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Abstract

This article gives theoretical insights into the performance of K-SVD, a dictionary learning algorithm that
has gained significant popularity in practical applications. The particular question studied here is when a
dictionary ® € R¥*X can be recovered as local minimum of the minimisation criterion underlying K-SVD
from a set of N training signals y, = ®z,. A theoretical analysis of the problem leads to two types of
identifiability results assuming the training signals are generated from a tight frame with coefficients drawn
from a random symmetric distribution. First, asymptotic results showing, that in expectation the generating
dictionary can be recovered exactly as a local minimum of the K-SVD criterion if the coefficient distribution
exhibits sufficient decay. Second, based on the asymptotic results it is demonstrated that given a finite
number of training samples N, such that N/log N = O(K3d), except with probability O(N ~%%) there is a

local minimum of the K-SVD criterion within distance O(K N ~*/%) to the generating dictionary.

Index Terms

dictionary learning, sparse coding, sparse component analysis, K-SVD, finite sample size, sampling com-

plexity, dictionary identification, minimisation criterion, sparse representation

1 INTRODUCTION

As the universe expands so does the information we are collecting about and in it. New and

diverse sources such as the internet, astronomic observations, medical diagnostics, etc., confront
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us with a flood of data in ever increasing dimensions and while we have a lot of technology at
our disposal to acquire these data, we are already facing difficulties in storing and even more
importantly interpreting them. Thus in the last decades high-dimensional data processing has
become a very challenging and interdisciplinary field, requiring the collaboration of researchers
capturing the data on one hand and researchers from computer science, information theory,
electric engineering and applied mathematics, developing the tools to deal with the data on the
other hand. One of the most promising approaches to dealing with high-dimensional data so
far has proven to be through the concept of sparsity.

A signal is called sparse if it has a representation or good approximation in a dictionary, i.e. a
representation system like an orthonormal basis or frame, [10], such that the number of dictio-
nary elements, also called atoms, with non-zero coefficients is small compared to the dimension
of the space. Modelling the signals as vectors y € R? and the dictionary accordingly as a matrix

collecting K normalised atom-vectors as its columns, i.e. ® = (¢1,...¢K), ¢ € R, ||psll2 = 1,

we have

icl
for a set I of size S, i.e. [I| = S, which is small compared to the ambient dimension, i.e.
S<d<K.

The above characterisation already shows why sparsity provides such an elegant way of dealing
with high-dimensional data. No matter the size of the original signal, given the right dictionary,
its size effectively reduces to a small number of non-zero coefficients. For instance the sparsity
of natural images in wavelet bases is the fundamental principle underlying the compression
standard JPEG 2000.

Classical sparsity research studies two types of problems. The first line of research investigates
how to perform the dimensionality reduction algorithmically, i.e. how to find the sparse approx-
imations of a signal given the sparsity inducing dictionary. By now there exists a substantial
amount of theory including a vast choice of algorithms, e.g. [13], [9], [29], [6], [12], together with
analysis about their worst case or average case performance, [38], [39], [35], [20]. The second
line of research investigates how sparsity can be exploited for efficient data processing. So it
has been shown that sparse signals are very robust to noise or corruption and can therefore
easily be denoised, [15], or restored from incomplete information. This second effect is being

exploited in the very active research field of compressed sensing, see [14], [8], [31].
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However, while sparsity based methods have proven very efficient for high-dimensional data
processing, they suffer from one common drawback. They all rely on the existence of a dictionary
providing sparse representations for the data at hand.

The traditional approach to finding efficient dictionaries is through the careful analysis of the
given data class, which for instance has led to the development of wavelets, [11], and curvelets,
[7], for natural images. However when faced with a (possibly exotic) new signal class this
analytic approach has the disadvantage of requiring too much time and effort. Therefore, more
recently, researchers have started to investigate the possibilities of learning the appropriate
dictionary directly from the new data class, i.e. given N signals y,, € R?, stored as columns in

a matrix Y = (y1,...,yn) find a decomposition
Y =~ dX

into a d x K dictionary matrix ¢ with unit norm columns and a K x N coefficient matrix with
sparse columns. Looking at the matrix decomposition we can immediately see that, on top of
being the key to sparse data processing schemes, dictionary learning is actually a powerful
data-analysis tool. Indeed within the blind source separation community dictionary learning is
known as sparse component analysis (the dictionary atoms are the sparse components) and this
data-analysis point of view has been a parallel driving force for the development of dictionary
learning.

So far the research focus in dictionary learning has been on algorithmic development rather than
theoretic analysis. This means that by now there are several dictionary learning algorithms,
which are efficient in practice and therefore popular in applications, see [16], [23], [3], [26],
[42], [24], [36] or [32] for a more complete survey, but only comparatively little theory. Some
theoretical insights come from the blind source separation community, [43], [18], and more
recently from a set of generalisation bounds for learned dictionaries, [27], [40], [28], [19], which
predict the quality of a learned dictionary for future data, but unfortunately do not directly
imply uniqueness of the "true” dictionary nor guarantee recoverability by an efficient algorithm,
However, especially to justify the use of dictionary learning as data analysis tool, we need
theoretical identification results quantifying the conditions on the dictionary, the coefficient
model generating the sparse signals and the number of training signals under which a scheme
will be successful.

While it is true that for most schemes we do not yet understand their behaviour, there exists a
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handful of exceptions to this rule, [4], [21], [17], [22], [37]'. For these schemes there are known
conditions under which a dictionary can be recovered from a given signal class, but unfortu-
nately they all have certain drawbacks limiting their practical applicability. In [4] the authors
themselves state that the algorithm is only of theoretical interest because of its computational
complexity and also for the ¢;-minimisation principle, suggested in [43], [30] and studied in
[21], [17], [22], finding a local minimum is computational sufficiently challenging to prohibit
the learning of very high-dimensional dictionaries. Finally, the ER-SpUD algorithm, [37], has
the disadvantage that it can only learn a basis, but not an overcomplete dictionary.

In this paper we will start bridging the gap between practically efficient and provably efficient
dictionary learning schemes, by providing identification results for the minimisation principle
underlying K-SVD (K-Singular Value Decomposition), one of the most widely applied dictionary
algorithms.

K-SVD was introduced by Aharon, Elad and Bruckstein in [3] as a generalisation of the K-means
clustering process. The starting point for the algorithm is the following minimisation criterion.

Given some signals Y = (y1,...,yYn), Yn € R4, find

i Y —®X|? 1
sl | % (1)

for D :={® = (¢1,...,0K), ¢ € RY |¢i]l2 = 1} and Xs := {X = (z1,...,2N), 7, € RE ||lz,]j0 <
S}, where ||z||p counts the number of non-zero entries of z, and || - || denotes the Frobenius
norm. In other words we are looking for the dictionary that provides on average the best S-term
approximation to the signals in Y.

K-SVD aims to find the minimum of (1) by alternating two procedures, a) fixing the dictionary
¢ and finding a new close to optimal coefficient matrix X"*" column-wise, using a sparse
approximation algorithm such as (Orthogonal) Matching Pursuit, [38], or Basis Pursuit, [9], and
b) updating the dictionary atom-wise, choosing the updated atom ¢7'““ to be the left singular
vector to the maximal singular value of the matrix having as its columns the residuals y,, —
ok £i ¢rxn (k) of all signals y, to which the current atom ¢; contributes, i.e. X,; = x,(i) # 0.
If in every step for every signal the best sparse approximation is found the K-SVD algorithm
is guaranteed to find a local minimiser of (1). However because of the non-optimal sparse

approximation procedure it can in general not be guaranteed to converge to a local minimiser

1. For the sake of completeness we also mention (without discussion) some very recent results, developed while

this work has been under review, [5], [2], [1] .
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of (1) unless S = 1 and a greedy algorithm is used, see also the discussion in Section 5. We will
not go further into algorithmic details, but refer the reader to the original paper [3] as well as
[4]. Instead we concentrate on the theoretical aspects of the posed minimisation problem.

