + |®Dy:| or [|[ZD | + ||[¥Dzle < 6 together with

H\IID\T” = C\/W to get
IE[Y]|| < @5 +ms| Dy 2Hmm{max{H‘1’DﬁH2a||‘1>Dﬁ||2},max{||‘I’DﬁH,H‘I’Dﬁll}'5}
1 72 v
< —6d4 + mgmin , -0 ). 4.90
32 6 { C?log(Kp/dy)” Car/log(Kp/ds) } (490

Recall that a =1-¢2/2 < 1. The second term of this minimum will be attained only if

0 S ————— in which case we surely have o > 1/2. Thus the inequality gets weaker if we
C/log Kp/ts*

multiply the second term by 2« to get

2
i
E < —6 + m7 min 4.91
BV < 556+ mr {C%g et } (1.91)
So for C' > 256my,
1 ’yQ % 1
E O + min , -0 p==-A=:m. 4.92
I [ ]H_32 {128Clog(Kp/6*) 128+/log(K p/d,) } 2 ( )

As before an application of the matrix Bernstein inequality for t = A/2 with R = %p and
m = A/2, and some simplifications yield the desired bound. |

Now we turn to bounding individual columns of the random matrices we have to deal with.
This will again be done by applying a Bernstein-type inequality. The main difficulty again lies
in calculating the expected value of the involved terms.

Lemma 4.14 (proof of Claim 3) Assume the conditions of Proposition[{.3 then

) N(A/2)?
P(HCI)A(Dwuﬂ) tep — ool > @A) < 28exp <_2,02(—|—£A)/2>
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where
p= 21€2H‘I>||257_2g_2£_3/2.

Proof As in the matrix case before the idea is to write the vector whose norm we want to
estimate as sum of independent random vectors based on the signals y, and use Bernstein
inequality. To this end we define for a fixed index ¢ the random vectors

Y, = <yny;q>}n\1/}n3fn(Dﬂ.a.ﬁ)—lns(yn)(fn) - @) e,
Y, = (yny;(\y}n)*RIn(Dﬂ-aﬂ)il “1p(y,)(In) — @ diag(lfn)D;l) e

Note that we can obtain Yy, Y,, by multiplying the analogue matrices in the proof of Lemmam
(Claim 1) from the left by D;;l eg. Following the proof strategy of Lemma with the

necessary changes, we first bound the f3-norm of the random vectors Yy, Yy, as
Y 202 -1 -1 1 3
max{”YnHaHYnH} < HH(I)” Scmax||”D7r HHDﬁ ||”Doc H +1< EQP = R7

while, repeating the procedures in (4.62) and (4.63)), we get for the expectation,

~

[E[Y]]] < P(H®)2pa + P(G%)pa + |[E[Lg(I)Y]|
< P(H)2pa + P(G%)pa + ||D; | - || ®Eg [R (279} — (Da)1.r) RiD; e
= P(H")2pa + P(G)pa + | D, || - 7, - || OEg [Rf (@79} — (Da)rr) Rued]||.  (4.93)
Using the decomposition I = Iy + ege; we split the norm into two parts
|@Eg [R} (279} — (Da)r.r) Rred |
< ||@- e - Eg [R} (@7} — (Da)rr) Rred] |
+[| - erej - Eg[R} (27W]" — (Da)rr) Rred] |
B [D;1 1 Ry (®79]° = (D)1 Ryed]|
+ ||Eg [e; Ry (€591 — (Da)1.1) Rree] || (4.94)

< [|2D|

By the same decomposition as in (4.66)) we have
7 (U))* — (Da)ry = Zi0; Y Hfp—Ery.
k>0

Note that for any diagonal matrix D we have Iye De, = 0. So using the decomposition above,
Theorem and Corollary [4.20(d/k/f) together with ¥ < I, and m, < § we can bound the
first expectation in (4.94) as
IEG[D! Tee R} (Z1¥; Y Hfy — Ern)Ried|| = |Bg[D! Lee RjZfV; Y - HY Rred|
k>0 k>0
< |Eg[D)! e R Z7 11(O) || + |Bg[D ! Lee R}Z{Wr -y Hfy - Hre- 11(0)]]
k>0
1
< |Eg[Dy! I R Z7 - 11 (Ol + |E[DZ! Le R Z7 @ W7 Z Ry Lee D - 11(0)]]|2

N 1
smax | > HY || - [E[(Hpe)"Hre - 1(0)]

k>0
< 70| ZD l| + V12 - max{e, | ZD ]} - (1 - 9) 7" - g - €D |
< e (12D s + 56w D 4]). (4.95)
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To bound the second expectation in (4.94)), we proceed very similarly, this time using Corol-
lary [1:20] (c/£/1)
[Bgle; - Ri(Z7%: Y Hfp— Err) R - e
k>0

< |Egle; - Ri(ZW1 — Ern)Rr - eq]|l + |Eglzf - U1y Hf (Hie- 11(0)]|
k>0

=0

< 2|l - (IBg[® Hye- 11(O]|| + |[Eg[Y1Hrp > HF Hyg - 11(0)]]])
k>0

<e-mp-||UD s

* * 1
+e- |E[WHHf V- 11(0)]))2 maXHZHI ol IE[(Hre) Hre - 11(0)]]|2
k>0

<e me [ WD) + e V2 [ 8D - (1= 9) 7 /e - [ WD |
< 3e-m - WD 4|

Plugging these bounds back into and (| - yields

IE[Y]|| < P (H) 200 + P (G° )
D3 (1ZD sl @D sll + 3¢ - D ]|* +5 - |2 D | [ D s | - 6) -

Using Lemma [£.17] to bound the first two terms involving the probabilities and using either

I ZD|| < 9D + || 2D or |ZD || < 0 yields together with the assumptions of the
proposition
1 s
B[] < 55600 +ms| D5 | min { max { 0D 1|2, [ @Dz} max { [ €D ], [@Dx} -6 |

1

< — 4 + mg min { ay”

C?log(Kp/dy) C\/W }

Recall that o = 1 — &2 /2 < 1. The second term of this minimum will be attained only if
§ < ———— in which case we surely have o > 1/2. thus the inequality gets weaker if we

~ Cy/log(Kp/S«

multiply the second term by 2a to get

32

R 1 o
IE[V]|| < — *a—l—mlomln{ ay’

32 C?%log(Kp/oy) C\/log Kp/(S }

1 1 ay
< --0xa+ - min =aA/2:=m, (4.96
32 2 {128Clog (Kp/dy) 128 log Kp/(5 } b/ (4.96)

where we used that C' < 256mqp. Finally an application of the vector Bernstein inequality for
t=aA/2 with R = %gp and m = aA /2, and some simplifications yield the desired bound. B

A

Now to the grand final, showing that Claim C4 is satisfied with high probability.

Lemma 4.15 (proof of Claim 4) Assume the conditions of Proposition then for A =

oy
Cy/log(Kp/dx)
) ) N(A/2)?
Tpe (Do) ™ ) ! < N S et .
P (A e (Do) B(Dras) ezH>A)_28exp< sees). )
where

p = 27| @[* Sy 22,

81



4.8. Proof of Claims 1-4

Proof As usual we rewrite the vector to bound as sum of random vectors based on the signals
1 and use Bernstein’s inequality. Thus we define

V=AM T (Dyg)™" R;ﬂqf}nyny;qz}:an(Dm.ﬁ)ﬂ Ly (In) e

and its counterpart Y,, by simply replacing in the above I, by I,. Since for any diagonal
matrix D we have Iyc D ey = 0 we can again obtain Y;,, Y, from the corresponding matrices in
the proof of Lemma (Claim 2), this time by multiplying from the right by Iz and from the
left by D;;eg. Following the usual proof strategy we first bound the fo-norm of the random

vectors Y,,,Y,, as

max{||Ya ., [1Yall} < & llyIPID D5 1 D72 < Sp =: R,

o

while for the expectation we get similar to (4.79) and (4.93)

N

[EY][| < P(H)2p +P(G°)p + |E[1g(I)Y]]|
<P(H)2p +P(G)p + A -7, |DF2 - |[Eg [D e Ry (W1 @501 Ryef] || (4.98)

Using a decomposition as in (4.80]) and recalling that I,c D e, = 0, we get
Lo R (0100701 Rye,

=R} ( ZyUr S HE N HE Wiz Y HE w2209, HE, ) Rrep.  (4.99)
k>0 k>0 k>0 k>0

Ia Ib II

The expectation corresponding to Term Ia has already been bounded in (4.95)) so we move on
to Term Ib. Using Theorem |4.7| and Corollary (d/h) we get

IE[D ! Lee R} Y HY Vi ZrRy ef]

k>0
< |Eg[D e Ry W20 - 11 (0)]|| + |Eg[D A Tee R} Hyr > HE Wiz - 11(0)]|

k>0
< |[Eg[D e R7WT - 11 (O)]|] - |||

_ N N _ 1 N N 1
+ |E[D e R Hy 1 HY (Rilge D 17 (0)]]|2 - TaX 1Y HF 75| - B[z 2 - 1(0)]]|2
k>0

V1+9
< Dl e 43 Y ma{ (W), WD} Y

< 6-me - max{u(V), [[WD}-e.

