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Abstract

We complete the stability results of the paper H. Bourlès, B. Marinescu, U.
Oberst, ’Exponentially stable linear time-varying discrete behaviors’, SIAM J.
Control Optim. 53(2015), 2725-2761, and for this purpose use the linear time-
varying (LTV) discrete-time behaviors and the exponential stability (e.s.) of this
paper. In the main theorem we characterize the e.s. of an autonomous LTV system
by standard spectral properties of a complex matrix connected with the system. We
extend the theory of discrete-time LTV behaviors, developed in the quotedpubli-
cation, from the coefficient field of rational functions to that of locally convergent
Laurent series or even of Puiseux series. The stability test can and hasto be applied
in connection with the construction of stabilizing compensators.

AMS-classification: 93D20, 93C55, 93C05
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1 Introduction

We complete the stability results of [4] and use the notions,in particular the linear time-
varying (LTV) discrete-time behaviors and the exponentialstability (e.s.), of this paper
and of [5]. In the main Thm. 1.1 we characterize e.s. of an autonomous LTV system by
standard spectral properties of a complex matrix connectedwith the system. Due to, for
instance, [6], [15], Thm. 1.1 furnishes aconstructivetest for e.s.. This test can and has
to be applied in connection with the construction of stabilizing compensators; cf. [12]
in the case of differential LTV systems. The proof of Thm. 1.1is contained in Section
3. In Section 2 we generalize the theory of discrete-time LTVbehaviors, developed in
[4], from the coefficient field ofrational functionsto that oflocally convergent Laurent
seriesby exposing the necessary modifications only. These more general behaviors are
used in Thm. 1.1. In Section 4 we shortly extend the results tothe still larger field
of locally convergent Puiseux series(cf. [5, §3.1]). The latter field seems to be the
largest coefficient field for which a reasonable stability theory forgeneral LTV systems
can be developed. We refer to the books [16, pp. 423-461] and [8, pp. 193-368] for
comprehensive surveys of exponential stability ofstate space systems. Part II of the
book [3] contains a detailed theory of general LTV behaviorsand their stability that
was modified in the papers [4] and [5]. We also refer to the recent papers [10], [13],
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[7], [1], [2].
The main result Thm. 1.1 requires some preliminary explanations: LetC < z > denote
the local principal ideal domain oflocally convergent power seriesin the variablez and
K := C << z >> its quotient field of locally convergentLaurent series. The ring
C < z > has the unique prime elementz up to units. Every nonzero elementa ∈ K

has a unique representation

a(z) = zkb(z), k ∈ Z, b(z) :=

∞
∑

i=0

biz
i, b0 6= 0,

σ(a) := σ(b) := lim sup
i∈N

i
√

|bi| < ∞.

(1)

The seriesb(z) with b0 6= 0 is a unit ofC < z >. The inverseρ(a) := σ(a)−1 is the
convergence radius ofa and hencea(z) is a holomorphic function in the pointed open
disc

D(ρ(a)) \ {0} , D(ρ) := {z ∈ C; |z| < ρ} , ρ > 0, b(0) = b0, (2)

and even in the whole discD(ρ(a)) if k ≥ 0 anda is a power series. In particu-
lar, the functiona(t−1) = t−kb(t−1) is a smooth function on the real open interval
(σ(a),∞) := {t ∈ R; t > σ(a)}, hence

a(t−1) ∈ C∞(σ(a),∞) := {f : (σ(a),∞) → C; f smooth} . (3)

The sequencesa(t−1), t ∈ N, t > σ(a), are the time-varying coefficients of the dif-
ference equations of the present paper that in [4] were used for a ∈ C(z) = C(z−1).

Exponential stability (e.s.) is a property of autonomous behaviors [4, Def. 1.7].
Every autonomous behaviorB is isomorphic to aKalman state space behaviorB(A, t0)
defined by a matrixA = (Aµν)µ,ν ∈ C << z >>q×q andt0 ∈ N, cf. (7), andB is
e.s. if and only ifB(A, t0) is e.s. [4, Lemma 3.7]. With

σ(A) := max {σ(Aµν); 1 ≤ µ, ν ≤ q} , ρ(A) := σ(A)−1, (4)

the functionA(t−1) is a smooth matrix function on the real interval(σ(A),∞). For
t0 ∈ N we consider the signal space

W (t0) := C
t0+N := {(w(t))t≥t0 ; t ∈ N, w(t) ∈ C} (5)

of complex sequences or discrete signals starting at the initial time t0. For q ∈ N we
use the column spacesCq andW (t0)

q and identify

W (t0)
q = (Cq)t0+N ∋ (w1, · · · , wq)

⊤ = (w(t0), w(t0 + 1), · · · ), wi(t) = w(t)i.
(6)

If t0 > σ(A), t0 ∈ N, the matrixA gives rise to thestate space equationresp. the
behavioror solution space

x(t+ 1) = A(t−1)x(t), t ≥ t0, resp.