First it will be convenient to rewrite the objective function using the fact that for any signal y,

the best S-term approximation using ® is given by the largest projection onto a set of S atoms

(I’] = (¢,1 ...(ﬁis), ie

Y — dX|2 = — Py l3

el [ 17 = mlg | H‘l‘ [yn — Pznl3
_ — o0

glg% ﬁlm [y — @ 1Py, 13

= Il = e 3 s 18] 13

where @} denotes the Moore-Penrose pseudo inverse of ®;. Abbreviating the projection onto
the span of (¢;)icr by Pr(®) = @ 1<I>E, we can thus replace the minimisation problem in (1) with

the following maximisation problem,

Py ( 2. 2
glggz‘r}llagll 1 (D)yn 3 )

From the above formulation it is quite easy to see the motivation for the proposed learning
criterion. Indeed assume that the training signals are all S-sparse in an admissible dictionary
® € D, ie. Y = ®X and |Z;]jo < S, then clearly there is a global maximum? of (2) at &,
respectively a global minimum of (1) at (®, X), as long as S < S. However in practice we will

be facing something like,
Yn = OTp, + 1y or Y =oX + R, 3)

where the coefficient vectors z,, in X are only approximately S-sparse or rapidly decaying and
the pure signals ®z,, are corrupted with noise R = (r1,...,7k). In this case it is no longer trivial

or obvious that ® is a local maximum of (2), but we can hope for a result of the following type.

Goal 1.1. Assume that the signals vy, are generated as in (3), with x,, drawn from a distribution of

approximately sparse or decaying vectors and r, random noise. As soon as the number of signals N is

2. ® is a global maximiser together with all 2% K! dictionaries consisting of a permutation of the atoms in &

provided with a &1 sign. For a more detailed discussion on the uniqueness of the maximiser/minimiser see eg. [21].
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large enough N > C, with high probability p ~ 1 there will be a local maximum of (2) within distance
e from ®.

The rest of this paper is organised as follows. After introducing some notation in Section 2,
we first give conditions on the dictionary and the coefficients which allow for asymptotic
identifiability by studying when @ is exactly at a local maximum in the limiting case, where

we replace the sum in (2) with the expectation,

E Pr(®)yl3 ) . 4
o B, (o |7 (0013 @

Thus in Section 3 we will prove identification results for (4) assuming first a simple (discrete,
noise-free) signal model and then progressing to a noisy, continuous signal model. In Section 4
we will go from asymptotic results to results for finite sample sizes and prove versions of
Theorem 1.1 that under the same assumptions as the asymptotic results quantify the sizes of
the parameters ¢,p in terms of the number of training signals N and the size of C' in terms
of the number of atoms K. In the last section we will discuss the implications of our results
for practical applications, compare them to existing identification results and point out some

directions for future research.

2 NOTATIONS AND CONVENTIONS

Before we jump into the fray, we collect some definitions and lose a few words on notations;
usually subscripted letters will denote vectors with the exception of ¢ and ¢ where they are
numbers, eg. (z1,...,2x) =X € R>K vs, ¢ = (c1,...,cx) € RE, however, it should always be
clear from the context what we are dealing with.

For a matrix M, we denote its (conjugate) transpose by M* and its Moore-Penrose pseudo

inverse by M. We denote its operator norm by || M||22 = max),,—1 [Mz|2 and its Frobenius

2
norm by || M|z = tr(M*M)'/2, remember that we have ||M||z2 < || M]|F.

We consider a dictionary ® a collection of K unit norm vectors ¢; € RY, |éill2 = 1. By abuse
of notation we will also refer to the d x K matrix collecting the atoms as its columns as the
dictionary, i.e. ® = (¢;, . .. ¢x ). The maximal absolute inner product between two different atoms
is called the coherence 1 of a dictionary, = max;-; [(¢;, ¢;)|-

By ®; we denote the restriction of the dictionary to the atoms indexed by I, i.e. &1 = (¢;, ... ¢ig),
i; € I, and by Pr(®) the orthogonal projection onto the span of the atoms indexed by I, i.e.

Pr(®) =@ 1@;. Note that in case the atoms indexed by I are linearly independent we have
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ol = (91D,) 13,

(Ab)using the language of compressed sensing we denote the minimal eigenvalue of ®;®;
by 1 — 6;(®) and define the lower isometry constant Js(®) of the dictionary as dg(®) :=
max|7<gd7(®) < 1. If any set of S atoms is linearly independent we have d5(®) < 1 and
in general we have the bound d5(®) < p(S — 1). When clear from the context we will usually
omit the reference to the dictionary. For more details on isometry constants, see for instance [8].
For two dictionaries ®, ¥ we define the distance between each other as the maximal distance

between two corresponding atoms, i.e.

We consider a frame F a collection of K > d vectors f; € R? for which there exist two positive

constants A, B such that for all v € R? we have

K
Allol3 < Y [(fis0)* < Blloll3. (6)
1=1

If B can be chosen equal to A4, i.e. B = A, the frame is called tight and if all elements of a tight
frame have unit norm we have A = K/d. The operator F F* is called frame operator and by (6)
its spectrum is bounded by A, B. For more details on frames, see e.g. [10].

Finally we introduce the Landau symbols O, o to characterise the growth of a function. We write

f(e) = O(g(e)) if lime 0 f(e)/g9(e) = C < o0 and f(e) = o(g(e)) if lim-—0 f(€)/g(€) = 0.

3 ASYMPTOTIC IDENTIFICATION RESULTS

As mentioned in the introduction if the signals y are all S-sparse in a dictionary ® then clearly
there is a global minimum of (1) or global maximum of (4) with parameter S at ®. However
what happens if we do not have perfect S-sparsity? Let us start with a very simple negative
example of a coefficient distribution for which the original generating dictionary is not at a

local maximum for the case S = 1.

Example 3.1. Let U be an orthonormal basis and let the signals be generated as y = Uz, where
x is a randomly 2-sparse, ‘flat’ coefficients sequence, i.e. we pick an index set I = {i,j} and
two signs 0;/; = £1 uniformly at random and set z(k) = o for k € I and zero else. Then
there is no local maximum of (4) with § = 1 at U. Indeed since the signals are all 2-sparse

the maximal inner product with all atoms in U is the same as the maximal inner product with
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only d — 1 atoms. This degree of freedom we can use to construct an ascent direction. Choose

Ue = (u1, ..., ug_1, (ug + eu1)/v/1 + €2). Using the identity max; | P;(®)y||3 = || ®*y||%, we get,
E, (IUZyll%) = E. (|UZU]%)

=E, (I2(1),....z(d - 1), 20ty 2 )

(1+4+¢)?

=1-1-P(I={1,d}Nnoy =0y)) + 1+ 2

P(I={1,d} Noy =0y)

€ 1
14+¢e2 dd-1)

which is larger than E, (||U*y||%) =1

-1+

From the above example we see that in order to have a local maximum at the original

dictionary we need a signal/coefficient model where the coefficients show some type of decay.

3.1 A simple model of decaying coefficients

To get started we consider a very simple coefficient model, constructed from a non-negative,
non-increasing sequence ¢ € RX with ||c[|2 = 1, which we permute uniformly at random and
provide with random =+ signs. To be precise for a permutation p : {1,..., K} — {1,..., K} and a
sign sequence o, 0; = £1, we define the sequence ¢, , component-wise as ¢, (i) := 0ic,;), and
set y = ®x where x = ¢, , with probability (2% K!)~1.

The normalisation ||c[|2 = 1 has the advantage that for dictionaries, which are an orthonormal
basis, the resulting signals also have unit norm and for general dictionaries the signals have unit
square norm in expectation, i.e. E(||y/|3) = 1. This reflects the situation in practical applications,
where we would normalise the signals in order to equally weight their importance.

Armed with this model we can now prove a first dictionary identification result for (4).

Theorem 3.1. Let ® be a unit norm tight frame with frame constant A = K/d and lower isometry
constant dg. Let x be a random permutation of a positive, nonincreasing sequence c, where ¢y > ca >
c3...>cix > 0and ||c||2 =1, provided with random =+ signs, i.e. x = ¢, with probability P(p, o) =
(2K K=Y Assume that the signals are generated as y = ®z. If there exists k > 0 such that for
L, :=p ' ({1,...5}) we have

[1Pr, (@) Py o

|2 - ulgls‘?“[};lp ||PI((I))(I)CP,U||2 > 2k, Vo,p, (7)
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then there is a local maximum of (4) at .

