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Abstract

In this paper we describe a constructive test to decide whether a given linear
time-varying (LTV) differential system admits a stabilizing compensator for the
control tasks of tracking, disturbance rejection or model matching and construct
and parametrize all of them if at least one exists. In analogy to the linear time-
invariant (LTI) case the ring of stable rational functions, noncommutative in the
LTV situation, and the Kucera-Youla parametrization play prominent parts in the
theory. We transfer Blumthaler’s thesis from the LTI to the LTV case and sharpen,
complete and simplify the corresponding results in the book ’Linear Time-Varying
Systems’ by Bourles and Marinescu.

AMS-classification: 93B52, 93D15, 93B25, 93C05, 93D20, 34H15
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1 Introduction

(1) Results: In this paper we describe a constructive test to decide whether a given lin-
ear time-varying (LTV) differential system admits a stabilizing compensator for the
control tasks of tracking, disturbance rejection or model matching and construct and
parametrize all stabilizing compensators if at least one exists.

(ii) Algebra and analysis: It turns out that the famous Kucera-Youla parametrization
and its application to the solution of various control tasks can be generalized from
standard linear time-invariant (LTI) systems to LTV systems. The parametrization is
an algebraic result and requires the proper choice of the used algebraic data, in par-
ticular of the ring K of time-varying coefficient functions and of the associated ring
A of differential operators with its associated module theory. On the other hand, the
components of the system trajectories are either smooth functions of the time-variable
t or distributions whose stability refers to the behavior of these trajectories for ¢ — oo
and is defined by analytic conditions. In the LTI case all essential stability results can
be reduced to the purely algebraic fact that certain complex polynomials have only ze-
ros with negative real part. In the LTV case the reduction of stability and stabilization
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problems to algebraic and algorithmic ones and the choice of the considered systems,
algebraic and analytic data are more difficult than in the LTI case.

(iii) Background: In this paper we describe systems as suitably defined behaviors and
use the weak exponential stability (w.e.s.), shortly just stability, of autonomous behav-
iors. These notions were introduced and discussed in the recent paper [7] whose main
results are recalled in the next lines and, with more details, in Section 2. The trajec-
tories of a stable autonomous behavior converge to 0 for ¢ — oo with decay factors
exp (—at*) where o, p > 0. We use the differential field K of locally convergent
Puiseux series and its associated skew-polynomial algebra A := K|0] of differential
operators with varying coefficients in K. This ring is noncommutative in contrast to the
standard commutative polynomial algebra C[0] of differential operators with constant
coefficients in C . Nevertheless the algebra A keeps most of the essential properties of
C[0]: 1tis a left and right euclidean domain, in particular a left and right principal ideal
domain, and is even simple [11, Ch. 1]. It admits a variant of the Smith form of matri-
ces (Jacobson-Nakayama-Teichmiiller form) and its standard consequences for finitely
generated (f.g.) modules [11, Thm. 1.4.7]. As in the LTI case there is a categorical du-
ality between f.g. left modules M with a given representation M = A1*9/U and their
associated behavior B := B(U) [7, Thm. 2.2]. The modules U resp. M are called the
equation resp. system module of 5. The behavior is autonomous if and only if M is a
torsion module and then cyclic of the form A /A F with a nonzero differential operator
F'[11, Lemma 1.4.11]. In contrast to uniform exponential stability of LTV state space
systems [21, Def. 6.5] w.e.s. is preserved by behavior isomorphisms [7, Lemma 4.11].
The torsion module M is called w.e.s. or just stable if for one or, equivalently, for all
representations M = A'*4/U the behavior B(U) is stable. The f.g. stable modules
form a Serre category, i.e., are closed under isomorphisms, submodules, factor mod-
ules and extensions [7, Thm. 2.6]. The main Thm. 2.7 of [7] describes an algorithm
that permits to test the stability of most f.g. torsion A-modules. Stable modules and
stable behaviors with their asymptotically stable trajectories are considered negligible
in the following considerations.

(iv) Localization technique: A nonzero differential operator s € A is called stable if
A /As is stable. The subset S C A of stable differential operators is multiplicatively
closed and saturated [7, Cor. 4.6], is an Ore set and gives rise to the quotient subring
A s of the quotient field Q of A (cf. Section 3.1). The ring A g assumes the role of
the ring of stable rational transfer functions in the language of Vidyasagar [22, Chs.
1,5]. It also induces the exact quotient module functor M — Mg = Ag ®a M from
the abelian category o Mod of A-left modules to the category A . Mod of A g-left
modules. A f.g. module M is stable if and only if Mg = 0. Application of this exact
functor thus annihilates the negligible or stable modules and simplifies all algebraic
stability considerations. In Blumthaler’s thesis [4] this localization technique was ap-
plied to the construction and parametrization of all stabilizing compensators for various
control tasks in the LTI case. In this paper we show that the method of this thesis can be
transferred to the LTV situation and furnishes the LTV analogue of the Kucera-Youla
parametrization (cf. Thm. 3.14) and the main Thms. 4.4, 4.7 resp. 4.10 of this paper
concerning tracking, disturbance rejection resp. model matching.

(v) Literature: The construction of compensators in the LTV case is also treated in [5,
Chs. 10,11, pp. 523-562], but under different assumptions and with different methods.
The present paper sharpens, completes and simplifies the corresponding results of [5].
In Remark 3.20 we discuss differences and similarities in connection with the Kucera-
Youla parametrization [5, Thm. 1143, p. 554]. The first module theoretic derivation
of the Kucera-Youla parametrization is due to Quadrat [16], [17, Ch. 8, pp.273-308],
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[18], but only for commutative rings of functional operators and without the specifi-
cation of the associated behaviors. We refer to the comprehensive bibliographies of
[17] and [5] and also to that of [4] for references to the vast and important literature
on the construction of compensators in the LTI case. The paper [1] sums up previous
work [19], [14] on the stabilization of LTV state space systems by static state feedback
and extends and improves it. In [2, §5] the authors prove exponential stabilizability by
static state feedback under the assumption that an associated zero dynamics behavior
is exponentially stable and under additional conditions. In Ex. 3.23 we compare the
results of this paper with results from [1] and [2].

(vi) Interconnection diagram: We consider the standard interconnection 5 of two be-
haviors By := B(U;) and By := B(Uz) according to figure 1 with the correspond-
ing equation resp. system modules U; € A (P+m) resp. M; = AX®+m) /T, for
i = 1, 2. The behaviors 3; resp. Bs are interpreted as the plant resp. the compensator

uy U + Y2 Y1
L8

Figure 1: The interconnected behavior B.

or controller whose mutual relations are obviously symmetric. We do not assume that
the I3; are input/output (I0) behaviors with input u; and output y;. But the dimension
p of y1 has to coincide with that of us and likewise the dimension m of ys with that
of uy in order that the depicted interconnected system B can be realized. This latter is
assumed well-posed. This signifies that it is an IO behavior with input ( ;2 ) and output
(¥2). So u; can be chosen freely as input of /3, but not as input of 53;. The plant B is
not assumed controllable or, equivalently, the module M; is not assumed free. But as
in the LTI case the freeness of M; g as A g-module is necessary and sufficient for the
stabilizability of B4, i.e., the existence of a stabilizing compensator By for which the
autonomous part of the interconnected IO behavior B is stable, cf. Cor. 3.11.

(vii) Base field: In this paper we use the base field C of complex numbers, but the
results also hold for the real field R. The proofs for this are either special cases of the
complex case or analogous.

(viii) Generalizations: We are convinced that the construction and parametrization of
compensators can be extended to more general interconnection diagrams than that in
figure 1, cf. [22, Ch. 5], [5, Ch. 11 ], [3] and the references there. This is, however, not
done in the present paper since our principal goal is to show that the LTT localization
technique from [4] can be extended to the LTV case with analogous complete results.
(ix) Constructivity: The results of [7] and the present paper are constructive. Due
to lack of computer skills we cannot implement these algorithms and hope that the
younger generation assumes this essential task since calculations by hand in this area
are very time-consuming and do not lead very far. Since many different algorithms
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from the literature, for instance from [15], [10] and [20], have to be combined this im-
plementation will not be easy.

(x) Plan: The main theorems of this paper are proven in Section 4. Thm. 3.14 es-
tablishes the Kucera-Youla parametrization for the LTV case and is the main result of
Section 3. Section 2 recalls the basic notions and results from the paper [7]. We illus-
trate the construction and parametrization of all tracking stabilizing compensators in
Examples 3.19 and 4.5.

Notations and abbreviations: f.d.=finite-dimensional, f.g.=finitely generated,
IO=input/output, LTI=linear time-invariant, LT V=linear time-varying, p.g.f.= polyno-
mial growth function, resp.=respectively, w.e.s.= weak exponential stability, weakly
exponentially stable, w.l.o.g.=without loss of generality, X?*%=set of p x g-matrices
with entries in X, X1 *%=rows, X? := X?*1=columns , X***® := U, gz0 XPX

2 Differential operators and behaviors

2.1 Differential operators

The differential operators and behaviors of this paper and their properties were in-
troduced and discussed in [7]. We recapitulate them here and refer to [7, §§3,4] for
details and references to the literature.