As probably feared Term II requires further decomposition

M=VZ, 23U, +y HF U2, 220, + 052,220,y HF +> HF V72,220, HF .
1414y ZI,III IIZI,IZI,IIIZI,]

k>1 k>1 k>1 k>1
IIa

ITb IIc I1d
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Chapter 4. Dictionary learning convergence

Looking at the first of the four terms above, Term Ila, we get using Z7 = R;Z* = Ry(ece) +
Iye) Z* and Corollary (d,k,g)

|Eg[D e R7VT Z1 Z7 W 1Ry ef]|
= |Eg[D e Ry Z1 Ri(eoel + Lpe) Z*2he - 11 (L)]]|
< |[Eg[D M e Ry Wizp2i 0 - 11 (O] + |Eg (D Lee RYUT 21 Ryllge Z*4py - 1, (L))
< |[Eg[D M e RyW - 11 (O] - |20z vl + |Eg[D M ee RpW; Zy - Ryllye 2 (D] - [t

53 — * Ty ok * — 1 * * 1
S 7Tg . ”‘I’Dﬁ“ . E + HE[D\/EI]IECRI\IJIZ[ZI\IIIHZCD\/EI:H.[(E)]||2 N ||]E[Z]IZCRIR[]IECZ ]]_[(g)]HQ

3
S
< D] - 5 + v max{e, | 2D s }VI2- v/ - 12D |
3
9
< (0D -5 +Vi2 6 12D,]),

where we applied Corollary (g) to V = Zlye, meaning Vi = Z1;e R} and vy = 0.
Term IIb will be treated the same way. We apply Theorem and Corollary h,g) together
with ¥ < 1 and the fact that on G we have || Z|| < ||| + [|]| < 2v/1+ 9 to get

IEg[D e R}y " HY (Vi Z1 Z7 W Ry ey |
k>1

= |Eg[D T RiHy - Y HY (Vi Z1 - Ziel (0]

k>0
< |[Eg[D e RiHy -y HE (97 Z; - Zi1(0)]]

k>0

1
< |E[D e RiHy 1 Hi Rl D1 11 (0)]12 max 1Y HE 9720 - IE[Z: Z7 11 (0)]||2
k>0
20149

< Vo - mac{u(w), 0D, |} - 2LV

<15 m - max{u(¥), [[¥D x|} - 6.

V21 - max{e, | ZD ||}

Using the same tools as above with Corollary {4.20(j,f) we get for Term Ilc

IBg [T - D RFWZ, 2701y Hi 1Ry - ef]|

E>1
= |Bg[lee DRIV Z114(€) - Z7 Wy Y Hf - Hr gl ()]
k>0

1 1

< |E[D My Ry 21 Z; W Ryl DA 1,(0)] |2 ma 127> " Hf (|| - |[E[He Hy el (6))]2
k>0
2(1+9)

< 3y/m-max{e, || ZD s} - T—g Ve YD & <107 - [ WD 4| - 0.

To bound the norm term corresponding to IId, we again combine the bound || Z;| < [|¥;]| +
|Pr]| < 2v/1+ ¥ with the bound due to the definition of G, cp. (4.47), ensuring that || Z;]| is
close to 0 on G, and get for ¥ < 1/4

max 1Z:Z3|| < 2V1+ 0 - /2e210g(320K p/6,) - § < /102 1og(320K p/5,) - 6.
S
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Thus by applying Theorem and Corollary h,f) together with ¢ < 1/4 we have

|Eglee-D 'R} Y HY (ViZ1Z{Vr ) HP Ry - el

E>1 E>1
= |Eg[lee D) RyH  ;1,(0) - Y Hf ;U5 2, Z7%; Y HF - Hr ol (0)]]
k>0 k>0

1
< |E[D M, R}H], ]H}‘IRI]IECD_l]ll( NIz

1
maXHZHI I‘I’IZIZI‘I’IZHJ il - E[He rHy L1 (€)]]]2
k>0 k>0

1
(<_H9 \/1062 log(320K p/d,) - 6 - /7o - |[¥D 4|

< may - e - max{p(V), [[¥D 4|} -9,

9m¢ - max{p(¥), | WDz} -

where in the last step we used the assumptions [[¥D|| < C—1/\/log(Kp/d,). Plugging
everything back into (4.98) and using that by Lemma {d.11|P (1) 2p + P (G°) p < 30, we get

IE[Y]) < *5 +maa|| DE( - A (IZD | - (1 + 8) + max{p(P), [¥Dx]} - 6).

Using again that || ZD ;| < min{d, |®D | + || YD |} and our assumptions that

ary
max{p(W), [[ VD |, [[®D s} < Jioe (K75
*
together with the definition of A = #/5)’ we get for C' > 256m3
Og(LL p/0x

N 1 _
B < 550 + mas| DS

ay min a7 ,0
C /g (Ko/5,) {cm }

1
75+ !

2
1
—A:=m.
- 32 {IQSClog (Kp/ds) 128 log (Kp/dy) } 2

As before an application of the vector Bernstein inequality for ¢t = A/2 with R = %p and
m = A/2, and some simplifications yield the desired bound. |

Remark 4.16 Here we collect all lower bounds on C. C' has to be big enough to ensure that
the probabilities in (4.55) are small. Further also the conditions

C Z \/i . 256max{m4, m7,m10,m13}

have to be satisfied. We defer calculating the exact constants to those brave enough.
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4.9. How to calculate expectations in the rejective sampling model

In this section we establish the probabilistic estimates used to prove Claims 1-4. In the case of
supports chosen uniformly at random, equivalent to rejective sampling with uniform weights
pi = S/K most estimates are trivial since we have Pg(i € I) = S/K and

. S(S—1) . .
P Clh=—2C"") —¢.P I)-P I
S({Zaj}— ) K(K—l) c S(Ze ) S(]G )7
so for instance |Es[RiH R/]|| = |H @ Eg[11}]|| = £[¥*¥ —I|| < 2|/ ¥||%. Unfortunately,

in the rejective sampling model with non-uniform weights p;, these estimates become much
more involved. For instance the appearance probabilities 7(i) = Pg(i € I) differ from p;
and higher order appearance probabilities cannot simply be obtained as scaled product of low
order appearance probabilities, i.e. there is no constant ¢ such that Pg(i,j € I) = em(i)m(j)
for all 4,j. However, we can show that for well behaved p;, the generating and appearance
probabilities are close, and that also higher order appearance probabilities are close to products
of lower ones, which will allow us to bound quantities such as |[Eg[¥;U7}]|| later on.

We first establish several inequalities for appearance probabilities in the rejective sampling
model.

