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dictionary learning

Given N vectors yn ∈ Rd

Y = (y1, . . . , yN) ∈ Rd×N

N large,

find a decomposition into Φ = (φ1, . . . , φK ) ∈ Rd×K , the
dictionary, and sparse coefficients X = (x1, . . . , xN) ∈ RK×N ,

Y ≈ ΦX where ‖xn‖0 ≤ S � d .

The columns φk are called atoms and normalised, ‖φk‖2 = 1.

K � N � ≡ 0
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dictionaries & why they are useful

DCT-basis (jpg)

Karin Schnass Dictionary Learning 5 / 24



dictionaries & why they are useful

inpainting DCT-basis (jpg)

Karin Schnass Dictionary Learning 5 / 24



dictionaries & why they are useful

inpainting DCT-basis (jpg)

Karin Schnass Dictionary Learning 5 / 24



back to dictionary learning - alternating optimisation

Given a sparsity level S and a dictionary size K , we try to find

min
Ψ∈DK ,X∈XS

‖Y −ΨX‖2
F

non-linear,. . . non-convex,. . . non-trivial,. . .

but it becomes nicer if we keep certain variables fixed, e.g.

fix Ψ : min
X∈XS

‖Y −ΨX‖2
F =

∑
n

min
‖xn‖0≤S

‖yn −Ψxn‖2
2.

⇒ N sparse approximation problems.

fix X :

= YXT (XXT )−1
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back to dictionary learning - alternating optimisation

Given a sparsity level S and a dictionary size K , we try to find

min
Ψ∈DK ,X∈XS

‖Y −ΨX‖2
F

non-linear,. . . non-convex,. . . non-trivial,. . .

but it becomes nicer if we keep certain variables fixed, e.g.

fix Ψ : min
X∈XS

‖Y −ΨX‖2
F =

∑
n

min
‖xn‖0≤S

‖yn −Ψxn‖2
2.

⇒ N sparse approximation problems.

fix X : arg min
Ψ∈Rd×K

‖Y −ΨX‖2
F = YXT (XXT )−1

⇒ a least square problem & renormalisation.
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sparse approximation

Given a dictionary Φ and a signal y we want to minimize

min
‖x‖0≤S

‖y − Φx‖2
2

⇔ min
|I |≤S

‖y − ΦIΦ
†
I y‖

2
2.

If Φ is an orthonormal basis, this is easy.
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‖y − Φx‖2
2 ⇔ min

|I |≤S
‖y − ΦIΦ

†
I y‖

2
2.

If Φ is an orthonormal basis, this is easy.

Algorithm

Calculate x = ΦT y .

Find the locations of the largest S entries of x in magnitude

I = argmax|J|=S ‖xJ‖2
2

Set a = ΦIΦ
T
I y
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sparse approximation
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min
‖x‖0≤S

‖y − Φx‖2
2 ⇔ min
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†
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2
2.

If Φ is an orthonormal basis, this is easy.

Algorithm

Calculate x = ΦT y .

Find the locations of the largest S entries of x in magnitude

I = argmax|J|=S ‖xJ‖2
2

Set a = ΦIΦ
†
I y =: P(ΦI )y

If Φ is only a dictionary, this is called thresholding.
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sparse approximation

Given a dictionary Φ and a signal y we want to minimize

min
‖x‖0≤S

‖y − Φx‖2
2 ⇔ min

|I |≤S
‖y − ΦIΦ

†
I y‖

2
2.

If Φ is an orthonormal basis, this is easy.

Algorithm

Initialise I = ∅, r = y , a = 0.

Repeat until |I | = S

Find i = argmaxj |〈φi , r〉|
Update I ← I ∪ {i} and r = y − ΦIΦ

T
I y .

Set a = ΦIΦ
T
I y
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sparse approximation

Given a dictionary Φ and a signal y we want to minimize

min
‖x‖0≤S

‖y − Φx‖2
2 ⇔ min

|I |≤S
‖y − ΦIΦ

†
I y‖

2
2.

If Φ is an orthonormal basis, this is easy.

Algorithm

Initialise I = ∅, r = y , a = 0.