The signals of this paper are defined on open real intervals (7,00), 7 > 0. Since we
study the trajectories for ¢ — oo the restriction to 7 > 0 is no loss of generality. The
used signal spaces are the spaces of complex-valued smooth functions or distributions
on (1,00), 7 > 0, i.e.,

W(r) = C*®(1,00) or W(r) = D' (7, 0). (1

The valued differential field of formal Laurent series with its valuation v : C((z)) —
QW {oo} and derivation d/dz : C((z)) — C((z)) is given by

C((2)) := {a = Zaizi; keZ, a; € (C} with
= 2)

oo ifa=0

v(a) == {k ifay # 0 , dajdz == d (z) := Zaiizl_l.
i=k

The field C((z)) has the valued differential subfield of locally convergent Laurent series
given by

C<<z>>= {a = Zaizi € C((2)); o(a) :=limsup v/]a;| < oo} 3)
i—k i20

The inverse p(a) := o(a)~! is the convergence radius of a, ie., a(z) = Y o0, a;2*
converges for 0 < |z| < p(a) and is a holomorphic function in this pointed open disc.
Therefore the function a(t 1) is contained in C*°(o(a), 0).

The valued differential field K is defined as the field of Puiseux series

K := U C<<2V/m>>=

m>1

(oo} oo

{a(zl/m) = Zaizi/m; meN m>1,ke€Z a= Zaizi eC<<z >>} :
i=k i=k

4)
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This field K is the algebraic closure of C << z >> and is constructed algebraically
such that (zl/”)n/m = 2Y/™ if m divides n. The element z'/™ is not defined as
the function exp(m~!1In(z)) since In(z) is not a Laurent series at 0. The valuation
v is extended to K by v (a(z'/™)) = v(a)/m € QW {oo} and the derivation by
da(z"/™)/dz = m~12(/™)=1g/(21/™). We also define o(a(z'/™)) := o(a)™. The
field K has the differential subalgebras

K(7) := {f =a(z''™) eK; 7> 0(f) = o(a)m} with

K(m) CK(7) formg < 7and K = U K(7). )
7>0
If
f=az"") eK(r)andt > 7 thent > 7 > o(f) = o(a)™ = ©
t7V™ < pla) = o(a) ™t = f(t) == at™Y™) € C®(1,0),
especially f(t) € C*(o(f),o0). The map
K(1) = C%(r,00), f = a(z!/™) = f(t) 1= a(t™™), @

is an injective algebra homomorphism. The differential field K gives rise to the skew-
polynomial ring of differential operators

A =K[0;d/dz] = &52 (K. 8)

The differential operators are polynomials in d whose noncommutative multiplication
is determined by

da(z™) = a(zV/™)d + m 12/l (21 m, )

The ring A is a left and right principal ideal domain, indeed admits euclidean division,
and is simple. For any nonzero h € K the indeterminate 0 can be replaced by h0 and
the derivation by hd/dz and one obtains

A = K[h0; hd/dz], especially A = K[20; zd/dz] = K[~2%0; —2%d/dz].  (10)
The domain A has the subdomains
A(7) :=K(7)[0;d/dz] = K(7)[20; zd/dz) = K(1)[—~2°0; —2*d/dz] with

A(r) CA(r)for0< 7o < rand A = | J A(7). (1)
7>0

We extend the function o to differential operators and matrices via

o(f) :==max{o(f;); j €N) for f = ijaj € A where
jEN
fi=a;(z"™), o(f;) = a(a;)" (12)
o(R) :==max{o(Ru); p <p, v<gq} for R=(R,,),., € AP*. Then
feA(T) < 7>0o(f)and R € A(7)?*? < 7 > 0(R).
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The signal spaces W (r), 70 > 0, from (1) are not A-modules, but A (7p)-left
modules via the action f o w, defined by

Y H(=220) | ow =) fi(tyw,

jEN JjeN
(MM () =, (V™
wheref; = a;(z7/™) € K(7), fij(t) = a; (t )

a(z""™ ow = a(t™V™w, (=220) ow = w' = dw/dt, dow = —t*w'.

13)

Notice that there is no module action (=scalar multiplication) o’ with a(z/") o/ w =
a(t=™)w and § o’ w = w’. As usual the action (13) is extended to the action R o w
of a matrix R € A(79)P*? on a column vector w € W (75)9 and defined by

Row =Y R;j(t)w") for R =Y R;(~2°9)’ € A(r)"*"
JeN JjEN
where R; = A;(2"/™) € K(70)P*9, i.e., 70 > 0(R;), A; € C << 2z >>P*4,
R;(t) = Aj(t7Y/™) € C™ (7, 00)P*4.
(14
Any matrix R = >°. .y Rj(—2?0) € AP*9 gives rise to the solution spaces or be-
haviors B(R,T), T > o(R), defined by

B(R,7) :={weW(r)?; Row=0}=(¢we W) ZRj(t)w(j) =0
jEN
(15)
The dependence of the admissible 7 on the matrix R requires a new definition of be-
haviors that is explained in Section 2.2.

2.2 Modules and behaviors

We assume the data of Section 2.1 and consider matrices R € AP*? and associ-
ated behavior families from (15): (B(R,7)),>, , 70 > o(R). Two such families
(B(R;,T))r>r, @ = 1,2, are called equivalent if

I3 > max (1, 2)VT > 13 1 B(Ry,7) = B(R2, 7). (16)
The equivalence class is denoted by cl ((B(R, T))r>r, ), hence especially
L ((B(R,7))r>r) = cl (B(R,7))r20(r)) - 17
For R = 0 € A% one especially obtains the classes
W= cl(W(7))r>0) and W = cl(W(7)?)r>0) - (18)

These replace the standard signal modules in the following behavior theory.

Let AMod'® denote the category of f.g. A-left modules M with a given system of
generators or, equivalently, a given representation M = A'*9/U U C A'*9, The
morphisms of the category are the A-linear maps without any additional structure. The
category is abelian.

If M = A'™49/U € AMod'® the submodule U is f.g. and therefore the row module
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U = A' PR of some nonunique R € A**7 that gives rise to cl ((B(R,T))r>0(r))-
This class does not depend on the choice of R and is called the behavior B(U) C W1
of U or M [7, Lemma 3.7]. There is a naturally defined abelian category Beh of
behaviors [7, Cor. and Def. 3.9] whose objects are the B(U), U C A'*4 ¢ > 0,
and that enables a module-behavior duality. This signifies that there is a contravariant
equivalence or duality [7, Thm. 2.2, Cor. 3.14]

aMod™® = Beh
{M:Alxq/UHB(U) (19)
Homa (A9 /Uy, AYX% /Uy) = Hom(B(Uz), B(U1)), ¢ = B(y).
Assume U; = AYPiR;, R; € APi*% _ Every ¢ can be described as
@ = (0P)ina : AN /Uy — A2 /Uy, €=+ Uy — EP :=EP + Uy,
where P € A1*%2 [P CU,, £ € A0 (P c A%, 20)

In particular, there is an X € A%*P2 with Rj P = X Ry. The morphism B(yp) is
defined as the equivalence class of C-linear maps

Blg) = cl ((Po: B(Ra,7) = B(R1,7), w2 > Pows),,, ),
where 79 > max (0(R1),0(Rz2),0(P),0(X)).

21

The equivalence class is defined analogously to that in (17) [7, §3.3]. So objects and
morphisms in Beh are given by the behaviors

B(R;,7), i = 1,2, and maps Po : B(Ry,7) = B(R1,7), T > 7o, (22)

for sufficiently large 79. The module M = A'X9/U with U = A*PR, R € APX9,
is a torsion module or, equivalently, rank(R) = ¢ if and only if B(U) is autonomous.
Autonomy signifies that there are 71 > o(R) and d € N such that for all tg > 7 > 7,
the initial map

B(R,7) = C%¥, w s (w(ty), -, w4V (t))7, is injective. (23)

A function ¢ : [1g9,00) = C, 7 > 0, is called p.g.f. if it grows at most polynomially for
t — oo. All functions f(¢) for f € K are p.g.f. on each closed interval |1y, 00), 79 >
o(f). The autonomous behavior B(U), is called weakly exponentially stable (w.e.s.)
[7, Def. 2.3] if there are 71 > o(R), d € N, a, ;p > 0 and, for each m € N, a p.g.f.
©m(t) > 0 on [r1,00) such that all trajectories w € B(R,7), T > 71, satisfy the
inequalities

[ w™ ()| < o (to) exp (—a(t® — th)) ||z(to)]| for t > to > T where

24)
a(to) == max([Jw(to)[, [w' (o), -, [w™" (to)])-

3 Kucera-Youla parametrization for LTV systems

3.1 Weakly exponentially stable localization

Since A is a (left and right) noetherian domain the set A \ {0} is an Ore set and gives
rise to the quotient field of A [13, Thm. 2.1.15]:

Q :=quot(A) := (A {O}Y1 A= {s_la =0t~ a,b,s,t €A, s#0, t# 0} .
(25)
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Lemma 3.1. Each nonzero ideal is essential or large in A or, in other words, if the
elements a;, i = 1,2, are nonzero then also Aa; () Aaz # 0.