B(A, t0) :=
{

x ∈ W (t0)
q; ∀t ≥ t0 : x(t+ 1) = A(t−1)x(t)

}

.
(7)

Thetransition matrix[16, p. 392] associated to (7) is

ΦA(t, t0) := A((t− 1)−1) ∗ · · · ∗A(t−1
0 ), t ≥ t0 > σ(A), ΦA(t0, t0) = idq . (8)
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There is the obvious isomorphism

B(A, t0) ∼= C
q, x 7→ x(t0), x(t) = ΦA(t, t0)x(t0). (9)

For ξ = (ξ1, · · · , ξq)
⊤ ∈ C

q andM ∈ C
q×q we use the maximum norms

‖ξ‖ := maxi |ξi| and‖M‖ := max {‖Mξ‖; ξ ∈ C
q, ‖ξ‖ = 1} . (10)

Thespectrumspec(M) of M is the set of its eigenvalues. Recall thatM is nilpotent,
i.e.,Mm = 0 for somem ∈ N, if and only if spec(M) = {0}.
W.l.o.g. we assumeA 6= 0. ThenA admits a unique representation

A(z) = z−kB(z), k ∈ Z, B(z) =
∞
∑

i=0

Biz
i ∈ C < z >q×q, Bi ∈ C

q×q, B0 6= 0.

(11)
The coefficient functionsa(t−1), a ∈ K, are of at most polynomial growth (p.g.f.)
on each closed interval[σ1,∞), σ1 > σ(a), i.e., there arec > 0 andm ∈ N such
that |a(t−1)| ≤ ctm for t ≥ σ1 [5, (29)]. For nonzeroa there isσ2 > σ(a) such that
a(t−1) 6= 0 for t ≥ σ2. According to [4], [5] the smoothness, at most polynomial
growth and no zeros for larget are the decisive properties of the time-varying coeffi-
cientsa(t−1). An analogous definition applies to sequences in inC

t0+N. The system,
i.e., the matrixA and the equation and behavior from (7), are calledexponentially
stable(e.s.) [4, Def. 1.7, Cor. 3.3] if

∃t0 > σ(A)∃α > 0∃ p.g.f.ϕ ∈ C
t0+N, ϕ > 0,

∀t ≥ t1 ≥ t0 : ‖ΦA(t, t1)‖ ≤ ϕ(t1)e
−α(t−t1).

(12)

In [4] we used the notationρ := e−α < 1 andρt−t1 = e−α(t−t1). In particular,
e.s. implies asymptotic stability, i.e.,limt→∞ ΦA(t, t0) = 0. The system is called
uniformly e.s.(u.e.s.) [16, Def. 22.5] if the p.g.f.ϕ in (12) can be chosen constant.
In [16] the author considers LTV state space equationsx(t + 1) = F (t)x(t), t ≥ 0,

with an arbitrary sequence of complex matricesF = (F (0), F (1), · · · ) ∈ (Cq×q)
N
=

(

C
N
)q×q

. All stability results in [16, Chs. 22-24] require additional properties ofF .
Our choice in [4] and in the present paper is

F (t) := A(t−1), A ∈ C << z >>q×q⊃ C(z)q×q, t > σ(A). (13)

Theorem 1.1. Consider a nonzero matrixA(z) ∈ C << z >>q×q and the state space
system defined by the data from(7) and (8).

(i) If A =
∑∞

i=0 Aiz
i is a power series then the system is e.s. if and only if

spec(A0) ⊂ D(1) = {λ ∈ C, |λ| < 1} .

(ii) If k > 0 in the representationA = z−k(B0 + B1z + · · · ) from (11) and if the
matrixB0 is not nilpotent then the system is not e.s. and indeed

∃t0 > σ(A)∀t1 ≥ t0 : sup
t≥t1

‖ΦA(t, t1)‖ = ∞, (14)

i.e., the system is not stable.

(iii) Assumek > 0 in the representationA = z−k(B0 +B1z + · · · ) from (11)and

det(B(z)) = bℓz
ℓc(z) 6= 0, c(z) = 1 + c1z + c2z

2 + · · · ∈ C < z > . (15)

If kq > ℓ then(14)holds and the system is not e.s..



2 LAURENT COEFFICIENTS 4

Example 1.2. ThatB0 in item (ii) of Thm. 1.1 is not nilpotent cannot be omitted.
To see this consider the nilpotent matrixB0 := ( 0 1

0 0 ) ∈ C
2×2. For 0 6= λ ∈ C and

ρ := |λ| = e−α > 0, α ∈ R, define

A(z) := z−1B(z), B(z) := B0 + zλ id2 =⇒ A(t−1) = B0t+ λ id2 =
(

λ t
0 λ

)

=⇒ ΦA(t, t0) =
(

λt−t0 λt−t0−1
∑t−1

i=t0
i

0 λt−t0

)

, det(B(z)) = λ2z2, det(A(t−1)) = λ2.

(16)
Forρ ≥ 1 the sequenceΦA(t, t0) does not converge to zero and therefore the system is
not e.s.. The sum

∑t−1
i=t0

i grows polynomially. Ifρ = e−α < 1 orα > 0 the transition

matrix ΦA(t, t0) decreases exponentially with a decay factore−α′(t−t0) for everyα′

with 0 < α′ < α.

Remark 1.3. If B is an arbitrary autonomous behavior, cf. (52), (53), [4, §2.5], the
matrix A and an explicit isomorphismB ∼= B(A, t0) can be computed with theOre-
Modulespackage [6], [15]. SinceB is e.s. if and only ifB(A, t0) is e.s. Thm. 1.1
establishes a constructive test for e.s. of almost all autonomous systems. The exception
occurs with systems for which the assumptions of Thm. 1.1,(ii),(iii), are not satisfied.