Theorem 4.17 Let Pp be the probability measure corresponding to the Poisson sampling model
(11.2) with weights p; < 1 and Pg be the probability measure corresponding to the associated
rejective sampling model with parameter S, Pg(I) = Pg(I | |I| = S), as well as Eg the
expectation with respect to Pg. Denote by wg the vector of first order inclusion probabilities of
level S, meaning mg(i) = Pg(i € I) or equivalently ms = Eg(1;). We have

ms—1(1) < mwg(d), (b

Ps(i € I,LCI) <ms(i)-Ps(LCI), if |L|<S,i¢lL, (c

1 —7msa()]-Ps({i,j} € 1) = ms(i) - [ms1(j) —Psa({i, 5} € D], of i#j.  (d
Further, defining for L C [K] with |L| < S the set L= {I C [K]: L C I}, we have

Es[1po1f - 1e(D)] - [0 =7s(0)) < Eg_yp[1017] - [ 7s(0). ()
(L (L

Proof (a) We first show that (1 — ||p||leo)pi < ms(i). By definition, we have

_ Pp({i e I} N{|I|=S}) >orir=sier P(I)

msli) = Ppli € I]111=5) Bl =5)  ~ SrnsPe@ 2="20)

N—_——
=1

Since p; = ) ;.;c; PB(J) and abbreviating ¢ := (1 — [|p||cs) < 1 the desired inequality

c ZI:\II:S,z‘aPB(I)
Jge:J]P)B(J)S ZI:III:SPB(I) EJ:PB(J):

is equivalent to

c > PpI)> Pr()< > Pp())_Ps(J)

I|I|=8 Jied I|T|=S,iel J
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Splitting the sums on both sides into two parts this becomes

c Y. PpI) ) PBp(N)+e Y Pp(l) )y Pp(J)

I:|I|=8,i¢I JiieJ I:|I|=S,iel JiieJ
< Y Be() ) PBe()+ Y Pp(l) Y Pp(J),
I:|I|=Siel JiieJ I:|I|=Siel JuigJ

which is implied by

c Y. Pp(l)) Pp())< > Pp(l) ) Pg(J). (4.100)
I:|1|=S,i¢1 Jied I:|I|=Syiel JigJ
Note that for any set I not containing the index ¢ we have
Pi P .
Pp(I) = T e [[0-p0)= ] or J] 0 -pe)=Psu{i}).

1 —p; kel kel kelu{i}  k¢IUu{i}

Multiplying both sides in [4.100{ with p; /(1 — p;) we get

c > PsD)> Pr())< > Pp()) Pp(J)
I:|I|=8+1cl Jied L|I|=S,iel Jiaed
so it suffices to show that
c Y. Pe()< Y Pp(l)
L|I|=S+1,iel L|I|=S,icl
Indeed we have

c > Pe()=c > Pp() Y !
k:kel ki

I:|I|=5+1,iel I:|I|=5+1,iel

—e Y 5 Y EhE

I|I|=5+1el © kikel ki Pk

W

C
< oS > Pe(I\{k}) - pk
S(1 = lpllec) (Ik):[I|=S+1,i€T
kel kti
scar, 1
= g > Pr(J)-m
(Lk):|J|=5,
i k]
1
=5 >, P m< ) Pa()),
T J|=Sied k. T J|=Sied

where we used that >y, pe < 3oy pr = S.

To get mg(i) < 2p; we define the function f : P([K]) — {0,1} with f(I) = 1,(i). Since
f(I) < f(J) whenever I C J, applying Lemma from Chapter [2| yields Pg(f(I) = 1) <
2Pp(f(I) =1). Since f(I) =1 simply means that i € I, we get

m5(i) = Ps(i € I) < 2Pp(i € I) = 2p;,

which completes the proof of (a). (a)v

86



Chapter 4. Dictionary learning convergence

(b) Using the definition of Pg we can rewrite mg_1(i) = Ps_1(i € I) <Pg(i € I) = mg(i) as

> gigj=s—1 L1 (2) - PB(J) - > orr=s 11(2) - Pe(1)
Srg=s—1 () T XrpesPe(I)

which is equivalent to
> 1,() - Pp(J)Pp(I) < > 1;(i) - Pp(J)Pp(I).
(1,J):|J|=S—1,]I|=S (1,J):|J|=S—1,|I|=8

Now the crucial step, which we will use several times also in the subsequent proofs, is to see
that we can partition these sums in a special way. For a pair (1, .J), by definition of the Poisson
sampling model, we can write Pg(I)Pg(J) in the following way

Pe(DPs()) =[[o: [[Q—2) [[o: [T —p) = ] #F I] 0 =p0) J] (01 —pp)*
iel  jel i€d  j¢J ieIng  ieIAJT jE1ug
where IAJ denotes the symmetric difference of I, .J. This implies that if for two pairs (I, J),
(I', J") we have
INJ=I'NnJ and IAJ=TIAJ then Pg(I)Pg(J)="Pg(I')Pg(J").
This allows us to define natural partitions on the set of pairs (I, .J) such that the probability
Pp(I)Pp(J) is constant on each partition. Concretely, for any integer T' € {1,..., S}, together

with a set A C K with |[A| =S — T and a set B C K\ A with |B| = 2T — 1, we look at the
collection of pairs (I, J) with intersection A and symmetric difference B, that is

Oup:={LJ): LICKI|I|=5,J=8-1,INJ=A,IAJ = B}.

Since each pair (I, J) with |I| = S,|J| =S — 1 can be uniquely assigned to a collection Q4 g
and P(I)P(J) is constant for all (I,.J) € Q4 p, it is sufficient to show that

D N16) B W ¥1¢)
(I,J)eQa,B (I,J)eQa,B

or equivalently that
H(I,J)€eQup:jeJ <|{,J)eQap:jel} (4.101)

If j € A=1nNnJ both sides in (4.101)) are equal to |Q4 g| so the inequality trivially holds. In
case j € B, we distinguish between 7" = 1, meaning |[A| = S — 1 and 7' > 2. For T' =1 the
only possible configuration where |J| =S —1 and |I| =S is J = A and [ = AU {j}, so the
left hand side is zero while the right hand side is one, again satisfying the inequality. Finally,
for T' > 2 we have

(neonmienti= (7 )< () = Huneeus e,

which completes the proof of (b). (b)v

(c) We define £ = {I C [K]: L C I}. Using this together with the definition of Pg we can
rewrite Ps(i € I,L CI) < mg(i)-Pg(L CI) as
ZI:|I|:S 1;(i) - 1.(1) - Pg(I) < ZJ:\J|:S L,(i) - Pp(J) ' ZI:|I|:S 1c(I)-Ps(I)
>r=s Pa(I) T Xru=sPs(J) Yrp=sPs)
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4.9. How to calculate expectations in the rejective sampling model

which is equivalent to
> (i) 1e(I) - Pe(I)Pg(J) < > 1) - 1e(I) - P(I)Ps(J).
(I,0):|I|=|J|=S (I,D):|I|=|J|=S

We now use a similar decomposition as before. For T € {0,...,5}, A C K with |[A|=5-T
and B C K\ A with |B| = 2T, we again let A be the intersection and B the symmetric
difference of the sets I and J respectively and for any combination A, B define

Oup:={(LJ): LICK|I|=|J|=81InJ=AIAJ=B}.

Since P(I)P(J) is constant for all (I,J) € Q4 p and every pair (I,.J) is contained in exactly
one of those sets, it is sufficient to show that

oL@ 1)< Y L)1)

(I,J)€Qa,B (I,J)€Qa,B

or equivalently that
{(I,J) € Qap:icI,LCI} <|{(I,J)€ Qap:iecJ LCI}.

If L is not contained in A U B there is no valid pair (I, .J) € Q4 p and the inequality trivially
holds. If L € AU B we abbreviate Ly = LN A and Lg = L N B. Since Ly C A, all pairs in
(I,J) € Q4 p automatically satisfy L4 C I so we can rewrite the inequality we want to show
as

{(I,J)€Qap:icl,LpCI} <|{(I,J)€ Qap:icJ LpCI}. (4.102)

In case i € A all pairs further satisfy ¢ € I as well as i € J so both sides in correspond
to |[{(I,J) € Qap: Lp C I}| and the inequality trivially holds. In case i € B\ L, we need to
keep track of how many elements of I are already fixed. Since we need to have AU Lp C I,
in case |AU Lp| = |A|+ |Lp| = S there is no pair which additionally satisfies i € I, so the left
hand side in is zero and the inequality holds. Finally, if k = |Lg| < S — |A| =T, we
can still choose T'— k — 1 out of the 21" — k — 1 resp. T — k out of the 27" — k — 1 remaining
elements in B to fill I resp. J and create a valid pair. Since

2T — k-1 < 2T — k-1
T—k—1)— T—k
the inequality in (4.102)) is again satisfied, which completes the proof of (c). (c)v