Proof. There are by, bs such that a1a2_1 = bl_lbg, hence 0 # bya; = baag € Aaq () Aas.
O

Since the f.g. w.e.s. modules form a Serre category the same holds true for the full
subcategory € of the category AIMod of all left A-modules whose f.g. submodules
are w.e.s.. Moreover, if C;, ¢ € I, are, possibly infinitely many, submodules in € of a
left A-module M then also the sum C' := ), _; C; belongs to €. In particular, each
AM has a largest submodule Rag (M) in € that is called the €-radical of M. We also
consider the set

S:={seA; A/Aswes.orA/Asc €}. (26)

of all w.e.s. differential operators.
In the sequel we call the modules in € and the elements in S just stable instead of w.e.s..
No other stability notion will be used.

Corollary 3.2. ([7, Cor. 4.16]) If 0 # s = s152 € A then s € S if and only if

51,82 € S. In other words, S is multiplicatively closed and saturated.

Lemma 3.3. The set S is an Ore set, i.e., forb € A andt € S there are a € A and
seTwithsb=atorbt ™! =s"1a e Q.

Proof. Consider the linear map o : A — A, x — zband a := a1 (At) = As. The
map induces the injection aing : A/a — A/At € €, hence A/a € Cand s € S. By
definition a(s) = sb € At and therefore there is an a € A with sb = at. O

The Ore set S gives rise to the quotient ring S™'A = As C Q and to the Ag-
quotient module S™IM = Mg of an A-left module M [13, §2.1]. They have the
form

AcCS A :=Ag:= {sfla =bt Ya,beA, s;teS, at= sb} C Q :=quot(A)

STIM = Mg = {s‘lx = E; reM, s€ S}.
s
(27
There is also the canonical A-linear map [13, Prop. 2.1.17]
cany; : M — Mg, x — % with kernel

(28)
torg(M) := ker(canys) = {x € M; Is € S with sz = 0} C tor(M).

Here tor(M) resp. torg(M) are the torsion resp. S-torsion submodules of M. As
usual the assignment M +— Mg is extended to the exact quotient functor

M— M
AMOd — ASMOd, ~ s -1
(p: My — Ma) — (Sl =ps: My g— Mag)
where g (ﬂ) = s0($1).
s 5

(29)
For an A-(left) module M, € M and annihilator left ideal As = anna(z) :=
{a € A; ax =0} the map A/As = Az, a+ As — ax, is an isomorphism. It
implies that

s€S <= A/AscC < Az €€ < z € Rag(M). (30)
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Corollary 3.4. The torsion submodule tors(M) of M is the largest submodule of M
in €, ie., torg(M) = Rag(M), especially

M €€ < torg(M) =M < Mg =0. 31)

Notice that A is simple and hence the two-sided annihilator ideal anna (M) =
{a € A; aM = 0} is zero if M is nonzero.

Lemma 3.5. Like A itself the quotient ring As C Q = quot(A) is a left and right
principal ideal domain and simple.

Proof. 1. Any left ideal b C A g satisfies b = (A[)b)s = Ag(A[)b). But A(Nbis
principal and hence A (b = Aa and b = Aga.

2. If b C Ag is a nonzero two-sided ideal of Ag then sois a:= A ()b of A. Since A
is simple a = A and hence also b = Ag. O

3.2 Stable input/output behaviors

Consider a behavior B := B(U) for some U C A4 and M = A'*9/U. Recall that
U is a free submodule of A'*4, Then

QU=QeAUCQ™"=QeaA™andQeaM = Q/QU. (32

identification

As usual we define

p :=rank(U) := dima (U) = dimqg (QU),

m :=rank(M) := dimg (Q ®a M), hence p+m=q (33)

= 3R € AP*? with rank(R) = p, U = A'*PR.
In general there are various subsets I C {1,---, ¢} of p elements such that the pro-
jection proj : Q'*? — Q'*! induces an isomorphism proj : QU = Q'*Z. Such a
subset [ is called an input/output (10) structure of U, M or I3 and B with this structure

is called an 10 behavior. We assume such a structure and also as usual, after a possible
column permutation, that [ = {1,--- , p} and hence the isomorphism

QUPHm) 5 QU = QM*P, (&,1) > €. (34)

This isomorphism, in turn, is equivalent to the isomorphism
(0(0,idm))ipq = QU™ = Q™ /QU = Q@4 M, 0 = (0,1) + QU.  (35)

With U° = U (i%”) C AP and MY := A'¥P /U the preceding isomorphisms are
also equivalent to rank (M 0) = 0, i..e., the torsion property of M 0. and the exactness
of

id,
0 A COMmDma yp A< orm) gy (= 0—)>)‘“d MO = AP /U0 .
(36)

For the matrix R the isomorphisms (34) and (35) imply

R=(P,—Q) € AP*®P*™)  — rank(R) = rank(P), H = P~1Q,

U:A1XP(P7—Q) C A1><(p+m), UO :Alxppg Al)(p- (37)
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Here we used the equivalences
rank(P) = p <= QPP = Q" <= PQF = QP < P € GL,(Q). (38)

The matrix H is the transfer matrix of the 10 behavior. It is also characterized by the
property that

QU = Q7(P,—Q) = Q" (idy, —H). (39)
This shows that H depends on U and the IO structure, but not on the special choice

of R. Recall the behavior W := ¢l (W (7))->0). By duality the exactness of (36) is
equivalent to the exactness of the behavior sequences

(idoigo (0,idp, )0
0 BUO) B(U) e a0
idp \ .
0 Brr) U B @) O w0 (40)
y = (5), (%) = u

B(P,7)={y € W(r)"; Poy=0},
B((P,-Q),7) = {(¥) e W(r)"*™; Poy=Qou},

where 7 > 19 and 19 > 0 is sufficiently large.

Lemma and Definition 3.6. For the 10 behavior B = B(U) from above and its au-
tonomous part B° = B(U°) the following properties are equivalent:

1. The autonomous behavior B® or M° are stable, i.e., Mg =0or AgXpP = AlsXp
or P € Gl,(Ag).

2. The quotient module Mg is free and H € AL*™.

If 1. and 2. are satisfied the 10 behavior is called weakly exponentially stable (w.e.s.)
or just stable.

Proof. 1. = 2.: The stability of M implies M2 = 0. We apply the exact quotient
functor M — Mg to (36) and infer the isomorphism A}gxm =~ Mg, hence Mg is free.
Moreover P € Gl,(Ag) and hence H = P~1Q € AL*™.

2. = 1.: Application of the exact quotient functor (—)g to the exact sequence

0 ALxp °PmQ) A 1x(ptm) NN = AP ADP(P Q) 50 (41)

with the canonical map can furnishes the exact sequence of A g-modules

0 — AL ET AL g g, (42)

Since Mg is free this sequence splits and in particular (P, —(@)) has a right inverse
(¥) with X, Y € AY*andid, = (P-Q) () = PX — QY = P(X — HY).
Since H € AY** the last equation implies that P has the right inverse and thus inverse
X —HY,ie., P € Gl,(Ag). O

3.3 Stabilizing compensators

We consider the interconnected behavior B of the plant 3 and the controller By ac-
cording to figure 1. The components of 3; resp. 32 are

(8, (32) e W(r)rtm, (43)
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In the interconnected behavior B the component y; is added to the component ug_; for
1 = 1, 2. The behaviors are given as

By = B(Uy), Uy = AYPRy, Ry € AP*?P+™) dimy (U) = rank(R,) =
By = B(Uy), Uy = AY™Ry, Ry € A™* P+ dimy (Uy) :rank(Rg) =m

1 = A1><(p+m /Ul, MQ = A1><(p+m)/U2.
(44)
As indicated in the Introduction we neither assume that the behaviors B;, i = 1,2,
are 1O behaviors with inputs u; nor that they are controllable (cf. [5, §11.2, p.545]).
Nevertheless we decompose the matrices R; as

Ry = (P1,—Qq) € AP*P+M) Ry — (—Qy, Py) € A™*(PT™) hence
B(Ry,7) = {(yl)EW( yptm, Ployleloul},

B(Ry,7) = {(y2) € W(T)P™™; Pyoys = Qa0us},
B(Ur) = el ((B(R1,7))r>r) s B(U2) = cl((B(R2,7))r>r,) s T 2> 7o,

(45)

where, as usual, 7y is sufficiently large. The interconnected behavior B is then defined
by

B=cl((B(T))r>r), B(r) = {(g) e W(r)Ptm+tm). poy = Qo u} where

Pioy = Q10 (u1 +y2)
Pyoys = Q0 (uz +y1)

Pi=(B) = (_%2 71§I> e Aptmx+m) o . (32 %1) c APtm)x(ptm),
(46)

y= (1) e WP, u=(i}) € W(r)r™, {

The corresponding modules are

U := A1><(p+m)(p -Q) C AP2etm) ap— A1><2(p+m)/U B := B(U),
Uo .= A1><(p+m) Alpr +A1><mR2 U+ U, C A1><(p+m)
0= Alxptm) 0 RO .= B(UY),

rank(P) = dima (U°) = dima (U; + Uy) < dima (U) + dima (Uz) = p + m.
47)

Lemma and Definition 3.7. (Cf. [5, Thm. and Def. 1136, p.546]) Assume the data
from (44)-(47). The following properties are equivalent:

1. rank(P) = p + m or, equivalently, P € Gl,1,,(Q), i.e., B is an 10 behavior
with input w = (*) and output y = ().

2. U° = U, @ U, o5, equivalently, Uy (Us = 0.

If these conditions are satisfied the behavior B is called well-posed, its autonomous
part is B® = B(U) and its transfer matrix is H = P~1Q.