Notations and abbreviations: D(ρ) := {z ∈ C; |z| < ρ} , ρ > 0, e.s.= exponen-
tially stable, exponential stability, f.g.=finitely generated, LTV=linear time-varying,
p.g.f.= polynomial growth function, resp.=respectively,spec(M) :=set of eigenvalues
of a square complex matrixM , u.e.s.= uniformly e.s., w.e.s.= weakly e.s., w.l.o.g.=without
loss of generality,Xp×q=set ofp× q-matrices with entries inX, X1×q=rows,Xq :=
Xq×1=columns,X•×• :=

⋃

p,q≥0 X
p×q.

2 Laurent coefficients

We explain the basic notions of a variant of the theory from [4] since we use the dif-
ference fieldK = C << z >> instead of the fieldC(z) ⊂ K of rational functions in
[4]. RecallW (t0) = C

t0+N for t0 ∈ N from (5). The spaceCt0+N = W (t0) is also
a differenceC-algebra with the componentwise multiplication and the shift algebra
homomorphism

Φd : Ct0+N → C
t0+N, c 7→ Φd(c), Φd(c)(t) = c(t+ 1), t ≥ t0. (17)

It gives rise to thenoncommutative skew-polynomial algebra of difference operators
[9, Section 1.2.3], [4, (20)]

B(t0) := C
t0+N[s; Φd] :=

∞
⊕

j=0

C
t0+Nsj , sc = Φd(c)s, c ∈ C

t0+N. (18)

The spaceW (t0) is a leftB(t0)-module with the actionf ◦ w for f =
∑∞

j=0 fjs
j ∈

B(t0) andw ∈ W (t0) [4, (21)], defined by

(f ◦ w)(t) :=
∑

j

fj(t)w(t+ j), t ≥ t0. (19)
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As usual this is extended to the actionR ◦ w [4, (22)] of a matrix

R =
∑

j

Rjs
j ∈ B(t0)

p×q, Rj ∈
(

C
t0+N

)p×q
, onw ∈ W (t0)

q by

(R ◦ w)(t) :=
∑

j

Rj(t)w(t+ j), t ≥ t0.
(20)

Thebehavior or solution spacedefined byR is

B(R, t0) := {w ∈ W (t0)
q; R ◦ w = 0} . (21)

For σ > 0 the algebraC∞(σ,∞) is also a difference algebra with the algebra endo-
morphism

Φs : C∞(σ,∞) → C∞(σ,∞), Φs(f)(t) := f(t+ 1). (22)

It gives rise to the skew-polynomial algebra

As(σ) := C∞(σ,∞)[s; Φs] := ⊕j∈N C∞(σ,∞)sj , sf = Φs(f)s, f ∈ C∞(σ,∞).
(23)

For t0 > σ the map

Ψs : C
∞(σ,∞) → C

t0+N, f 7→ (f(t))t≥t0 , (24)

is a difference algebra homomorphism sinceΦdΨs = ΨsΦs and therefore its extension

Ψs : As(σ) = C∞(σ,∞)[s; Φ2] → B(t0) = C
t0+N[s; Φd],

Ψs





∑

j

fjs
j



 :=
∑

j

Ψs(fj)s
j ,

(25)

(denoted with the same letter) is an algebra homomorphism. The algebrasC∞(σ,∞)
andCt0+N are not noetherian and have many zero-divisors and therefore very little is
known about the rings of difference operators from (18) and (23) and their modules.
Therefore we restrict the time-varying coefficients of discrete difference equations to
sequences

a(t−1), t ≥ t0 > σ(a) = σ(b), a = zkb, b =

∞
∑

i=0

biz
i ∈ C < z >,

a(t−1) = t−k
∞
∑

i=0

bit
−i.

(26)

We finally considerK as a difference field with a field automorphismΦ : K
∼=
−→ K

[14] and define the corresponding operator domain

A := K[s; Φ] = ⊕j∈NKsj , sa = Φ(a)s. (27)

TheC-algebraA is a noncommutative euclidean domain [9, §1.2], especiallyprincipal,
and the f.g. leftA-modules are precisely known [9, Thm. 1.2.9, §5.7., Cor. 5.7.19].
The definition ofΦ and the connection ofA with As require a preparation:

For an open setU ⊆ C letO(U) denote theC-algebra of holomorphic functions in
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U . So anya ∈ C < z > defines the holomorphic functiona(z) ∈ O (D(ρ(a)) \ {0}).
In general, this can be extended to larger connected open sets. Forρ > 0 we define the
subsetK(ρ) ⊂ K as follows: An elementa ∈ K belongs toK(ρ) if there is an open
connected neighborhoodU(a) of 0 and a holomorphic functionf ∈ O (U(a) \ {0})
such that[0, ρ) ⊂ U(a) andf(z) = a(z) for z 6= 0 near0. In other terms, the germ of
f at0 isa. SinceU(a)\{0} is connected the functionf is unique with these properties.

Lemma 2.1. (i) The valuea(t−1) := f(t−1) for t > ρ−1 is independent of the choice
of the extensionf ∈ O (U \ {0}) of a.
(ii) The setK(ρ), ρ > 0, is a subalgebra ofK, i.e., additively and multiplicatively
closed, and the map

Ψρ : K(ρ) → C∞(ρ−1,∞), a 7→ a(t−1), (28)

is an algebra monomorphism

Proof. (i) Let fi ∈ O (Ui \ {0}) , i = 1, 2, be two such extensions. The (open)
connected componentU3 of U1

⋂

U2 containing0 also contains[0, ρ). Sincef1 andf2
are holomorphic onU3 \{0} and extenda and sinceU3 \{0} is connected we conclude
f1|U3\{0} = f2|U3\{0} and hencef1(t−1) = f2(t

−1) for t > ρ−1.
(ii) For a1, a2 ∈ K(ρ) the intersectionU(a1)

⋂

U(a2) is an open neighborhood of0
and contains[0, ρ). Let fi denote the holomorphic extensions of theai to U(ai) \ {0}
andU3 the (open) connected component ofU(a1)

⋂

U(a2) containing0 and hence
[0, ρ). The functionf1+/∗f2 is holomorphic on(U(a1)

⋂

U(a2))\{0} and hence on
U3 \{0} and obviously coincides witha1+/∗a2 near zero, hencea1+/∗a2 ∈ K(ρ).
For t > ρ−1 this implies

(a1+/∗a2)(t
−1) := (f1+/∗f2)(t

−1) = f1(t
−1)+/∗f2(t

−1) = a1(t
−1)+/∗a2(t

−1).