(d) We want to show that [1 — mg_1(3)] - Ps({4,7} C I) = wg(i) - [ms—1(j) — Ps—1({3,4} C I)].
If mg_1(2) < 1 this is equivalent to p; < 1, so for any set J not containing the index i we have

o Ba()) = Pu(J U (i)
i =5 Lr()11(j) - Pp(I) . 2r11=se1 PBU)
Ps(ligh < 1) = >or=sPa(l) 2 r1=s,icr PB()

_ Zryp=sier 110) - Pp() s (i)
Zm:s,z‘el Pp(I) °

_ Db 1 —p; Z];‘J‘:S_Ligéj ]lJ(j) ‘PB(J) . ZJ:|J|:S—1PB(J)
Cl-pi P Ygies gy P()) () > s Jj=s—1 PB(J)
. 2 gig=s-1igs L1G) BB(J) 35251 FB(])

g gj=s—1PB(J) > i=s—1i¢ PB(J)
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Chapter 4. Dictionary learning convergence

Further rewriting the fractions in the expression above yields

2 gi=s-1igs L10U) -PB(J) X5y 5=s-1150) -PeU) 205 g=s-1 L (0)1s()) - PB(J)

> gig1=s—1PB(J) > si7j=5-1PB(J) > gj=5—1PB(J)
r5-1(3) Ps_1({ijel})
as well as
> r=s—1PB(J) > ijj=s—1 PB(J) B 1
P ig=s—1igs PB(T) 2 pis=s-1PB(I) = X sms-15es PB(J) 1 —mg_1(3)’
which completes the proof of (d). (d)v

(e) We will prove the statement by induction. Let L be a set of size T < S —2 and £ = {I C
[K]: L CI}. We first show that for k ¢ L and L = L U {k} we have

(1= ms(k)) Es[1np1yy - 1e(D)] 2 ms(k) - Bgoa 1317 ;- 1(D)]- (4.103)

Note that if mg(k) = 1 the inequality is trivially true. If on the other hand 7g(k) < 1 this is
equivalent to pg < 1, so for any set J not containing the index k we have

-Pp(J) =Pp(JU{k}).

Thus expanding the expectation we get

Yorir=socr PB(D(An17 ) Y riesker P(I)
Es[lf\Lly\L'ﬂL(I)] — |1|=5,LC \ |1|=8,ke

>rir=s Pe) >orr=ser PB(I)
. ZI:\H:S,LQI IP)B(—r)(lI\Ll?\L) ) Z[;m:&kel PB(I)
>orjr=sker PB(I) > nj1=s Pa(I)

B ZJ:|J|:Sfl,k¢J,i§JPB(J)(lJ\ﬁlj\ﬁ)

2 il=s—1.k¢s PB(J)
~ ZJ:|J|:Sfl,£§J PB(J)(lJ\Ll*J\/i) Zz;u|:5—1 Ps(I)

.7TS

N . . 7rS
ZJ:|J\:Sfl,k¢J Pp(J) Z[:\I|=S—1 Ps(I)
2 p=s—1ics PB() A1) Y ss 1 Pa(l) h)
> rirj=s-1PB() > si=5—1,k¢s PB(J)

_ ZI:|1\:S—1 Pp(I)
> Jig|=s—1,k¢s PB(J)

Now all that remains to do in order to prove (4.103) is to bound the fraction above. Writing
out the expression in the denominator we get

:ES—I [ll\ﬁli\ﬁﬂﬁ(l)] 'Ws(k).

ZI;|I|=S—1 Pp(I) - ZI;|I|=S—1 Pp(I)
ZJ:|J|:S—1,I€¢JPB(J) ZI:\I|=S—1 Pp(I) - ZI:\I\:S—I,keI Pi(I)
_ 1 (2) 1 _ 1
C1-Ps_(kel) ~1-Pgkel) 1—mgk)
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4.9. How to calculate expectations in the rejective sampling model

By induction and using the bound from (b) that mg_1(k) < wg(k) we finally get

Es[1nr1fy, - Le()] [T —7s(0) < Egjp1r1]] - [ 7s(0).
teL teL

which completes the proof of (e) and thus the theorem. (e)v
]

We next note that several of the quantities we want to bound can be conveniently rewritten
using the entry-wise product between matrices, ie. (A ® B);; = A;j - Bjj, also known as
Hadamard product. For instance the zero padded K x K version of the § x § matrix A can
be written as RjAr R = A® (171}). Therefore the following inequality will be an essential
tool.

Theorem 4.18 (Hadamard Product Matrix Norm Inequality) Let A and B be two square
matrices of the same dimension. If A is positive-semidefinite, then

[A® Bll22 < [|Alloc[| B

2,2-

Proof The matrix

(HBW(H@A) AOB ) _ (A A> . <HB|!2,2-H B )
(Ao B)* | Bll22(I® A) A A B* |Bll22 -1

is psd, since the right hand side of the equation is a Hadamard product of two psd matrices
which is by the Schur product Theorem also psd. By Theorem 7.7.9 in [44] there thus exists a
contraction C', meaning ||C||2,2 < 1, such that

A®B=|B|22(e AYV2COo A)Y2

Hence
IA© B2z < IT0 A)Y2?|Bl2g < |10 All22|Bll2z < [[Alloo,t | Bll22- (4.104)
|
We can now provide a bound for terms of the form ||[Eg[RjA; R;]|| = ||A ® Eg[1717]||, which

is the key result we need for most estimates used in the proofs of Claims 1-4.

Theorem 4.19 Let Eg be the expectation according to the rejective sampling probability Pg
and Tg € RX be the first order inclusion probabilities of level S. If ||7g|lee < 1 then for any
K x K matriz A we have

I+ |[7s|loo . .
175l Dy A — diag(A)] Drg | + || ding(4) D .

AOEg117)) < ———2 =
14 0BTl < T )

Proof We first note that since Eg[1;17] has g on the diagonal, a simple application of the
triangle inequality yields

14 ®Es[1,13]] < [I(A - diag(A)) © Es[1,17)]| + || diag(4) © Es[1,13]]
— |(A — diag(A)) © Es[L,17]l| + | diag(A) Drg]
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Chapter 4. Dictionary learning convergence

which already proves the theorem for S = 1, where all off-diagonal entries of Eg[1;17] are zero,
meaning the first norm term is zero. In case S > 2 it remains to show that for 2/ = A—diag(A)
we have || ©Eg[171%]|| < ¢-||Drg M Drg|| with constant ¢ as above. For two vectors v, w with
entries in (0,1) and function f : R? — R, let diag(f(v,w)) be the diagonal matrix with i-th
diagonal entry f(v(i),w(i)). From Theorem we know that

(M ©Eg[1/17])ij = Uiy - Ps({i, j} € 1)

= 1_7TS(Z) < Aij - [ms—1()) —Ps—1({i,5} € I)]
Ts—1(%)

— (diag (1=25—) - 11 - diag(ms 1) — diag (1-25) - M © B _1[1/1])

1 1

)

— (diag(ms 1) - 1 - diag (1-25-) — M - diag (-25—) ©Es1[1/17])

1 1 i]

where for the last equality we have used the symmetry of Pg({é,5} C I) in i,5. Using the
relation between inclusion probabilities mg_1 and 7g from Theorem [4.17(b) we further get

17 © Es[LA}]l| < | ding (25 - 7 - ding(ms—1) | + || diag (=) - 4 © Es_1[1,1]]]

1-mg_1 1-ms—1
< || diag (1=5) | - | diag(s) - A - diag(rs)]| - || diag("5)|
+ || diag (=) | - || diag(rs) -  © Bg_1[113]]

< (1= |17slloo) ™" - (|Drg ¥ Dag || + | Drs M © Es1[1717]]])
as well as
11 ©Es[1r17]]| < (1= |[7slloo) ™" - (|| D M Dag| + || M Drg © Eg_1[1717]]]) -

For S = 2, the matrix Eg_1[1,17] is again a diagonal matrix, meaning the second norm term
vanishes and we are done. For S > 2, observe that

(HDWS ® Es_l[]_[lﬂ)* = DWSH* ® Es_l[ljlﬂ
so we simply apply the inequality above to ¥ ® Eg_1[1;1}] with # = D, H*, leading to

| Drg ©Es_1[1717]|| = | Drg M © Es_1[1717]]]|
< (1= |ms-1lloc) ™"+ (I Drs_, Das M *Drg_, || + | Das M* Dy, © Es_2[1717]])
< (1= I7slloe) ™ - ([I7slloo - |1 Drg ¥ Drgll + || Drxg M Drg © Eg_5[1717]]) .

