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Abstract

We provide non-asymptotic bounds for first and higher order inclusion probabilities of the
rejective sampling model with various size parameters. Further we derive bounds in the
semi-definite ordering for matrices that collect (conditional) first and second order inclusion
probabilities as their diagonal resp. off-diagonal entries.
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1. Introduction

In finite population sampling theory the aim is to draw statistical conclusions for population
characteristics based on a sample of it. In the landmark paper of Héjek [5], he studied the
behaviour of the Horvitz-Thompson estimator under rejective sampling. This proved to
be the starting point of many inquiries into rejective sampling [6, 4} O] 1 [8, [15], [14] and
corresponding concentration inequalities [2] [12].

Following Hajek’s introduction, we consider a finite population U of size N, essentially
meaning U = [N] := {1,..., N}, from which we want to draw a set or sample I of size S.
Let p1,...,pn be drawing probabilities such that p; € (0,1) and >, p; = S.

We say that our samples I are drawn from the Poisson sampling model with weights p;, if
the probability of drawing a sample [ is given by

Pp(l) =[»: [](1 -2 (1)
i€l ¢l
The advantage of Poisson sampling is that each index 7 appears in the sample I indepen-
dently of all the others since it can be seen as a series of N Bernoulli random variables 9;,
where each J; has expectation p;. The disadvantage is that the sampled sets have varying
sizes. Reducing to sets of only one size leads to the corresponding rejective sampling model
with weights p; and parameter S, where the probability of a sample [ is given by

Po(D) = Pa(l | 1] = 5) = {gl [Lierpi [1jer(1 = p)) flu =5 o)

with ¢ = Pp(|I| = S) = 3252 [Lies pil1;¢1(1 — p;). Due to its construction, rejective
sampling is also known as conditional Poisson sampling. We restrict ourselves to the case



p;i € (0,1), since for p; = 0 we can just drop the corresponding index i from the population
[N] since it gets never picked anyway. Similarly, for p; = 1, we can trivially include the
index ¢ in every set I we sample and then just sample S — 1 indices from the rest of the
population [N]\ {i} — corresponding to rejective sampling of size S — 1.

Of particular interest are the first order inclusion probabilities which are defined as

mi(S) ==Y Ps(I) =Ps(i € I). (3)

Iiel

If S is clear from context or not relevant, we will sometimes write m; instead. Denoting
by 17 € RY the vector whose i-th entry is 1 if i € I and zero else, we have for the vector
of inclusion probabilities 7(S) := Eg[1;] € RY. For the Poisson sampling model we have
p; = Pp(i € I). In general the inclusion probabilities of the rejective and Poisson sampling
models are not equal, i.e. p; # m;, unless p; = ¢ for all i € [N] and for some ¢ € [0, 1]. For
our short literature review we further define,

N

d:= Zpi(l —pi) and oy := 1 flp (4)
i=1 ¢

Hajek [5] first studied the relation between p; and m; and showed that

/i — 1 .
lglizgjivhrl/pl | >0 as d— (5)
Hence asymptotically, the inclusion probabilities of the rejective and Poisson sampling mod-
els are indistinguishable. Nevertheless there are a lot of settings where one is interested in
the non-asymptotic relation between the different inclusion probabilities. So it was conjec-
tured in [6] and later shown in [9] that

min a; < min ; and max 7; < max . (6)
(] K3 1 K3

This already gives control over the extreme points of the two sequences, but still not a
general way of relating the two sequences. Using the notion of majorization, it was further
shown in [8] 15] that

N
r<a and (NL.. N TS )2, (7)
N S
where < is defined as follows: for two real vectors a = (a1,...,an) and b= (b,...,by) we
write a < b, if
N N N N
Zaz—ZbZ and Za(z) SZb(z) k:ZQ, N, (8)
i=1 i=1 i=k i=k

where a(1) < -+ <) and b1y < --- < by are a and b arranged in increasing order.