(iii) Assumea = a0 + a1z + · · · ∈ C < z > w.l.o.g. Since0 is an accumulation point
of (0, ρ) the conditiona|(0,ρ) = 0 impliesa = 0.

The equation(t+ 1)−1 = t−1(t−1 + 1)−1 implies

∀t > σ(a) : a((t+ 1)−1) = a
(

t−1(t−1 + 1)−1
)

= (t+ 1)−k
∞
∑

i=0

bi(1 + t)−i =

(

t−1

t−1 + 1

)k ∞
∑

i=0

bi

(

t−1

t−1 + 1

)i

.
(29)

This suggests to makeC << z >> a difference field [14, Ex. 1.2], [4, §4.7] via the
field automorphism

Φ : C << z >>
∼=
−→ C << z >>, Φ(z) = z(1 + z)−1, Φ(z−1) = z−1 + 1

Φ

(

zk
∞
∑

i=0

biz
i

)

=

(

z

1 + z

)k ∞
∑

i=0

bi

(

z

1 + z

)i

,

(1 + z)−i =
∞
∑

j=0

(

−i

j

)

zj ∈ C < z > .

(30)

Lemma 2.2. For a(z) = zkb(z) ∈ K, b(z) ∈ C < z >, andm ∈ N the following
assertions hold:
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1. Φm(a) = a
(

z(1 +mz)−1
)

.

2. σ(Φm(a)) ≤ σ(a) +m, ρ(Φm(a)) ≥ (ρ(a)−1 +m)−1.

3. If ρ > 0 anda ∈ K(ρ) then alsoΦm(a) ∈ K(ρ) andΦm(a)(t−1) = a
(

(t+m)−1
)

for t > ρ−1. With Lemma 2.1 this implies thatK(ρ) is a difference subalgebra
of K.

Proof. 1. The equation follows by induction from

Φm+1(a) = Φm(a)(z(1 + z)−1)

= a
(

z(1 + z)−1(1 +mz(1 + z)−1)−1
)

= a
(

z(1 + (m+ 1)z)−1
)

.

2. Form = 0 the assertion is obvious. So assumem > 0 and

|z| < (σ(a) +m)−1(< 1) =⇒ |z−1 +m| ≥ |z|−1 −m > σ(a)

=⇒ |
z

1 +mz
| = |

1

z−1 +m
| ≤

1

|z|−1 −m
< ρ(a)

=⇒ ρ(Φm(a)) = ρ
(

a(z(1 +mz)−1)
)

≥ (σ(a) +m)−1

=⇒ σ(Φm(a)) ≤ σ(a) +m.

(31)

3. W.l.o.g. we assume0 6= a = b ∈ C < z >. Let f ∈ O(U(a)) be a holomorphic
extension ofa with U(a) ⊃ [0, ρ). Consider the projective lineC = C ⊎ {∞}. For
m ≥ 0 there are the inverse biholomorphic maps

C ∼= C, z = w(1−mw)−1 ↔ w = z(1 +mz)−1. (32)

They induce the inverse biholomorphic maps

C \ {−1/m,∞} = C \ {−1/m} ∼= C \ {1/m,∞} = C \ {1/m} and

V :=
{

z ∈ C; z(1 +mz)−1 ∈ U(a)
}

∼= U(a) \ {1/m} .
(33)

SinceU(a) andU(a) \ {1/m} are open and connected the setV is a connected open
neighborhood of0 and contains[0, ρ) sinceU(a) does. The functionf

(

z(1 +mz)−1
)

is holomorphic onV and coincides withΦm(a) = a
(

z(1 +mz)−1
)

for smallz. This
means that it is a holomorphic extension ofΦm(a) and thusΦm(a) ∈ K(ρ). Finally

∀t > ρ−1 : Φm(a)(t−1) = f
(

t−1(1 +mt−1)−1
)

= f
(

(t+m)−1
)

=
(t+m)−1∈(0,ρ)⊂U(a)

a
(

(t+m)−1
)

.

Example 2.3. Let

a(z) := (1− z2)−1 =

∞
∑

j=0

z2j ∈ C < z >=⇒ ρ(a) = 1, U(a) = C \ {1,−1}

Φ(a) = a(z(1 + z)) = (1 + z)2(1 + 2z)−1, U(Φ(a)) = C \ {−1/2}

ρ(Φ(a)) = 1/2, (0, ρ(a)) ⊂ U(Φ(a)).