Moreover for ¥ # ® we have E, (max|—g || P1(¥)yl|3) < E, (max;_g ||[Pr(®)yl3) as soon as
kvV1—dg

/ 60A(X)? 7
% <1 + 4\/10g (H)\s(l(f()ss)))

2 2 2 .2
where \g = Cl+'é+'35 _ G and 6 < 1 because of (7).

d(®,0) <

8)

Proof: The basic idea of the proof is that for the original dictionary the maximal response
is always attained for the set I, and that for most signals, i.e. most sign sequences, also for a
perturbed dictionary the maximal response is still at I,,. Since the average loss of a perturbed

dictionary over most sign sequences,
EyEo (121, (9)®epol3) < Epo (||, (2)Pepoll3) ©)

is larger than the possible gain on exceptional sign sequences we have a maximum at ®. More
detailed sketches and a version of the proof for S =1 can be found in [34], [33].

Following the proof idea we first calculate the expectation using the original dictionary .
Condition (7) quite obviously (and artlessly) guarantees that the maximum is always attained

for the set I, so setting 7% := ¢ + ...+ c¢% we get from Lemma A.1 in the appendix,

E, (max ||PI<<I>>yu%)  E,E, (|Py, (®)%cp0|2)

|[I|1=S
A(L=92)S (42 1-42\ (K\ ' ,
w-5 T\s x-s)\s WZ_SH il% (10)

To compute the expectation for a perturbation of the original dictionary we first note that we

can parametrise all e-perturbations ¥ of the original dictionary &, i.e. d(®,¥) =¢, as
vi = (1=/2)0i + (] — el /4)22;

for some z; with (¢;,z;) = 0,||z;||]2 = 1 and some ¢; with max; e; = e. For conciseness of the
following presentation we define o; :=1—¢2/2, w; := (e? — ¢}/ 4)z and b; := w;/a;z. Further we
define A; = diag(cy)ic;r and W; = diag(w;)icr to get ¥ = ®rA; + Z;W; and By = ZIW[A;I.
Note that some perturbations, e.g. small rotations, will be also unit norm tight frames but in
general the perturbed dictionaries will not be tight.

As pointed out in the proof idea our strategy will be to show that for a fixed permutation p
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10

with high probability (over o) the maximal projection is still onto the atoms indexed by I,,.

For any index set I of size S we can bound the projection onto a perturbed dictionary as,
1Pr(W)yll3 = | Pr(@)yl3 + (Pr(@)y, (Pr(¥) — Pr(®))y) + (Pr(L)y, (Pr(¥) — Pr(®))y)
< N P(@)yll3 + 2]y ll2ll (Pr(¥) = Pr(®))y]l2

< 1Pr(@)yl3 + 2/lyll3 1 Pr () — Pr(®)]|2.2

< HPI(‘I’)?JH%ﬂLQA‘T}lé?é 1Pr(V) — Pr(®)]|F, (11)
leading to
max 1Pr(D)yl3 < ||Pr, ()yl3 + 24 max 1P () = Pr(®)]]e- (12)

However (12) is a quite pessimistic estimate since for most y = ®¢, ,, meaning for most o, the
expression ||(Pr(¥) — Pr(®))yl|l2 will be much smaller than ||P;(¥) — Pi(®)||2,2]|y|l2. Indeed we
can estimate its typical size via the following convenient if not optimal concentration inequality

for Rademacher series from [25], Chapter 4.

Corollary 3.2 (of Theorem 4.7 in [25]). For a vector-valued Rademacher series V =Y. o;v;, i.e. for

o; independent Bernoulli variables with P(o; = +£1) = 1/2 and v; € R", and t > 0 we have,

42
B([V]l2 > £) < 2exp (M) . 13)

Applied to v; = ¢, (Pr(¥) — Pr(®))¢; this leads to the following estimate,

—42
P (I (Pr(®) — Pr(®)) epolla > t) < 2exp <32 5,2 (i) - PI(<I>))¢1~|§)

—¢2
< 2exp
(32 Zz Cf)(i)HPI(\I’) - PI(‘M’%Z)

—¢2
= 2o <32HPI<\P> - PI(®)1%> ’ 14

whenever P;(¥) # Pr(®) - otherwise we trivially have P (||(P;(¥) — P(®))®cpoll2 > t) = 0. We

now define the set 3,

%= J {o: [(Pr(®) = Pr(®))Depella >}, (15)
I:|I|=S
whose size we can estimate using (14) with ¢ = x and a union bound,
2

—K
B(T,) <2 >, e ( 2 ) = 17s. (16)
I:P(0)#£P; (®) 32[| Pr(¥) — Pr(®)|%
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11

Note that whenever o ¢ X, we have max; ||P;(¥)®cys|l2 = || Pr,(V)®Pcpo|l2, since using the

(reversed) triangular inequality we have

121, (®)@cpll2 > [1Pr, (R)Pepolls — [ (Pr(¥) = Pr(®)) Pepoll

> (1P (®)0cp o —

> max | Pr(®)Pcp o2 + &

2 max (I1Pr(@)2epoll2 + [[(Pr(¥) — Pr(®)) epoll2)

> Pr(0)o . 17
> max [|Pr(V)®epoll> (17)

To finally calculate the expectation over o for a perturbed dictionary we split it into a sum over

the sign sequences contained in ¥, and its complement. We can estimate,

E, <|n|1ax Py >cp,a||%)

= Z |I}‘1&X ”PI (I)Cp,a”Q + Z maX ||PI( )(I)CPJH%

€Y, agéZ

< 3 (1P @618 + 24 max |71 (0) - Pr(@)1e) + 3 ptr@eli a9
o€, n

< 3 (1P, 0epal + 1A |10 - Pi@)E) + 3 I, (D0e0alf 09)
oEY, N o¢y,

<4775A|H‘13XHP1( ) = Pr(®)l|F +Eq (|1 P1,(9)Pep0l3)

where we have used (11), reversing the roles of ® and ¥ and choosing I = I, to go from (18)
to (19). Using the expression for E,E, (|| P, (¥)®cp,,||3) derived in Lemma A.1 in the appendix
we get the following bound for the expectation of the maximal projection using a perturbed
dictionary,
E,E, <max | P (W )<I>cp0||§> < Al —99)S + (ﬁ 1o v%) <K> B > IR
|I|=S ’ (K —-S) S K-S5)\S ris

+4nsA ‘I}llgﬁéﬂpl(‘l’) — Pr(®)|F. (20)

We are now ready to compare the above expression to the corresponding one for the original

dictionary. Abbreviating \g = % — }(:’s and using the estimates for ||P;(¥V) — Pr(®)||r and
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12

| Pr(V)®|% — ||®]|% from Lemma A.2 in the appendix, we get

&, (oy 101018 - B, (pay 1003

—K2

v) —P1(<1>)II%>

<4AmaXHP1( )= Pr(@®)|r D exp (32HP(
7i= ()P (@) !

s() 32 (Ipom = o)

4AC, —k*(1 - 0g)
< s meslen@Bile > exp<320%u@1<<1>>31||%>

IQ[(@)B[#O
K\! )
—As| ¢ > CollQi(@)B|F, (21)
I:|I|=S

with €7 = 1.487 and Cy = 0.897 and where we have used that (8) implies ¢ < ¥ L \/‘ZS Denote

by I the set for which ||Q;(®)B| r is maximal. We can further estimate,

2 2
&, (g 101018 - B, (172003

4AC, W (K —*(1 - ds) K\~ (B2
< i@l (g ) oo (aamam) () cla®s.

Thus to have a local maximum at ¢ we need to show that for € # 0 small enough we have

4ACH <K> ( —k2(1 = b5) ) (K) ! )
B; exp <A Cs||Q7(P)B7l| 7,
ele @il (g ) e (gamormane ) <Ms(s) cle@sik
or equivalently that
4AC, <K)2 ( —k2(1 — &g) >
it S exp < |Q#®)B7|p. 22
o5 \s) P \smcrie@sg) < 4B )
Applying Lemma A.3 we get that for ||Q7(®)Bjf||r > 0 the inequality above is satisfied if we
have
4k\/1 -0
1Q7(®)Brllr < Z — (23)
C1V/32 (1 + \/1 +161og (fics}f_((?s)) ))
Employing the bound ||Q;(®)B;||% < ||Bfl|% < Se?/(1 — £?) this is further implied by
£ kv 1 — 55 (24)

<
\/1—52_ e1/1602 A(K)? 7
C1vV25 | 1+ 4, [log (”i;;sgﬂgg)s) )
which is in turn implied by (8).