Combining the estimates we get
14 ©Es[1717]]| < (1 = ||7slloc) ™ - (| Drg M D || + || Drg M Dreg © Es_2[1717]]])
The final result follows from the fact that for a positiv semi-definite matrix P and any matrix

B we have |B ® P|| < ||B| - max;; | P;;|, Theorem and that due to Theorem {4.17|(c) with
L = {k} and 4.17|(b) all entries of Eg_3[1;17] are smaller than ||7g||cc- [ |

With the last result in hand we can finally prove the following corollary, which collects the
inequalities used in the proofs Claims 1-4.
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4.9. How to calculate expectations in the rejective sampling model

Corollary 4.20 Denote by Eg the expectation according to the rejective sampling probability
with level S and by m € RE the first order inclusion probabilities of level S and let Ry be the
restriction matriz to the index set I, meaning A; = AR}. If |7||s < 1/3, we have for any

matriz 1 € REXK with zero diagonal,
IEID RIRD | < 1 (a)
IE[D Ri U, rRiD || < 3-||DsHD 4| (b)
IE[D 1RIHIIHIIRID ]H < 9 HDWHDIHQ 2 maXH@kHDf” (c)

Further, let ¥ € R™>EK be q dictionary and H = U*WU — I the associated hollow Gram matric.

For any d x K matriz V= (v1,...,vk) and any subset G be of all supports of size S, meaning
G C{I:|I| =S}, we have

IE[DZ Tee REVY - 11(0) - Ag(D]]l < me - [V D (d)
B[ Hpe - 11() - Lg(D]I| < me - | WD 42 ()
IE[(Hr,0)"Hre - Ilz(f)]ll <o [ WD (f)
IEVIVE - 1O < 7o - (IVDysll? + Ilve|?) (8)

Finally, if ¥ satisfies p(¥) < 1/8 and | VD |

| < 1/8 then for any d x K matriz Z =
(Zla" 'azK) with ||Zk|| =e,<e< \/§ and |<Zk’7wk>| =

£2/2 we have

IE[D e R Hy 1 H jRilee D7 - 11()]]] < 9 - me - max{p(¥), | WDz}, (h)
B[O Hy rHy j 97 - 1O < 2-me- [ D41, (i)

IE[D e RyV; Z1 Z1 ¥ Rilee DY - 11 (0)]|| € 9 - - max{e, | ZD 4[|}, )
IE[D e R} Z; Y W Z1 Rilpe D - 17(0)]|| < 12 mp - max{e, | ZD | }*. (k)

Proof
(a/b) Using the identities A;; = RrAR; and RjR; = diag(1l;), we can rewrite for a
general matrix A and a diagonal matrix D
DR?AL[RID = DR?R[AR?R[D = Ddiag(lI)A diag(lI)D
= diag(1;)DAD diag(1;) = (DAD) ® (1717).

Using Theorem and ||7]|sc < 1/3 we therefore get

IE[DZ RiAriRiD | = [[E[(DZ ADZ!) © (1,17)]]
= (D AD}) © E[1,17]]|
< 3||DrD_[A — diag(A)| D Dx|| + || D diag(A) D Dy
= 3[|D=[A — diag(A)] D[] + || diag(A)].
Setting A = I resp. A = I yields the inequalities in (a) and (b). (a/b)v

(c) We again rewrite the expression, whose expectation we need to estimate.
RiUp U} (R = RjR;- U - RiR; - U* - RjR;
= diag(1y) - A - diag(1y) - X" - diag(1y)
— [ - ding(17) - 1" © (11})
= (D) © (115) = Y (M M) © (1417).

kel kel
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Chapter 4. Dictionary learning convergence

Since the k-th entry of /1, and therefore both the k-th row and k-th column of M, 1}} are zero,
we have (M, 1) © (171}) = (U M}) © (11\{k}1?\{k})’ yielding

Ry My M7 Ry = > (M) © (L g 1 giy)
kel

= D (L) - I ) © (Ui L guy)
k;
=Y (M) © (L iy gy - Lo (R)). (4.105)

Using the Schur Product Theorem, which says that for p.s.d matrices A, P, P, with P, Pij >0
and P < P we have A® P < A® P, together with Theorem [4.17(e) further leads to

Es [RjH; 1 1} [R] = Z(Hkﬂ,j) © Es[1p gy i gy - 11 (k)]

<Z (M 175505 1) © B4 [1,17]

Z .
= (H diag(;75-) 1) © Eg—1[1/17].
a5 )M*, and applying Theorem and Theorem [4.17|(b) we get
IEs [D;RWLIM;,RID;;} | =D} Es [RjH; 1 Hf Ry D
<(DAZMD}}) ©Es_1[1/17]]
< 3||Drs_, [DZMD_ — diag(D ! MD )| Dy, ||
+ || diag(D ' MD ) Dy ||
<3||DzMD s — diag(D.zMD )| + || diag(M)|]
< 3[|D=MD | + || diag(M) |,

uy) ©Eg_1[1717]

Abbreviating M := U diag(

where in last inequality we have used that D M D , is positive semidefinite. Combining the
inequality above with the bounds

|D=MD 4| = |D =MD e ding({2)D o A" D ]| < (1 7o) | Dy D 1%
| diag(M) | = max ¢ D,z diag(t4) Dy H e < (1 [[7]0) ™ e e 7D,

leads to (c). (c)v

(d-g) Using the identity [pe R}V = [pe RIR[V™ = diag(1p o) V" we get
IE [D e R VY - 11(0)1g(D)] || = IDLE [Lg(1)11(¢) - diag(1ney)] Dy DV
< |IDAE[17(£) - diag(1pgey)] DL | - [|1D=V|
= max (E[Li(OL(K)] - m. ") - VD]
< [[VDs|,

where in the last inequality E [1;(¢)1;(k)] < e from Theorem [4.17](c) was used.
Next observe that H has a zero diagonal, so for any A; = AR} we have

A[H[Vg = AR; . R]Heg = Adiag(lj)Hg = Adiag(lj\{g})Hg,
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4.9. How to calculate expectations in the rejective sampling model

and the same argument as above leads to

[E[ArHp - 11(O)1g(D]|| = [[AE[Tg(I)11(¢) - diag(1p\gey) | Hl|
< |AD || - | DAE[L1(¢) - diag(Lp )] D2 || - | Dy Hel|
<7 [[AD | - [ DyzHel|-

For H = U*V¥ — [ we have the bound
D zHell = |1Dy= (¥ — eo)|| < |1Dyz ¥ el < | D7 = [¥D s,

so setting A = U yields (e) while setting A = (Hy)* = (Hey)* together with G = {I : |I| = S}
yields (f). Finally, we can write ViV = VRIR;V* = Vdiag(1p (1) + ecej]V*, to get

IE[VIVF - 1r(O)]l < [V D E[DZ diag(1n () D5 - Li(O)1D V(| + [lvgo; E[Lr ()]
< 7o VDl + e - [luell?,

which completes the proof of (g). (d-g) v

(h) We first prove that for a general matrix ¥ with zero diagonal we have

IE[D e Rf My 1 M} 1 Rilee D - 17(0)])]

°y
< 7 (SIDHedl? + 1+ §ID D Al + gk GGHD A ) (4106
iy

Using (4.105)) and the identity Iye = diag(1x)\f¢3), We first rewrite
Lee RT My 1 M1  Rillge - 17 (€) = (RT M1 1 M7 1 R1) © (L ey L qey) - 11(0)
= (M) © (In ey L qry - L1011 (k).
k
As before an application of the Schur Product Theorem and Theorem [4.17(e) leads to

Es(lee R} My 1 M} Rillge - 17(0)] =Y (M) © Bs [ ey Ui gy - 11 (0) 11 (k)]

k
WS(E) * * WS(Z) 7I-S(kj) * *
= 1= WS(E)(I/‘QHZ ) ©Es—1[1/17] + gﬁ% 1= 75(0) <I/Ik1 m—ry Hk> O Eg_s[1717]
<z fsﬁﬁ)(g) () © Bs 1 [117] + M © Bs [1,17]),

where again M = M diag({=2-)HX*. Finally, Theorem Theorem (b) and similar

s
simplifications to above yield

|Es[D M e Ry M} (Rl DY - 11(0)]|

iy _ _ " _ _
< —— (D 17 D) © Bs a[1,17]] + (D MD ) © B o[1,17]])