(34)
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Corollary and Definition 2.4. According to Lemmas 2.1 and 2.2,(3),K(ρ) is a dif-
ference subalgebra ofK and the mapΨρ from (28) is a monomorphism of difference
algebras, i.e.,ΦsΨρ = ΨρΦ, cf. (22). This obviously implies that

A(ρ) := K(ρ)[s; Φ] ⊂ A = K[s; Φ] (35)

is a subalgebra ofA and that the extended map

Ψρ : A(ρ) = K(ρ)[s; Φ] → As(ρ
−1) = C∞(ρ−1,∞)[s; Φs], a(z)s

j 7→ a(t−1)sj ,
(36)

cf. (23), is an algebra monomorphism.

We combine Cor. 2.4 with (25). Forρ > 0 andt0 > ρ−1 we define the composed
algebra monomorphism

Ψ := ΨsΨρ : A(ρ)
Ψρ
−→ As(ρ

−1)
Ψs−→ B(t0)

a(z)sj 7→ a(t−1)sj 7→ (a(t−1))t≥t0s
j
. (37)

Here the mapΨ is injective onK(ρ) and hence also onA(ρ).

Corollary 2.5. For ρ > 0 and t0 > ρ−1 the algebra monomorphismΨ and the left
B(t0)- module structure ofW (t0) = C

t0+N from (19) imply the action◦ of A(ρ) on
W (t0) defined by

f ◦ w := Ψ(f) ◦ w, f =
∑

j

ajs
j ∈ A(ρ), w ∈ W (t0),

∀t ≥ t0 > ρ−1 : (f ◦ w)(t) =
∑

j

aj(t
−1)w(t+ j).

(38)

This action makesW (t0) a leftA(ρ)-module.

The mapsΨ,Φ,Φd are extended to matrices componentwise. We also canonically
extend the definitions ofρ(a), σ(a) andU(a) for a ∈ K to operators resp. matrices

f =
∑

j

fjs
j ∈ A, A = (Aµν)µν ∈ K

p×q,

R =
∑

j

Rjs
j ∈ A

p×q, Rj ∈ K
p×q :

ρ(f) = minj ρ(fj), ρ(A) := minµ,ν ρ(Aµν), ρ(R) = minj ρ(Rj)

σ(f) := ρ(f)−1, σ(A) := ρ(A)−1, σ(R) := ρ(R)−1

U(f) := connected component of
⋂

j

U(fj) containing0.

(39)

The connected open neighborhoodsU(A), U(R) are defined analogously. A matrix
R =

∑

j Rjs
j ∈ A(ρ)p×q ⊂ A

p×q with Rj ∈ K(ρ)p×q andt0 > ρ−1 give rise to the
behavior

B(R, t0) := {w ∈ W (t0)
q; R ◦ w = 0}

=







w ∈ W (t0)
q; ∀t ≥ t0 :

∑

j

Rj(t
−1)w(t+ j) = 0







.
(40)
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ForA ∈ K(ρ)q×q the state space behavior from (7) now obtains the form

B(s idq −A, t0) = B(A, t0) =
{

x ∈ W (t0)
q; ∀t ≥ t0 : x(t+ 1) = A(t−1)x(t)

}

.
(41)

Remark 2.6. Notice thatW (t0) is not anA-, but only anA(ρ)-left module for
t0 > ρ−1. In contrast to the well-known algebraic structure ofA that ofA(ρ) and
its f.g. left modules is unknown. To enable a module-behavior duality between f.g.
A-left modules and behaviors the behaviors from (40) have to be modified as in [4, (7),
(9)].
The subspaceC(N) ⊂ C

N consists of the signalsw ∈ C
N with finite supportsupp(w) :=

{t ∈ N; w(t) 6= 0}. The factor spaceW (∞) := C
N/C(N) is anA-left module with

the actionf ◦ (w + C
(N)) := v + C

(N) where

f =
∑

j

fjs
j ∈ A(ρ) ⊂ A, v(t) :=

{

∑

j fj(t
−1)w(t+ j) if t > ρ−1

0 if t ≤ ρ−1
. (42)

This signal spaceW (∞) was already defined in [14, p. 5]. In [3, Thm. 839] it was
shown for the coefficient fieldC(z) instead ofC << z >> here that it is alarge in-
jectiveA-cogeneratorand thus enables a module-behavior duality. This signal module
W (∞) is unsuitable for the stability theory of LTV systems since the signalsw+C

(N)

do not have well-defined valuesw(t) ∈ C and in particular no initial valuew(t0). So
(uniform) exponential stability of state space behaviors as in (12) or of general behav-
iors [4, Def. 1.7] cannot be defined.

Two behavior families

Bi := (B(Ri, t0))t0>ρ−1

i
, Ri ∈ A(ρi)

pi×q ⊂ A
pi×q, i = 1, 2, (43)

are calledequivalent, in signsB1 ≡ B2, if and only if

∃t1 > max(ρ−1
1 , ρ−1

2 )∀t2 ≥ t1 : B(R1, t2) = B(R2, t2). (44)

Sincet1 can be chosen large one may always assume thatρi = ρ(Ri) for i = 1, 2. The
equivalence class ofB1 is denoted bycl(B1). The study of this class means to study
the behaviorsB(R1, t2) for larget2. This is appropriate for stability questions where
the trajectoriesw(t) of a behavior are studied fort → ∞.
If M is a f.g.A-module with a given listw := (w1, · · · ,wq)

⊤ of generators there is
the canonical isomorphism

A
1×q/U ∼= M, ξ + U 7→ ξw =

∑

i

ξiwi where

ξ = (ξ1, · · · , ξq) ∈ A
1×q, U :=

{

ξ ∈ A
1×q; ξw = 0

}

.