Proof. dimA(U1 —+ Ug) = dlmA(Ul) -+ dlmA(Uz) — U; ﬂUg =0. O

Remark 3.8. In the following theory the behavior B is always assumed well-posed
or, equivalently, an IO behavior with input (3> ). Since all considerations refer to the
interconnected behavior B the components u; and uy are free (can be freely chosen)
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as inputs of B although they are not free in general as inputs of B; resp. Bsy. Transfer
matrices Hq, Ho and their usual factorizations H; = Plel and Hy = Py 1Q2 do
not exist in general and are not needed or used in the following.

Corollary and Definition 3.9. For the behavior B from (46) and (47) the following
properties are equivalent:

1. Pe G1p+m(As).

2. The interconnected behavior B is well-posed, Mg is A g-free, necessarily of
dimensionp +m, and H = P71Q € Ag+m)x(p+m).

3. Uis@Upg = A;X(P+m)'
These equivalent properties imply the canonical isomorphisms
Mys =AY P /U s = Uss (48)

and thus that M g is a free A s-module of dimension m = rank(M,). The behavior
Bs is then called a weakly exponentially stabilizing or just a stabilizing compensator
of B1. Obviously this property holds reciprocally, i.e., By is also a stabilizing compen-
sator for Ba.

Proof. 1. <= 2.: Lemma and Def. 3.6.
In 2. and 3. the well-posedness of the feedback behavior implies

U=U@Uy= AP PandUsg = Uy s & Uy g = AT P,
1. < 3.
PeGlypn(As) < A}SX(”’”)P — A}gX(IFFm) = Ups ®Unpg = A}gx(?+m).
O

Definition 3.10. The behavior B(U;) or module M; are called weakly exponentially
stabilizable or just stabilizable if B(U;) admits a stabilizing compensator B(Us) ac-
cording to Cor. and Def. 3.9.

Corollary 3.11. The behavior By from (43) is stabilizable if and only if M, g is a free
A g-module, necessarily of dimension m.

Proof. 1. If B, is stabilizable then M; g is free according to Cor. and Def. 3.9 and

(48). If, conversely, M; g is free the canonical map can : A}gx (p+m) — My s =

Agx (p+m) /Ux,s has a section or right inverse o and hence
A}gx (ptm) ker(can) @ im(o), Uy s &V, V :=im(o).
Define
Uy := ALx(ptm) ﬂ V., hence V = U g and Alsx(p+m) = U5 ® Us,s. Then
dimp (Uz) = dima g (Usz,s) = (p+m) —dimag (Ur,s) = (p+m) —p =m.

Equation (44) and Cor. and Def. 3.9 imply that By := B(Us) is a stabilizing compen-
sator of [3;.
O



3 KUCERA-YOULA PARAMETRIZATION FOR LTV SYSTEMS 13

3.4 The parametrization of stabilizing compensators

This section contains the LTV version of the Kucera-Youla parametrization for the
modules and behaviors of this paper. Assume that the behavior B; from (44) is stabi-
lizable, i.e., that M, g = A}S«X . Omission of M; g in the exact sequence

0 — AP SPLTID A LxGm) can yp o Alxm g
furnishes a split exact sequence
o(P1,—Q1) o(gl)
0 — AYP LTI A K RIS AL 0 where (D) € AT

(49)

0
Since the sequence splits the matrix (P, —Q1) has a right inverse ( ][\)[;2) ) € Ag”J“m)Xp

and ( gi ) has a left inverse (—Q9, PY) € Aglx ®Fm) such that also the sequence
DO
(x2)
<7

is exact. This is a standard algebraic result, cf. [4, Lemma 2.3]. Moreover

(50)

0 AL AL eEm) @ pom

AL = AP (P, Q) @ AL (—Q8, PY)

D9 )
B = (2) (P —Qu) = (BY)?, B = () (-Q8, Pf) = (BYY,
' _(idp 0\ _ _ ([ DIP1—N1QY, —DIQ1+N; P (51)
ldp+m = ( OP idm) = E1 + E2 = (N§P17D1Q§, *N§Q1+D1Pz))

(DS Ny P Q1 Py Q1 -1 (DY Ny
= (o) (o) = (o d) =(an):
The parametrization of all sequences (50) or, equivalently, all V' C A1*(P+m) with
Ui s@V = Als>< (P s the analogue of the Kucera-Youla parametrization that was
established in the LTI case only. The following lemma is the LTV form of this. Its

proof is a standard result on split exact sequences and analogous to that of [4, Lemma
3.10].

Lemma 3.12. (Cf. [4, Lemma 3.10]) Assume that the behavior B(U) from (44) is
stabilizable and the ensuing exact sequences (49) and (50).
1. The following bijections hold:

{veaysmsov=ag o™y 5 v
= )
(%) (P, —Qu) (32) =idy} > (%)
~ 1 (52)
{(_Q27P2) € A?X(p+m); (—Q2, P) (gi) = idm} > (—Q2, P)
= 7
A™mxP E) X

The bijections are given by the equations

v =ter (o (%)) = AP (-Qa. o), (R2) = (%)~ () X

(=Q2, P2) = (—Q%, P)) + X (P1,—Q1), Po=P) — XQ1,Q2 = Q5 — X P.
(53)
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2. In analogy to (50) and (51) these data give rise to the exact sequence

o D2
0 A}gxp (N2) AISX(erm) (_?iPQ) A}gxm <~ O and to
-1
P —-Q _ (D2 Ny
(—Q12 P21> - (Nz Dl) ’ (54)

H = (Hyl,% Hyl#l) _ ( Py —Ql)_l ( 0 Ql) _ (Nle Dle)
T\ Hygug Hyguy ) 7\ —Q2 P2 Q2 0 T\ D1Q2 N2Q1 ) -
Corollary 3.13. According to Cor. and Def. 3.9 every stabilizing compensator B(Us)
of B(Uy) gives rise to a decomposition Uy s Uy s = Agx (p+m), According to Lemma

3.12 Uy s has a unique representation Uy g = A}gxm(—Qg, P,) where (—Q2, P) €

A?X (ptm) precisely one matrix as described in the lemma.

Theorem 3.14. (Construction of all stabilizing compensators) Assume that the behav-
ior B(Uy) from (44) is stabilizable and the ensuing exact sequences (49), (50) and data
from Lemma 3.12. All stabilizing compensators B(Uz) of B(Uy) are obtained in the
following fashion:

1xm

(i) Choose a direct complement V = A" (—=Q2, P») of Uy s according to Lemma
3.12 and define the matrix RY = (—QY , PY) € Am>*®+m) py

AVMRY = Uy = AW YV, hence AY™RY = Uy g =V. (55)
In other words, the rows of RY are an A g-basis of V in AY™,

(ii) Choose a matrix Y € A™*™ (N Gl,,(As) (cf. Remark 3.15) and define
R} :=YRY = (—Q%, P) and Uy := AV ™R, (56)

For given V the unique controllable compensator is B(UY).

Proof. 1. The constructed B(Us) is a stabilizing compensator: Since Y € Gl,,(Ag)
we get

Uss = AY™YRY = A" RY =V and dima (Us) = dima 4 (V) = m.
2. Every stabilizing compensator has this form: Let Us be the equation module of a

stabilizing compensator B(Uz). We define V' := U, ¢ and obtain, by Cor. and Def.
39,1 sV = A}SVX (**+™) Thys V' is a submodule as in item (i). Moreover

Uy C A1 x(tm) ﬂ V = AY™™RY | hence 3Y € A™*™ such that
Uy=AY"YRY and A" RY =V =Us 5 = AJ"YRY .

Since rank(RY) = m the rows of RY are Q-linearly independent and RY can be can-
celled as right factor. We conclude ALY = AL and Y € A™*™ N Gl,,(Ag).
3. (i) The inclusion

MY = AV<ptm) (Alx(p+m> ﬂ V) c AL (vtm) 17

ident.

implies that MY is torsionfree and thus free and hence B(UY) is controllable.

(i) If, conversely, B(Us) is controllable and M, = A'*(P+™) /U, is free and hence
torsionfree then the canonical map My — My g = Agx (p+m)/U2,S = Aé.x (p+m)/V
is injective. This signifies that Uy = A'*®PTm) NV = Uy .
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Remark 3.15. (Cf. [11, Cor. 1.4.8], [5, Thm. and Def. 662]) Every matrix ¥ €
1 r m
A™*™ js equivalent to a diagonal matrix D = diag(1,---,1,a,0,---,0) € A™*™

where 0 < r < m and a # 0. Then r = rank(Y) and, of course, r = m if and
only if Y € Gl,,(Q). The matrix ¥ can be obtained from D by a finite sequence of
elementary row and column operations. This implies

YEAmxmﬂGlm(As) — DEAmxmﬂGlm(AS) <~ r=manda € S.

(57
Hence all matrices Y € A™*™ (N Gl,,,(Ag) in Thm. 3.14 can be obtained from diag-
onal matrices D = diag(1,---,1, Tg), s € S, by a sequence of elementary row and

column operations.