Finally all that remains to show is that for ¢ > 0 we have ||Q7(®)Bj|r > 0. Assume conversely
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13

that for ¢ > 0 we have ||Q7(®)Bj||r = 0 meaning that ||Q;(®)B;||r = 0 for all I of size S.
We can then find an index ¢ for which we have 1, = (1 — €2/2)¢; + (2 — e*/4)2 2, for some
zi with (¢,,z,) = 0 and ||z,||2=1. For all I of size S containing + we have Q;(®)b, = 0 and
therefore Q;(®)z, = 0. Choose J to be any set of size S — 1 containing ¢. For all j ¢ J we
have Qju;j(®)z, = 0 or Pyj(®)z, = 2, which means that either z, is in the span of ®; and
therefore @ ;(®)z, = 0 or that ¢; is in the span of (®,z2;) for all j ¢ J. However this would
mean that ® has rank S < d which is a contradiction to ® being a frame and we can conclude
that Q;(®)z, = 0 for all I of size S — 1 containing ¢. Iterating the argument we get that z, has

to be in the span of ¢, which is a contradiction to (¢,, z,) = 0 and ||z,[|2=1. O

Remark 3.2. (a) To make the theorem more applicable it would be nice to have a concrete
condition in terms of the coherence of the dictionary rather than the abstract condition in (7).

Indeed it can be shown, see [34] Appendix C, that we can find a x > 0 if we have Su < 1/2

and
1-5Su 4
s> ——cCsi1t o D lail. (25)
1—2S5u 1-2S5u S
In some cases we can also easily derive estimates for .
If ® is an orthonormal basis we have
2 _ 2
Co — C
K> et (26)

2 C%—I—...—I—c%

and if S =1 we have
K
K > (01—02)(1—u)—2u201~. (27)
i=3

(b) Next note that in some sense the theorem is sharp. Assume that ® is an orthonormal basis.
Then we simply have [|P/(®)®cp0|3 = > ic; 012)(1.) and the condition to be a local minimum
reduces to c¢g > cg4+1. However similar to Example 3.1 if cg = cg41 we can again construct an
ascent direction and so @ is not a local maximum.

(c) Finally before extending Theorem 3.1 to more general coefficient models we want to motivate
why we used the condition that ® is a tight frame.

Assume the same conditions as in Theorem 3.1 but that ® is not tight, i.e. Al|v[|3 <>, [(v, ¢:)|? <

B|lv||3, with A < B. Going through the proof we see that using (74) instead of (75) from
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Lemma A.1 we get

£, (mas 1Pi®)013) = By (ll}llgg ||Pzp<<1>><1>cp,g|%>
K\7! 2
= (g ZHP )2 + ZHPI )@l |
£, (o 1P (013) > By (g ||P1p<x1f><1>cp,au%)

[]=8 11|
ZHPI |12 + (

(%) 1( )ZHPI <I>z||%>-

Moreover by replacing A with B in (11) and (12) we get the new upper bound,

and

£, (max 1P (V)1R ) < Bpr (s 17, (9)0cy ) + 4Bys max |71 (9) - Pr(®)]e. 29

Since Bnjg is still of order o(c?) to prove that ® is a local maximum it suffices to show that up
to second order E,, ; (max|j—g || Pr, (®)Pcpo|3) — Ep o (max|j—g || Pr, (¥)®cpo|3) > 0. Conversely
if we can find perturbation directions z; such that the reversed inequality holds, ® is not a local

maximum. Using (81) from the appendix, we get

K
(%) (B (s 172, @106, 18) ~ Enr (s 171, (0120, )

A2
= ST IR @RI~ [P (0)®]3) + As S (1P @)1~ [P () 1]F)
I I

A2
o S (@ (P(2) = PH) @)+ A5 Q0B + O

(2*Qi(@)Bio}®) + O(? )+ S NQ@BIE +OE @9

The term ), tr (@*QI@)B[(I)}@) is linear in B and thus can be negative. Since it is also of
order O(e) whenever vg < 1 a necessary condition to have a local maximum exactly at ¢ is

that for all By = Z; WAL,
Ztr (@*QI ®)B;0}® ) —0. (30)
In case S =1 we have Q;(®)b; = b; since b; L ¢; and the condition above reduces to

S w(@higi®) =0 < > ¢fedh; =0 (31)
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Choosing in turn wy = 0 except for k = i this means that for all ¢ and z; L ¢; we need to have

%<Z¢, (P(I)*d)z> = 07 (32)

)

which is equivalent to every atom ¢; being an eigenvector of the frame operator, i.e. P®*¢; =
Ai¢i, Vi. While this condition is certainly fulfilled when @ is a tight frame (corresponding to
Ai = A), it is sufficient for ¢ to be a collection of m tight frames for m orthogonal subspaces
of R - corresponding to the case ® = (®,,,...,®,, ) with ®&*®, = )\;®, . Going through the

same analysis as in the proof of Theorem 3.1 we see that in this second case ® is again a local

B—A+1

B=ATK’ where A = min; A\; and B = max; \;.

maximum under the additional condition that ¢? >

In case S > 1, Condition (30) is again implied by tightness of the dictionary but it is an open
question whether conversely it implies tightness of the dictionary. However, for simplicity we

will henceforth restrict our analysis to the situation where ® is a tight frame.

3.2 A continuous model of decaying coefficients

After proving a recovery result for the simple coefficient model of the last section we would
like to extend it to a wider range of coefficient distributions, especially continuous ones.

Looking back at the proof of Theorem 3.1 we see that apart from the condition ensuring
optimality of the projection P, it also relied heavily on the equal probability of all sign sequences
and permutations changing our base coefficient sequence. We therefore make the following

definition.

Definition 3.1. A probability measure v on the unit sphere S¥=1 C R¥ is called symmetric if for all

measurable sets X C SE=1, for all sign sequences o € {—1,1}X and all permutations p we have
v(oX)=v(X), where oX :={(o121,...,0xxK):x € X}, and (33)

v(p(X)) = v(X), where p(X):={(zpa),--->Tpk)) T € X} (34)
We are now ready to state a version of Theorem 3.1 for more general coefficient distributions.

Theorem 3.3. Let ® be a unit norm tight frame with frame constant A = K/d and lower isometry
constant ég. Let x be drawn from a symmetric probability distribution v on the unit sphere and assume
that the signals are generated as y = Px. If there exists k > 0 such that for c(x) a non-increasing

rearrangement of the absolute values of x and I, := p~' ({1,...S}) we have,
: _ S _
v (omin (17 (@00l — | (P00 ) 2 26) =1 35)
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then there is a local maximum of (4) at .

Moreover for ¥ # ® we have E, (max g || P1(¥)yl|3) < E, (max;_g ||[Pr(®)yl3) as soon as

kvV1—dg

95 60A(%)”
5 <]. + 4\/10g <H>\S(1—5S)))

where \g = E’(Cf(x)g'*cg(”’)) 1-E, (Cl(;? 3 HE@) gnd g < 1 because of (35).

d(®,¥) < (36)

Proof: Let ¢ denote the mapping that assigns to each z € SX~1 the non increasing rearrange-

ment of the absolute values of its components, i.e. ¢;(z) = |z,;| for a permutation p such that

p(i
ci(x) > ea(x) > ... > ex(z) > 0. Then the mapping ¢ together with the probability measure v
on SE~1 induces a pull-back probability measure v, on ¢(SE1), by 1.(Q) := v(c71(Q)) for any
measurable set 2 C ¢(SE~1). With the help of this new measure we can rewrite the expectations

we need to calculate as,

£, (mag | P(@)13) = B (a1 Pr()013)

/rr|1ax 1Py (@) |2 (2)

-/ BB | Pr (@) () i 0). 37)

The expectation inside the integral should seem familiar. Indeed we have calculated it already

in the proof of Theorem 3.1 for ¢(z) a fixed decaying sequence satisfying

| Pr,(®)®cp |2

Py (D)® > 2k, Vo,p. 38
mi%?};f,,” 1(®)Pcpolla > 2K, Vo,p (38)

By (35) this property is satisfied almost surely and so by applying Lemma A.1 we get,

B (1P ) = [ Bl () )i (o)
- clx

[ AO-R@)S (R 1= (K)
o s (5220 (5) X 1)

I|I|=S

where v2(z) := ¢}(x) + ... + c%(z). Since for the integral term we simply have

[ @ante) =B, (o) =2 )
c(x) [I|=5
we arrive at the following estimate analogue to (10)

_AQ-A)S (7R 1-9%) (KN
E, (%i>§||PI(‘I))‘I’»’C||%> S TK-S) + <S TR S> <S> > @l (40)

I:|I|=S
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Using the same argument we also get an estimate for the expectation of a perturbed dictionary

analogue to (41), i.e.

