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Abstract

The present Habilitation thesis comprises works of the author, collected in 11 published
papers and 2 additional accepted papers. This material constitutes the core of the au-
thor’s research from his first Post-Doc position started in October 2018 till today and all
the published papers presented here appeared in print in the years between 2020 and
2024. All papers revolve around the study of the structure of Banach spaces, particu-
larly non-separable ones. For convenience, we separated the thesis in four mutually
connected parts, corresponding to the papers indicated in the subsequent section. An
introduction to the contents of each part, together with an explanation of the connection
between different parts, will be given in the Introduction below.

Keywords: Non-separable Banach spaces; Smoothness and Renorming; Dense sub-
spaces; Structure theory of non-separable Banach spaces; norming Markushevich bases;
Descriptive Topology; Metric geometry; Lineability; Lipschitz-free spaces; Banach spaces
of Lipschitz functions; Schauder bases; Approximation properties; Higher-order smooth-
ness; Fundamental biorthogonal systems; Operator ranges; Asplund Banach spaces;
Weakly compactly generated Banach spaces; Banach spaces of continuous functions;
Eberlein, Corson, Valdivia compact spaces; weakly Corson compact spaces; Coarse-
wedge topology on trees; Overcomplete sequences; Complemented subspaces; Banach
spaces of homogeneous polynomials; Hyperbolic spaces; Tilings.
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Introduction

The study of structural properties of Banach spaces becomes radically more compli-
cated when passing from finite-dimensional Banach spaces, to (infinite-dimensional)
separable ones, and then to non-separable spaces. For instance, in finite-dimensional
Banach spaces the compactness of the unit ball forces the existence of a unique linear
topology on the space; in particular, one deduces the equivalence of all norms and the
continuity of all linear transformations. One more aspect of this is the existence of a
Euclidean structure (i.e., an orthonormal basis) on every space. Moreover, the existence
of Lebesgue measure permits to perform convolution arguments which then result in a
complete smoothness theory: the existence of C∞-smooth partitions of unity allows for
smooth approximation of continuous functions and the existence of smooth norms.

In the infinite-dimensional framework all these properties break down. The unit ball
BX of a Banach space X is no longer compact, which results in the existence of discontin-
uous linear functionals and hence of non-equivalent norms. Moreover, one is then led
to consider different natural linear topologies, such as the w topology on X and the w∗

topology on X ∗; it then becomes a non-trivial matter to understand which is the correct
linear topology to consider for a certain problem and which are the connections between
different such topologies. Additionally, orthonormal bases only exist in Hilbert spaces
and, while (unconditional) Schauder bases are an effective replacement of orthonormal
ones, they also fail to exist in some separable Banach spaces (even in classical spaces,
in case of unconditional bases). The fact that every separable Banach space admits a
Markushevich basis (M-basis, for short) illustrates another instance where the choice
of the correct system of coordinates is part of the problem at hand. Concerning the
renorming theory, it remains valid that several renorming options are still available, for
example let us just mention here the existence of a locally uniformly rotund norm, or of
a Gâteaux differentiable one, on every separable Banach space. On the other hand, the
existence of a Fréchet smooth norm on a separable Banach space X forces the separabi-
lity of X ∗; to wit, there is no (Fréchet) smoothness theory for a general separable Banach
space. Further, in infinite-dimensions Gâteaux and Fréchet smoothness are distinct no-
tions also for Lipschitz functions.

When considering non-separable Banach spaces the situation becomes even more
intricate. For separable X , the dual unit ball BX ∗ is a compact metrisable space in the
w∗ topology. For non-separable X , (BX ∗ , w∗) remains compact but now fails to be metri-
sable, which leads to several additional complications; for example the dual ball might
fail to be sequentially compact in the w∗ topology. Concerning coordinate systems, there
are natural examples of Banach spaces that do not admit any M-basis, such as ℓ∞. It is
even equi-consistent with the usual ZFC axioms that there exist non-separable Banach
spaces that admit no uncountable biorthogonal systems; hence, they admit no coordi-
nate system whatsoever that could capture the non-separable structure. The renorming
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theory is also weaker, as witnessed for instance by some rigidity results asserting that
every renorming of a certain Banach space X contains a fixed Banach space Z isomet-
rically. For example we quote Partington’s results that every renorming of ℓc

∞(Γ), Γ
uncountable, contains ℓc

∞(ω1) isometrically and every renorming of ℓ∞/c0 contains ℓ∞
isometrically. As a simpler instance, ℓ∞ doesn’t admit any LUR norm.

Because of these reasons, the research in non-separable Banach space theory usu-
ally focuses on distilling ‘large’ classes of ‘well-behaved’ non-separable Banach spaces,
where stronger results could be obtained. These classes usually consist of generalisa-
tions of the class of separable Banach spaces with the hope that they would retain cer-
tain properties of separable spaces. As it happens, these classes are frequently defined
by some topological property of the w∗ compact dual unit ball, which are then proved to
imply some structure property on the space, such as good coordinate systems. In turn,
such coordinate systems enhance renorming possibilities. As a sample, let us mention
the class of weakly Lindelöf determined Banach spaces, that are defined by stipulating
the dual ball to be a Corson compact and can be characterised by the existence of an M-
basis that countably supports the dual space. In turn, the existence of such an M-basis
yields a LUR renorming.

The topics of this thesis also witness this interaction between topological properties,
structural results (such as existence of coordinate systems), and renorming results. The
exposition is divided in four parts, the first three being dedicated to these topics and
the fourth one collecting some additional results that are less directly connected with
the above parts. As it should be expected the first three parts are tightly connected one
another; for instance some sections of papers in one part would more naturally belong
to a different part of the thesis.

Smoothness in dense subspaces

It is by now a well-known fact that the existence of a smooth bump (namely, a non-zero
function with bounded support) on a Banach space X carries several deep structural
consequences for X . For example, the presence of a C1-smooth bump implies that X is
Asplund, [Fa’87b], while the presence of an LFC bump yields that X is a c0-saturated
Asplund space, [FZ’97, PWZ’81]. If X admits a C2-smooth bump, then either it con-
tains a copy of c0, or it is super-reflexive with type 2, [FWZ’83]. Finally, if X admits a
C∞-smooth bump and it contains no copy of c0, then it has exact cotype 2k, for some
k ∈ N, and it contains ℓ2k, [De’89]. As it turns out, the proofs of the above results in-
volve at some point the completeness of X , frequently via the appeal to some form of
variational principles, such as the Ekeland variational principle [Ek’74], or the compact
variational principle [DF’89]. Moreover, results concerning the best order of smoothness
for concrete Banach spaces also involve completeness in their proofs, [DGZ’93].

On the other hand, there seems to be no obvious reason why completeness should
play an essential role in the above results. Accordingly, several authors asked different
version of the general question whether the existence of a smooth norm on a large subset
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of X should imply some structural consequences for the space. Quoting [BL’00, p. 96],
it is unknown if the above result on C1-smooth bumps ‘can be strengthened to say that if X
is separable and the set where the norm fails to be Fréchet differentiable is "small" in some sense,
then X ∗ is separable’. For instance, it is unknown if there is a norm on ℓ1 that is Fréchet
differentiable outside a countable union of hyperplanes, [GMZ’16, Problem 148]. An-
other open problem is whether X must be Asplund provided that the restriction of its
norm to every closed subspace admits points of Fréchet differentiability.