Though this generalised the conjectures stated in [, 9], these results again only give control
over extreme values and partial sums of inclusion probabilities. In particular, to the best
of our knowledge, non-asymptotic control over the ratio m;/p; for non extremal i is missing



in the literature. In this paper we provide non-asymptotic upper and lower bounds for all ¢
via

.
1= lplle < j <2 (9)
(2

The upper bound is a simple application of [I2] Lemma 7], which states that for any event
A C P([N]) such that for all I, J C [N] it holds

TeAICJ = [Je A (10)

we have Pg(A) < 2Pp(A). This result in itself is a generalisation of an earlier result by
Hajek, [5]. Applying this to the set A := {I C [N]|i € I} yields the upper bound m; < 2p;.
In some settings one is interested in the relationship between the inclusion probabilities of
rejective sampling of size S and size S — 1. Equation @ already gives us control over the
extreme points of the inclusion sequences m(S) and m(S — 1) via the relation
. . S—1 S—1
IIlZJHTFi(S —-1) < milnTr,-(S) C— and mzaxm(S) S < mzaxm(S —1)

S
Again, we generalise the upper bound from the extremal to all entries by showing that
mi(S —1) < m(S) for all 4.
Other interesting quantities are higher inclusion probabilities. We formally define the ¢-th
order inclusion probabilities for all sets with ¢ elements, that is L = {i1,...,i,} C [N], as

7 (S) == miy,. i, (S) :=Pg(L C I). (11)

Second order inclusion probabilities were already studied by Héjek, [5], who derived the
asymptotic bound,

T = TiT; [1—d_l(l—ﬂi)(l—ﬂj>+0(d_l)] as d—)OO, (12)

which holds uniformly for all pairs 4, j with ¢ # j. This result was extended to higher order
inclusion probabilities by Boistard et. al.,[3], who also sharpened the asymptotic bound to

it ig,eoyip = Wiy Tig * ** T, [1—d71 Z (1 —Fi)(l—ﬂ'j)-FO(di?)] as d— oo, (13)
i,j€Li<g

which again holds uniformly in 1,40, ...,i,. We provide non-asymptotic upper bounds for
higher order inclusion probabilities in the spirit of and , meaning

rrom < mrmy for LNM =0. (14)

Our next results are motivated by applications in sparse approximation and dictionary
learning, where rejective sampling is used to model non-uniform distributions of the loca-
tions of sparse supports [12} 10, [IT]. A simple example for such a sparse signal model would
be to fix a d x N matrix ® = (¢1,...,¢n), called dictionary, and model the sparse signals
y as

y ==Y g,

icl



where z is a random vector independent of I, whose entries are i.i.d. centered random
variables with unit variance. Questions about the signals quickly turn into questions about
the sampling scheme and, in particular, about the matrix E[1;1%], which collects all first and
second order inclusion probabilities as its diagonal resp. off-diagonal entries. For instance
if we want to bound the signal spectrum, we have

IElyy"]ll = | E[1r17] %], (15)

and if we want to learn the dictionary ® from the signals y, we often encounter the weighted
cross-Gram matrix between ® and our current guess W, that is (¥*®) © E[171}], where ®
denotes the Hadamard (entrywise) product between vectors or matrices.

We derive an interesting relation between first and second order inclusion probabilities with
parameters S and S —1, which for any NV x N matrix A allows to bound the operator norm of
A®Eg[171}] in terms involving only A and the vector of first order inclusion probabilities 7.
To control the full spectrum of the matrices in , we finally provide bounds for Eg[1717]
in the positive semi-definite ordering of symmetric (Hermitian) matrices, where for two
symmetric matrices A, B we have A < B if B — A is positive semi-definite. The bounding
matrices again only depend on .

2. Main

We first provide the non-asymptotic upper and lower bound on the ratio between first order
inclusion probabilities of rejective sampling 7; and corresponding weights p;.