AQ-33)S (32 1733\ (K\
. (maxlpweal) < 2073004 (B 1 78) () 8 Imenk

I:|I|=8
+4nsA ll;ﬂlgﬁélle(‘I’) — Pr(®)]lp- (41)
where
2
w=2 S o (g s ) 2

The rest of the proof simply consists of replacing s with #g in the proof of Theorem 3.1. [

Remark 3.3. (a) Again the abstract condition in (35) can be satisfied, i.e. we can find x > 0, if
we have Su < 1/2 and

v <cs<x> > %cs+l<x> + 1_4’2@ > |cl-<a:>|> -1 (43)

i>S5+1

(b) Note that with the available tools it is also be possible to extend Theorem 3.3 to signal
models with coefficient distributions approaching the limit in (35), i.e. & = 0. However to keep
the presentation concise we will not go into further details here but refer the interested reader
to [33] or [34] for the proof idea and some simple example distributions approaching the limit

in the case of an orthonormal basis.

3.3 Bounded white noise

With the tools used to prove the two noiseless identification results in the last two subsections

it is also possible to analyse the case of (very small) bounded white noise.

Theorem 3.4. Let ® be a unit norm tight frame with frame constant A = K/d and lower isometry
constant 0g. Assume that the signals y are generated as y = ®x+r, where x is drawn from a symmetric
decaying probability distribution v on the unit sphere SK=1 and r is a bounded random white noise
vector, i.e. there exist two constants p, pmax such that ||rlla < pmax almost surely, E(r) = 0 and
E(rr*) = p?1. If there exists k > 0 such that for c(x) a non-increasing rearrangement of the absolute

values of x and I, :== p~* ({1,...S}) we have,

v (omin (17, @00l | o [P0l ) > 26+ ) =1, (@4
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then there is a local maximum of (4) at .

Moreover for ¥ # ® we have E, (max g || P1(¥)yl|3) < E, (max;_g ||[Pr(®)yl3) as soon as
v1—=19
T (45)

[9s 604, (%)’

5 <]. + 4\/10g (H)\S(l—(ss)))
where \g = E’(c?(”")g'*cé(x)) — l_E”(Cf(;)jS'“Jrcg(x)) and A, = (VA + pmax)?. Again 5 < 1 is implied
by (44).

d(®,0) <

Proof: We streamline the proof, since it relies on the same ideas as those of Theorem 3.1
and Theorem 3.3. For a noisy signal y = ®z +r = ®¢, ,(x) + r the condition in (44) guarantees

that the maximal response for the original dictionary @ is taken at I, , since we have
18, (@)yll2 = (|17, (@) ey o () ll2 + [ Pr(®)r]|2 = || Pr, (B)Pepo ()2 — prma, (46)
121 (@)yll2 < [|Pr(®)Pepo (2)ll2 + [|P1(2)7]l2 < [ Pr(®) Pepo(2)l|2 + pmax- (47)
Thus we get,

E, <III|12)§HPI(<I>)yH%> =E., <|r;|13>§HPI(<I>)yH§)

\I|=5

B ([ max|P(®) (@)epa(e) + 1) B (o)
c(x)

E, </ EpBo || Pr, (P)cpo(z) +7) !%d'/c(x)>
c(z)
EpEoEr (|[Pr, (@) (2)epq (@) +7) [13) dve(x)

= / EpEo (|| Pr, (®)cpo(@)l| + Ex || Pr, (®)r]]3) dre(x)

A1 -73)S (72 1-7%\ (K\ ' ) )
(K —S) s Txk=s)\s I.ZM_S” 17+ Sp (48)

For a perturbed dictionary and a noisy signal y we can bound the response using the set I

analogue to (11),

1Pr(®)yl13 < [|1Pr(@)yl3 + 2]lyll3]1Pr(¥) — Pr(®)

2.2

< | Pr(®)yll5 + 2(VA+ prmax)” max ||P1(¥) - Pr(®)l|r

< P2, (@)yll3 + 2(vA + prna)? mac [ P1 () = Pr(®)]| - (49)
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Reversing the roles of ¥ and ® and setting I = I, in the inequality above then leads to

1Pr(®)yl3 < 1P, (©)yl3 +4(VA + pmax)? max 1Pr(¥) = Pr(®)]|r- (50)

Using the sets ¥, as defined in (15) we get the following estimate for y = ®c, ,(z) + r with
o¢¥,and all I # 1),

1Pr(W)yll2 < [[Pr(¥)epo(@)]2 + [[Pr(®)r(ls
< [1Pr(®)cpo()ll2 + | (Pr(¥) = Pr(®)) cp0(x)[l2 + pmax
< [1Pr(®@)epo(@)ll2 + £ + Pmax
< 1P, (@) cpo(¥)ll2 = K = pmax
< 1P, (@)epo(@) 2 = || (Pr,(¥) = Pr,(®)) cpo(@)ll2 = pmax
< |1Pr, (W)epo @)z = [[1Pr,(@)rll2 < [[Pr,(¥)yll2- (51)

Thus we can estimate the expectation for a perturbed dictionary as

£, (o 1210 ) = v (e 10013 )

1 =

=E, (/C(x) E,E, (f?i)s(' | Pr(¥) (Pcpo(z) + 1) H%) ch(fU))
e[ & 3 gl 32l 1B | )

<E, (/ EpEo (1P, (¥) (Pepo (@) +7) 12) ch(x))
c(x)

+4773(\/7+pmax) H%XHPI( ) I((I))HF

o (K - S) S K-S S I|I|=S ” I( ) IHF °

+ 4ns(VA+ pua)” max | Pr(¥) = Pr(®)r. (52)

The rest of the proof simply consists of replacing s with 75 and A with (VA + pyax)? in the
proof of Theorem 3.1. O

4 FINITE SAMPLE SIZE RESULTS

Finally we make the step from the asymptotic identification results derived in the last section

to an identification result for a finite number of training samples. We consider the maximisation
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problem,

il Py( 53
max er;‘lagll 1 ()ynl3- (53)

The main idea is that whenever U is near to ® we have

Zmaxupf bl ~ B, (s P01 ) < B, (maxPrC@)ni2) ~ ZmaXHPI o3

111=5 1 HI=S
Concretising the sharpness of ~ quantitatively and making sure that it is Vahd for all possible

e-perturbations at the same time, leads to the following theorem.

Theorem 4.1. Let ® be a unit norm tight frame with frame constant A = K/d and lower isometry
constant 0g < 1 — %. Assume that the signals v, are generated as y,, = ®x,, where x,, is drawn from
a symmetric decaying probability distribution v on the unit sphere SX~1 and r is a bounded random
white noise vector with ||r|l2 < pmax almost surely, E(r) = 0 and E(rr*) = p*. Further assume that
there exists x > 0 such that for c(x) a non-increasing rearrangement of the absolute values of x and

L, :=p 1 ({1,...S}) we have,

v (oin (17 @0yl | o IPH@)000 (]l ) 2 26+ ) =1 (58
Abbreviate \g = PHARD)  ZRAAQDTAREN, A, = (VA+ puax)? and Cs =1~ g5y,
If for some 0 < g < 1/4 the number of samples N satisfies

ON1 4+ N~% < vl 0 (55)

1354, K (% 7
\/ % (1 + 4\/10g (mscssu(—a)s)))
then except with probability

N'4N\2S2C2 NKA,
————2 =+ Kdlog | =———- 6
exp < ey PR (2/\SSCS>> ’ 0
there is a local maximum of (53) resp. local minimum of (1) within distance at most 2N~ to ®, i.e.

for the local maximum U we have (\i/, P) <2N4.