A good testing ground for the above problems could be to try constructing smooth
norms in normed spaces of countable dimension, since those are the farthest possible
to an infinite-dimensional Banach space. Such an attempt was indeed considered in
the Nineties, leading to Vanderwerff’s construction of a C1-smooth norm in such spaces
[Va’95] and to Hájek’s construction of a C∞-smooth one [Há’95]. In particular, for a sepa-
rable normed space X the existence of a C1-smooth norm does not imply that X ∗ is sepa-
rable, a result that is quite surprising at first sight. Moreover, under the same conditions,
X also admits a polyhedral norm, [DFH’98]. A slight reformulation of these results is
that every separable Banach space admits a dense subspace with a C∞-smooth norm as
well as a polyhedral one. Having such rather strong results for separable spaces, it was
natural to investigate the non-separable counterpart to these results. This was for in-
stance suggested in [GMZ’16, Problem 149], where the problem is asked for ℓ1(Γ), and
undertook by Dantas, Hájek, and the author in the papers [DHR’20, DHR’23, DHR’24].

The paper [DHR’20], published in the Journal of Mathematical Analysis and Applica-
tions in 2020, is the one where the problem was stated for the first time in its full gener-
ality as follows: given a Banach space X , is there a dense subspace Z of X that admits
a Ck-smooth norm, for some k ∈ N ∪ {∞, ω}? (By definition, Cω means analytic.) The
first obtained result is a sharpening of the separable results from the Nineties, by obtain-
ing that normed spaces of countable dimension admit analytic norms (and that analytic
norms are dense in the set of equivalent norms). The same technique also proves that
the space of finitely supported vectors in ℓ1(c) admits an analytic norm; however, it re-
mained open whether this result extends to ℓ1(Γ) for all sets Γ. The second main result
of [DHR’20] is that the linear span Z of a long unconditional basis in a Banach space X
also admits a C∞-smooth norms. In particular, this answers [GMZ’16, Problem 149], by
getting a C∞-smooth norm in the space of finitely supported vectors in ℓ1(Γ).

Even though these results were already fairly promising, they present at least three
drawbacks. First and foremost, the assumption that X admits a long unconditional ba-
sis is quite restrictive; secondly, in this last result, the argument wasn’t flexible enough
to additionally give the density of smooth norms; last, the existence of smooth norms
could only be assured on one specific dense subspace. The first two problems were suc-
cessfully handled in the subsequent paper [DHR’23], while the third problem motivated
the results from [HR’20] and [DHR’24].

Let us follow the logical order instead of the chronological one and pass to the pre-
sentation of [DHR’23], published in International Mathematics Research Notices in 2023.
The main motivation for the paper was to extend the above results beyond the case of
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long unconditional bases and to obtain a theory of smoothness in dense subspaces for
certain well-known classes of non-separable Banach spaces. The main output of the pa-
per is the following result. If X is a Banach space that admits a fundamental biorthog-
onal system, then the linear span Z of such a system admits a C∞-smooth norm that
locally depends on finitely many coordinates (LFC, for short) as well as a polyhedral
norm that is also LFC. Moreover, such norms are dense in the space of all equivalent
norms (here and throughout, when talking about norm approximation we understand
uniform convergence on bounded sets). Combining this result with known techniques
from smoothness, such as Haydon’s method for constructing partitions of unity [Ha’96]
and Hájek–Procházka’s construction of C1-smooth LUR norms [HPr’14], one also ob-
tains the following. The space Z also admits locally finite, σ-uniformly discrete C∞-
smooth and LFC partitions of unity; moreover, Z admits a C1-smooth LUR norm and
every equivalent norm can be approximated by such norms.

Consequently, the existence of a fundamental biorthogonal system leads to a com-
plete smoothness theory on a dense subspace, thereby substantially strengthening the
conclusion of results from [DHR’20]. Moreover, the assumption on X is now consid-
erably more general, as the existence of a fundamental biorthogonal system is assured
for many classes of non-separable Banach spaces. Here we thus have a connection to
the topic of the second part, as structural properties of certain classes of Banach spaces
enter the theory of smoothness. For a detailed description of the classes of spaces that
the result applies to, we refer to the introduction of [DHR’23], where this is explained at
large. Here we just mention that every Plichko space admits a fundamental biorthogo-
nal system, hence the result covers reflexive spaces, weakly compactly generated ones,
ℓ1(Γ) for every set Γ, every L1(µ) space, and every C(K) space, where K is a Valdivia
compactum or an Abelian compact group.

Throughout the papers [DHR’20] and [DHR’23] the dense subspace where a smooth
norm is defined always has the form of the linear span of a (fundamental) biorthogonal
system; in particular, it has countable dimension in the case when X is separable. The
natural question then arose whether the same results could be pushed to hold for some
different dense subspaces, for instance if every dense subspace could contain a further
dense subspace where the same results would be true. Another natural quest would
be to find a counterexample to the general problem, namely a Banach space X such
that none of its dense subspaces admits a smooth norm. Heuristically, if one could
prove some result asserting that all dense subspaces of a Banach space behave similarly
in some respect, then the above questions would simplify considerably. For instance,
it would be conceivable that there exists a dense subspace Z such that every dense
subspace of X would contain an isomorphic copy of Z ; such a Z could be seen as a
common kernel of all dense subspaces. Then, the answer to the above questions would
only depend on the answer for the specific subspace Z .

This question was the explicit motivation for the paper [HR’20], published in the
Journal of Functional Analysis in 2020, where the notion of densely isomorphic normed
spaces is introduced. Two normed spaces X and Y are densely isomorphic if there are
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dense subspaces X0 and Y0 of X and Y respectively that are isomorphic. The existence
of a common kernel Z as before would then imply that all dense subspaces of X are
mutually densely isomorphic. However, the main result in [HR’20] is that in general
there are dense subspaces of a Banach space that fail to be densely isomorphic. More
precisely, every non-separable WLD Banach space X contains two dense subspaces that
fail to be densely isomorphic. Moreover, if the density character of X is at most c,
there are two dense subspaces with no non-separable mutually isomorphic subspaces.
In other words, two dense subspaces of a Banach space, not only might fail to admit
a dense kernel, but even might not admit a non-separable kernel, thus witnessing the
extreme diversity of dense subspaces of a Banach space.

A different approach to the same result is also given in the paper, via the following
result (which can be considered to be the main output of the paper). Under the assump-
tion of the Continuum Hypothesis, every WLD Banach space X with density equal to
c contains a dense subspace without any uncountable biorthogonal system. It is then
easy to show that such a subspace is not densely isomorphic to the linear span of an
M-basis of X . Besides, the result yields a counterpart for normed spaces to several con-
sistent constructions of non-separable Banach spaces without uncountable biorthogonal
systems.