1—m
Uy;

=< BID=H My D || + || diag(He 17 ) || + 3| Dz M Dz + || diag(M)]])

1—
Uy
1—my

IN

(31D el 4 g 2+ 102D | + F s e D7)
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Chapter 4. Dictionary learning convergence

which completes the proof of (4.106]). To prove (h) note that for /1 = H = U*W¥ — I we have

1Dy Hex| = [GHDA| = (5% — ex) D]l < [45D,]| < WD,
and  [DHD || < || Ds® UD ;|| < WD
Since for k # ¢ we have HZ, = |(x, Yo)|? < u(¥)? whenever |[UD || < 1/3 we have
EID e Ry Hy B Bile D 1000 < 3 (w(0)7 + WD 31+ 8))
< 9-me - max{pu(¥), || ¥D 4|}?,

which completes the proof of (h). (h) v

(i-k) We first observe that using Theorem we get the bound

IE[(A(1) + B(I)) (A() + B(1))"]]
< [E[ACDAD)]|| + 2|[E[A(I) - T- B[ + [E[B(I)B(I)"]]|
(I

[
< IE[AMD Al + 2E[AD A ]I BB B + [EBI) B
= (IBIAWAD|? + [EBEOB) (4.107)

Applying this to |[E[WHy, 1 Hy ;U7 - 17(£)]]| for the split

—

Nj=

\I/[HL] = \IJR?HL] = \I/(ege;f + Igc)R?H}J = ng&] + \I/IgcRi;HL[,

and using the symmetry of H, meaning Hy; = (Hj)*, we get using (g) and (h) and the
bounds u(¥), [|[VD || <1/8

1
IE[Y"Hy rHf 97 - 11 (0)]]]2
1 1
< |[WE[(Hpe) Hrpe - 1Oy |2 + |VE[Lee Ry Hy 1 Hy jR1Ige - 11 (0)] 972
_ 1
<V WDl + WD el| - (D e R Hy rHY Rl D - 11(0)]]]2

<V D& + WDzl -3 - /e - max{u(), [[WD x|}
< V2 [WD |-

To prove (j) we set & = diag(V*Z), ¥ = U*Z — diag(¥*Z), and apply (4.107)) to the split
D e RjW; Zr = D e RiEr 1 + D e RT g
which using (4.106)) yields
1
IE[D e R}V Z1 27V Rl DY - 11(0)]] 2
1 % o 1
< |E[D Mg RFEF (Rl D - 11 (0|2 + |[E[D e RE Ur 1 ( My 1)* Rille D - 17 (0)]]]2

VI

< V- €]+ 15 - (31D s Heel? + max HE, + §| DM D | + § max e D |

2
< TS+ \/E (3||Dﬁ\1f"zZ||2 +r;€1§§<!<1/1k72e>\2

+ S(ID U ZD ]| + 1D sED sl1)? + § max |42 D )

N

1
2 3
24 [ (B1UD AP 4 24 YD AZD o] + o) + 12D A1)
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Inserting the bounds € < /2, |¥D ;|| < 1/8 and ||7||c < 1/3 we finally arrive at
1
IE[D e Ry Z1 Z7 9 (Rl DY - 14(0)])|2
1
< v maxle, 1200} [+ /3 (B 1+ 8+ 52+ 1))
< Vm-max{e, [|[ZD 4|} -3

Reversing the roles of Z and V¥ in the inequalities above and simplifications using the same
bounds ¢, ||[UD ||, ||7]|c straightforwardly leads to (k). (i-k)v
|

4.10. Discussion

We have shown that both aK-SVD and MOD converge to the generating dictionary under
very general conditions and a non-uniform sparse supports signal model. Even though these
algorithms arise from different approaches to solving the minimisation problem that is dictio-
nary learning, they surprisingly share the same structure in the dictionary update step. We
also suspect that the ideas of this proof could be reused to show convergence of the ITKrM
algorithm as well.
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Chapter 5

Average performance of OMP and
Thresholding under dictionary
mismatch

The following chapter essentially is a reprint of the article

M. Pali, S. Ruetz, and K. Schnass. Average performance of OMP and Thresh-
olding under dictionary mismatch. IEEE Signal Processing Letters, 29:1077-1081,
2022

https://doi.org/10.1109/LSP.2022.3167313

(©) 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE per-
mission. See https://www.ieee.org/publications/rights/index.html for more information.

In the previous chapter we derived sufficient conditions that the dictionary learning algorithms
MOD and A-K-SVD recover a generating dictionary with high probability. The keen reader
might have noticed that we only looked at Thresholding for the sparse approximation step and
might ask him or herself why OMP was not included in the analysis. This nevertheless is not
without good reason, and in this chapter we provide the theoretical and numerical justification
for this choice.

5.1. Introduction

For convenience we recall the ideas of dictionary learning, OMP and Thresholding in order to
make the results more accessible. Recall that in dictionary learning the goal is to decompose
a data matrix Y = (y1,...,yn) € RV into a dictionary matrix ® = (¢1,...,dx) € R>*K,
where each column (also called atom) is normalised, i.e., ||¢r|[2 = 1, and a sparse coefficient
matrix X = (x1,...,7y) € REXN such that Y ~ ®X and X is column-wise sparse. This
problem can be formulated as an optimisation program

N

min min — Ox,|3 5.1
®eDPx 7] lznlo<S Iy nll2, 5.1
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where Dy denotes the set of all dictionaries with K normalised atoms and ||z||o counts the
number of non-zero entries of a vector x. While sparse representations are important for
performing many signal processing tasks such as denoising [32] or data reconstruction from
incomplete information [51], solving a highly non-convex minimisation problem as in is
notoriously difficult [79]. Some of the most used dictionary learning algorithms belong to the
class of alternating optimisation algorithms, which alternate between updating the sparse co-
efficient matrix X while fixing the dictionary ® and updating the dictionary ® while fixing X.
Popular examples include K-SVD [6], MOD [33], ITKrM [72] or the neural algorithms in [g].
Even updating the sparse coefficient matrix X, meaning finding the best sparse approxima-
tion of each signal y,, in @, is generally NP-hard unless the dictionary forms an orthonormal
system [37, [53]. In particular, in sparse approximation we want to approximate a given signal
y € R? by a linear combination of only a small number S < d of elements ¢; € R% out of
some given dictionary ® = (¢1,...,¢x). This means, denoting the restriction of ® and z to
the columns resp. entries indexed by some set I by ®; and zj, we want to find

Y~ Z orxr = Prxy such that |I| =5«d. (52)
kel

The problem of finding the best S-sparse approximation of y in ®, meaning the best S-support
I and coefficient vector x, however, is combinatorial. To approximate its solution efficiently,
suboptimal routines that avoid searching through all possible sets I are typically used. One
of the most practically used sparse approximation algorithms is Orthogonal Matching Pursuit
(OMP) [59]. OMP finds the support iteratively by adding the index of the atom which has
the largest absolute inner product with the residual and updating the residual. In particular,
initialising with r; = y and J = 0, it

finds ¢ € arg max |{¢r,rs)| and
updates J <« JU{i} resp. rj=y— P(®,)y,

where P(® ;) denotes the projection onto the span of atoms indexed by J, iterating until a
stopping criterion is met. As the projection can be calculated iteratively the computational
cost is determined by the K inner products (¢, rs) in each iteration, combining to an overall
cost of O(SdK) [64].

On the other hand Thresholding or S-Thresholding with fixed sparsity level S finds the
support by calculating

Ie argj{%?icsllﬂylll, (5.3)
meaning it simply chooses those atoms which yield the S largest inner products in absolute
value with the signal. Together with the projection this combines to a much reduced compu-
tational complexity of O(dK + S3).

