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Abstract—This paper studies the performance of OMP in
comparison to Thresholding in the case in which only a perturbed
version of the generating dictionary is known. Both theory and
numerical simulations show that simple Thresholding is a viable
alternative to OMP in applications where only a perturbed
version of the generating dictionary is given, such as dictionary
learning.
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I. INTRODUCTION

In dictionary learning the goal is to decompose a data matrix
Y = (y1,...,yn) € RN into a dictionary matrix & =
(1., @) € R>*E where each column (also called atom)
is normalised, i.e., ||@;||2 = 1, and a sparse coefficient matrix
X = (x1,...,xy) € REXN guch that Y ~ ®X and X is
column-wise sparse. This problem can be formulated as an
optimisation program

N

min min o |2 1
PP n=1 [Ixnllo<S ”yn n||2: (1)

where Dy denotes the set of all dictionaries with K nor-
malised atoms and ||x||o counts the number of non-zero entries
of a vector x. While sparse representations are important for
performing many signal processing tasks such as denoising
[1] or data reconstruction from incomplete information [2],
solving a highly non-convex minimisation problem as in (IJ
is notoriously difficult [3]. Some of the most used dictio-
nary learning algorithms belong to the class of alternating
optimisation algorithms, which alternate between updating
the sparse coefficient matrix X while fixing the dictionary
® and updating the dictionary ® while fixing X. Popular
examples include K-SVD [4], MOD [5], ITKrM [6] or the
neural algorithms in [7]]. Even updating the sparse coefficient
matrix X, meaning finding the best sparse approximation
of each signal y, in @®, is generally NP-hard unless the
dictionary forms an orthonormal system [J8], [9]]. In particular,
in sparse approximation we want to approximate a given signal
y € R? by a linear combination of only a small number
S < d of elements ¢; € R? out of some given dictionary
® = (¢y,...,¢Px). This means, denoting the restriction of ®
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and x to the columns resp. entries indexed by some set I by
®; and x;, we want to find

y &~ qukxk =®;x; suchthat [[|=S5S<d. (2)
kel

The problem of finding the best S-sparse approximation of y
in ®, meaning the best S-support I and coefficient vector
x, however, is combinatorial. To approximate its solution
efficiently, suboptimal routines that avoid searching through all
possible sets I are typically used. One of the most practically
used sparse approximation algorithms is Orthogonal Matching
Pursuit (OMP) [[10]. OMP finds the support iteratively by
adding the index of the atom which has the largest absolute
inner product with the residual and updating the residual. In
particular, initialising with r; = y and J = 0), it

finds ieargmgx|(¢k,rJ>| and

updates J < JU{i} resp. ry=y— P(®,;)y,

where P(® ;) denotes the projection onto the span of atoms
indexed by J, iterating until a stopping criterion is met. As
the projection can be calculated iteratively the computational
cost is determined by the K inner products (¢, r) in each
iteration, combining to an overall cost of O(SdK) [11].

On the other hand Thresholding or S-Thresholding with
fixed sparsity level S finds the support by calculating

Ie ®y|, 3
arg max [|®;y]x 3)

meaning it simply chooses those atoms which yield the S
largest inner products in absolute value with the signal. To-
gether with the projection this combines to a much reduced
computational complexity of O(dK + S3).

Over the years, quite a few results about sufficient conditions
for OMP and Thresholding to recover the correct support
emerged [12], [[13]]. Most recently, in [14] average case results
for OMP were derived. However, these results assume exact
knowledge of the generating dictionary, whereas in practice
only an approximation might be available. Hence, they do not
apply directly. In dictionary learning, for example, the initial
guess (and also the subsequent updates) are naturally quite
different from the signal generating dictionary. Thus results
for Thresholding under dictionary mismatch can be found
implicitly in several dictionary learning papers [6[], [7], [15].
Further, a similar problem known as basis mismatch is studied
in compressed sensing [16]], [[17]. There the dictionary rather



than the signal coefficients is usually assumed to be random.
Contribution: In this work we provide a theoretical analysis
of the average performance of OMP for the case in which we
do not have the signal generating dictionary itself but only
a perturbed version of it. Our theoretical results, confirmed
by numerical simulations, indicate that Thresholding provides
a viable and computationally cheaper alternative to OMP in
case of dictionary mismatch. Finally, additional experiments
show that on top of cost efficiency Thresholding also provides
recovery advantages over OMP in dictionary learning.