Notwithstanding the pessimistic conclusions obtained in [HR’20], in some particu-
lar cases it has been possible to construct smooth norms in dense subspaces that are not
the linear span of a biorthogonal system, but are in some sense larger. This has been
achieved in [DHR’24], published in Revista Matemática Complutense in 2024. More pre-
cisely, it is proved there that for p ∈ [1, ∞), the dense subspace Zp of ℓp(Γ) comprising
all vectors that are q-summable for some q ∈ (0, p) also admits a C∞-smooth and LFC
norm. Interestingly, when p > 1, the subspace Zp contains a dense operator range,
given by a continuous injection of ℓ1(Γ); thus C∞-smooth norms can also exist in dense
subspaces that are operator ranges. The relevance of this remark is that operator ranges
bear a certain form of completeness, that is not shared by all normed spaces. Therefore,
building smooth norms on (dense) operator ranges is in principle harder than building
those on normed spaces that are the linear span of a biorthogonal system; accordingly,
the results presented here require stronger assumptions on the space.

Norming Markushevich bases

Among the various classes of non-separable Banach spaces that have been considered
in the literature the most investigated and well-known one is the class of weakly com-
pactly generated (or WCG) Banach spaces, introduced by Amir and Lindenstrauss in
their Annals paper [AL’68]. WCG spaces constitute a common generalisation of separa-
ble and reflexive Banach spaces; besides these examples, also c0(Γ) for every set Γ and
L1(µ) for every finite measure µ are canonical examples of WCG Banach spaces. Among
the most important properties of WCG spaces is the existence of a projectional resolu-
tion of the identity (PRI, for short), a well-ordered collection of norm-one projections
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onto smaller subspaces, that satisfy certain continuity and compatibility conditions. In
essence, a PRI yields a canonical way to decompose a Banach space into smaller well-
behaved pieces, from which information on the space can be reconstructed, arguing by
transfinite induction on the density character of the space. For instance, the existence
of a PRI in a WCG space X was used in [AL’68] to build an M-basis in X ; hence, X
admits an injection into c0(Γ) and therefore a strictly convex renorming. Shortly after,
PRI’s were used by Troyanski [Tr’70] and subsequently Zizler [Zi’84] in the celebrated
renorming theorem giving an LUR norm in every WCG Banach space.

The papers presented in this part [HR’25+, HRST’21, RS’23] are all dedicated to the
study of the connection between WCG Banach spaces and norming M-bases. We de-
cided not to present them in chronological order, because the paper [HR’25+] surveys
recent results on norming M-bases and in particular contains a detailed overview of
the problem and the results contained in [HRST’21] and [RS’23], therefore it fits best as
opening to this part. Let us now briefly describe some results from the literature in-
dicating a connection between WCG Banach spaces and norming M-bases; for a more
detailed outline we refer to [HR’25+, Section 4].

We already mentioned the results of Amir–Lindenstrauss [AL’68] and Troyanski
[Tr’70] that every WCG Banach space admits a PRI and an LUR norm. Subsequently,
John and Zizler [JZ’74] modified the construction of a PRI from [AL’68] and obtained
the existence of a PRI in every Banach space with 1-norming M-basis; hence, one infers
that Banach spaces with norming M-basis admit an LUR renorming. It was then natu-
ral to conjecture the existence of an implication between the notions WCG spaces and
norming M-bases. However, the example of ℓ1(Γ), that admits a norming M-basis and
fails to be WCG, immediately dashed the most optimistic hope that a Banach space is
WCG if and only if it admits a norming M-basis. In the same paper the authors asked
whether every WCG Banach space must admit a norming M-basis; the problem even-
tually became one of the classical problems in Banach space theory and was reiterated
multiple times in several articles and books, see, e.g., [GMZ’16, Problem 111], until its
recent negative solution due to Hájek [Há’19].

As we said, the converse implication is easily seen to be false in general. However,
several results since the Seventies strongly hinted towards the fact that the converse
might be true under the additional assumption that the space is Asplund. In fact, Fabian
[Fa’87a] proved that every WCD (weakly countably determined) Asplund space admits
a shrinking M-basis and hence it is WCG. Fabian’s argument consists in working in X
and in X ∗ simultaneously to build a PRI in X such that the adjoints of the projections
form a PRI in X ∗ (such a PRI is usually called shrinking). Then this combines with a
result of Vašák [Va’81] who built a shrinking M-basis from a shrinking PRI. In a similar
vein, Valdivia built a shrinking PRI in WLD Asplund spaces, [Va’88, Lemma 2]. More-
over, at the same time of [Fa’87a], Fabian and Godefroy [FG’88] built a PRI in the dual
of every Asplund space. Therefore, the Asplund assumption is responsible for the ex-
istence of a PRI in the dual space, while the WCD (or WLD) one yields a PRI in the
space. Fabian’s method from [Fa’87a] actually consisted in merging the two techniques
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to obtain compatible projections in the space and in the dual simultaneously (see the ex-
planation in [Fa’97, Chapter 8] or [DGZ’93, Sections VI.2–VI.4]). However, as we said,
John and Zizler [JZ’74] built a PRI in presence of a 1-norming M-basis in X . Therefore,
it was natural to conjecture that one could also glue the techniques from John–Zizler
[JZ’74] with these from Fabian–Godefroy [FG’88] to build a shrinking PRI in Asplund
spaces with a norming M-basis. That it were the case was indeed conjectured in the
early Nineties by Godefroy, see, e.g., [GMZ’16, Problem 112]; equivalently, the conjec-
ture was that Asplund spaces with norming M-bases are WCG. The negative answer to
this conjecture has recently been given by Hájek, Somaglia, Todorčević, and the author
in [HRST’21].

Before we explain the contents of [HRST’21] in more detail, let us discuss the survey
paper [HR’25+], that has recently been accepted for publication in Pure and Applied Func-
tional Analysis. The main part of the paper can be considered to be Section 4 there that
explains the context to the problems of John–Zizler and Godefroy that we mentioned
before and explains some ingredients in their solutions from [Há’19] and [HRST’21].
Before this, the first three sections give a rather self-contained introduction to the theory
of norming M-bases and to some classes of non-separable Banach spaces, such as WCG,
WLD, and Plichko spaces. In particular, Section 2 gives several elementary remarks and
examples concerning norming M-bases and their connection to (long) Schauder bases;
this part requires essentially no prerequisites and can be seen as an introduction to the
area for the readers who wouldn’t be familiar with it. The third section gathers the defi-
nition and some characterisations of the above-mentioned classes, with particular focus
on topological properties of the dual ball, existence of M-bases with additional prop-
erties, and topological characterisations of those C(K) spaces that belong to the class.
This section is thus closely connected to the topological aspects in non-separable Banach
spaces, that we will describe further in the third part of this thesis. As a sample, let us
mention here that a Banach space X is WCG if and only if it admits a weakly compact
M-basis, i.e., an M-basis {eα; φα}α∈Γ such that {eα}α∈Γ ∪ {0} is weakly compact in X .
This is easily seen to be equivalent to the fact that the evaluation map

ev : X ∗ → RΓ : φ 7→ (⟨φ, eα⟩)α∈Γ

has values in c0(Γ). Note that one can assume without loss of generality that ∥eα∥ = 1,
whence ev[BX ∗ ] ⊆ c0(Γ) ∩ [−1, 1]Γ. As a consequence of this, one infers that X is a
subspace of a WCG space if and only if (BX ∗ , w∗) is an Eberlein compactum. When X
is a C(K) space, this characterisation simplifies to the fact that C(K) is WCG if and only
if K is Eberlein, if and only if (BC(K)∗ , w∗) is Eberlein.