Lemma 1 Let m; = Pg(i € I) be the inclusion probabilities associated to a rejective sam-
pling model with parameter S and weights p; € (0,1) with ) . p; =S, then we have

1= plle < 2 < 2.
o

]

Proof The upper bound follows from [12, Lemma 7] so we only need to show the lower
bound ¢ :=1— ||p|loc < m;/pi. By definition, we have

‘ Pe({i e I} n{|I|=5}) 2rj=sicrPs)
mi=Ppliel|[I|=5)= = 7 5(J),
P51 = S) s Po) 2
=1
and p; = > ;e PB(J). So the desired inequality c - p; < m; is equivalent to

c > PpI) > Pr())< > Ps())_Ps(J)
J

I:|1|=S Jied I:|1|=S,iel

Splitting the sum over I, J into sums over those containing ¢ and those not containing i we
see that the inequality above is implied by

c > Pe)) Pr())< Y. Pp(l) > Pp(J). (16)

I:|I|=S,i¢I Jiied I:|I|=S5€el JuigJ



Note that for any set I not containing the index ¢ we have

Hl—pk H Dk H (1 —px) =Pp(IU{i}).

P kel kgl kelU{i}  k¢IU{i}

y4
1 —Di

-Pp(I

Multiplying both sides in [16| with p; /(1 — p;) we get

c > Pe()> Pr())< > Ps() ) Ps(J)
L|I|=S+1 el Jied I:|I|=S,iel Jied
so it suffices to show that
c > Ps)< > P
L|I|=S+1,el I:|I|=8,iel
Indeed we have

c Z Pp(l)=c Z Z

I:|I|=S+1,icl I;|1\:S+1,z‘61

S g Z m(f\{k})lﬁk

LI|=S+14el ~ k:kel k#i

03 \

c
< oS P(I\{k}) - pe
SA = llpllee) (I k):|I|_ZS+1 icl
kel ki
1
=< >, P m< Y Ps())
J:|J|=S,ie] kg J J:|J|=S,ie]
where we used that 3¢, pk < 3o pr = 5. [ |

The last lemma tells us that as long as the weights are not too extreme, meaning ||p||oc < 1,
first order inclusion probabilities and weights are comparable. For instance if ||p||oo < 1/2,
we can §switch between the two quantities simply by multiplying with a factor 2. Before
we can provide an example where this is convenient we will derive simple bounds relating
high order inclusion probabilities of potentially different parameters S to each other.

Lemma 2 Let 7,(S) = Pg(L C I) be the inclusion probabilities associated to a rejective
sampling model with parameter S and weights p; € (0,1), then we have

m(S — 1) < 7r(9), (a)
and WLUM(S) ST(L(S)TFM(S) if LNM=0. (b)

For two indices i # j we further have

mij(S) = mi(S) - =



Proof (a) We define £ = {I C [K]: L C I}. Using this together with the definition of Pg
we can rewrite 77, (S — 1) < 7 (5) as
> g gj=s—1 Le(J) - Pg(J) _ > =g Le() - P(I)
Sorg=s— Pe() T Yp=sPe(I)

which is equivalent to

S ()PP S 1(1)-Pe()Pa(D).

(LD J|=S-1,|1|=5 (LD J|=S-1,|1|=5

Now the crucial step, which we will use several times also in the subsequent proofs, is to
see that we can partition these sums in a special way. For a pair (I, J), by definition of the
Poisson sampling model, we can write Pg(I)Pg(J) in the following way

Pe(Ps(J)) =[] [J—p) [[o: [[0—p) = ] »F [] mi@—p0) J] (0 —p0)%

el j¢lI ied  j¢J ieInd  ielAT J2IuJ

where IAJ denotes the symmetric difference of I,.J. This implies that if for two pairs
(1,J), (I',J') we have

INJ=INJ and IAJ=TAJ then Pp(I)Ps(J)=PsI)Pg(J).

This allows us to define natural partitions on the set of pairs (I, .J) such that the probability
Pp(I)Pp(J) is constant on each partition. Concretely, for any integer 7" € {1,...,S},
together with a set A C K with |[A| =S — T and aset B C K\ A with |B| =27 — 1, we
look at the collection of pairs (I, J) with intersection A and symmetric difference B, that is

Oap:={(LJ): LICKI|I|=5,1J]=8—1,INJ=AIAJ = B}.