II. NOTATION AND SETTING

In the following we consider a dictionary ®, i.e., a col-

lection of K unit norm vectors ¢, € R? and define the
coherence of ® as ((®) := max;.; [(¢;, ¢j)|. For a matrix
A € R¥*K we let AT denote the transpose of A and define
|All2,2 := maxx|,—1 ||Ax]|[2. For a dictionary & and an
index set I of size S we define 6(®;) = ||®] ®; — Lg]|2.2.
Note that if §(®;) < 1 and therefore ®; has full rank, we
have for the projection P(®;) = ®;(®; ®;) 1®].
For a perturbed version W of a generating dictionary ®, we set
Z := ® — ¥ and define its distance to ® as ¢ := max; ||z;|2.
The perturbation parameter v := max; ; |(v;, ;)| measures
how correlated the perturbation of one atom is with the other
perturbed atoms. Finally, for a vector v.€ R¥ and an index
¢, we define vy :=vy for I ={(,...,K}.

Definition 1 (Signal model). Given a d x K dictionary ®, we
assume that our noisy signals are generated as

y=®x;+n= Z @i0iCpi) + M, “4)
iel
where I C {1,--- K} is a subset of size S chosen uni-

formly at random, p is some permutation satisfying p(I) =
{1,...,S} and (0;); is a Rademacher sequence. The coef-
ficients ¢ are S-sparse and non-increasing, meaning c¢; = 0
for i > S and ¢; > c;41 for i < S. The vector n denotes
a sub-Gaussian noise vector with parameter p. In particular,
this means that we have E(n) = 0 and for all vectors v
with ||vl]2 = 1 and 6 > 0 the marginals (v,n) satisfy
E(ef(vm) < ef°0%/2,

This signal model is quite general. Using Rademacher signs
o; simply ensures that the coefficients x; are centered, which
together with boundedness is a quite common assumption
[7], [18]. Further, we want to point out that sub-Gaussian
noise includes both bounded and Gaussian noise. Choosing
I uniformly at random among all sets of size .S allows us to
conclude that for any dictionary ¥ with small operator norm
|| ¥]|2,2 and small coherence p(¥) we have 6(¥;) < 1/2
with high probability [19], [20]. This could be replaced by
a more general non-uniform sampling scheme, where similar
conditions on W including suitable weights again lead to
§(®;) < 1/2 with high probability [21]].

III. MAIN RESULTS

Here we provide (partial) support recovery conditions for
OMP and thresholding for the case in which the given input

dictionary is not the signal generating dictionary but a per-
turbed version of it.

Theorem 1. Assume the signals are generated following the
model in () with signal generating dictionary ® and let ¥
be a perturbed version of ® with parameter v.

OMP: Let £ < S. If ¥ satisfies

u(¥)
and for v € (0,1) we have

le>illa le>ill2
() (rglg; == 4 \/En@;c- (6)

C; C;
4 (14 20u(W)) 2 log K (””C”CW) ,
7

then, except with probability 220K'~", OMP using ¥ will
recover a different atom from the support with coefficient size
at least ycyp in each of the first £ iterations.

Thresholding: Ler ¢ < S. If for v € (0,1) we have

1_
. Y > <M(‘I’) <ll2 I Vel +P> V2nlog K, (7)

Ce Ce

K

and |3, < Tone?S1og K’

1
<
~ 4dnlog K )

1—7
_— >
2

then (-Thresholding will recover £ atoms from the support with
coefficient size at least ycy, except with probability 4K'—™.

Proof. We will show that OMP always picks a correct atom,
whose coefficient is comparable to that with the largest
coefficient still available. For J the current support we set
L := T\ J and let ¢ be the index of the largest remaining
coefficient, i.e., |Ts| = ||xp||co. Further for v € (0,1) we
define R := {i ¢ J : |x;| < 7|ze|}. We will show that for
ry=y — P(¥;)y we have

|<¢Z,TJ>|>I}1€%%(|<'(,DZ-,I'J>|- (8)

Rewriting y = ®;x; + n = ¥;x; + Z;x; + 1, and
abbreviating Q(¥ ;) =1— P(¥;) we get

ry=Q(Y,)¥rxy +Q(¥,)Zxr + Q(¥,)n,

so in order to bound |{(2),, r ;)| from below, we need to bound
the inner products of 1y, with the terms on the r.h.s above. First
note that by [[19] Theorem 3.1] and (3) 6(¥ ;) < 6(P;) < 1/2
except with probability 216 K~". So for L = L\ {¢} we have