Proof: Conceptually we need to show that for some epin (V) < emax(IV) and with probability
p(N) for all perturbations ¥ with enin(N) < d(V, @) < epax(N) we have

—Zﬁ&}g”P] ynH2 < *ZHE’%HPI yn||2 (57)

To do this we need to add three ingredients to the asymptotic results of Theorem 3.4, 1) that

with high probability for a fixed dictionary ¥ the sum of signal responses concentrates around
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its expectation, 2) a dense enough net for the space of all perturbations and 3) and a Lipschitz-
type bound for the mapping ¥ — max|;i—g || P1(¥)yx||3. Then we can argue that an arbitrary
perturbation will be close to a perturbation in the net, for which the sum concentrates around
its expectation. This expectation is in turn is smaller than the expectation of the generating
dictionary, around which the sum for the generating dictionary concentrates.

We start with the Lipschitz-type bound for the mapping ¥ — max|z—g [|[P7(¥)yx |5 on the set

of perturbations with d(V¥, ®) < eax. Analogue to (11) we have for any index set I of size S,

1Pr(®)yl3 < [Pr(©)yl3 + 24, Irr‘laXHPz( ) — Pr(®)[|r

|mXHPI( Jyll3 + 24, ‘HEXHPI( ) = Pr(®)]|F. (58)

Since this is true for all I we further get that

ma [Py (W)y3 < max | Pr()yl3 + 24, mas | Pr(¥) — Pr(@)]]r

and reversing the roles of ¥ and ¥ leads to

g'lagHPI( )yll3 — T}‘laXHPI( U)y|3| < 24, ‘H‘laXHPI( ) — Pr(®)]|F. (59)
From Lemma A.2 we know that
PR Nat
- T—d(W b
I1P1(9) = Pr(B)]f < ———— — =2 —
11152 (V‘I’ 2.3 —Q\fld(w)

Now note that H\Ilmg ) is simply the minimal singular value of ¥;. Since we have ds < 1 —S/d

we get,
19F153 = Owin(¥1) = Owmin(®rAL + ZiWr) > Ouain(P1)Omin (A1) — Tmax(Z1 W)
> /1 —06g(1 —¢e2/2) — V/Se. (60)

The combination of the last three estimates, together with some simplifications, using the fact

that both ¢ and d(¥, ¥) will be smaller than e, < ¥ 1=9s 'leads to the final bound,

= 91./5

CrLANS
max || P TIE: max P, ynlls| < d(W, U ) 61)
[P (W) s | (0 ] < a0, ) S2E (

with Cp = 3.139. Next for Y, = max|;—g | P1(¥)yn||3 we have Y, € [0,4,] and therefore by
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The last ingredient is a d-net for all perturbations ¥ with d(¥,¥) < enay, ie. a finite set of
perturbations N such that for every ¥ we can find ¥ € AN with d(V,¥) < §. Remembering
the parametrisation of all e-perturbations from the proof of Theorem 3.1 we see that the space
we need to cover is the product of K balls with radius eyay in RY. Following for example the
argument in Lemma 2 of [41] we know that for the m-dimensional ball of radius en.x We can

find a § net Ny with

2e d
ﬁNd < <5max + r;ax) .
Thus for the product of K balls in R? we can construct a d-net A as the product of K J-nets

Ny. Assuming that § < 1 we then have,

% Kd 3e Kd
< max < max .
< (et 252) = (55)

Using a union bound we can now estimate the probability that for all perturbations in the net

3e Kd 2
t) S( glax> e Nt /AL

We can now turn to the triangle inequality argument. For a perturbation ¥ with d(¥,®) =¢ <

Emax We can find ¥ € N with d(¥, V) < § and d(¥, ®) = &. We then have

the sum of responses concentrates around its expectation, as

P(3FenN: Pr(0)y, Pr(W)y3)] >
( | Zmaxn 1 (0)00 3 ~ Ema P2 (V) )] >

szaxnpf ol - szaXHPI Junll

N

Z ax || Pr (¥ Jynll3 — Zmafgllpz Jynll3

N
Z o 1P - <|H|1aX||PI( mu%)

+ (i 17 (0 ) — & (s P20 13

+ (s 1Pi(o ynng)NZmaxHPf ol

CrLAWS
< E | max || Pr( n max || P, n 2>+2t+(5r.
(1 17 (01 = & (s 171 1 e

Using the expression for the respective expectations for a noisy signal from (48) and (52) and

(62)
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,_.

the abbreviation Ag = % — 1735 we get,

ZmaXHPI Yynll3 — ZmaXIIPJ Yynll3

< 4A, ‘rrllax | Pr(¥) — PI((I))”F;GXP (32||P1(\1’) — PI((I))H%>

- (K\7! CrAS
A Pr(9)® Oy||%) + 2t + 6=
+3s(g) X (IrEyent— fort) +20+ 5 G20
4A,Cy K —k2(1 = dg)
< B —
S ax | I|F<S> exp (320§max1|5\|31\%
- (K\7! _ CLANS
— Co\ O)By||% + 2t + 6 ———2 = 63
: S(S) I§|:jsuc21< B+ 21+ 5 AN (63)

where we have used Lemma A.2 and that ||Q;(®)B/|r < || Bs||r. Using the condition on the
isometry constant we now derive a (for all practical purposes) sharper lower bound than simply

maxy ||Q;(®)By||% for the sum in the equation above,

—~1 -1
(§) Ste@sai= () X8k - 1p@aik
I

I
() (5 (f;); () @3B

S a2 K\ 12 1 B2
= ?HB”F g Z 12711221127 B1 |5
i

1 K\ L=
> 2181 - =5 () Sleimle
I
1 (K\ '(K-2 _
>7 - * 2
> 218tk =5 () (s s )1eBiE
S A S-—
>
> 2 (1 ) 181 (64

Using A = K/d and denoting the index set for which || B;||r is maximal by I then leads to the
bound

K S S
(%) Sl @Bl 2 (1 gy ) e Bl (69

January 11, 2014 DRAFT



24

Substituting the estimate above into (63) we further get

1
NZ mace | P (%)} — szaxnpf )l

CorsS s -
< — 1-— By
=L

4A,Cy (KN, - —k%(1-96 CrAS
+1( )HB[HFQXP(H(_S))_ij_F(SL\F

V1I=4ds\5 327 Byl V1-14s’
with C; = 1.487 and Cy = 0.897. Abbreviating Cg =1 — ﬁ by Lemma A.3 we have
4A,Cy (K\, = —rk2(1 — 5S)> (Ca —0.5)AsCsS | = 15
B- _ < Bs 66
(1Bl (G ) < (66
as soon as
4rk+/1 —
1Billr < rvl- 0 ©7)

4/32C2e /18 AK (%) ’
Cl\/3>2 <1 + 4\/log ((020.5),{5\3035(1353)>>
which is satisfied if

kv 1 —dg

/95 1354, K (%)
7 (1 + 4\/10g (RA5053(1—65)>)

Under the condition above, which defines ey« up to J, we further have

£< ‘= Emax + 6. (68)

Zmaxnpf Yynll3 — Zmaxupf Yunll3

o ASCSS,Q o 5CLAT\/§
2K V1—14g
AsCsS ) CLA.VS
— -0 2t 4+ 0—F——=
< e (e—=0)"+2t+ T3,
ASCSS 2 (CL + 5max)Ar\/§
2t+0 . 69
ST S LS e (©)
We now choose t = N2 ’\Scs and § = N *2QW to get, that except with probability,
N1—1a)\2C25? 3emax(CL + Emax) A K N2
exp | —————>5>— + Kdlo = ) 70
P ( K2 A2 *\7 AsCsv/S(—0y) 70
we have
1 &  XsCsS
& 2 max | Pr(W)yallz — Z S 1Pr(®@)ynllz < == (e% = AN2), (71)