We specialize the preceding considerations to a controllable 10 behavior B;. For

this purpose assume an arbitrary nonzero transfer matrix H; € QP*". The matrices
( 151[; ) resp. (—id,, Hy) have rank m resp. p and thus give rise to exact sequences

H
0— Alxp O(Pl’__>Q1) Alx(p+m) O(gi> Qlxm

(3)° » |
0— A™ D‘12 Aptm (= 1(1,,_,1;[1)0 Qr

P1H1 = Ql; rank(Pl) = rank(Pl,—Ql) =Dp, P1 S Glp(Q), H1 = Pl_lQl
HyDy = Ny, rank(D;) = rank (! ) =m, Dy € G1,,(Q), Hy = N, D!
(58)
Since Q'*™ and QP are A-torsionfree the modules
M1 = A1><(p+m)/U1’ U1 = AlXp(Pl, —Q1)7 and Ap+m/ (gi ) A™ (59)

are left resp. right A-free. In particular, By := B(U;) is controllable and an IO
behavior due to P; € Gl,(Q) and the matrices (Py, —Q1) resp. (gi ) have a right
inverse resp. a left inverse. The exactness of (58) implies that of (49) with A g replaced
by A, i.e., of

N-
0— Alxp O(Pl’_7>Q1) Alx(p+m) O(gl) Alxm (60)

The matrices P; resp. D; are unique up to multiplication with a matrix of Gl,(A)
resp. Gl,,,(A) from the left resp. the right. By Lemma and Def. 3.6 the controllable IO
behavior 3, is stable or P; € Gl,(Ag) if and only if H; € Agxm. With an analogous
argument one proves

Corollary 3.16. (Cf. [5, Prop. 1012]) The following properties are equivalent for the
controllable behavior By = B(AYP(Py, —Q1)) from (58)-(60):

B is stable <— H; € Agxm — P, € Glp(As) ~— D, € Glm(As) 61)
Proof. Only the last equivalence has still to be shown. Obviously
D; € Gl,,(Ag) = Hy = N1D;' € AR™.

If, conversely, H; belongs to AL*™ localization of the second exact sequence of (58)
furnishes the exact sequence
(1) (~idy. 110)
0— AZ "= ARF™ 2T AR 5 0. But ker ((—idy, Hi)o) = (1) AQ

—> 3X € GlLn(Ag) with () = (') X = Dy = X € Gl (Ag).
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The last equivalence of Cor. 3.16 also follows from the isomorphism

(ONl)ind :AlXp/Ab(pPl gAlxm/Almel, (62)
cf. [5, Prop. 1012]. According to Lemma 3.12 there are a right inverse (ﬁ%) €
APX(P+m) of (P, —Q1) and a left inverse (—Q3, P§) of (13! ) such that also

° < D% > 0 po 63

0 A V) gnrm OB g Y

is exact. This is the exact sequence (50) with Ag replaced by A. The behavior

B(A*™(—-Q9, PY)) is one stabilizing compensator of B;. Since (—22 *Pg)l) €

Glp+m (A) the autonomous part of the interconnected behavior is not only stable, but
Zero.

Corollary 3.17. Lemma 3.12 and Thm. 3.14 are applicable to the exact sequences
(60) and (63) for the controllable 10 behavior B from (58)-(60). Hence all stabilizing
compensators for By are obtained by the two steps of Thm. 3.14.

It is presently not clear which P, = PY — X Q; belong to Gl,,(Q) and then make
the compensator an 10 behavior.

Remark 3.18. Standard terminology: The behavior B is called the (unique) control-
lable realization of the transfer matrix ;. The representations H; = P, 1Q1 resp.
H, =ND; ! are the essentially unique left resp. right coprime factorizations of H;.

Example 3.19. This example is constructed without computer algebra from the desired
outcome instead from a plant of engineering relevance. Consider the stable operators

51 = —22%0 + 21/2, S := —220 + 1 with the stable solutions
y1(t) = exp (12 = 15/%)) 1 (ko) v (t) = exp (—(t — to)) galto), t = tg > 0

= 51,520 € S = (801 02) S Glg(As)

) (64)
We choose a € A and define the matrices
((fa)s s2) € Gly(Ag)

P -Q s
(5 ) =Ghan L) = ("
DY N P -0\ ! o 1 1 1
<N§D1)::<—Qg Pg) =(9e) HT0GH (65)
stt oo _ st _gt
= (2 G = (U, ) € Gla(As)
Choose = € A arbitrarily and define

(—Q2, P2) := (—=QY, P) + 2(P1, Q1) = (as1, s2) + ((1 4 a)s1, 52)
= (1 +x)as; + xs1, (1 +3)s2) € AY?, o € Ag.

(66)

‘We conclude that
B1 :=B(A((1+ a)s1,s2)) with B(((1 + a)s1, $2),7)

67
:{(zi)EW(T)2§ (L+a)sioyr = —spour}, 7> o, ©n
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is stabilizable where, as always, 7y is sufficiently large. The behavior B; is an 10
behavior if and only if 1 4+ a # 0 and additionally stable if and only if 1 + a € S. The
operator 1 + a := 1 + 220 with its solution y(t) = exp(t — to)y(to) is not stable.
The stabilizing compensators are obtained as follows: They are IO behaviors if and
only if 1 + = # 0. The parameter  # —1 has the form ¢t~ with arbitrary ¢ € S and
b# —tin A. Sincet € S C Gl;(Ag) we infer

As(—Qg, Pg) = Ast(—Q27 Pg) = AS ((t + b)a31 + bSl7 (t + b)SQ)

— (A ((t+ Basy + bsy, (¢ -+ B)sa)g ©9)

According to Thm. 3.14 all stabilizing compensators of B; have the form
By=B (Ar(—Q‘;,PQA)) , 7 €S, where

A(—Qy, PP = A2 ﬂAS ((t +b)asy +bsy, (t+b)sa), t€S, —t#bec A.
(69)
The computation of (—Q%, P£) by hand is difficult. Among these B; there are the
compensators

By := B (A ((t + b)as1 + bs1, (t +b)s2)) witht € S, —t #b € A and
BQ (((t + b)a81 + bSl, (t + b)Sg) 77') (70)
= {(55) € W(r)? (t+b)s20ys = —((t+ basy + bs1) ouz}.

Remark 3.20. Comparison with [5, Thm. 1143, p. 554]: The Kucera-Youla parametriza-
tion for differential LTV systems is also derived in the quoted theorem. The correspon-
dence is given by

(A, =Br) = (P1,=Qu), (32) = (p})+ (—Re,Sc) = (—Q5, P),
(5) = (%) (Y. X) = (=Qu P, (3) = (R2).

The signs differ slightly because the block diagram [5, Fig. 11.1] uses a minus sign at
the left upper node. The parameter matrix X from Lemma 3.12 corresponds to K = K.
Nevertheless the quoted result differs from the derivations here. To point out the differ-
ences the language of this paper is used: (i) The employed behaviors of [5] differ from
those in [7] and the present paper. The differential field K is replaced by an Ore field
[5, Lemma and Def. 835]. (ii) The behaviors B; and B5 of [5, Fig. 11.1] are assumed
as controllable IO behaviors. This signifies that the sequences (49) and (50) are exact
with A g replaced by A and that P, € G1,(Q) and PY € Gl,,(Q). (iii) The quoted
theorem parametrizes the transfer matrices H from (54) and not the interconnected
behaviors. (iv) The main difference consists in the notion of exponential stability [5,
Thm. 998, Def. 1013], called bm-stability here. A torsion module A/AF is called
bm-stable if F is the product of linear factors 220 +(t) with lim;_, o, R(7(t)) < 0[5,
Thm. 998]. These linear operators are obviously stable. Such a product decomposition
does not exist in general for ' € A and for Ore fields only very rarely as far as we
see. The same problem arises with the definition of a stable transfer matrix in [5, Def.
1013]. Exactly these problems motivated the paper [7] with its general definition of
w.e.s. and its main result that permits to decide stability in most cases. (v) That the
stable torsion modules form a Serre category implies that the set S of stable differential
operators is an Ore set (cf. Lemma 3.3) and that the set A g of stable rational functions
is a (noncommutative) subring of Q. According to [22, p.3] this is the motivating prop-
erty for the set of stable rational functions. This property is not shown for bm-stability
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in [5], but the ensueing equivalence (61) is employed in [5, Prop. 1012, Def. 1013]
and the third last line of the proof of [5, Thm. 1143]. It seems to us that the proof of
the Kucera-Youla parametrization in [5] is incomplete.

3.5 State space representations

The following state space representation of an arbitrary IO behavior is due to Fliess
with respect to its algebraic content. Its LTI analogue is Kalman’s famous realization
theorem. We consider an 10 behavior 5 with the data

(P,-Q) € APx(ptm) rank(P) = p, U := AYP(P,—Q), U° := AP P,
M = AV®E g MO = AV /U, B = B(U), B° = B(U°),

i o B} (71)
can = (0 ('¢7)) g s M = M°, (&) = (&) +U = E=€+U°,
inj := (0(0,idy));,q : AY™ = M, n+ (0,7), n = dimg(M?).
The transfer matrix of Bis H = P~1(Q € QP*™. Recall the exact sequence
0— ALxm I Np S0 40 s or AL im(inj) = ker(can).  (72)

The behavior B is the equivalence class of the behavior family
B((P.—-Q),m) = {(1) e W)™ Poy=Qou}, 7>m, (73)

where, as always, 79 is sufficiently large. Let §;, i = 1,--- , p+m, denote the standard
basis of A1*(PT™) and define

yi=6+Ue€Mfori=1,--- ,pandu; :=6p; + U Mforj=1,--- ,m,
yv:i=(y1, - 7yp)T e MP u:=(uy,--- 7um)T € M™, hence
M =A"Py + A™Mus (§n) = (§n)+U =&y +nu,

P
inj(n) = nu, A**™u = ker(can), M° = Z A can(y;) = AP can(y),
j=1

(74
In the following theorem we consider A = K[9;d/dz] = K[§; —2%d/dz] with § :=
—220.