(%, Orx — P(¥,)¥LxL)|
> Jae| — (@1, xp)| — [(® )2, (B @) '@ )|
> 1xLlloo = %] llollxz 11
L 2K 25 ZoRu PPk 3% FAPRYEA [

> e = (9 e 1 = () T2 s e

Analogue to above we get for i € R

(Y, Orxp — P(P;)¥rxy)|
<AlxLlloo + p(B) %Ll + 1)V J][IxL |2



Expanding again the projection we can bound the inner
products of atoms with the perturbation term as

|, Zrxp — W 5 (W ;9 ,) "' W Zx))|

< oz + WYl T
>~ gy HIXAT 1 — (5(‘1’]) JHITAT ||oco
< wmax (3 Zixr)| - (1+ 217 |u(9)). ©

Since x; = ¢,(;)0; we get via Hoeffding’s inequality

P([(¢;, Zixp)| > 1) = P(|Ej<"/’ivzj>cp(j)aj| > t)

—t2 —t2
<2exp| =5 §2exp<—>.
2325y, 25)%a7 202 |1xI3
Setting t = t,, := v||xr]|2v/2nlog K we get via a union bound

that max; |{1);, Z;x;)| < t, except with probability 2K 1",
Simply replacing Z;x; by n in (@) we further get

{23, QCE y)m)| < max[{shy, m)] - (1 +2[J|u(P)).

Since m is sub-Gaussian, Markov’s inequality leads to
P(|(p;,m)| > t) < 2/ Setting t = t, =
pv2nlog K and a union bound yield that max; |(3;, n)| < ¢,
except with probability 2K,

After collecting all our bounds into (8) and rearranging, we
get the following sufficient condition for OMP to pick another
correct atom except with probability 220 - K1~

1—~ IxL 1 l[xLll2
TS (W) ( + V||
2 1%L o %L loo
+
N (%) (1+2|J|u(¥)) \/2nlog K.
Llloo

To get the final result observe that ||x;||2 = ||c||2 and that in
the ¢-th step |J| = £ — 1 and ||xL||cc > co. If ||XL]lc0 = ¢
for the smallest possible ¢, then ||xz||, < ||c>;||, and

xLllp o g lezilln
IXLlloo ™ i<t

To get the statement for thresholding, observe that

(i y) = xi + (Y5, O\ oyXn\(iy) + (Vi Zrxr) + (P, m).

Hoeffding’s inequality, the sub-Gaussianity of 17 and several
union bounds, yield that except with probability 6 K™~ !

(i, ¥)| < il + (u(®)[[x]l2 + v[lx]l2 + p) v2nlog K,

for all 7 as well as the corresponding lower bound, so ()
ensures that the inner products of atoms having coefficients
¢; > cq are larger than those having coefficients ¢; < vcp. [J

IV. COMPARISON OF OMP AND THRESHOLDING

In the perturbation and noise-free case our result reduces
to that from , showing that the recovery condition for
OMP becomes easier to fulfill if we have decaying coefficients.
So for constant coefficients, we need u(¥)S < 1, while for
coefficients forming a geometric sequence, meaning ¢; = o'
for @ € (0,1) and ¢ < .S, we only need p(¥) < 1—« as well
as 42(P)S <1 — a? for full recovery. Unfortunately, in the
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Fig. 1: Average percentage of correctly recovered atoms via
OMP (left column) and Thresholding (right column) with
perturbed dictionary ¥ where € = 0 (top), € = 0.2 (middle)
and ¢ = 0.5 (bottom), for noiseless signals with generating
dictionary @, various sparsity levels and coefficient decay

parameters. The [plack] and [magental lines indicate the

theoretical decision boundaries.

case of perturbations, as v grows, this advantage turns into a
disadvantage, since the term ||c||2/cs grows with faster decay,
e.g. equaling /S for constant coefficients and o5 /v/1 — a2
for the geometric sequence.

For thresholding on the other hand the term scaled by v,
which grows with coefficient decay, already appears in the
perturbation- and noise-free recovery-condition. This means
that thresholding never performs well with large coefficient
decay but also that its performance does not degrade dramat-
ically with perturbations.

To better judge the influence of the perturbation parameter v,
we have a look at its extreme and typical size. For reason-
able perturbation sizes, ¢ := maxy ||zk|l2 < 0.7, we have
v = max,;; |[(Y;,2z;)] & maxix;[(¢;,2;)|, so at worst, if
zj = €@, we have v = €. On the other hand for random
(rescaled Gaussian) perturbations we have v ~ ¢/log K/d.
Also a more involved analysis — beyond the scope of this
paper — for uniformly distributed supports, leads to a result
corresponding to the above with v ~ || Z||2.2/vV K .