Over the years, quite a few results about sufficient conditions for OMP and Thresholding to
recover the correct support emerged [80, [74]. Most recently, in [73] average case results for
OMP were derived. However, these results assume exact knowledge of the generating dic-
tionary, whereas in practice only an approximation might be available. Hence, they do not
apply directly. In dictionary learning, for example, the initial guess (and also the subsequent
updates) are naturally quite different from the signal generating dictionary. Thus results for
Thresholding under dictionary mismatch can be found implicitly in several dictionary learning
papers [8,[72,56]. Further, a similar problem known as basis mismatch is studied in compressed
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sensing [24], 11]. There the dictionary rather than the signal coefficients is usually assumed to
be random.

Contribution: In this work we provide a theoretical analysis of the average performance of
OMP for the case in which we do not have the signal generating dictionary itself but only a
perturbed version of it. Our theoretical results, confirmed by numerical simulations, indicate
that Thresholding provides a viable and computationally cheaper alternative to OMP in case
of dictionary mismatch. Finally, additional experiments show that on top of cost efficiency
Thresholding also provides recovery advantages over OMP in dictionary learning.

5.2. Setting

Definition 5.1 (Signal model) Given a d x K dictionary ®, we assume that our noisy sig-
nals are generated as

y=Przr+n="y dioicy) +n, (5.4)
i€l
where I C {1,--- , K} is a subset of size S chosen uniformly at random, p is some permutation

satisfying p(I) = {1,...,S} and (0;); is a Rademacher sequence. The coefficients ¢ are S-
sparse and non-increasing, meaning ¢; = 0 for i > S and ¢; > ¢jy1 for i < S. The vector
n denotes a sub-Gaussian noise vector with parameter p. In particular, this means that we

have E(n) = 0 and for all vectors v with ||v]2 = 1 and 8 > 0 the marginals (v,n) satisfy
E(efvm) < 0207 /2.

This signal model is quite general. Using Rademacher signs o; simply ensures that the co-
efficients x; are centered, which together with boundedness is a quite common assumption
[8, 21]. Further, we want to point out that sub-Gaussian noise includes both bounded and
Gaussian noise. Choosing I uniformly at random among all sets of size S allows us to con-
clude that for any dictionary ¥ with small operator norm ||¥||22 and small coherence u(¥)
we have ¥(¥) < 1/2 with high probability [25] [83]. This could be replaced by a more general
non-uniform sampling scheme, where similar conditions on ¥ including suitable weights again
lead to ¥(®r) < 1/2 with high probability - see Chapter

We recall some notation from Chapter (I} which will be used throughout this chapter. For a
perturbed version W of a generating dictionary ®, we set Z := ® — ¥ and define its distance
to ® as € := max; ||z;||2. The perturbation parameter v := max; ; [(1s, z;)| measures how cor-
related the perturbation of one atom is with the other perturbed atoms. Finally, for a vector
v € RE and an index ¢, we define vs := vy for I = {/,..., K}.

5.3. Main results

Here we provide (partial) support recovery conditions for OMP and thresholding for the case
in which the given input dictionary is not the signal generating dictionary but a perturbed
version of it.

Theorem 5.2 Assume the signals are generated following the model in with signal gen-
erating dictionary ® and let ¥ be a perturbed version of ® with parameter v.
OMP: Let £ < S. If ¥ satisfies

K
LG d ||v|3, <
lu’( ) an ” ||2,2 — 16”62

Slog K’ (5:5)

R —
T dnlog K
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and for v € (0,1) we have
1- i i
— s w(w) (mfgx Ie2sll + \/EmaX'HCZ H2> (5.6)

2 Ci i<l Ci
(14 200(0)) /20 log K <””C|2+p> ,
Cy

then, except with probability 220K'=", OMP using ¥ will recover a different atom from the
support with coefficient size at least ycy in each of the first £ iterations.
Thresholding: Let ¢ < S. If for v € (0,1) we have

1—

2 cy Cy

then (-Thresholding will recover £ atoms from the support with coefficient size at least ey,
except with probability 4K,

Proof We will show that OMP always picks a correct atom, whose coeflicient is comparable
to that with the largest coefficient still available. For J the current support we set L := 1\ J
and let ¢ be the index of the largest remaining coefficient, i.e., |z/| = ||zL|co. Further for
v € (0,1) we define R := {i ¢ J : |z;| < v|zg|}. We will show that for r; = y — P(V )y we
have

(Yo, rg)| > max [(¢s,7)]. (5.8)
1ER
Rewriting y = ®;x; +n = Vrxr + Zrzr + n, and abbreviating Q(¥ ;) =1— P(¥ ;) we get

r;=QV)Vrrr + QY ) Zrxr + QY )n,

so in order to bound |{(ty, 7s)| from below, we need to bound the inner products of 1), with the
terms on the r.h.s above. First note that by [25, Theorem 3.1] and (5.5) 9(¥ ;) < (V) <1/2
except with probability 216 K=", So for L = L \ {¢} we have

|(te, Vo — P(V ) Vo)
> fool = (W] e, wp)| = (0T, (W] 0) T 0T W)
> ||z Llloo = 197 lloollzz ]l

) el () 00) o2 0 ) Crll2pl|zel2

> sl = ()l = w0V 25 S e

Analogue to above we get for i € R
(Yo, Oz — P(V) Vo)
<Allzzlloe + (O zLlly + w(®) VI lzL 2.

Expanding again the projection we can bound the inner products of atoms with the perturba-
tion term as

(i, Zrxr — ‘IJJ(\I’T‘I’J)_I\IJTZMH)

|<¢z,ZI£E1)|+| ”’”2 N9 Zrzr | so

< max (s, Zyar)| - <1+2|Jm< ) (5.9)
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Since xj = cy(;)0; we get via Hoeflding’s inequality

P(|(s, Zrz)| > t) = P(132;(vi, ) cp(y05] > t)

—t2 —t2
< 2exp < 2exp () .
23 (Wi, 25)2a5 202|213

Setting t = t, := v||xs||2v/2nlog K we get via a union bound that max; [(1;, Zrxr)| < t, except
with probability 2K,
Simply replacing Zrx; by n in (5.9) we further get

{3, Q()m)| < max (s, m)] - (1 +2|T|u(P)).

Since 7 is sub-Gaussian, Markov’s inequality leads to P(|(v;,n)| > t) < 2e~°/(2r") Setting
t =t, := py/2nlog K and a union bound yield that max; |(¢;,n)| < t, except with probability
2K

After collecting all our bounds into (5.8]) and rearranging, we get the following sufficient con-
dition for OMP to pick another correct atom except with probability (216 + 2+ 2) - K17

1—T7 > (W) ( el I ||le|2>

E- [EFA[ES
+
n (W) (1+2|J|pu(¥)) v/2nlog K.
Lljoco

To get the final result observe that ||z;|2 = ||c||2 and that in the ¢-th step |J| = ¢ — 1 and
|lzLlloo = co. If ||2L]|oc = ¢; for the smallest possible 4, then ||z ||, < |||, and

lzLllp lle>illp
lzrlloo — i<t ¢

To get the statement for thresholding, observe that

(Viyy) = o + Vi, Yy xngiy) + Wi Zrzr) + (i, n)-

Hoeffding’s inequality, the sub-Gaussianity of  and several union bounds, yield that except
with probability 6K ~!

(i, )| < |ail + (u(W)[ll2 + vllll2 4+ p) V21 log K,

for all ¢ as well as the corresponding lower bound, so ([5.7)) ensures that the inner products of
atoms having coefficients ¢; > ¢y are larger than those having coefficients ¢; < v¢y. |

5.4. Comparison of OMP and Thresholding

In the perturbation and noise-free case our result reduces to that from [73], showing that the
recovery condition for OMP becomes easier to fulfill if we have decaying coefficients. So for
constant coefficients, we need p(¥)S < 1, while for coefficients forming a geometric sequence,
meaning ¢; = o’ for a € (0,1) and i < S, we only need u(¥) < 1—a as well as p?(¥)S < 1—a?
for full recovery. Unfortunately, in the case of perturbations, as v grows, this advantage turns
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into a disadvantage, since the term ||c||2/cs grows with faster decay, e.g. equaling v/S for
constant coefficients and a=%/v/1 — a2 for the geometric sequence.

For thresholding on the other hand the term scaled by v, which grows with coefficient de-
cay, already appears in the perturbation- and noise-free recovery-condition. This means that
thresholding never performs well with large coefficient decay but also that its performance does
not degrade dramatically with perturbations.