Repeat until |I | = S

Find i = argmaxj |〈φi , r〉|
Update I ← I ∪ {i} and r = y − ΦIΦ

†
I y = y − P(ΦI )y .

Set a = ΦIΦ
†
I y = P(ΦI )y

If Φ is only a dictionary, this is called Orthogonal Matching Pursuit.
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MOD, K-SVD, ITKrM

Choose (be given) a sparsity level S a dictionary size K and

min
Ψ∈DK ,X∈XS

‖Y −ΨX‖2
F
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MOD, K-SVD, ITKrM

Choose (be given) a sparsity level S a dictionary size K and

min
Ψ∈DK ,X∈XS

‖Y −ΨX‖2
F

Algorithm (MOD - Method of Optimal Directions)

Given an input dictionary Ψ and N training signals yn do:

For all n use OMP to sparsely approximate yn

an = P(ΨIn)yn = Ψxn ⇔ xn|In = Ψ†Iny , xn|I cn = 0.

Calculate

Ψ̄ = YXT (XXT )−1

Update: ψk ← ψ̄k/‖ψ̄k‖2.
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MOD, K-SVD, ITKrM

Choose (be given) a sparsity level S a dictionary size K and

min
Ψ∈DK ,X∈XS

‖Y −ΨX‖2
F

Algorithm (K-SVD)

Given an input dictionary Ψ and N training signals yn do:

For all n use OMP to sparsely approximate yn

an = P(ΨIn)yn = Ψxn ⇔ xn|In = Ψ†Iny , xn|I cn = 0.

For all k calculate

Rk =
∑
n:k∈In

[yn −Ψxn + ψkxn(k)][yn −Ψxn + ψkxn(k)]T .

Update: ψk ← arg max‖v‖2=1 ‖Rkv‖2, (via K SVDs).
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MOD, K-SVD, ITKrM

Choose (be given) a sparsity level S a dictionary size K and

min
Ψ∈DK ,X∈XS

‖Y −ΨX‖2
F

Algorithm (Iterative Thresholding and K residual means - ITKrM)

Given an input dictionary Ψ and N training signals yn do:

For all n use thresholding to sparsely approximate yn

an = P(ΨIn)yn = Ψxn ⇔ xn|In = Ψ†Iny , xn|I cn = 0.

For all k calculate

ψ̄k =
∑
n:k∈In

[
yn −Ψxn + ψk〈ψk , yn〉

]
· sign(〈ψk , yn〉).

Update: ψk ← ψ̄k/‖ψ̄k‖2.
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some learned dictionaries

MOD K-SVD ITKrM

83s 204s 30s
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and how they are doing
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how can we do math with this?

If y ∼ N (0, Id) no algorithm will find a good dictionary, because it
does not exist

unless K ≈ ed , (≡ a packing problem).

A simple S-sparse model:
Fix Φ ∈ DK and coefficients c with c1 ≥ c2 . . . ≥ cS > 0 and
ck = 0 for k > S . Choose a permutation p of {1 . . .K} and signs
σ ∈ {−1, 1}K uniformly at random and set

y =
S∑

i=1

ciσiφp(i) =: ΦI xI with I = {p(1), . . . p(S)} (1)

Question: Can an algorithm recover Φ given N samples
Y = (y1, . . . yN) and a good/random/any initialisation?

Quick Answers:
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how can we do math with this?

If y ∼ N (0, Id) no algorithm will find a good dictionary, because it
does not exist unless K ≈ ed , (≡ a packing problem).

A simple S-sparse model:
Fix Φ ∈ DK and coefficients c with c1 ≥ c2 . . . ≥ cS > 0 and
ck = 0 for k > S . Choose a permutation p of {1 . . .K} and signs
σ ∈ {−1, 1}K uniformly at random and set

y =
S∑

i=1

ciσiφp(i) =: ΦI xI with I = {p(1), . . . p(S)} (1)

Question: Can an algorithm recover Φ given N samples
Y = (y1, . . . yN) and a good/random/any initialisation?