To see how accurate our conditions are, we next conduct some
numerical simulations in RY, for d = 128, for the case of



geometric coefficient sequences and random perturbations. We
assume that the signals follow the model in (@), where the
support I is chosen uniformly at random. For @ € [0.75,1]
and S € {2,...,54} we set ¢; = «' for i < S and
c¢i = 0 for all 4 > S. As generating dictionary ® we use
the concatenation of the Dirac and DCT bases. We obtain
a perturbed dictionary ¥ with distance € to ® by setting
¥ =(1-¢%/2) ¢+ (* — 54/4)1/2 v, where vy, is drawn
uniformly at random from the unit sphere orthogonal to ¢..
For our experiments we use N = 1000 signals per sparsity
level and decay parameter. The results in Figure [l| show
that OMP outperforms Thresholding — but only for very
small perturbations. This performance gap closes with growing
levels of perturbation. In order to compare the sufficient
conditions in Theorem [I] to our empirical results we plot the
following boundaries

6=p- (maxigg @ + v/ Smax; <5 @) (red)

6:V~(1+Su)%\/log[( (black)
6=(w+up)- %\/logK (magenta)

for p = & = p(®) ~ p(¥) and v = £/V/d. These results
confirm the behaviour discussed above and show that the
conditions in Theorem [l| are rather tight (up to constants).

V. DICTIONARY LEARNING USING OMP AND
THRESHOLDING

Next we have a look at the implications of our results for the
the motivating application of dictionary learning and compare
the performance of Thresholding and OMP together with the
atom update rules of K-SVD, MOD and ITKrM. We again
generate signals in R?, for d = 128, using the concatenation
of the Dirac and DCT bases as generating dictionary, meaning
K = 2d and p(®) = 0.125. We set S = 6, with the sparse
coefficients forming a geometric sequence with decay factor
a = 0.9. This means ¢; = kga' for i < S and ¢; = 0
for all ¢ > S, where kg denotes some constant ensuring that
[lcllz2 = 1. In case of noise, the noise vector is assumed to
follow a normal distribution with variance p? = (256d)7!,
resulting in a signal to noise ratio of SNR = 256. Each
iteration uses N = 20000 fresh signals and the results are
averaged over 10 runs.

As can be seen in Figure 2] all combinations of algorithms
were able to fully recover the dictionary. Interestingly, the
increased complexity of OMP does not seem to provide an
advantage over Thresholding in the first few iterations. In the
noiseless case OMP starts to outperform Thresholding only
once the learned dictionary atoms are very close to their
corresponding atoms in the generating dictionary, while in
the noisy case, they perform nearly on par with each other.
Taking into account that the Thresholding is computationally
far less demanding than OMP there might not be a benefit in
employing OMP in dictionary learning — in the early stages.
Obviously an initialisation as defined in Section is quite
unrealistic, which is why we repeat the same experiment using
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S \ ksvd-thr
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Fig. 2: Average distance of atoms to the generating dictionary
for various dictionary learning algorithms using OMP (full
lines) and Thresholding (dashed lines) for a well-behaved
initialisation with ¢ = 1 (Section , using noiseless (left)
resp. noisy training signals (right). The red line indicates the
error at which the inner products between learned atoms and
generating atoms would equal 0.98.

the noisy signals with a fully random initialisation. The results
in Figure 3| paint a far more accurate picture of reality. It can be
seen that, contrary to the previous experiment, OMP is not able
to find all atoms of the generating dictionary (left), whereas
Thresholding is able to find almost all atoms. Note that we
used the convention that ¢, is found if for a recovered v,
we have |(¢;, ;)| > 0.99, however the plot looks the same
using 0.90 instead. Moreover, looking at the average distance
of found atoms, we see that OMP is not able to outperform
Thresholding either (right).

VI. DISCUSSION

In this paper we have studied OMP and Thresholding in the
case in which the generating dictionary is not known (or only
a perturbed version of it is known). We compared sufficient
conditions for OMP and Thresholding to find the correct
support. It was shown that for small levels of perturbation,
OMP does indeed outperform Thresholding, but that this gap
closes with increasing levels of perturbation. This suggests
that due to its computational efficiency Thresholding might
be preferable to OMP in applications, where only an estimate
of the generating dictionary is available, the prime example
being dictionary learning.
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Fig. 3: (left) Percentage of atoms not found and (right) average
distance to the generating atoms on found atoms, both using
OMP (full lines) and Thresholding (dashed lines).
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