Theorem 3.21. (Cf. [12], [5, Thm. 861]) For the data from (71) and (74) there are

X = (X1, ,%X,) € M", A€ K" and B € K™*™ such that can(x) is a K-basis
of M° and x = Ax + Bu. These data imply (§ = —220):

(i) There are unique matrices C € KP*" and D € AP*™ such thaty = Cx + D ou.
(ii) WithU*® := A" (§id,, —A, —B), U*? := AY*"(§id,, —A), M*® := A x(n+tm) /iys
and M*° = A" /U0 there is the following commutative diagram with well-
defined vertical isomorphisms

0— Alxm inj:(o((]l;m))ind M Can:(ﬂ,,z )ind 10 S0
|| (O (g id[in, ))ind \I’ ) (Oc)ind *L
0— A1><m (O(Oald_mQ)ind MS (o(1d_n>)md M&O 0

(75)
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(iii) The behavior B := B(U?) is a standard state space [21, Ch. 2, (1)] IO behavior
with autonomous part B*>° = B(U*°). The middle and right vertical isomorphisms
from (75) imply behavior isomorphisms, for T > 1o and sufficiently large Ty,
(6L, )0 B((Oidy—A,—B),7) = {(§) € W(r)"*"™; 2’ = Az + Bu}
=~ B((P,-Q),7) = {(¥) e W(r)""™; Poy=Qouj}, (i) (9=fP)
Co: B(did, —A,7) ={zx € W(r)"; 2’ = Az}

~B(P,1)={ye W(r)?; Poy=0}, 2+ Cz.
(76)
The isomorphism (76) implies in particular that the state space equations

¥ =Ax+Bu, y=Cx+Dou 77)
are observable.

Proof. The existence of x, A and B is derived in the quoted theorems.
(i) Since can(x) is a K-basis of M there is a unique representation

can(y) = Ccan(x) =y — Cx € ker(can)? = AP*"u =y =Cx+Dou

for some matrix D € AP*™. Since can(x) resp. u are K- resp. A-linearly indepen-
dent the matrices C' and D are unique.
(i1) Consider the commutative diagram with exact rows

0— A1><m (o((ﬂ")) Alx(n+m) (O(ﬂg) Alxn =0

|| inj v ¢ can w J, (78)
0— Alxm M =  M° =0
where p(&,1) := (£,1) () = &x+ nu, ¥(§) = £ can(x).
Since M = AM*("+m) (X)) the vertical maps are epimorphisms. But
0x = Ax+ Bu = (§id, —A,—-B) (¥) =0=
W(US):O:ESDind: Ms_>Ma (§7n>+U6’_>(€a77)(§)
Likewise v induces the map i,q : M*° — M?O. The induced diagram
0 Abxm QT CO) e g
| Pind 4 . Yina 4 (79)
0 Abem COMnwa 0 Cdna y0 g

is obviously commutative with vertical epimorphisms. But dimg (M*Y) < n =
dimg (M 0) and hence 9,q is an isomorphism. Standard algebra, for instance the
Snake Lemma, implies that also ¢;,q is an isomorphism. Let

)= (v,m) (§:id)
G ) (X)) = (v,m) (Ox5Pw)

)= )-

(v.m) = (7, n)+U€Mand( o1
= @ina (§,1) +U°) = (7,1) (
( n) (

But this implies

@;é(m):(’y?n)( )—"_U-S andgplnd_ ( (gi(fﬂ,))ind.
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This isomorphism together with the diagram (79) implies the commutative diagram
(75) with vertical isomorphisms and the behavior isomorphisms (76).
O

Since M = AM*(P+™) (¥ there is a matrix

(F,G) € AP such thatx = (F,G) (%), (1) = (§.d,) (X)

= oina((&m) = (En) (X)) =) (§.8) () (80)
= @ind = (° (0 i, ) )ina » Yind = (0F)iuq -
Corollary 3.22. The inverse isomorphisms of (76) for v > 7 > 1 are
(61, )o: {(8) eW(n)P™™; Poy=Qou}
2y e W(r)"t™; o/ = Az +Bu} , (U)  (FoytGouy o (81)
Fo: {yeW(r)?; Poy=0}2{z e W(r)"; 2’ = Az}, y+— Fox

where, as always, T1 is sufficiently large.

Example 3.23. (Compare [1, Thm. 4.1, (4.1), (4.2)]) Assume that B; = B(U;) with
Uy = APT™(P;,—Q;) from Thm. 3.14 is an IO system with an observable state
space representation 537 in the sense of Thm. 3.21 and the inverse isomorphism from
Cor. 3.22 where § = —220:

(CO1 151);) o B(((Sidnl —Ay, _Bl)vT) = {(%) € W(T)n1+m§ xll = Az +Blu1}

= B((Pr,—Q1),7) = {(#1) e W(r)P™™; Pioyi = Qiou},
(w) < (8), n=Ciw1+Diouy, xy =Froy +Growuy.
(82)
By duality,
o C1 Dy ‘ . M:Alx(p+m) A1><p P,—
( (O ldm))md / ( 1 Ql) (83)

> NP = ANXmEm) AT (i AL B))

is an isomorphism with inverse

-1
(0 (5 102 )i = (0 (9 a2 ) g (84)

The isomorphism (83) induces the isomorphism My s = M7 g, in particular M g is
A s-free if and only if M7 g is or, equivalently, 3; is stabilizable if and only if B is.
Notice that this can be checked constructively

Now assume this and let By = B(Us) with Uy = A™(—Q~, P#*) be one stabilizing
compensator according to Thm. 3.14 where indeed all stabilizing compensators are
constructed. Let

m P -Q
y= () eWmptn, Pi= (0 R) =

B(r) == {y e W(r)’*"™; Poy =0}

(85)

is the autonomous part of the interconnection of B; and B5 and thus stable. The iso-
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morphims (82) and (84) induce the behavior isomorphisms, for sufficiently large 7,

5,00\ . J (m ni+pt+m. x) = A1 + By,

B (T) {(’U2)€W(T) ) {(P?—Q?Dl)onZQQAClO.Tl }

= B(r) = {y e W(r)"""™; Poy =0}, (3;) & (1),

where y; = C1z1 + Dy oya, w1 = Fi oy, + Gy oy.

(86)

Since B is stable so is the isomorphic autonomous behavior B and in particular its
trajectories (" ) decrease exponentially with suitable decay factors exp(—at*) where
a, it > 0. The equations of B* thus furnish the stabilization of state space equations
2y = A1x1 + Biuy, y1 = Crx1 + Dy o uy by dynamic output feedback.
In [1, Sect. (4.1), (4.2)] the authors consider dynamic state feedback with different
assumptions for the matrices Ay, B;. For the preceding data this signifies

z1 =1y, Ci=F=idy, D1 =G; =0. (87)
The stabilizing equations of 3% (7) simplify to
zh = Ayzy + Bryz, P oys = Q5 oy (88)
The authors of [1] assume that By can be described by state space equations
xh, = Asxs + Bausg, Yo = Cowa + Doug, Ag, Ba,Co, Dy € K***.  (89)
Then the stabilizing equations (88) obtain the form [1, (4.2)]

zy = (A1 + B1D2)x1 + B1Caxa, v = Asxs + Bowy. (90)

4 Stabilizing compensators for three control goals

In this section we describe necessary and sufficient conditions for the existence of
stabilizing compensators for three standard control tasks, viz. tracking, disturbance
rejection and model matching. If such compensators exist we construct and parametrize
all of them. We do this by generalizing the LTI methods of [4] to the LTV situation.
It is remarkable that BIBO stability of stable LTV behaviors (cf. [21, Ch. 12]) does
neither hold in the general situation of this paper nor is it needed anywhere.

4.1 Tracking and disturbance rejection

We consider a stabilizable behavior B(U; ), its parametrized stabilizing compensators
as in Thm. 3.14 and the corresponding interconnected behavior B from Cor. and Def.
3.9, especially

Up = AYP(P,—Qn), Uy = AV (—Q%, P3),

91
Uss = AL (—Q5, Py) = AY ™ (—Qa, Po).

In addition we consider an autonomous system

B3y = B(Us) C WP, Uz = A'*PR3, Ry € AP*P rank(R3) =p.  (92)
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"

N

Y2 Y1 +us ug € Bs
Figure 2: Tracking resp. disturbance rejection interconnection.

The system Bs is called a signal generator. Its trajectories are called reference signals
and are fed into B as us whereas we choose u; = 0, hence u = (‘@) with R3 o
ug = 0 is the input of the feedback system. Figure 2 shows the block diagram of this
interconnection. The error signal is es := y; + uo. The +-sign in e comes from the
convention that signals are always added at nodes of two incoming arrows.

Definition 4.1. The stabilizing compensator By is said to be a tracking compensator
for Bs if the signals e; := y; + ug are w.e.s. for all us € Bs. Then one also says that
the signal y; tracks the reference signal —us.