(45)

SinceA is noetherian the submoduleU is f.g. and thus generated by the rows of some
matrixR ∈ A

p×q, i.e.,U = A
1×pR. SinceA is even a principal ideal domainU is

free and one may assume thatdimA(U) = rank(R) = p. The matrixR gives rise to
behaviors

B(R, t0), t0 > σ(R), and their classcl
(

(B(R, t0))t0>σ(R)

)

. (46)

It turns out that this class depends onU only and not on the special choice ofR [4,
Lemma 2.5], is denoted by

B(U) := cl
(

(B(R, t0))t0>σ(R)

)

, U = A
1×pR ⊆ A

1×q, (47)
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and calledthe behavior defined byU . These behaviorsB(U) were introduced in [4,
(9)] for the coefficient fieldC(z) = C(z−1) of rational functions instead ofK ⊃ C(z).

Remark 2.7. The following three properties of the coefficient sequences
(

a(t−1)
)

t>σ(a)
,

a ∈ K, are decisive:

1. Any nonzeroa ∈ C < z > can be written asa = a0 + zc(z) wherec(z) is
bounded for|z| ≤ ρ < ρ(a) and hencea(t−1) = a0 + t−1c(t−1) with bounded
c(t−1) for t ≥ t0 > σ(a). For larget the termt−1c(t−1) is a small disturbance
of the constanta0 and thus the perturbation results [16, Thm. 24.7], [4, Lemma
3.15] are applicable.

2. The sequences are p.g.f., indeed

a = z−mb, m ≥ 0, b ∈ C < z >

=⇒ ∃c > 0∀t ≥ t0 > σ(a) : |a(t−1)| ≤ ctm.
(48)

3. The sequences have no zeros for larget, i.e.,∃t1 > σ(a)∀t ≥ t1 : a(t−1) 6= 0.

Result 2.8. (Meta-theorem) With the obvious necessary modifications all essential no-
tions and results from [4] hold for the coefficient fieldK and the behaviorsB(U)
defined in(43).

For the preceding result one checks that the proofs of [4] usethe properties of
Remark 2.7 only. In particular, there is a canonical definition of behavior morphisms
such that the behaviorsB(U) with these morphisms form an abelian category and the
assignmentM = A

1×q/U 7→ B(U) is a categorical duality from f.g.A-left modules
with a given finite list of generators to behaviors [4, Cor. 2.7,Thm. 1.6]. IfMi =
A

1×qi/Ui, Ui = A
1×piRi, Ri ∈ A

pi×qi , i = 1, 2, are two modules anyA- linear
mapϕ : M1 → M2 has the form

ϕ = (◦P )ind : M1 → M2, ξ + U1 7→ ξP + U2, where

P ∈ A
q1×q2 , ∃X ∈ A

p1×p2 with R1P = XR2.
(49)

If R1, R2, P,X ∈ A(ρ)•×•, for instance ifρ < min(ρ(R1), ρ(R2), ρ(P ), ρ(X)), and
if t0 > ρ−1 Cor. 2.5 implies

∀w ∈ W (t0)
q2 : R1 ◦ (P ◦ w) = X ◦ (R2 ◦ w)

=⇒ P◦ : B(R2, t0) → B(R1, t0), w2 7→ P ◦ w2.
(50)

The equivalence classB(ϕ) := cl
(

(P◦ : B(R2, t0) → B(R1, t0))t0>ρ−1

)

is defined as
in (44), cf. [4, (33),(50)], and defines the behavior morphism

B(ϕ) : B(U2) → B(U1). (51)

The mapϕ is an isomorphism if and only ifB(ϕ) is one, i.e., ifP◦ : B(R2, t1) →
B(R1, t1) is an isomorphism for sufficiently larget1.
A f.g. moduleM = A

1×q1/U1 is a torsion module, cf. [4, §2.5], if and only if
n := dimK(M) < ∞ or if and only if it is isomorphic to a module in state space form,
i.e.,

M = A
1×q1/U1

∼= M2 = A
1×n/U2, U2 = A

1×n(s idn −A), A ∈ K
n×n

B(U2) = cl
(

(B(s idn −A, t0))t0>σ(A)

)

∼= B(U1).
(52)
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The behavior

B(U) = cl
(

(B(R, t0))t0>σ(R)

)

with R ∈ A
p×q, U = A

1×pR, M = A
1×q/U

(53)
is calledautonomousif and only if there ist1 > σ(R) such all trajectoriesw ∈
B(R, t2), t2 ≥ t1, are determined by the initial vector(w(t2), · · · , w(t2 + d) of some
fixed lengthd. This is the case if and only if the moduleM = A

1×q/U is a torsion
module.
Exponential stability (e.s.) of an autonomous behaviorB(U) and of its torsion module
M = A

1×q [4, Def. 1.7] is defined by a more general version of (12) and preserved
by behavior isomorphisms [4, §3.2]. The e.s. behaviors and modules form Serre cat-
egories, i.e., are closed under subobjects, factor objectsand extensions [4, Thms. 1.8,
3.11].