Since each pair (I,J) with |[I| = S,|J| = S — 1 can be uniquely assigned to a collection
Qa,p and P(I)P(J) is constant for all (I, J) € Q4 g, it is sufficient to show that

Yoo ) 1)

(I,J)eQa,B (I,J)eQa,B
or equivalently that
HU,J)€eQup:LCJ} <|{(I,J)€ Qap:L I} (17)

If L is not contained in AU B there is no valid pair (I, J) € Q4 p and the inequality trivially
holds. If L € AU B we abbreviate Ly = LN A and Lg = LN B. Since Ly C A, all pairs
in (I,J) € Q4 p automatically satisfy L4 C I and L4 C J so we can rewrite as

{(I,J) € Qup: Ly CIH < |{(I,J) € Qup: Ly C I}|. (18)

Since we need to have AU Lp C J, in case |AU Lg| = |A| 4+ |Lg| > S the left hand side in
(17) is zero and the inequality holds. Finally, if k = |[Lp| < S —|A| = T, we can still choose



T —k —1 out of the 2T — k — 1 resp. T'— k out of the 2T — k — 1 remaining elements in B
to fill I resp. J and create a valid pair. Since

2T —k—1 < 2T —k—1
T—-k—-1/) "~ T—k
which completes the proof of (a). (a)v
(b) We define L ={I C[K]: LCI}and M ={I C [K]: M C I}. Using this together
with the definition of Pg we can rewrite mrua(S) < 7 (S) - mar(S) as
mezs Im(I) - 1e(I) - Pp(I) < ZJ:|J|=S 1m(J) - Pa(J) _ Z[;m:s 1.(1) - Pp(I)
> rr=s P(I) - > gsj=s PB(J) >rp=sPe)

which is equivalent to

> Imd) 1) -PeMP() < Y Lm() - 1e(T) - Pe(I)Ps(J).
(L, I):|I|=[J[=S (I,J):|I|=|J|=S

We now use a similar decomposition as before. For " € {0,...,5}, A C K with |A| =5-T
and B C K\ A with |B| = 2T, we again let A be the intersection and B the symmetric
difference of the sets I and J respectively and for any combination A, B define

Oap:={(L,J): LLICK|I|=|J|=51InJ=AIAJ=B}.

Since P(I)P(.J) is constant for all (I, J) € Q4 p and every pair (I, J) is contained in exactly
one of those sets, it is sufficient to show that

Yol 1)< D> Im(d) 1)
(I,J)€EQa,B (I,J)eQa,B

or equivalently that
H(I,J)€Qap:MCI,LCI}<|{(I,J)€Qap:MCJLCI}.

If L U M is not contained in AU B there is no valid pair (I, J) € Q4 p and the inequality
trivially holds. If (LUM) C AU B we abbreviate Ly = LNA, L =LNB, Ma=MnNA
and Mp = M N B. Since (Lg UM4) C A, all pairs in (I,J) € Q4 p automatically satisfy
(LAUMy) C I, Mg CJand Ly C I so we can rewrite the inequality we want to show as

{(I,J) € Qup: M CI,Ly CI} <|{(I,J) € Qup: Mz CJ, Ly CI}. (19)

Since we need to have (AULgUMp) C I, in case |[AULgUMp| = |A|+|Lg|+|Mpg| > S the
left hand side in is zero and the inequality trivially holds. Finally, if k = |Lg|+|Mp| <
S — |A| =T, we can still choose T'— k out of the 27" — k resp. T — |Lp| out of the 2T — k
remaining elements in B to fill I resp. J and create a valid pair. Since |Lp| < k, we have

2T — k) _ (2T —k
T—k) - \T-|Lg|)



meaning the inequality in is again satisfied, which completes the proof of (b). (b)v’
(c) We want to show that [1 — m;(S —1)] - m; ;(S) = m(S) - [m;(S — 1) — 7 ;(S —1)]. Re-
calling that for any set J not containing the index ¢ we have

- 2 ngr=s @O11(G) - Pp(I) > pn—sier PBUI)
B >rr=s Pe) ' > riri—sier PB(I)
_ 2np=sier 11(j) - Pr(I)
 XesierPe(D)

pi 1-pi Lg=s—1igs L10) - Ps(J)