The equations of the block diagram are
Proy=Qioys, P3*oys=Qf o(y1+us), R3ouz =0 (93)

The corresponding behavior and modules are

By = B(Uy), Uy = AP>@rmip) gt ¢ Atxptmte)  ph .= (ZA }? 5A>
0 0 R3

U4 = Alxp(Pla _le O) + Ale(_QQA’ P2Aa _QQA) + A1><p(0’ 07R3)
U4,S = Agxp(Pla _Q17 0) + Agxm(_Q2A7 P5A7 _Q9> + AAIS’XP(O7 0) RB)
= A7 (P1,—Q1.0) + A (~Q2, Po, Q) + AG™(0,0, Ry)

m PL —Q1 O
= AgX(IH +p)R4’ Ry = (éQ P21 Q2> .
0 0 Rs
(%94)
For the last equation in (94) we used (91) that implies
(@8, P) =Y(=Qs, P), Y € Gl (Ag)
= (-Q5, P35, —Q3) = Y (=Q2, P2, —Q2) 95)
= AJ(-Q5, P —-Q5) = A" (—Qa, Pa, —Q2).

Moreover we get

rank(Rf) = rank(R4) = rank (_%2 71% ) +rank(R3) =p+m+p— 6)
M, = Alx(p+m+p)/U4 and M, g = A1X(p+m+p)/U4 S
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are torsion modules and 5, is thus autonomous.
The error behavior and its equation modules and system modules are

Berr := (idy, 0,id,) 0 By = B(Uerr) € WP,
Uerr = (O(idpaoaidp))_l (U4) - A1><p, Merr = Alxp/Uerr - M47 (97)
ident.

1

Uerr,S = (O(idpvoaidp))_l (U4,S) c A}gxp’ Merr,S = Agxp/Uerr,S-

The second line in (97) follows from the exactness of the behavior functor A4 /U
B(U). As a submodule of M, the module My, is torsion and therefore B, is au-
tonomous. By definition the behavior B; is a tracking behavior for Bs if and only B,
is stable or, equivalently, M¢;r.g = 0 or Ueyr,5 = A}gXP .

Remark 4.2. For the computation of Ue,y g = (o(id,, 0, idp))_1 (Uy,s) we apply the
following standard algorithm: Assume a noetherian ring B and matrices and modules

k1 x4 Lo Xt
Ry e Bv*a  pcBf2Xa

(98)
U, :=BYR R, C B4, U, := (oP) ' (Uy) C BY¥2.

Let (X, Ry) € BF2X(*17£2) be a universal left annihilator of ( 7% ). This signifies that

Ry

Bk CCRR) it *(F) iy (99)

is exact or that X and R are universal matrices with X R = Ry P. Then
Uy, =Bk R, (100)

For the computation of Ug,r,s = (o(id,, 0, idp))f1 (Us,s)let (X1, X2, X3, Rerr) €
Ag"” x(prmptp) be a universal left annihilator of

R % _191 %
( —(id,0,id,) ) =| ¢ o R, | hence
—id, 0 —idy ( 101 )

(X1.X2) (3, 78" ) = (Remn,0), =X2Qa + Xo By — Ry = 0.

By means of (54) the preceding equations are equivalent to

-1
(XlaXZ) == (Rcrrao) <_%2 71531) == (Rcrrao) (ﬁi gi) == (RcerQ;Rcrer)

and Rerr(idp —|—N1Q2) — X3R5 =0.
(102)
Moreover

(Dz Nl)( Py —Q1> _ (id,, o )

N2 Dy —Q2 P2 - 0 id.,
- ldp = D2P1 — NlQQ — D2P1 = ldp +N1Q2 (5:4) ldp +Hy1,u2 (103)
= (Rerrs X3) (7%5}) = Renn D2 Py — X3R3 = 0.

Since (Xi, -, Rer) i a universal left annihilator of ((7id,,%%7 id,,)) the matrix

(Rerr, X3) € Al "*P) is a universal left annihilator of (P211) € AY™P"
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Dy P,

this follows directly from (102). Since rank(R3) = p and thus also rank ( R ) =p

the kernel

Aéxkerr (Rerr7 XS) — ker (O (D_2RF;1

). ALEE) A}J”) (104)

is free of dimension p = (p + p) — p and therefore we assume k,, = p w.l.o.g. By
construction the matrix R, generates U, g, hence

Uerr,S = Agprerra Merr,S’ = Agxp/Aéprerr~ (105)

Corollary 4.3. For the stabilizable behavior B, its stabilizing compensator Bs, the
signal generator B3, the interconnected behavior B from figure 2 and the derived data
from above the component y1 of By tracks the reference signals —uy € Bs if and only
if Rerr € Gl (Ag).

Theorem 4.4. Assume a stabilizable behavior By C WPT™ and a signal generator
Bs C WP. Also consider the parametrization from Lemma 3.12 and the construction
of all stabilizing compensators By of By in Thm. 3.14 and the associated data.
(i) There is a tracking stabilizing compensator for reference signals in Bs if and only
if the following inhomogeneous linear equation has a solution (X,Y') with entries in
AS.’

DyPy = N1XPy+YR3, X € AT*P Y € AP, (106)

(ii) If (106) is solvable then all tracking stabilizing compensators B(Us) are obtained
by the following steps:

1. Solve equation (106). Only the component X is used for the further construction.

2. According to (53) define
DO
(—Q2, P2) = (—Q8, P) + X (P, =Q1), (R2) = (5) = () X, hence

Ups @A™ (=Qo, P) = Aéx(wm), (_IZ}Q _1521> € Glprm(As).
(107)

3. Construct a stabilizing compensator B(Uz) from (—Q2, Py) according to Thm.
3.14.

The equations imply
idp +Hy, w, = D2 P =Y R3. (108)

Proof. 1. Necessity of (106): Assume that B, is such a compensator so that the derived
data from (93)- (105) are defined and R, € Gl,(Ag). From (52) and (103) we get

D2 = Dg — NlX and Reergpl = X3R3 with X, X3 € Aéx. —
DoPy = R\ X3Rs = DYP, = Ny XP, +YR3, Y := R} X3.

err

2. Sufficiency of (104): With X from (106) we define the matrices from (107). Accord-

ing to Lemma 3.12 and Thm. 3.14 the matrix (—Q3, P») gives rise to several stabilizing
Ixm

compensators B(Uz) with Uz 5 = A g™ (—Q2, P2). The compensator B gives rise to

the data (97)-(105), in particular (R, X3) is a universal left annihilator of ( QRI? ).

Equation (106) furnishes Do Py = Y R3 and therefore (id,,Y") € Agx ®HP) is one
left annihilator of (”2}"). This implies that there is a matrix Z € A" such that
Z(Rerr, X3) = (idp, Y') and especially Z R, = id,, and Re,r € Gl,(Ag). According
to Cor. 4.3 this signifies that B(Us) is a tracking compensator for Bs. It is clear that

this construction furnishes all tracking stabilizing compensators. O

(109)
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Example 4.5. We consider the data from Example 3.19, especially
Py =(1+a)s;, DY =s7t, Ny = —s7". (110)

Let B3 = B(AR3), 0# R3 € A, be an arbitrary autonomous signal generator. With

(z,m) € A5*? instead of (X,Y") in equation (106) the latter gets the form
DIP, = N1 XP, +YR; <= s, '(1+a)s; = —s; 'x(1 +a)s; +nR3 a
= s (1+2)(1+a)s1 = nhs.

The intersection
As(1+a)s; ﬂ AgR; = Ago (112)

is a nonzero principal ideal. Hence there are nonzero £, € A g such that

o=¢(14a)s; =nRs <= s7 (1 +x)(1 +a)s; = nRz withz := 5,6 — 1

<= DYP; = N1zP, + 1Rs.
(113)
The stabilizing compensators from Example 3.19 constructed with this = or, more gen-
erally, with z = s;(€ — 1, { € Ag, track the reference signals from Bs.

Disturbance rejection deals with the same stabilizable behavior By, signal genera-
tor B3 and interconnected behavior 3, as in the tracking case, but the control goal and
error behavior are different.

Definition and Corollary 4.6. The error behavior for disturbance rejection is By :=
(idp, 0, 0) o B4. The compensator By is said to reject disturbances from B if Be,, is sta-
ble. This signifies that inputs u; = 0 and us € B3 generate stable output components

Yi-

We state the corresponding theorem without its proof that is fully analogous to the
tracking case.