The second part of the paper, comprising Sections 5 to 7, highlights some directions
for future research and points out explicitly some particular open problems. The first
direction analyses the open problem if an Asplund C(K) space with norming M-basis
is WCG, namely Godefroy’s problem for C(K) spaces. This problem has been consid-
ered first in [RS’23], where a positive answer has been given in some particular cases;
we shall describe these results below. The section also contains an outline of a possi-
ble strategy for solving the problem together with some open problems that originate
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from this strategy. Section 6 is dedicated to the heredity problem for norming M-bases,
namely the problem whether the existence of a norming M-basis passes from a Banach
space to its closed subspaces. In the section we revise some results giving a positive an-
swer under additional assumptions on the subspace and mention some specific spaces
for which the problem is open. Finally, Section 7 is dedicated to open problems concern-
ing semi-Eberlein compacta, a class of compact spaces connected to WCG spaces. Such
a topic really belongs to the topological theory, hence we will say more about it in the
third part of the thesis.

As we mentioned, the negative answer to Godefroy’s problem for a general Banach
space has been given by Hájek, Somaglia, Todorčević, and the author in [HRST’21], pub-
lished in Advances in Mathematics in 2021. As it turns out, the result is actually stronger,
because the Banach space Xϱ that we constructed, besides being an Asplund space with
norming M-basis and not being WCG, also admits the following stronger property: Xϱ

admits a 1-norming M-basis that is additionally an Auerbach basis and a long mono-
tone Schauder basis. The construction of the space is crucially based upon Todorčević’s
theory of walks on ordinals, developed in [To’87] and [To’07]. In essence, the core of the
argument consists in the construction of a compact space Kϱ, depending upon a certain
ordinal metric ϱ, and then the desired counterexample is a rather explicit subspace of
C(Kϱ). The topological counterpart to the construction, namely the construction of Kϱ,
also led to a solution to some open question, as Kϱ is a (scattered) semi-Eberlein com-
pact space that admits a weak P-point, whose existence solved a problem due to Kubiś
and Leiderman, [KL’04].

At first sight the above counterexample seems quite close to being a C(K) space,
since C(Kϱ) is an Asplund space that fails to be WCG. However, it is not known whether
C(Kϱ) admits a norming M-basis, therefore an actual C(K) counterexample is still not
available. On the other hand Hájek’s counterexample from [Há’19] is a C(K) space,
which motivated the question whether Godefroy’s problem might possibly have a po-
sitive answer for C(K) spaces. This problem has been faced in [RS’23], published in
Mathematika in 2023. The most natural compact space K to consider for this problem
is K = [0, ω1], for which space an answer has been given by Alexandrov and Plichko
[AP’06]: the Banach space C([0, ω1]) does not admit any norming M-basis. The simplest
reason why such a space would be a good candidate to consider is that C([0, ω1]) is an
Asplund space that is not WCG; however there is much more than this, as explained
in [HR’25+, Section 5]. The main motivation for [RS’23] was to generalise this result in
order to get a positive solution to Godefroy’s problem for C(K) spaces. In short, the
outcome of this research is the following: Alexandrov–Plichko’s method cannot solve
the problem in full generality, but it does give an answer in some interesting particu-
lar cases. In particular, the main result of the paper is that C([0, ω1]) does not embed
in a Banach space with a norming M-basis. As a consequence, one obtains the result
that C(K) does not admit a norming M-basis whenever [0, ω1] is a continuous image
of K. By itself, this result is not sufficient to conclude an answer to the main problem,
because there exist compact spaces K such that C(K) is Asplund and not WCG (namely

12



K is scattered and not Eberlein), but admitting no continuous image onto [0, ω1]. One
such an example is actually the space Kϱ. On the other hand, when K is a compact
tree (endowed with the coarse-wedge topology), the result gives a positive answer to
Godefroy’s problem. From this discussion one clearly evinces the importance of topo-
logical considerations in the structural theory of non-separable Banach spaces, that we
will describe in the next part.

However, before we move to those we would like to point out the connection of
these results with the subspace problem for norming M-bases from [HR’25+, Section 6].
The generalisation obtained in [RS’23] is obviously formally stronger than Alexandrov–
Plichko’s result; however, it is apparently not known whether admitting a norming M-
basis and embedding in a Banach space with norming M-bases are distinct conditions
in general. Therefore, the open problem considered in [HR’25+, Section 6] is motivated
by the question whether one could actually deduce the result of [RS’23] directly from
[AP’06], of whether the former is a strictly stronger result.

Topological aspects

The connection between compact topological spaces and Banach spaces has been men-
tioned already several times in these pages. To each Banach space X one associates the
compact space (BX ∗ , w∗) and conversely for every compact space K one can consider
the Banach space C(K). These two operations form a sort of duality due to the facts that
K canonically embeds (homeomorphically) in (BC(K)∗ , w∗) and X embeds isometrically
in C(BX ∗ , w∗). Accordingly, several analytic properties on the Banach space level can
be deduced from topological properties of the compact spaces. Perhaps the simplest
instance is that X is separable if and only if (BX ∗ , w∗) is metrisable and that K is me-
trisable if and only if C(K) is separable. Similarly, we mentioned that a Banach space
X is a subspace of a WCG space if and only if its dual ball (BX ∗ , w∗) is Eberlein and
a compact space K is Eberlein if and only if C(K) is WCG, if and only if (BC(K)∗ , w∗)
is Eberlein. Notice that the first result is not as symmetric as the second one, because
the class of WCG spaces is not closed under taking subspaces [Ro’74], while Eberlein
compacta are closed under continuous images [BRW’77].

More generally, one could mention the classes of Talagrand, Gul’ko, Corson, and
Valdivia compact spaces, that correspond respectively to weakly K-analytic, WCD (or
Vašák), WLD, and Plichko Banach spaces. More precisely, a Banach space is weakly K-
analytic (resp. WCD) if and only if (BX ∗ , w∗) is a Talagrand (resp. Gul’ko) compactum
and a compact space K is Talagrand (resp. Gul’ko) if and only if C(K) is weakly K-
analytic (resp. WCD), [Fa’97]. Moreover, a Banach space is WLD if and only if (BX ∗ , w∗)
is Corson, [AM’93, Section 1], [VWZ’94, Theorem 1.1] and references therein. Further,
a C(K) space is WLD if and only if K is Corson and it has property (M), namely every
measure on K has separable support, [AMN’88]; the assumption of property (M) can be
dispensed with under the assumption of Martin Axiom, but not in general, [AMN’88].
The situation concerning Plichko spaces and Valdivia compacta is less symmetric. If a
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Banach space X is 1-Plichko, then (BX ∗ , w∗) is Valdivia. However, it is not true that
the dual ball of X is Valdivia when X is merely Plichko, [Ka’99a]. Further, it is also
not true that X must be 1-Plichko if (BX ∗ , w∗) is Valdivia, [Ka’02]. Finally, when X is
a C(K) space, C(K) is 1-Plichko for K Valdivia, [Or’92] (see [Ka’00b, Proposition 5.1]),
while the converse fails, [BK’06], [Ka’09, Section 4]. Moreover, if K has a dense set of
Gδ points, K is Valdivia if and only if C(K) is 1-Plichko, if and only if (BC(K)∗ , w∗) is
Valdivia, [Ka’00b, Theorem 5.3].