Quick Answers: Only up to signs and permutations

Y = ΦX ⇒ Y = ΦDP · PDX .
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how can we do math with this?

If y ∼ N (0, Id) no algorithm will find a good dictionary, because it
does not exist unless K ≈ ed , (≡ a packing problem).

A simple S-sparse model:
Fix Φ ∈ DK and coefficients c with c1 ≥ c2 . . . ≥ cS > 0 and
ck = 0 for k > S . Choose a permutation p of {1 . . .K} and signs
σ ∈ {−1, 1}K uniformly at random and set

y =
S∑

i=1

ciσiφp(i) =: ΦI xI with I = {p(1), . . . p(S)} (1)

Question: Can an algorithm recover Φ given N samples
Y = (y1, . . . yN) and a good/random/any initialisation?

Quick Answers: Not if

µ(Φ) := max
i 6=j
|〈φi , φj〉| = 1.
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ideally the generating dictionary is a fixed point

We know

Y = ΦX with ‖xn‖0 = S .
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Algorithm (MOD)

Given an input dictionary Ψ and N training signals yn do:

For all n use OMP to sparsely approximate yn
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ideally the generating dictionary is a fixed point

We know

Y = ΦX with ‖xn‖0 = S .

Algorithm (MOD)

Given an input dictionary Ψ = Φ and N training signals yn do:

For all n use OMP to sparsely approximate yn

an = P(ΦIn)yn = Φxn ⇔ xn|In = Φ†Iny , xn|I cn = 0.

Calculate

Ψ̄ = YXT (XXT )−1 = ΦXXT (XXT )−1 = Φ

Update: ψk ← ψ̄k/‖ψ̄k‖2 = φk .
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We know

Y = ΦX with ‖xn‖0 = S .

Algorithm (K-SVD)

Given an input dictionary Ψ = Φ and N training signals yn do:

For all n use OMP to sparsely approximate yn

an = P(ΦIn)yn = Φxn ⇔ xn|In = Φ†Iny , xn|I cn = 0.

For all k calculate

Rk =
∑
n:k∈In

[φkxn(k)][φkxn(k)]T =
∑
n:k∈In

xn(k)2φkφ
T
k

Update: ψk ← arg max‖v‖2=1 ‖Rkv‖2 = φk .
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ITKrM is quite well understood theoretically

Theorem (M.C. Pali & K. S.)

Assume that the signals yn follow model (1) for coefficients with gap c(S+1)/c(S) ≤ γgap , dynamic sparse range
c(1)/c(S) ≤ γdyn , noise to coefficient ratio ρ/c(S) ≤ γrho and relative approximation error

‖c(Sc )‖2/c(1) ≤ γapp ≤ 12
7

log K . Further, assume that the coherence and operator norm of the current
dictionary estimate Ψ satisfy,

µ(Ψ) ≤
1

20 log K
and ‖Ψ‖2

2,2 ≤
K

134e2S log K
− 1.

If d(Ψ,Φ) ≥ 1
32

√
S

but the cross Gram matrix Φ?Ψ is diagonally dominant in the sense that

min
k
|〈ψk , φk〉| ≥max

{
8 γgap · max

k
|〈ψk , φk〉|,

40 γrho ·
√

log K ,

48 γdyn · log K · µ(Φ,Ψ),

14 γdyn ·
√
‖Φ‖2

2,2S log K/(K−S)

}
,

then one iteration of ITKrM using N training signals will reduce the distance by at least a factor κ ≤ 0.94,
meaning d(Ψ̄,Φ) ≤ 0.94 · d(Ψ,Φ), except with probability

2K exp

− NC2
r γ

2
1,S · ε

768K max{S, ‖Φ‖2
2,2 +1}

3
2

 + 2K exp

− NC2
r γ

2
1,S · ε

2

512K max{S, ‖Φ‖2
2,2 +1}

(
1 + dρ2

)
 .
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MOD & K-SVD not so much

because we first need to understand OMP.

Theorem (J. Tropp ’04)

OMP will succeed for y = ΦI xI , that is, recover any support I with
|I | = S , if

2µS ≤ 1.

Remember µ = maxi 6=j |〈φj , φi 〉|.