Theorem 4.7. (Disturbance rejection) (i) The stabilizing compensator B(Us) of B(Uy)
rejects disturbances from Bs if and only if the following inhomogeneous linear equation

NQ) =N XP,+YR3, X € ATP| Y € AR?, (114)

has a solution (X,Y") with entries in Ag.
(ii) If (114) is solvable all stabilizing compensators Ba of By for the rejection of signals
ug € Bs are obtained by the following construction steps:

1. Solve the equation (114) where only X is needed for the further construction.

2. Define (—Qa, P2) = (—Q3, PY) + X (P1, —Q1) according to (53). Use Thm.
3.14 to construct the matrix

(_QQAaPQA) e Amx(p—i—m) and Uy = A1><m(_Q2A’P2A) C A1><(p+m)

such that Uy g = A (—Qa, P2) and Uy s © Uz 5 = Agx(lﬂm).
(115)

The behaviors B(Us) are the desired compensators that are essentially parametrized
by the components X € A™*P of the solutions of (114). The equations imply

Hy, s 2 N1Q2 =YRs. (116)
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4.2 Model matching

We consider a stabilizable behavior B; = B(U;) C WPT™ and its parametrized family
of stabilizing compensators B(Usz) with Uy g @ Uss = A}qx (P+m) 45 described in
Sections 3.3 and 3.4. In addition we consider a model input/output behavior

B(Um); Un = Alxp(Pn% _Qm>7 (Pma _Qm) € A[)X(p-‘rp)’ Hy, = PnTLlva
(117)
with transfer matrix H,,. The IO property signifies that P,,, € G1,(Q). The intercon-
nection of these behaviors is realized by taking us € W (7)? as input both for B2 and
for B,,, where we choose u; = 0 as in the tracking case. This interconnection is thus
described by the trajectories (y1,y2, U2, ¥m) ' and the equations

Proy1=Qioyz, PP oys=Q5 o (uz+ 1), Prnoym=Qmouz  (118)
that give rise to the behavior

P -Q1 O 0
By = B(Uy), Uy = AV @tmtrilp, R = <Qs\ PR Q2 0 ) hence
0 0 —Qm Pn

Py —-Q 0 0
U4.S — AlX(p+m+P+p)R4’ R4 = (éz P21 —Q2 0 > with
' 0 0 —Qm Pm

rank(R4) = p + m + p since (_%2 7}%1) € Glp+m(Q) and P, € GL,(Q).
(119)
The error signal is defined as e = y1 — y.,, and the error behavior as By =
(idp, 0,0, —id,) o By.

Definition 4.8. The stabilizing compensator is called model matching for B,,, if Be,; is
autonomous and stable. One also says that y; matches the model y.,, for all inputs us.

The equation module of B, is Uerr = ((idp, 0,0, — idp)71 (Uy) € AY¥P and B,
is model matching if and only Uey,5 = A}gxz’ where
Uerr,s = ((idp, 0,0, —id,)) " (Uss) = AL " Ry, (120)
Analogous computations to those for Cor. 4.3 furnish
Ucrr,S = AIXke” Rerr, Rerr = — X3Py, where

121
AP¥Fer X0 — Ker (o(PleQg —Qu): AP — A};P) . (1=

Corollary 4.9. The stabilizing compensator Bs is model-matching for the 10 behavior

B, i.e., Uer s = AEXP, if and only if B,, is stable and H,, = N1Q> & Hy, s

Proof. =: The equations A" e R, = A and Ry = — X3Py, imply AP P, =
AL*? and hence P, € Gl,(Ag) and rank(X3) = p. According to Lemma and Def.
3.6 BB,, is stable and X3 can be cancelled as left factor. But
XB(PleQQ - Qm) =0= Pm(NlQQ - Hm) =0= Hp,, = N1Q2~
—: If
Hyy = N1Q2 = Pp(N1Q2 — Hy) = P N1Q2 — Qry, = 0 =

kerr =D X3 =id err — _Pm err l,(Ag).
p 3 1 p:>R PmeGZI:(As)R EGP( S)
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Theorem 4.10. Assume a stabilizable behavior By = B(U;) where Uy = AYP(Py, —Q1)
and (P1,—Q1) € AP *(+m) such that the exact sequences (49) and (50) exist. Also
assume a stable model 10 behavior B,, = B(U,,) where U,, = AYP(P,,, —Q),
(P, —Qum) € AP*PHP) gnd P, € Gl,(Ag).

(i) Then By admits a model-matching stabilizing compensator for B,, if and only the
inhomogeneous linear equation

MQY—Hy, =N XP, X €AY, (122)

has a solution X with entries in A g.
(ii) If (122) is solvable then all stabilizing compensators for matching the model B,,
are obtained with the following steps:

1. Solve (122) and use X to define (—Q2, P3) = (—QY, PY) + X (P, —Q1) ac-
cording to (53).

2. Use Thm. 3.14 to construct a module Uy = AY™(—Q5 Pf) with Uy 5 =
A (~Qa, Po).

Then B(Us) is the desired compensator.

Proof. (i)1. Necessity of (122): From Cor. 4.9 we get H,,, = N1Q2. From (—Q2, P5) =
(—QY, PY) + X (Py,—Q1) we infer Q2 = Q3 — X P; and hence (122).
2. Sufficiency of (122): Perform the steps above. The equations (122) and Q2 =
QY — X Py imply N1Q2 = H,,. By Cor. 4.9 the latter equation signifies that B(Us) is
model matching.
(ii) is a simple consequence of (i).

O

5 Algorithms

Almost all steps of the preceding constructions can be carried out algorithmically. We
describe the algorithms, but leave to experts in Computer Algebra [10], [20] to imple-
ment them. We do not discuss addition and multiplication in K C A C Q. Since K
contains arbitrary Laurent series it is clear that in practical examples one has to con-
sider rational coefficient functions with coefficients in Q(%) or standard functions like
2Fexp(2~1), k € Z. Euclidean division in A is possible. Also the theory of f.g.
A-modules is constructive. In particular, the freeness (=projectivity) and the torsion
property of a f.g. A-left module can be decided. The main theorem 2.7 of [6] describes
a test for weak exponential stability of most differential operators and therefore a test
for the inclusion s € S. If ¢ = ba~!, 0 # a,b € A, is a nonzero element of Q then

As:={fcA; fgc A} = (ob) '(Aa)and (¢ € Ag — s€9) (123)

can be computed, hence ¢ € Ag can be decided. A f.g. torsion module M is con-
structively isomorphic to A/AF where 0 # F € A. Since f.g. stable modules are
closed under isomorphisms the module M is stable if and only A/AF is stable and
this is equivalent to F' € S that can be decided (in most cases). The construction of
compensators in Thms. 4.4, 4.7 and 4.10 depends on the solution of inhomogeneous
linear equations

AXB=C, A,B,C,X € AY®, (124)
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where A, B, C are given and a solution X is sought. These equations can always be
solved. By multiplying A from the left and B from the right by common denominators
in S we may and do assume wlog that A and B, but not necessarily C' have entries in A.
Every matrix A with entries in A is equivalent to a diagonal matrix. One can construct
invertible matrices U; and Us and a square diagonal matrix D = diag(as,--- ,a;)
with = rank(A) and nonzero a; such that

U1 AUz = A== (P 0} U1, U, € GL.(A), D(a) = diag(as,- - ,ar), 0 # a; € A.

(125)
One can even choose a; = --- = a,_1 = 1. Consider the analogous decomposition
for B, i.e.,

ViBVy = B = (PWI0), Ur,Us € Glo(A), D =diag(bs,--- ,bs), 0#b; € A.
(126)
Then A R R
AXB=C < AXB=C < (P®0) X (PP o) =C 127
where X := UQ_IXVfl, C = U.CVs.

The last equation implies

7]5(2() if § < 7'< y ] X -0 N
{a " IZ_TJ_SandVZSTVJSSZXij:ailcijbjl' (128)

0 otherwise

Lemma 5.1. (i) The linear system AX B = C'is solvable in AY*® if and only if

Vi>r:6i_:0ande>s:a_j=0 (129)
Vi <rVj<s: a;laijbj_l €Ag
(ii) If the system is solvable then
E = {)?, A\)?E = é} = {)? € A;X.; Vi < T’v.] < S )?7',]' = a;laijbj_l}
R R L (130)
L:={X; AXB=C}=ULV; = {UQXVl; Xe L}.
(iii) For the homogeneous systems this implies
10 .= {)A(, AXB = 0} = {)A( EAY Vi<rVj<s: )?ij = O}, 30

L°:={X; AXB =0} = UoL°Vy, hencealso L = X* + L°, X* € L.

The conditions in (129) can be checked and therefore the linear systems AX B = C'
with matrices with entries in A g can be solved.

6 Conclusion

In this paper we present a new constructive theory of stabilization and control for LTV
differential systems whose computer implementation is left to younger colleagues. Ex-
amples 3.19 and 4.5 computed by hand illustrate the theory. The paper extends the LTI
theories from, for instance, [8], [9, §9.6, pp. 488-506], [22, §5.7, pp. 151-155], to the
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LTV situation. Most papers (google search) on this subject in the literature deal with
Kalman'’s state space systems (cf. [21, pp. 280-284]) of the form

2/ (t) = A(t)x(t) + B(t)u(t), y(t) = C(t)x(t) + D(t)u(t), (132)

whereas we consider general implicit linear differential systems of arbitrary order.
Arbitrary analytic or even smooth coefficient functions are unsuitable for such systems.
It has turned out that smooth functions derived from the field of locally convergent
Puiseux-series have all necessary properties. These coefficient functions approximate
large classes of continuous functions and this enables the application of the present
theory to even more general systems. The important problem of robustness in this
context has, however, not yet been solved. We also employ a new kind of behaviors
and their weak exponential stability that were introduced in the recent paper [7]. The
results of the latter paper are essential for the proofs of the present one. In Remark
3.20 we explain differences and similarities to [5, Ch. 11, pp. 545-554] that, to our
knowledge, is the only work where tracking and disturbance rejection of LTV systems
have been discussed in the same generality.

Acknowledgement: I thank the two reviewers for their efforts and suggestions.
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