3 The proof of Thm. 1.1

(i) SinceA is a power series we can write

A(z) = A0 + zC(z) ∈ C < z >q×q, C(z) = A1 +A2z + · · · ∈ C < z >q×q

=⇒ A(t−1) = A0 + t−1C(t−1), t ≥ t0 > σ(A).
(54)

The functionC(t−1) is bounded fort ≥ t0 and thereforet−1C(t−1) is a disturbance
term that is small for larget.
(a) If spec(A0) ⊂ D(1) the systemx(t + 1) = A0x(t), t ≥ t0, is uniformly ex-
ponentially stable (u.e.s.). According to [16, Thm. 24.7],[4, Cor. 3.17] the equation
x(t+ 1) = A(t−1)x(t), t ≥ t0, is also u.e.s. and therefore e.s..
(b) Assume thatA0 has an eigenvalueλ with |λ| > 1. According to [4, Thm. 3.21] the
system is exponentially unstable and, in particular,

∃t0 > σ(A)∃ρ > 1∀t ≥ t1 ≥ t0 : ‖ΦA(t, t1)‖ ≥ ρt−t1 =⇒ sup
t≥t1

‖ΦA(t, t1)‖ = ∞.

(55)
This implies that the systemx(t+ 1) = A(t−1)x(t) is not e.s..
(c) Assume thatA0 has an eigenvalueλ with |λ| = 1 and that the systemx(t + 1) =
A(t−1)x(t), t > σ(A), is e.s. By (12)

∃t0 > σ(A)∃α > 0, ρ := e−α < 1, ∃ p.g.f.ϕ ∈ C
t0+N, ϕ > 0,

∀t ≥ t1 ≥ t0 : ‖ΦA(t, t1)‖ ≤ ϕ(t1)ρ
t−t1 .

(56)

Now consider the modified system

y(t+ 1) = eαA(t−1)y(t) = ρ−1A(t−1)y(t), t > σ(A), with

ρ−1A(z) = (ρ−1A0) + z(ρ−1C(z)).
(57)

The matrixρ−1A0 has the eigenvalueρ−1λ with |ρ−1λ| = ρ−1 = eα > 1. From (b)
we infer

∃t2 ≥ t1∀t ≥ t3 ≥ t2 : sup
t≥t3

‖Φρ−1A(t, t3)‖ = ∞. But

Φρ−1A(t, t3) = ρ−(t−t3)ΦA(t, t3)

=⇒ ‖Φρ−1A(t, t3)‖ = ρ−(t−t3)‖ΦA(t, t3)‖ ≤ ρ−(t−t3)(ϕ(t3)ρ
t−t3) = ϕ(t3).

(58)
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The first and the last line of (58) are in contradiction and thereforex(t+1) = A(t−1)x(t)
cannot be e.s..
This completes the proof of part (i) of the theorem.
(ii) AssumeA(z) = z−kB(z), k > 0, B(z) = B0 +B1z + · · · ∈ C < z >q×q. Also
assume thatB0 is not nilpotent and thus has a nonzero eigenvalueλ. Chooseρ > |λ|−1

so that|ρλ| > 1 for the eigenvalueρλ of the matrixρB0. According to (i)(b)ρB is not
stable and

∃t0 > σ(A) = σ(ρB)∀t ≥ t1 ≥ t0 : sup
t≥t1

‖ΦρB(t, t1)‖ = ∞. But

A(t−1) = tkρ−1(ρB)(t−1), Γ(t, t1) := (t− 1) ∗ · · · ∗ t1

=⇒ ∀t ≥ t1 ≥ t0 : ΦA(t, t1) = Γ(t, t1)
kρ−(t−t1)ΦρB(t, t1)

=⇒ ‖ΦA(t, t1)‖ = Γ(t, t1)
kρ−(t−t1)‖ΦρB(t, t1)‖. Further

Γ(t, t1)
kρ−(t−t1) =

(t− 1)k

ρ
∗ · · · ∗

tk1
ρ

−→
t→∞

∞

=⇒ ∀t1 ≥ t0 : sup
t≥t1

‖ΦA(t, t1)‖ = ∞.

(59)

(iii) Under the condition of Thm. 1.1,(iii), chooset0 > σ(A) such that|c(t−1)| ≥ 1/2
for t ≥ t0. The determinant of

A(z) = z−kB(z) is det(A(z)) = z−kq det(B(z)) = bℓz
−(kq−ℓ)c(z)

=⇒ ∀t ≥ t0 : | det(A(t−1))| = |bℓ|t
kq−ℓ|c(t−1)| ≥ (|bℓ|/2)t

kq−ℓ

=⇒ ∀t ≥ t1 ≥ t0 : | det(ΦA(t, t1))| ≥ Γ(t, t1)
kq−ℓ(|bℓ|/2)

t−t1 −→
t→∞

∞

(60)

where the last implication follows as in (59) due tokq − ℓ > 0. If the sequence
‖ΦA(t, t1)‖, t ≥ t1,was bounded so would be the sequence of determinants| det(ΦA(t, t1))|.

4 Puiseux series and weak exponential stability

To a large extent Thm. 1.1 can be extended to the difference field P of locally conver-
gent Puiseux series, cf. [5, §3.1], i.e.,

P :=
⋃

m≥1

C << z1/m >>; Φ(z) = z(1 + z)−1, Φ(z1/m) = z1/m(1 + z)−1/m.