Proof idea:
OMP will succeed if for any J ⊂ I with Jc = I\J the residual

rJ = y − P(ΦJ)y = ΦJcxJc − P(ΦJ)ΦJcxJc

satisfies maxi∈I |〈φi , rJ〉| > maxj /∈I |〈φj , rJ〉|.
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pessimistic but nothing we can do...
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unless we look at decaying coefficients...
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and add randomness, xi = ciσi .

Idea: |〈φi , rJ〉| ≈ |〈φi ,ΦJcxJc 〉| ≈ ci ± |
∑
k∈Jc

ckσk〈φi , φk〉|

 |xi | ± ‖xJc‖2 · µ

Decay reduces the destructive energy of not recovered atoms

and the number of likely intermediate supports J.
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I will not bore you with technicalities...

let’s just say that you need

to be a little creative to further reduce the number of
intermediate subsets for which you need concentration

and to remember that for λ ∈ (0, 1)

(1− λ)1/λ < e−1.

Theorem (simplest case)

Assume that the support I satisfies δI := ‖ΦT
I ΦI − IS‖2,2 ≤ 1

2 and
additionally that the sorted coefficients ci form a subgeometric
sequence with parameter α < 1 meaning ci+1 ≤ αci . Then OMP
will recover the correct support except with probability 2SK 1−m as
long as

Sµ2 . 1− α and Sµ2
√
m logK .

√
1− α
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instead some pretty pictures

OMP Thresholding

Percentage of correctly recovered supports for noiseless signals with various sparsity levels and coefficient decay
parameters in the Dirac-DCT dictionary (top) and the Dirac-DCT-random dictionary (bottom).
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average success with perturbations

In dictionary learning we have: y = ΦI xI
and need to recover I using Ψ rather than Φ.

Let’s see what happens if

ψk = γkφk + ωkzk

(γ2
k + ω2

k = 1 and zk chosen uniformly from the sphere Sd−1 ⊥ φk .)

OMP Thresholding

So maybe thresholding is not cheap but sensible.
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back to dictionary learning...

Algorithm (K-SVD)

Given an input dictionary Ψ and N training signals yn do:

For all n use OMP to sparsely approximate yn

an = P(ΨIn)yn = Ψxn ⇔ xn|In = Ψ†Iny , xn|I cn = 0.

For all k calculate

Rk =
∑
n:k∈In

[yn −Ψxn + ψkxn(k)][yn −Ψxn + ψkxn(k)]T .

Update: ψk ← arg max‖v‖2=1 ‖Rkv‖2, (via K SVDs).

and the smallprint in OMP:
Assume that the support I satisfies δI := ‖ΦT

I ΦI − IS‖2,2 ≤ 1
2 , ...
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conditioning of random supports

Theorem (S. Chretien & S. Darses)

Let Φ be a dictionary with coherence µ and operator norm
B = ‖Φ‖2,2. If I is chosen uniformly at random from all subsets
J ⊂ {1 . . .K} with |J| = S then for δ ∈ (0, 1)

P
(
‖ΦT

I ΦI − IS‖ ≥ δ
)
≤ 216K exp

(
−min

{
δ

2µ
,
δ2K

4e2SB2

})
.

But actually we need

Also dictionaries for real data are not used uniformly:
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conditioning of random supports (non uniform)

We can model this using weights pk ≥ 0 for k ∈ K with∑
pk = S , and choosing a support I according to

P(I ) =

{
1
c

∏
i∈I pi

∏
j /∈I (1− pj) if |I | = S

0 else

Theorem (S. Ruetz & K.S.)

Let δ ∈ (0, 1). Define the diagonal matrix W with Wkk =
√
pk and

set B = max{‖WΦT‖2,2, ‖WΨT‖2,2}. Then we have for I being
chosen according to the model above

P
(
‖ΦT

I ΨI − DI‖ ≥ δ
)
≤ 216K exp

(
−min

{
δ

2µ
,

δ2

4e2B2

})
.
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I could go on forever...
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...but I’m out of time

Questions

Thanks for your attention!!

Comments
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