7,5 (S)

i (S)

2 5sj=s-1PB(J)

T1- pi pi ZJ:|J|:S_171’¢J Pp(J) () ZJ;\J|:S_1 Pp(J)
— 1(S) - EJ:|J|:Sfl,ig_fJ 15(7) - Ps(J) ' ZJ:\J\:SA Pp(J)
' ZJ:\J|:S—1 Pp(J) ZJ:\J|:S—1,1‘¢J IP)B(J)'

Further rewriting the fractions in the expression above yields

2 ggi=s—1gs L1G) -Pe(J) 2 p=s1 L) -Pe() 2y =s-1 Li(O1s() -Pr(J)

> s gj=s—1FB(J)  Xsg=s1 Pe(J) > g 7j=5—12B(J)
mj(S—-1) i, (S—1)
as well as
Z]:U\:SflPB(J) _ ZJ;\J\:SAPB(J) _ 1
2 rg=s—1igs PB(T) 2 rs2s1 PB(J) = X s sms—1es PB(T) 1 —m(S—1)
which completes the proof of (c). (c)v

The last statement of the lemma might seem rather arbitrary, however it leads to the
following convenient way of bounding quantities such as ||(V*®) ® E[1,17]]|.

Theorem 3 Let Eg be the expectation according to the rejective sampling probability with
parameter S and weights p; € (0,1). Further let 1 € RN be the vector of first order inclusion
probabilities and D, be the N x N matrixz with w on the diagonal and zero else. Then for
any N x N matriz A we have

N 14 ||7]|eo . .
140 Es(r1s)) < ~ Tl yp 4 diag(4)D, ] + || ding(A) sl

(1 = 7lloo)

In order to prove the theorem, we need the following corollary of Schur’s product theorem.
For convenience we include its short proof.

Corollary 4 Let A and B be two square matrices of the same dimension. If A is positive-
semidefinite (p.s.d.), then

A © B < [ldiag(A)] - || BI|



Proof The matrix

|B|| - (I® A) A®B _ A A o |B] - I B
(A® B)* IIB] - (I® A) A A B* I|B] - I
is p.s.d., since the right hand side of the equation is a Hadamard product of two p.s.d.

matrices which is by Schur’s product theorem also p.s.d. By Theorem 7.7.9 in [7] there thus
exists a contraction C, meaning ||C|| < 1, such that

AOB=|B| (1o A)Y2C (16 A2

and hence [[A© B|| < [T Al - [|B]| = || diag(A)] - [ B].- u

Proof [of Theorem (3] We first note that since Eg[1717] has 7(.S) on the diagonal, a simple
application of the triangle inequality yields

14 ©Es[1717]]] < [|(A — diag(A)) © Es[1717]]| + || diag(A) © Eg[1,17]]
= [I(A — diag(4)) © Es[1,17]|| + [ diag(A) Drs) |,

which already proves the theorem for S = 1, where all off-diagonal entries of Eg[1717%]
are zero, meaning the first norm term is zero. In case S > 2 it remains to show that for
H = A — diag(A) we have ||[H © Eg[1717]|| < ¢ ||DysyH Dr(g)l| with constant c as above.
Using the abbreviation Ay gy = I — Dy (g) we know from Lemma I ) that

mi(S)
1—-m(S—-1)
= (A;(ls_l)Dﬂ(S)HDﬂ(S,n — A;(ls_l)Dﬂ-(S)H ®© Esfl[hlﬂ) .

v

(H ©Es[1/17])ij = Hij - mi5(5) = Hyj - [m5(S = 1) = m 5(S = 1)]

Next Lemma, (a) tells us that Dy (g_1) = Dy(s), which leads to
1H © Es[1717)]| < [IA7 -l - 1Dx(s)H Dr(s—1) — Dr(s)H © Es—1[111]]]
< (L= 17(9)lloo) ™" - (|1 Dr(syH Dr(s)ll + | Dn(syH © Es—1[1117]]]) . (20)
Applying the inequality above to H* and using the symmetry of Eg[1;17}] we also get
|H O BsL1)] < (1= [17($)lloe) " (IDags) H D)l + [ HDogs) © Bs 1[1,13]]) . (21)