The class of Asplund spaces that played an important role in the previous part also
admits topological descriptions. The cleanest characterisation is for C(K) spaces and
asserts that C(K) is Asplund if and only if K is scattered. An entirely topological cha-
racterisation in terms of the dual ball is not possible, because, for instance, the dual unit
balls (Bℓ∗1 , w∗) and (Bℓ∗2 , w∗) are homeomorphic by Keller theorem, but the former is not
Asplund. However, one still has the characterisation that X is Asplund if and only if
(BX ∗ , w∗) is fragmented by the norm, [Ph’89]. Moreover, when X is Asplund, its dual
ball (BX ∗ , w∗) is a Radon-Nikodým compactum, which class can be characterised by
being fragmented by a lower semi-continuous metric, [Na’87]. Let us point out that the
class of Banach spaces with Radon-Nikodým dual ball is much larger than the Asplund
class. In fact, by the Davis–Figiel–Johnson–Pełczyński factorisation theorem [DFJP’74],
every Eberlein compact is homeomorphic to a weakly compact subset of a reflexive
Banach space. Therefore, every Eberlein compact space is Radon-Nikodým, thus every
subspace of a WCG space has Radon-Nikodým dual ball.

This duality has effectively being used to obtain results both on the Banach space
and on the topological level. For instance, from the fact that every Eberlein compact is
homeomorphic to a weakly compact subset of c0(Γ) [AL’68] one deduces that Eberlein
compacta are sequentially compact, thus obtaining an alternative proof of the Eberlein–
Šmulian theorem. Moreover, Benyamini, Rudin, and Wage [BRW’77] proved the topo-
logical claim that Eberlein compacta are closed under continuous images and deduced
that (BX ∗ , w∗) is Eberlein when X is a subspace of a WCG space (the result for WCG X
was already known from [AL’68]).

For this reason it is especially important to study the stability under continuous
images and under subspaces of the above classes of compacta (if Y is a subspace of
X , (BY∗ , w∗) is a continuous image of (BX ∗ , w∗) and, likewise, if Y is a quotient of
X (BY∗ , w∗) is a subspace of (BX ∗ , w∗)). By definition, Eberlein, Talagrand, Gul’ko,
Corson, scattered and Radon-Nikodým compacta are closed under taking subspaces,
while Valdivia compacta are not closed under subspaces, because every cube [0, 1]Γ is
Valdivia.

The corresponding results for continuous images are typically harder to prove di-
rectly. Therefore a simple way to obtain some such results is to derive them from Ba-
nach space properties: if L is a continuous image of a scattered compact K, then C(L)
is a subspace of the Asplund space C(K). Thus C(L) is Asplund and L is scattered
(the original topological proof is due to Rudin [Ru’57]). The same reasoning applies to
Talagrand, Gul’ko, and Corson compacta. That Eberlein compacta are stable under con-
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tinuous image is the deep result from [BRW’77] that we quoted already. The stability of
Radon-Nikodým compacta has been a long-standing open problem until his negative
solution [AK’13]. Concerning Valdivia compacta, it is not hard to see that the quotient of
[0, ω1] obtained by identifying ω and ω1 is not Valdivia; Kalenda [Ka’99b] generalised
this result by proving that every Valdivia compactum that is not Corson admits a non
Valdivia continuous image. An important particular case is the question of stability un-
der open mappings. Then an open image of a Valdivia compactum is Valdivia provided
that it has a dense set of Gδ points [Ka’00a], but not in general [KU’05].

Before we introduce the papers [CRS’21] and [RS’22], let us say a few words about
[HRST’21, Section 4.3] that is dedicated to semi-Eberlein compacta (that are also intro-
duced in [HR’25+, Section 7]). Semi-Eberlein compacta can be seen as the topological
counterpart to Banach spaces admitting a norming M-basis, in the sense that if X ad-
mits a 1-norming M-basis, then the dual ball is semi-Eberlein. However, the converse
implication fails to hold, because the Banach space constructed in [Há’19] has Eberlein
dual ball, but cannot be embedded in a space with norming M-basis. An important and
non-trivial example of a compact space that is not semi-Eberlein is the ordinal interval
[0, ω1]; in fact, Kubiś and Leiderman proved that semi-Eberlein compacta do not admit
P-points [KL’04, Theorem 4.2], while ω1 is an easy example of a P-point in [0, ω1]. Mo-
tivated by this result, they asked the natural question whether semi-Eberlein compacta
can admit weak P-points, which, as we said above, has been answered positively in
[HRST’21]. This result triggered a new interest for this class of spaces, resulting in the
papers [CCS’22, CRS’21, MPZ’24].

The paper [CRS’21], published in Topology and its Applications in 2021, is dedicated
to the investigation of properties of semi-Eberlein compacta that are related to inverse
limits, inspired by similar results for Valdivia compacta from [Ku’06, KM’06]. Perhaps
the first result in this direction, from [AMN’88], is that every Valdivia compact space
can be obtained as the inverse limit of a continuous inverse system of Valdivia com-
pacta and with retractions as bonding maps. The result was generalised in [KM’06,
Theorem 4.2], asserting that if the bonding retractions are so called simple retractions,
then it is enough to assume that the first compact space in the inverse system is Val-
divia. In particular, a compact space of weight at most ω1 is Valdivia if and only if it
is the limit of an inverse system of compact metric spaces, whose bonding maps are
retractions. Such a characterisation was for instance used to deduce that every retract
of a generalised cube (namely, a product of compact metric spaces) is Valdivia. This
was strengthened in [KL’04] to say that every such a retract is even semi-Eberlein. The
first part of [CRS’21] contains a similar decomposition as [AMN’88] for semi-Eberlein
compacta: every semi-Eberlein compact space is the inverse limit of an inverse system
of semi-Eberlein compacta with bonding retractions. The result depends upon some
analogue results in terms of projectional skeletons [CCS’22].

The second part of the paper is inspired by a stability result for semi-Eberlein com-
pact spaces from [KL’04]. More precisely, it was shown in [KL’04, Theorem 4.2] that
every inverse limit of a continuous inverse system of compact metric spaces whose
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bonding maps are semi-open retractions is semi-Eberlein. In the paper we introduce
and investigate the properties of the class RS comprising all such inverse limits. Hav-
ing in mind the aforementioned characterisation of Valdivia compacta of weight at most
ω1, it was quite natural to conjecture that every semi-Eberlein compactum of weight at
most ω1 belongs to RS . However, it turns out that this is not the case and actually RS
contains no scattered Eberlein compact space of weight ω1. Further, we show that RS is
closed under clopen subsets and study stability under products and continuous images.