N
T HI=S
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which is smaller than zero as long as € > 2N ™9 := ¢pi,. The statement follows from the bound

3emax(CL + €max) < ¥ ;\;és, and ensuring that emin < Emax using the crude bound § < N=24. ]

Remark 4.1. Note that in case S = 1 the above theorem is not only a result for the K-SVD

minimisation principle but actually for K-SVD. While for S > 1 the decay-condition is not strong
enough to ensure that the sparse approximation algorithm used for K-SVD always finds the best
approximation as soon as we are close enough to the generating dictionary, in the case S =1
any simple greedy algorithm, e.g. thresholding, will always find the best 1-term approximation
to any signal given any dictionary. Thus given the right initialisation and sufficiently many
training samples K-SVD can recover the generating dictionary up to the prescribed precision
with high probability. To make the theorem more applicable we quickly concretise how the
distance between the generating dictionary ® and the local minimum output by K-SVD ¥

decreases with the sample size. If we want the success probability to be of the order 1 — N~

we need

—N1_4q)\2

WC%S + Kdlog(NKCp/\g) ~ —Kdlog N,
or N'7% ~ K3dlog N meaning that —q ~ —% + {giﬁ Thus we have

- log N
log (d(‘I), \IJ)) = —qlog N =~ —% +log K

or
d(®, V) ~ KN~V/4, (72)

Let us now turn to a discussion of our results.

5 DISCUSSION

We have shown that the minimisation principle underlying K-SVD (1) can identify a tight
frame with arbitrary precision from signals generated from a wide class of decaying coefficients
distributions, provided that the training sample size is large enough. For the case S = 1 in
particular this means that K-SVD in combination with a greedy algorithm can recover the
generating dictionary up to prescribed precision. To illustrate our results we conducted two

experiments.
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5.1 Experiments

The first experiment demonstrates that the requirement on the dictionary to be tight in order to
be identifiable translates to the case of finitely many training samples. For simplicity and to allow
for a visual representation of the outcome it was conducted in R%. We generated 1000 coefficients
by drawing ¢, uniformly at random from the interval [0,0.6], setting ¢; = /1 — ¢3, randomly
permuting the resulting vector and providing it with random =+ signs. We then generated four
sets of signals, using four bases with increasing coherence and the same coefficients, and for
each set of signals found the minimiser of the K-SVD criterion (1) with S = 1. Figure 1 shows
the objective function for the case of an orthonormal basis, while Figure 2 shows the four signal
sets, the generating bases and the recovered bases. As predicted by our theoretical results when
the generating basis is orthogonal it is also the minimiser of the K-SVD criterion, while for
an oblique generating basis the minimiser is distorted towards the maximal eigenvector of
the basis. Since for a 2-dimensional basis in combination with our coefficient distribution the
abstract condition in (35) is always fulfilled, this effect can only be due to the violation of the

tightness-condition.

ksvd-criterion

Fig. 1. The K-SVD-criterion for the signals created from the decaying coefficients and an
orthonormal basis, the admissible dictionaries are parametrised by two angles (6,62), i.e.
¢; = (cosb;,sinb;).

The second experiment illustrates how the local minimum near the generating dictionary
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Fig. 2. Signals created from various bases ® = (¢, ¢2) with increasing coherence p, together

with the corresponding minimiser ¥ = (¢1, v¢2) of the K-SVD-criterion for S = 1.

approaches the generating dictionary as the number of signals increases. As generating dic-
tionary we choose the union of two orthonormal bases, the Hadamard and the Dirac basis,
in dimension d = 4,8, 16, i.e. K = 2d. We then generated 2-sparse signals by first drawing c¢;
uniformly at random from the interval [0.99, 1], setting c3 = /1 — ¢}, meaning ¢, € [0,0.1], and
¢; = 0 for ¢ > 3 and then setting y = ®c¢,, for a uniformly at random chosen sign sequence

o and permutation p. We then run the original K-SVD algorithm as described in [3], with a
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greedy algorithm, and sparsity parameter S = 1, using both an oracle initialisation (i.e. the
generating dictionary) and a random initialisation, on training sets containing 128 - 2" signals
for n increasing from 0 to 7. Figure 3 (a) plots the maximal distance between two corresponding
atoms of the generating and the learned dictionary, d(®, ¥) = max; ||¢; — ti||2, averaged over
10 runs. Figure 3 (b) is designed to be comparable to the experiment conducted for the noisy
{q-criterion in [22] and plots the normalised Frobenius norm between the generating and the

learned dictionary, ||® — ¥||p/VdK3, averaged over 10 runs.

—— d=4, oracle —>— d=4, oracle
OF % - d=4, random |+ x - d=4, random

\X’\ d=8, oracle d=8, oracle
1F d=8, random |- _25F d=8, random |
\ ——d=16, oracle —*—d=16, oracle
o \ x -~ d=16, random | * -~ d=16, random
\ K \
\
\

Iogz(error)
Iog10 (normalised Frobenius error)

. . . . . . _45 . . . .
7 8 9 10 11 12 13 14 2 25 3 3.5 4 45
Iogz(number of signals) Iogm(number of signals)

(a) (b)

Fig. 3. Error between the generating Hadamard-Dirac dictionary ® in R? and the output ¥ of the
K-SVD algorithm with parameter S = 1; the error is measured as d(®, ¥) = max; ||¢; — 4]|2) in (a)
and as ||® — U||x/VdK3 in (b).

As expected we have a log-linear relation between the number of samples and the reconstruc-
tion error. However our predictions seem to be too pessimistic. So rather than an inclination
of —1 we see one of —1 indicating that d(®, U) ~ N ~3. We also see that both the oracle and
the random initialisation lead to the same results, raising the question of uniqueness of the

equivalent local minima, compare also [22].

5.2 Future work

Finally let us point out further research directions based on a comparison of our results for

the K-SVD-minimisation principle to existing identification results. Compared to the available
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identification results for the ¢;-minimisation principle,

i X ,
‘beD,l)T(l:l)I}:@X z | ] |> ( 3)
]

it seems at first glance that the K-SVD-criterion requires a larger sample size than the ¢ -criterion,
ie. N174/log N = O(K3d) as opposed to O(d*logd) reported in [21] for a basis and O(K?)
reported in [17] for an overcomplete dictionary. Also it does not allow for exact identification
with high probability but only guarantees stability. However, this effect may be due to the
more general signal model which assumes decay rather than exact sparsity. Indeed it is very
interesting to compare our results to a recent result for a noisy version of the ¢;-minimisation
principle, [22], which provides stability results under unbounded white noise and, omitting log
factors, also derives a sampling complexity of O(K3d).

Another difference, apparently intrinsic to the two minimisation criteria is that probably the
K-SVD criterion can only identify tight dictionary frames exactly, while the ¢;-criterion allows
identification of arbitrary dictionaries. Thus to support the use of the K-SVD criterion for the
learning of non-tight dictionaries also theoretically, we plan to study the stability of the K-5VD
criterion under non-tightness by analysing the maximal distance between an original, non tight
dictionary with condition number \/B/A > 1 and the closest local maximum, cp. also Figure 2.
Compared to identification results for the ER-SpUD algorithm, [37], our results have the ad-
vantage of being valid also for overcomplete dictionaries and not exactly sparse signals. The
disadvantage is that our results are valid only locally and in case S > 1 only for a criterion,
not an algorithm. An important research direction therefore is to analyse how close the output
of K-SVD is to the local minimum of the K-SVD criterion given the same initialisation in the
general case.

The last research direction we want to point out is how much decay of the coefficients is actually
necessary. For the case S = 1, it is quite easy to see, compare also [33], [34], that a condition
of the type ¢i > ¢z + 2u||c||; ensures that the maximal inner product is always attained at
ip = p~'(1). However, typically we have |(¢;, ®¢, )| & ¢,y + p. Therefore a condition such as
¢1 > c2 + O(u), which allows for outliers, i.e. signals for which the maximal projection is not at
ip, might be sufficient to prove - if not exact identifiability - at least stability. Together with the
inspiring techniques from [22], we expect the tools developed in the course of such an analysis

to allow us also to deal with unbounded white noise.
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APPENDIX A
TECHNICAL DETAILS FOR THE PROOF OF THEOREM 3.1

Lemma A.1. For two frames ®,V we have

EpEq (HPIp (\II)(I)CP:UH%)

(5 (e

where 4% == + ...+ 2.