For S = 2, the matrix Eg_1[1;17] is again a diagonal matrix, meaning the second norm
term vanishes and we are done. For S > 2 we simply apply the inequality in (21)) to
H ®Eg_1[1,1%] with H = Dy(s)H, leading to

|DrsyH © Es_1[1717]]| = [|[H © Es_1[1717]]|
< (1= |78 = Dlloo) "+ (IDr(s—1)HDr(s—1)ll + | HDr(s-1) © Es—2[1717]])
< (1= 7)) oo) ™"+ (I7(S) oo Dy H Do)l + | D5y H D5y @ Es—2[1717]]]) -



Inserting the inequality above into yields
I1H @ Es[1717][| < (1 = [|7(S)lloo) > - (1Dr($)H Dr(syll + || Dr(s) HDx(s) © Es—a[1717]]])

and since Eg_5[1;17] has (S — 2) on its diagonal the result follows from Corollary [4] and
Lemma [2[(a). [ |

The theorem allows for instance to bound the weighted Gram matrix of a dictionary ®
using only the first order inclusion probabilities 7 or alternatively the weights p, as

. 1+ ||
I(@*®) O Bs[117]]l < 73 (12 Dx|1? + 2]|]|o)
(1= lImlloo)
1+ 2[plloo 2
< ———= (4D, +4|p .

If we want to control not only the largest singular value of the weighted Gram matrix, but
the full spectrum, we need the following result, which provides bounds for Eg[1;17] in the
semi-definite order.

Lemma 5 Let Eg be the expectation according to the rejective sampling probability with
parameter S and weights p; € (0,1). Further let m € RN be the vector of first order
inclusion probabilities and D, be the N X N matriz with m on the diagonal and zero else.
Then we have

Eg[1717] 2 o™ + 2D, (a)

Further, defining for L C [K] with |L| < S the set L :={I C [K]: L C I}, we have

* * 7T
Es[1pp1, - o) 2 By -]

. b
Proof (a) We want to show that Eg(171}) < n7* + 2D, or equivalently

21— 111PB(I) - 21,0y 1= 7j=s L115PB(I)PB(J]) N 2 > 111=s dlag(17)Pp(I)
>nn=sPsl) ~ X rn=s PB1))? > rr=s PB) '

Multiplying both sides by (3 . ;- Ps(1 ))? we therefore have to show that

> LPEI)Ps(J]) = > 1L5P(I)Ps(J)
(LJ):l1|=1I|=8 (LJ):|1|=|I|=8

+2 > diag(1)Ps(Ps(J).  (22)
(L J):1)=|7|=5

We now use the same partition as in the proof of Lemma (b), that is, for T € {0,..., S},
A CKwith |[A] =S —T and B C K\ A with |B| = 2T, we define

Qup={J): LJCK|I|=|J=81InJ=AIAJ=B}.

10



Since the sum of positive semi-definite matrices is positive semi-definite it suffices to show
that for all possible choices of A, B we have

o= > 11542 ) diag(l).

(I,7)eQa,B (I,J)€Qa,B (I,])eQa,B
For A, B fixed we abbreviate Q) = Z(LJ)EQA,B 113 and Q = Z(LJ)EQA,B 1,1%. Note that
Z( [,))E0A B diag(1;) = diag(Q), so the inequality above is equivalent to showing that

0= Q- Q+2diag(Q). (23)
For the entries of these matrices we have
Qij=1{I,J)€Qap:i,jel} resp. Qij=I|{(I,])€Qap:i€l,jeJ}.
In case i, j € A we obviously have Q;; = Qi; = |Qa 5, so
Q® (141}) = Q@ (141}).

In particular, this means that holds trivially for T'= 0, where B = ().