The paper [RS’22], published by Positivity in 2022, is instead dedicated to one ex-
ample relevant to the theory of continuous images of Valdivia compacta. Even though
the class of Valdivia compacta is not closed under continuous images, as we explained
above, continuous images of Valdivia compacta share several properties with Valdivia
ones, [Ka’99c, Ka’00b, Ka’03]. Kalenda asked in [Ka’03] if a compact space K is weakly
Corson provided that each of its closed subsets is weakly Valdivia. Let us just mention
here that weakly Valdivia means, by definition, continuous image of a Valdivia com-
pactum and that weakly Corson compacta roughly are the analogue in weakly Valdivia
compacta of Σ-subsets of Valdivia compacta. The interval [0, ω1] is a simple example of
a space that is not Corson even though all its closed subsets are Valdivia; however, or-
dinal intervals can’t provide a counterexample to Kalenda’s question, [Ka’03, Theorem
3.5], which was the motivation for the problem.

The question was the main motivation at the origin of [RS’22], where a negative
answer is given. As it turns out, as a counterexample one may take the full binary tree
of height ω1 + 1, endowed with the coarse wedge topology. While the construction of
the example is extremely simple, a certain amount of work is needed in order to show
that it admits the desired properties. Given the need to study Corson countably compact
spaces, an important part of the paper consists in the introduction of a topology, called
the countably coarse wedge topology, that makes every chain complete, rooted tree into
a countably compact topological space. This topology is a variation of the coarse wedge
topology and we also study in some detail the connection between these topologies and
their role in the study of weakly Corson and weakly Valdivia compact trees.

Additional results

Loosely speaking, one could view a common theme in the papers [RS’21, LRS’23, HR’22,
BLR’25+] presented in this part in the attempt to generalise to the non-separable setting
some known results or theories from the separable theory. It has been mentioned sev-
eral times in this introduction that these attempts most frequently require structural as-
sumptions on the non-separable Banach spaces. This phenomenon is present in [RS’21],
while the other papers are dedicated to one specific Banach space and therefore the
structural theory is not present. As it turns out, most considerations in [LRS’23, HR’22,
BLR’25+] are essentially finite-dimensional in nature. Because of these reasons, the pa-
pers in this part will be presented independently.
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The paper [RS’21], published by the Proceedings of the American Mathematical Society
in 2021, is devoted to the introduction of a non-separable counterpart to the notion of
overcomplete sequence. A sequence in a Banach space X is overcomplete if every of
its subsequences has linearly dense span in X . Such sequences were first introduced
by Klee in [Kl’58] (let us also refer to [BP’75, p. 283] for some historical comments) in
his proof of the existence of uncountably many mutually non homeomorphic separable
normed spaces. Subsequently they were thoroughly investigated by Terenzi, e.g., [Te’78,
Te’81a, Te’81b, Te’83] in particular in connection with the existence of basic sequences.
Indeed, while an overcomplete sequence cannot admit any basic subsequence, Terenzi
[Te’83] found a surprising dichotomy implying that, in a sense, being overcomplete
and being basic are complementary notions. More recently they have been studied in
[CFP’06, FZ’14]. The latter paper also contains the dual notion of overtotal sequence
and generalisations of both notions, via the concepts of almost overcomplete and almost
overtotal sequences. Perhaps the main result in [FZ’14] is the fact that every bounded
almost overcomplete sequence is relatively compact. In the same article, this property
has been used to provide a short and unified approach to some spaceability results.

Even though the concept has attracted the attention of many mathematicians and it
admits a natural counterpart for non-separable Banach spaces, the notion in a general
Banach space was only introduced in [RS’21]. A set S in a Banach space X is called
overcomplete when it has cardinality equal to the density of X and every subset of S
having the same cardinality as S is linearly dense in X . The main results in the pa-
per focus on existence and non-existence results: for instance, under the assumption
of the Continuum Hypothesis, every Banach space X such that both X and X ∗ have
density ω1 contains overcomplete sets. On the other hand, as a consequence of Hajnal’s
theorem, every Banach space of density character at least ω2 and with a fundamental
biorthogonal system fails to admit overcomplete sets. Further, the Banach space ℓ1(Γ)
admits no overcomplete set, for every uncountable set Γ. One more contribution of the
paper consists in detecting a possible analogue to the relative compactness result from
[FZ’14] quoted before. For instance, it is proved that under CH a Banach space X of
density ω1 is WCG if and only if it contains a relatively weakly compact overcomplete
set and it is reflexive if and only if every overcomplete set is relatively weakly compact.
To conclude, let us mention that the notion of overcomplete sets already attracted the
interest of the community, as witnessed by the recent papers [GK’22, Ko’21].

The second paper [LRS’23], published in the Bulletin of the London Mathematical Soci-
ety in 2023, is dedicated to lineability problems in ℓ∞. Lineability problems have been
considered since Gurariy’s result [Gu’66] that the set of nowhere differentiable functions
in C([0, 1]) contains, except for 0, an infinite-dimensional vector space. This research
area is now very active and too wide to be summarised here, therefore we limit our-
selves to indicating [ABPS’16, BPS’14] as possible references. A particular case that has
been considered in the literature is the lineability of sets of the the form X \ Y , where
Y is a closed subspace of X . In this setting there are simple and complete results, see
[BO’14, KT’11, Wi’75]. In particular, X \ Y is spaceable if and only if X \ Y is lineable,
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if and only if Y has infinite codimension [Wi’75]. Moreover, for separable X , these con-
ditions are equivalent to X \ Y being densely lineable in X [BO’14]. For non-separable
spaces, Papathanasiou [Pa’22] recently proved that ℓ∞ \ c0 is densely lineable in ℓ∞. Our
first observation in the paper [LRS’23] is that essentially the same proof of [BO’14] actu-
ally gives the complete characterisation that X \ Y is densely lineable in X if and only
if the linear dimension of the quotient X/Y is at least as large as the density of X . In
this sense, the paper can be considered as a contribution to the non-separable theory.

However, the main results in the paper are of a different nature and focus on ℓ∞.
As it turns out, the proof in [Pa’22] yields that the set of sequences in ℓ∞ with exactly
continuum many accumulation points is densely lineable in ℓ∞. This result was the
starting point of the research in [LRS’23], as we were pondering lineability results for
subsets of ℓ∞ with a prescribed number of accumulation points (some results in a similar
direction could also be found in [BG’13, MP’24]). For a cardinal number κ, denote by
L(κ) the set of all x ∈ ℓ∞ that have exactly κ accumulation points. Similarly as the
result from [Pa’22], we show that L(ω) and

⋃
2⩽n<ω L(n) are densely lineable in ℓ∞.