Z P (D) + ( ) S IPy(w M%) ,

In case ® is a tight frame with frame constant A and ds(V) < 1 this reduces to

A1 —12)S 2 192\ (K
B (1P, 00,13 = 207 (B - 172) () Tiewes.
1

Proof: We have

E, (1P, (9)@c,03) ZE(p()||PI )ail3)

For each i we now split the set of all permutations P into disjoint sets P%,, defined as

P = A{p:p(1) = {1,...,8},p(i) = k},

(74)

(75)

(76)

where I is a subset of {1,..., K} with |[I| =S and k=1... K. We then have P = U[,kP;k, and

(K-S —-1)8! ifi¢land k> S+1
Pil =4 (K—=8)(S—1)! ifi=jeclandk=np())

0 else
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Using these sets we can compute the expectations in (76) as follows

By (2 IPr (9)6il) = K,Zzzcknpf )ill

k pePi,
K
=( ) DI ([ TCoT ( ) LS S aip@e
55 ¢ T k>S+1 S k<S
K 1—¢2 — 2 4+ 42
(%) ( LTS S R ¢sz+SSZHPz(‘P)¢iH§>-
I:i¢1 I:iel

Abbreviating 7% := ¢? + ... + ¢% and re-substituting the above expression into (76) leads to,

K 1-—
(S)EPEG(HPzp(\If)@cp,an%) ”SZZHPI i+ 2 Y Y IPwel
i Iig¢l i Iuel
) S IR

W)+ (
1 Iael

)3 + ( )ZZ 1B (062

I el
>Z||PI )%

If ¢ is a tight frame and d5(¥) < 1, meaning U always has full rank, we have | P/ (V)®|% =
tr(®*Pr(0)* Pr(0)®) = tr(P;(¥)Pd*) = AS, which leads to the second statement. O

<1>|1F+<

Lemma A.2. Let ® be a dictionary with isometry constant 65 < 1 and W be an € perturbation of ®, i.e.
d(®, ) = ¢. So we can write ¥ = ®A+ZW, where A = diag((1—¢2/2);), W = diag((? —¢?/4)1/2),)
for max;e; = € and Z = (z1,...zK) where (z;, ¢;) = 0. Abbreviating Q;(®) = Iy — P;(®), where
Iy is the identity matrix in R¥?, and By = Z;WiA;', where A; = diag((1 — £2/2)icr) and Wy =
diag((e? — &2/4)'/2);e1), we have

2/|Qr(®)Bi7
| Pr(®) — Pr(9)|% < VT—0s (vVI-0s fI;HBIHF) ’

and

2(|Q1(®)By||%|| B 1Q1(®) B ||
V1= —|Bilr  (VT=05—2|Bi|r)?

1Pr(®) 1|7 < @117 — 1Q1(®)Br 7 +

whenever ¢ is small enough.

In particular when & < ¥2=35 we have

21VS
P)B
I1P2(@) = Pr(w)lp < Last- IQUREAE ang () < o - 0.897 - [Qu(@) B -
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Proof: We first compute the projection Pr(V) = U (U730 1)_1\11} in terms of ®; and Bj. Since
ds < 1 the matrix ®7®; is invertible and we can write <1>} = (®3P;) 1 0. We now split ¥; into

the part contained in the span of ®; and the rest,
Uy =P(®)V; + Qr(P)¥;
= QA1+ Pr(®)Z Wi + Qr(®)Z W,
= (®1(1s + ®}Br) + Qu(®)Br) Ay, (77)
Next we calculate (U%W¥;)~1. Using the expression in (77) we have
WA, = A ((]Ig + &1 By)*®%5d(Is + @1 B;) + B;Qj(cb)Bl) Aj.

Using the fact that H<I>H|§2 = ||(®%®r) |22 < (1 — s)~! we can estimate

eV/'S
VI—e2'

Since this is smaller than 1 for € small enough, we can calculate the inverse of (Is +<1>}B 1) using

191 Br |20 < [ ®F[|22]|Brllr < V1 - s (78)

a Neumann series, i.e.
(Is+ 1By~  =Is+ Y (@B,
i=1

with [|(Is + ®1By)~"l2.2 < (1 — || ®1Bj|j2.2)~". This allows us to rewrite U3V, as,

U5, = Ar(Is + @ B)*®5®; (Is + Ry) (Is + ®5B;)Ap,

for Ry = (®5®;) (Is + @/ B;)* ' B;Q(®)Br(Is + ®By) Y, (79)
and we can estimate

|Rrll22 < 1(@5®5) l22ll(Ts + @) Br) " 1321Qr(®) B3

o) By||?
(I2}z3 = 181l
Se?
< 1—¢2
= S 2
1—0s— 275,

For € small enough this is again smaller than 1 and so we can again use a Neumann series to

calculate the inverse,

(Uhw,) ! = A7 (Is + @1 By) ! (115 + Z(—Rﬁ) (@5®;) Y(Ig + @t By) "4
=1
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Thus we finally get for the projection onto the perturbed atoms indexed by I,

Pr(0) = (‘I>1 + Qr(®)Br(Is + (bEBI)_l)
: (Hs + Z(—Rﬁ') (@501) " (@1 +Qu(@)Bi(ls + B ") . @)
i=1

To calculate || P;(®) — Pr(¥)||% up to order O(s?) we need to keep track of all terms involving

By up to second order. We have,
1Pr(®) = Pr(9)|[f = tx(Pr(®)) — tr(Pr(®)Pr(¥)) + tr(Pr(¥))
=285 — 2tr((®5P;) 1O (V) T WD)
=28 —2tr (Hs + Z(—RI)Z) <2 ||R|, (82)
i=1 i=1
and employing the bound for ||R;||r from (80) leads us to,
2(1Q1(®)By][7
Fi-1 2 2
(12153 = 1B1llr)” — 1Qr(@) B2
2/|Q1(®)Br |l - 2/|Q1(®)Br |l

1Pr(®) = Pr(®)|[F <

. 83
" lofigs (1953 - 20Bilr) — VI 05 (VI=ds = 2[Bilr) >
Similarily we get for || Pr(9)®/||%,
1P (9) @[5 = te(PF(WFU) W)
= tr <<I>;<I>] (1[5 + Z(—Rﬁ'))
=1
= tr (9 ®) — tr ((Hs + Z(—CI)J}BI)Z) BiQ(®)Br (Hs + Z(_qﬁB[)i))
i=1 =1
+ tr (CI);(I)] Z(—R])l)
i—2
= tr (®7®y) — tr (BfQr(®)By) — 2tr (B;QI((I))BI Z(—q’}Bl)i>
i=1
—tr <<Z(¢}Bl)i> BiQ1(®)Br Z(q’}BI)i) + tr (‘Iﬁ@l Z(Rl)z) :
=1 =1 =2

Taking into account that the fourth term in the above equation is always smaller than zero we
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finally get the bound,

o o0
1P (@)@ ]7 < 9% = |Qr(®)BillE + 2(1Q1 (@) Br|[ Y 19} Brllp + |97 rRill e Y | Rellp

i=1 i=1
2 ®)B;||%||B d) B4
< 1] — Qs By + LD BEL Bl Q@B
17122 = I1B1llr <|y¢1\\;2—2y\nyyF>
2 ®)B;||%|| B ®)By||%
VI=0s—|Brlr  (V1-3s—2|Billr)
L]
Lemma A.3. For a,b,& > 0,
4b —b?
< implies that e — | <& 85
5_1—1— 1+ 161og(%) P axp<£2> : (%)
Proof: We have
ae v <& & ae » < b < o (a) b2< lo b
Xp | —5- —exp | —— - - == < - - .
Ple b P\ Te) < e #\) e ST e
Since log x < x/2 for « > 0 the last inequality is implied by
b2 b a
> o
g g2 los (b)
which is satisfied as soon as
b _ 1 a 4b
->-(1+,4/1+161 — & < .
§—4< °g<b>> f—1Jm/1+1610g(%)
]
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