In case that i € A,j € B we have Q;; = Qij = (2TT:11) =: dp and therefore

QO (141 +1p1%) = Q O (1l + 151%).
It only remains to check what happens for 4, j € B. The case T' = 0 is already settled, thus

we assume T > 1. On the diagonal we get Q;; = 0 while Q;; = (2T_1) = dp. We have

T-1
Qij = (25:22) =: gqr and Qy; = (27?:12) =: gr. In summary

Q — Q +2diag(Q) = (g7 — qr) - 1515 — (qr — qr + dr) - diag(1p) + 2diag(Q).  (24)

Since gr > ¢r the matrix (gr — gr) - 117 is positive semi-definite. Finally, as (2TT:22) +

(2T72) _ (2T71

7 1) = (%)) we have gr + gr = dp. Thus for all T > 1, we have

((jT —qr + dT) diag(lB) =2-qr diag(lB)
= 2-dp diag(1p) = 2diag(Q) diag(1p) = 2diag(Q),
showing that also the remaining terms in are positive semi-definite, which completes
the proof of (a). (a)v
(b) We will prove the statement by induction. Let L be a set of size T < S — 2 and
L ={ICIK]:LCI}. We first show that for k ¢ L and L = L U {k} we have

(1= m(9) - Es[1nplpy, - 1e(D)] = mr(S) - Esa[15;17 ;- 1z()]- (25)

We again use that for any set J not containing the index k£ we have

Dk
1 —pi

Pp(J) = Pp(J U {k}).

11



Thus expanding the expectation we get

2r=sect P ANl g)  Yrjn=sker Pr()

Es [11\L11\L 1.(1)] =

ZI:U\:SPB(I) ZI |I|= SkeIPB(I)

ZI:m:s,LgPB(I)(ll\Lli\L) > r1j=sker PB)

a > orr=ser PB(I) > ri1j=s PsI)

B ZJ:\J\:S—l,kgéJ,ﬁgJ PB(J)(lJ\ﬁlj}\i)

- > Ji1J|=5—1,k¢s PB(J) T

- ZJ:\J\:S—LiQJPB(J)(lJ\ilz\z) . >orr=s—1FB(I) - mk(S)

- > Ji1J|=5—1,k¢s PB(J) >orjr=s—1FB(I)
ZJ:\J\:S—LLQJ PB(J)(lj\ilj;\L) mezs-l Pi(I)

N >r11=s—1 PB(I) Y ai=s-14gs PB(J) k()

* El:|[|:S—1 PB(I)
= ES*l [11\[:1[\[: ‘ ]]'f,(I) : ZJ:|J|:S_17]€¢J]P>B(<])

- 7(S).

Now all that remains to do in order to prove is to bound the fraction above. Writing
out the expression in the denominator we get

Yorp=s—1PI) >orrj=s—12B)

EJ:|J|=S—1,k¢JPB(J) a ZI:\I|:S—1 Pp(I) - ZI:|I\:S—1,I<:€I Ps(I)
B 1 < 1 B 1
C1-Ps y(kel) = 1-Pgkel) 1-m(S)

By induction and using again the bound from Lemma[2f(a) that mj,(S—1) < 7,(S) we finally
get

Es[1ns17 - Le()] H(l —m(S)) 2 Eg_j[1r17] HW
lel leL

which completes the proof of (b). (b)v
|

Again we give an application example for the derived result. If we have a collection of sparse
signals y, whose supports follow a rejective sampling model, we know from that

[Elyy]ll = IPEs[117]0%|| < [[ ™ ®%[| + 2[| @ D7 ||
= || @73 +2|@DlI* < (S +2)|2 D%,

where in the last inequality we have used that ®r = ®D /7 and that ||/7|% = ||7|li = S

3. Discussion

We have derived non-asymptotic bounds for inclusion probabilities and matrices that col-
lect (conditional) first and second order inclusion probabilities as their diagonal resp. off-
diagonal entries. Most results are motivated by problems in sparse modelling and dictionary

12



learning and so we have provided example applications throughout the text. More appli-
cations can for instance be found in [I1], [13], where we derive convergence results for two
popular dictionary learning algorithms (MOD and K-SVD) under the rejective sampling
model. However, we think that the proof-techniques developed in this text are of indepen-
dent interest, as they provide an easy way to analyse the relation between rejective and
Poisson sampling in the non-asymptotic regime.
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