The situation for spaceability is different: in fact, while we show that L(c) and L(ω)
are spaceable, it turns out that

⋃
2⩽n<ω L(n) is not spaceable. This result could be seen

as a motivation for the research, as it nowadays seems harder to disprove lineability
properties rather than prove them. As we mentioned, finite-dimensional arguments are
involved in the above proofs. This is particularly apparent in one intermediate result
needed for the proof of the above mentioned theorem, namely that L(n)∪ · · · ∪L(n+ d)
is (d+ 1)-lineable, but not (d+ 2)-lineable. One more direction that is investigated in the
paper is the corresponding problem in the space Rω of all sequences, with the pointwise
topology. While the results concerning dense lineability carry over immediately, the
situation for spaceability is different. In fact, while it remains true that L(c) is spaceable,⋃

κ⩽ω L(κ) is not spaceable in Rω. In particular, also L(ω) and
⋃

2⩽n<ω L(n) fail to be
spaceable. More results in this direction have been recently obtained in [MP’24], but
several natural and simply stated problems remain open.

The paper [HR’22] was published by the Mediterranean Journal of Mathematics in
2022 and is dedicated to one problem relevant to the theory of Lipschitz-free Banach
spaces and the study of approximation properties. Lipschitz-free Banach spaces con-
stitute perhaps the most active topic of research in Banach space theory within the last
20 years, in particular since the seminal paper [GK’03] by Godefroy and Kalton. As a
small instance of some recent result, let us mention for example [AACD’21, AACD’22a,
AGPP’22, AP’20, AP’23, DK’22, Ve’23]. Among the most investigated questions con-
cerning Lipschitz-free spaces are problems concerning the existence of Schauder bases
and approximation properties. In this direction, Godefroy and Kalton proved in [GK’03]
that the Lipschitz-free Banach space F (X ) over a Banach space X admits the bounded
approximation property if and only if X itself has the property. On the other hand,
much less is known about the dual Banach space Lip0(X ) of F (X ). For instance, it is
known that Lip0(R) = ℓ∞ and that Lip0(X ) is not isomorphic to ℓ∞, whenever X has
dimension at least 2. However, there are no known examples of two separable infinite-
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dimensional Banach spaces X and Y such that Lip0(X ) and Lip0(Y) aren’t isomor-
phic. It is not even known if Lip0(X ) can be isomorphic to Lip0(R

2) for some infinite-
dimensional X , or if Lip0(R

n) is isomorphic to Lip0(R
k) for some distinct k, n ⩾ 2. A

natural approach to these problems would be to understand approximation properties
in Banach spaces of Lipschitz functions. For instance, finding an infinite-dimensional
separable Banach space X such that Lip0(X ) admits the approximation property would
solve the first problem (by taking a separable Y without the approximation property).
For instance, an open problem due to Gilles Godefroy asks whether Lip0(ℓ2) admits
the approximation property. Once more, notice that this is a non-separable problem,
because the Banach spaces Lip0(X ) are non-separable for infinite-dimensional X .

The paper [HR’22] originated from an attempt to solve this problem in the negative,
by finding a complemented subspace of Lip0(ℓ2) that fails the approximation property.
Indeed, the space P(2X ) of bounded 2-homogeneous polynomials on X admits a nat-
ural embedding in Lip0(BX ) and it is known that P(2ℓ2) fails the approximation prop-
erty, [Fl’97, p. 173] (see also [DM’15]). If P(2ℓ2) were a complemented subspace of
Lip0(Bℓ2), it would follow that Lip0(Bℓ2) and Lip0(ℓ2) fail the approximation property
(note that these two spaces are isomorphic [Ka’14]). Moreover, a classical result of Lin-
denstrauss [Li’64] asserts that X ∗ is always 1-complemented in Lip0(X ). Therefore,
the question if P(2X ) could be a complemented subspace of Lip0(BX ) would also be a
polynomial counterpart to Lindenstrauss’ result. The main result in the paper is that ac-
tually P(2X ) is not complemented in Lip0(BX ), for all Banach spaces X with non-trivial
type, in particular for ℓ2. Additionally, the result is also valid for the space P(nX ) of n-
homogeneous polynomials and for the space Pn

0 (X ) of polynomials of degree at most
n (that vanish at 0). On the other hand, when X is a separable L1-space, P(kX ) is
isomorphic to ℓ∞, for every k ⩾ 1, hence complemented in Lip0(BX ) [AF’96, AS’76].

The last paper in this part, [BLR’25+], has recently been accepted for publication in
the Canadian Journal of Mathematics and it is also dedicated to some aspects of the the-
ory of Lipschitz-free spaces. Among the most well-studied Lipschitz-free spaces is the
Lipschitz-free space F (Rd) over Rd. For d = 1 a standard computation shows that
F (R) is isometric to L1(R), while it is a famous result due to Naor and Schechtman
[NS’07] that F (Rd) does not embed in L1 for d ⩾ 2. Consequently, F (R) is not iso-
morphic to F (R2); on the other hand, it is still not known whether for distinct d, k ⩾ 2
F (Rd) is isomorphic to F (Rk). Concerning the isomorphic structure of F (Rd), it is
known that such a space admits a Schauder basis [HPe’14] and the metric approxi-
mation property [PS’15]. Furthermore, if M is a subset of Rd, then F (M) admits a
finite-dimensional decomposition [B-L’12], hence the bounded approximation property
[LP’13], and it is weakly sequentially complete [CDW’16]. Some of these results have
also been extended to the case of Lipschitz-free p-spaces for p ∈ (0, 1), [AACD’22b].
In addition, there also is an isometric representation of the space F (Rd), as the quo-
tient of L1(R

d, Rd) by the subspace of vector fields with zero distributional divergence
[CKK’17, GL’18].
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Recently, several examples of metric spaces M such that F (M) is isomorphic to
F (Rd) have been found. The first result in this direction is due to Kaufmann [Ka’14]
who proved that F (M) is isomorphic to F (Rd), whenever M is a subset of Rd with
non-empty interior. Furthermore, F (Sd) is also isomorphic to F (Rd) [AACD’21] and,
more generally, F (M) is isomorphic to F (Rd) for every compact d-dimensional Rie-
mannian manifold M, [FG’23]. In absence of compactness the situation is less de-
fined and in particular the space F (Hd) has been subject of little investigation prior
to [BLR’25+]. In fact, the only paper where F (Hd) has been considered is [DK’22],
where it is proved that F (M) admits a Schauder basis for every net M in Hd and it is
asked if F (Hd) has a Schauder basis and whether it is isomorphic to F (Rd).