To better judge the influence of the perturbation parameter v, we have a look at its ex-

treme and typical size. For reasonable perturbation sizes, £ := maxy ||zx|l2 < 0.7, we have
v = max; j (s, zj)| = max;x; |(¢s, 2;)|, so at worst, if z; = e¢y, we have v ~ . On the other
hand for random (rescaled Gaussian) perturbations we have v ~ e¢4/log K/d. Also a more
involved analysis — beyond the scope of this chapter — for uniformly distributed supports, leads
to a result corresponding to the above with v = ||Z||2,2/VK [58).
To see how accurate our conditions are, we next conduct some numerical simulations in R¢, for
d = 128, for the case of geometric coefficient sequences and random perturbations. We assume
that the signals follow the model in , where the support [ is chosen uniformly at random.
For o € [0.75,1] and S € {2,...,54} we set ¢; = o’ for i < S and ¢; = 0 for all i > S. As
generating dictionary ® we use the concatenation of the Dirac and DCT bases. We obtain a
perturbed dictionary ¥ with distance € to ® by setting ¢y, = (1 — 52/2) o+ (82 — 54/4)1/2 Vi,
where vy, is drawn uniformly at random from the unit sphere orthogonal to ¢;. For our ex-
periments we use N = 1000 signals per sparsity level and decay parameter. The results in
Figure [5.1] show that OMP outperforms Thresholding — but only for very small perturba-
tions. This performance gap closes with growing levels of perturbation. In order to compare
the sufficient conditions in Theorem to our empirical results we plot the following bound-
aries

6= p- (maxigg @ + v/ S max;<g @) (red)
6=v-(1+8Su) 2 /log K (black)

6=(@+mup)- %vlogK (magenta)

for p = % = u(®) ~ pu(¥) and v = £/v/d. These results confirm the behaviour discussed above
and show that the conditions in Theorem are rather tight (up to constants).

5.5. Dictionary learning using OMP and Thresholding

Next we have a look at the implications of our results for the the motivating application of
dictionary learning and compare the performance of Thresholding and OMP together with the
atom update rules of K-SVD, MOD and ITKrM. We again generate signals in R¢, for d = 128,
using the concatenation of the Dirac and DCT bases as generating dictionary, meaning K = 2d
and p(®) = 0.125. We set S = 6, with the sparse coefficients forming a geometric sequence
with decay factor o = 0.9. This means ¢; = kga' for i < S and ¢; = 0 for all i > S, where kg
denotes some constant ensuring that |c||2 = 1. In case of noise, the noise vector is assumed to
follow a normal distribution with variance p? = (256d)~!, resulting in a signal to noise ratio
of SNR = 256. Each iteration uses N = 20000 fresh signals and the results are averaged over
10 runs.

As can be seen in Figure [5.2] all combinations of algorithms were able to fully recover
the dictionary. Interestingly, the increased complexity of OMP does not seem to provide an
advantage over Thresholding in the first few iterations. In the noiseless case OMP starts
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Figure 5.1: Average percentage of correctly recovered atoms via OMP (left column) and
Thresholding (right column) with perturbed dictionary ¥ where € = 0 (top), ¢ = 0.2 (middle)
and £ = 0.5 (bottom), for noiseless signals with generating dictionary ®, various sparsity levels
and coefficient decay parameters. The [black] and jmagenta) lines indicate the theoretical
decision boundaries.

to outperform Thresholding only once the learned dictionary atoms are very close to their
corresponding atoms in the generating dictionary, while in the noisy case, they perform nearly
on par with each other. Taking into account that the Thresholding is computationally far less
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Figure 5.2: Average distance of atoms to the generating dictionary for various dictionary
learning algorithms using OMP (full lines) and Thresholding (dashed lines) for a well-behaved
initialisation with € = 1 (Section [5.4)), using noiseless (left) resp. noisy training signals (right).
The red line indicates the error at which the inner products between learned atoms and gen-
erating atoms would equal 0.98.
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Figure 5.3: (left) Percentage of atoms not found and (right) average distance to the generating
atoms on found atoms, both using OMP (full lines) and Thresholding (dashed lines).

demanding than OMP there might not be a benefit in employing OMP in dictionary learning
— in the early stages.

Obviously an initialisation as defined in Section [5.4]is quite unrealistic, which is why we repeat
the same experiment using the noisy signals with a fully random initialisation. The results in
Figure [5.3] paint a far more accurate picture of reality. It can be seen that, contrary to the
previous experiment, OMP is not able to find all atoms of the generating dictionary (left),
whereas Thresholding is able to find almost all atoms. Note that we used the convention that
¢; is found if for a recovered vy we have |(¢;, )| > 0.99, however the plot looks the same
using 0.90 instead. Moreover, looking at the average distance of found atoms, we see that
OMP is not able to outperform Thresholding either (right).
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5.6. Discussion

In this chapter we have studied OMP and Thresholding in the case in which the generating
dictionary is not known (or only a perturbed version of it is known). We compared sufficient
conditions for OMP and Thresholding to find the correct support. It was shown that for small
levels of perturbation, OMP does indeed outperform Thresholding, but that this gap closes
with increasing levels of perturbation. This suggests that due to its computational efficiency
Thresholding might be preferable to OMP in applications, where only an estimate of the
generating dictionary is available, the prime example being dictionary learning.
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Chapter 6

Discussion and Outlook

Now it is time to wrap things up. In Chapter 2] we have derived concentration inequalities for
the operator norms of non-uniformly selected random submatrices. This has allowed us to de-
rive sufficient conditions for sparse approximation algorithms to recover the sparse coefficients
in a very general signal model. Building upon these results, in Chapter [3] we have derived
optimal subsampling strategies in a compressed sensing setup. These subsampling strategies
depend on the distribution of sparse supports, which can be estimated from data, yielding
state of the art performance in numerical experiments. In Chapter [4] sufficient conditions for
convergence of two popular dictionary learning algorithms were derived. It was shown that
convergence happens under much more relaxed conditions as previous results suggested. In
Chapter [5| we have argued that in settings where one only has access to a perturbed version
of a dictionary, Thresholding is a viable alternative to OMP and that in some settings, like
dictionary learning, Thresholding might even be preferable.

Together with the answers it provides, this thesis also opens up many fresh and challenging
research directions. In Chapter [3|it was pointed out that it should be possible to weaken the
assumptions on the random signs of the signal model by employing the so called golfing-scheme.
This would generalise the result and maybe lead to improved constants in the conditions.
The most interesting questions regarding Chapter [3| come to mind when analysing the intricate
relationship between the sampling density = and the probabilities p. Deriving lower bounds
on the number of measurements in a blocks of measurements setting for a fixed underlying
distribution p of the sparse supports would be very interesting and of practical relevance. As
in the Fourier-Haar cases with measurements along vertical lines, other special cases of sens-
ing matrices and block designs could be analysed together with different assumptions on the
distribution p.

Recall that one of the main results of this chapter reads as 7 = maX{akD“’La follog 5} . Forgetting
about the second term in the maximum, we see that we can write the vector m as a matrix

vector product. Defining the matrix A as the entry-wise conjugate of A we have
= (A® A)p.

In Chapter [3] we usually estimated p from data and derived m via the given formulas. But
one can also turn this argument on its head and try to guess the underlying distribution p
from a subsampling strategy m, since in practice it is very common to use some heuristically
inspired subsampling density 7. By solving the above system of linear equations (recall that
the matrices A and A are known) one can get information about the implicit assumptions
on the prior distribution p for any given subsampling density 7. This information can then
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be checked against the data and decisions about the applicability of a heuristically inspired
subsampling strategy « can be made.

Other possible research directions emerged during the study of the dictionary learning algo-
rithms in Chapter 4l We looked at two dictionary learning algorithms and essentially proved
convergence of both of them with the help of the same technical lemmas and concentration
inequalities. We therefore strongly suspect that results could easily be extended to other dic-
tionary learning algorithms like the ITKrM or gradient descent schemes.

Another big step for theoretical dictionary learning would be partial support recovery. What
do we mean by that? In general the true sparsity level of a certain signal or signal class is
unknown and what we see in simulations is that both MOD and K-SVD do not rely too much
on S. So a big step forward would be to show that even if the sparsity level is estimated smaller
than the ground truth, the algorithms still recover the generating dictionary — or recover it
at least partially.
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