The paper [BLR’25+] attempted to tackle these questions and obtained as a main
result that F (Hd) is isomorphic to F (Rd)⊕ F (M), where M is a net in Hd and d =
2, 3, 4. As a consequence of this isomorphism and results mentioned above, one de-
duces that F (Hd) admits a Schauder basis, for said values of d. While our paper was
under review, Gartland [Ga’25+] proved with entirely different methods that F (Hd)
is isomorphic to F (Rd) for every value of d. The approach in [BLR’25+] is based on
a regular, orthogonal tiling of Hd to construct an isomorphism between F (Hd) and
F (Rd)⊕F (M) that is almost completely explicit. More precisely, we build an explicit
isomorphism between Lip0(H

d) and Z ⊕ Lip0(M), where Z is a direct sum of certain
subspaces of Lip0(P) and P is a polytope in Rd. This gives us an explicit (w∗-to-w∗

continuous) procedure to reduce the study of Lip0(H
d) to the discrete case of Lip0(M)

and to a space of Lipschitz functions on Rd. It should be pointed out that such regular,
orthogonal tilings of Hd only exist in dimensions d = 2, 3, 4, by classical results from the
theory of reflection groups, [Da’08, PV’05, VS’88, Vi’84]. The same methods also permit
us to prove that the space Lip(Hd) of bounded Lipschitz functions on Hd is isomorphic
to Lip(Rd), this time by giving an entirely explicit isomorphism. Combining this with
standard arguments, it can be concluded that the spaces of bounded Lipschitz functions
on the model spaces of metric geometry, namely Lip(Hd), Lip(Rd), and Lip(Sd), are all
isomorphic.
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compact operators, J. Funct. Anal. 17 (1974), 311–327. ↑ 14.

[Da’08] M.W. Davis, The geometry and topology of Coxeter groups, London Math. Soc.
Monogr. Ser., 32. Princeton University Press, Princeton, NJ, 2008. ↑ 20.

[De’89] R. Deville, Geometrical implications of the existence of very smooth bump func-
tions in Banach spaces, Israel J. Math. 6 (1989), 1–22. ↑ 6.

[DF’89] R. Deville and M. Fabian, Principes variationnels et différentiabilité
d’applications définies sur un espace de Banach, Publ. Math. Besançon 10
(1989), 79–102. ↑ 6.

[DFH’98] R. Deville, V.P. Fonf, and P. Hájek, Analytic and polyhedral approximation of
convex bodies in separable polyhedral Banach spaces, Israel J. Math. 105 (1998),
139–154. ↑ 7.

[DGZ’93] R. Deville, G. Godefroy, and V. Zizler, Smoothness and Renormings in Banach
Spaces, Pitman Monographs and Surveys in Pure and Applied Mathemat-
ics, 64. Longman, Essex, 1993. ↑ 6, 11.

[DM’15] S. Dineen and J. Mujica, Banach spaces of homogeneous polynomials without
the approximation property, Czechoslovak Math. J. 65 (2015), 367–374. ↑ 19.

[DK’22] M. Doucha and P. Kaufmann, Approximation properties in Lipschitz-free
spaces over groups, J. London Math. Soc. 105 (2022), 1681–1701. ↑ 18, 20.

[Ek’74] I. Ekeland, On the variational principle, J. Math. Anal. Appl. 47 (1974), 324–
353. ↑ 6.

23



[Fa’87a] M. Fabian, Each weakly countably determined Asplund space admits a Fréchet
differentiable norm, Bull. Austral. Math. Soc. 36 (1987), 367–374. ↑ 10.

[Fa’87b] M. Fabian, On projectional resolution of identity on the duals of certain Banach
spaces, Bull. Austral. Math. Soc. 35 (1987), 363–371. ↑ 6.

[Fa’97] M. Fabian, Gâteaux differentiability of convex functions and topology. Weak As-
plund spaces, Canadian Mathematical Society Series of Monographs and
Advanced Texts. A Wiley-Interscience Publication. John Wiley & Sons,
Inc., New York, 1997. ↑ 11, 13.

[FG’88] M. Fabian and G. Godefroy, The dual of every Asplund space admits a projec-
tional resolution of the identity, Studia Math. 91 (1988), 141–151. ↑ 10, 11.

[FWZ’83] M. Fabian, J.H.M. Whitfield, and V. Zizler, Norms with locally Lipschitzian
derivatives, Israel J. Math. 44 (1983), 262–276. ↑ 6.

[FZ’97] M. Fabian and V. Zizler, A note on bump functions that locally depend on
finitely many coordinates, Bull. Aust. Math. Soc. 56 (1997), 447–451. ↑ 6.

[Fl’97] K. Floret, Natural norms on symmetric tensor products of normed spaces, Pro-
ceedings of the Second International Workshop on Functional Analysis
(Trier, 1997). Note Mat. 17 (1997), 153–188. ↑ 19.

[FZ’14] V.P. Fonf and C. Zanco, Almost overcomplete and almost overtotal sequences in
Banach spaces, J. Math. Anal. Appl. 420 (2014), 94–101. ↑ 17.

[FG’23] D.M. Freeman and C. Gartland, Lipschitz Functions on Unions and Quotients
of Metric Spaces, Studia Math. 273 (2023), 29–61. ↑ 20.

[Ga’25+] C. Gartland, Hyperbolic Metric Spaces and Stochastic Embeddings, Forum
Math. Sigma (in press). ↑ 20.

[GK’22] D. Głodkowski and P. Koszmider, On coverings of Banach spaces and their
subsets by hyperplanes, Proc. Amer. Math. Soc. 150 (2022), 817–831. ↑ 17.

[GK’03] G. Godefroy and N.J. Kalton, Lipschitz-free Banach spaces, Studia Math. 159
(2003), 121–141. ↑ 18.

[GL’18] G. Godefroy and N. Lerner, Some natural subspaces and quotient spaces of L1,
Adv. Oper. Theory 3 (2018), 61–74. ↑ 19.

[GMZ’16] A.J. Guirao, V. Montesinos, and V. Zizler, Open problems in the geometry and
analysis of Banach spaces, Springer, 2016. ↑ 7, 10, 11.

[Gu’66] V.I. Gurariy, Subspaces and bases in spaces of continuous functions, Dokl.
Akad. Nauk SSSR 167 (1966), 971–973. ↑ 17.

24



[Há’95] P. Hájek, Smooth norms that depend locally on finitely many coordinates, Proc.
Amer. Math. Soc. 123 (1995), 3817–3821. ↑ 7.

[Há’19] P. Hájek, Hilbert generated Banach spaces need not have a norming Markushe-
vich basis, Adv. Math. 351 (2019), 702–717. ↑ 10, 11, 12, 15.

[HPe’14] P. Hájek and E. Pernecká, On Schauder bases in Lipschitz-free spaces, J. Math.
Anal. Appl. 416 (2014), 629–646. ↑ 19.

[HPr’14] P. Hájek and A. Procházka, Ck-smooth approximations of LUR norms, Trans.
Amer. Math. Soc. 366 (2014), 1973–1992. ↑ 8.

[HR’20] P. Hájek and T. Russo, On densely isomorphic normed spaces, J. Funct. Anal.
279 (2020), 108667. ↑ 7, 8, 9.

[HR’22] P. Hájek and T. Russo, Projecting Lipschitz functions onto spaces of polynomi-
als, Mediterr. J. Math. 19 (2022), 190. ↑ 16, 18, 19.

[HR’25+] P. Hájek and T. Russo, Norming Markushevich bases: recent results and open
problems, Pure Appl. Funct. Anal. (in press). ↑ 10, 11, 12, 13, 15.

[HRST’21] P. Hájek, T. Russo, J. Somaglia, and S. Todorčević, An Asplund space with
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