(61)
and itsΦ-invariant Bézout and valuation subdomain

L :=
⋃

m≥1

C < z1/m > . (62)

The fieldP is the algebraic closure ofK = C << z >> [11]. If m1 dividesm2

thenz1/m1 = (z1/m2)m2/m1 and henceC < z1/m1 >⊆ C < z1/m2 >. The nonzero
elements ofC << z1/m >> have the unique form

a(z1/m) = zk/mb(z1/m), a = zkb ∈ C << z >>,

k ∈ Z, b =
∑

i

biz
i ∈ C < z >, b0 6= 0. (63)
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Such ana(z1/m) induces the smooth functiona(t−1/m) = t−k/m
∑

i bit
−i/m on the

real interval(σ(a)m,∞). The coefficient rings give rise to the operator domains

L[s; Φ] ⊆ B := P[s; Φ]; = ⊕j∈NPsj . (64)

AgainB is a left and right euclidean domain. A matrix

R =
∑

j

Rj(z
1/m)sj ∈ B

p×q with

Rj(z
1/m) =

(

Rjµν(z
1/m)

)

µ,ν
∈ C << z1/m >>p×q,

σ(R) := maxj,µ,ν σ(Rjµν(z))
m.

(65)

acts onw ∈ W (t0)
q = (Cq)

t0+N via

(R ◦ w)(t) :=
∑

j

Rj(t
−1/m)w(t+ j), t0 > σ(R),

B(R, t0) := {w ∈ W (t0)
q; R ◦ w = 0} .

(66)

In particular, a matrixA(z1/m) ∈ P
q×q induces the state space equation and behaviors

x(t+ 1) = A(t−1/m)x(t), t ≥ t0 > σ(A)m,

B(A(z1/m), t0) := B(s idq −A(z1/m), t0)

=
{

x ∈ W (t0)
q; x(t+ 1) = A(t−1/m)x(t)

}

(67)

Result 4.1. SinceP satisfies the conditions of Remark 2.7 the notions and theorems of
[4] also hold forP like forC(z) in [4] and for K = C << z >> in Section 2.

Thm. 1.1 holds with the following modification.

Corollary 4.2. ConsiderA(z1/m) ∈ C << z1/m >>q×q and the systemx(t + 1) =
A(t−1/m)x(t), t > σ(A)m.

(i) If A(z1/m) = A0 + A1z
1/m + · · · ∈ C < z1/m >q×q the system is e.s. if and

only if spec(A0) ⊂ D(1).

(ii) If A(z1/m) = z−k/mB(z1/m), B(z1/m) =
∑∞

i=0 Biz
i/m, k > 0 andB0 is not

nilpotent then

∃t0 > σ(A)m∀t1 ≥ t0 : sup
t≥t1

‖ΦA(t−1/m)(t, t1)‖ = ∞ (68)

and the system is not e.s..

(iii) If for A(z1/m) as in (ii) the determinant ofdet(B(z)) has the formdet(B(z)) =
bℓz

ℓc(z) 6= 0 wherec(z) = 1 +
∑∞

i=1 ciz
i andkq − ℓ > 0 then(68) holds and

the system is not e.s..

One can weaken the definition of exponential stability toweak exponential stability
(w.e.s.) as in [5, Def. 2.4]. This is also preserved by behavior isomorphisms. For the
state space system (67) w.e.s. holds if and only if
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∃t0 > σ(A)m∃ρ = e−α < 1 (α > 0)∃µ > 0∃ p.g.f.ϕ ∈ C
t0+N, ϕ > 0,

∀t1 ≥ t0 : ‖ΦA(t−1/m)(t, t1)‖ ≤ ϕ(t1)ρ
tµ−tµ

1 = ϕ(t1)e
−α(tµ−tµ

0
).

(69)

The difference to e.s. is the exponentµ > 0. If µ < 1 the factorexp(−αtµ) decreases
more slowly thanexp(−αt). Cor. 4.2 obtains a slightly weaker form.

Corollary 4.3. Cor. 4.2 remains true for w.e.s. instead of e.s. with the following
exception in part (i): IfA(z1/m) =

∑∞
i=0 Aiz

i/m ∈ C < z1/m >q×q then the system
is e.s. and hence w.e.s. resp. unstable ifspec(A0) ⊂ D(1) resp. if|λ| > 1 for at least
one eigenvalue ofA0. If |λ| ≤ 1 for all eigenvalues ofA0 and |λ| = 1 for at least one
the system may be w.e.s. in contrast to Cor. 4.2,(i), cf. Example 4.4.

Example 4.4. (Cf. [14, §6.1,§7.1]) Letα > 0, ρ := e−α, µ = k0/m, 0 < k0 < m.
The signalx(t) := e−αtµ = ρt

µ

satisfies

x(t+ 1)/x(t) = exp (−α((t+ 1)µ − tµ)) . But

(t+ 1)µ − tµ = tµ
(

(1 + t−1)µ − 1
)

=
(

z−µ ((1 + z)µ − 1)
)

(t−1)

z−µ ((1 + z)µ − 1) = z−µ
∞
∑

k=1

(

µ

k

)

zk =

∞
∑

k=1

(

µ

k

)

(

z1/m
)km−k0

∈ C < z1/m > z1/m

=⇒ a(z1/m) := exp
(

−αz−µ ((1 + z)µ − 1)
)

= 1− αµz1−µ + · · · ∈ C < z1/m >

=⇒ a(t−1/m) = exp (−α((t+ 1)µ − tµ)) , x(t+ 1) = a(t−1)x(t),

=⇒ x(t) = exp (−α(tµ − tµ0 ))x(t0), |x(t)| = exp (−α(tµ − tµ0 )) |x(t0)|.
(70)

This equation is w.e.s. with exponentµ. But a(0) = 1 and the equation is not e.s by
Cor. 4.2.

References

[1] B.D.O. Anderson, A. Ilchmann, F.R. Wirth, ’Stabilizability of linear time-varying
systems’,Systems and Control Letters62(2013), 747-755

[2] T. Berger, A. Ilchmann, F.R. Wirth, ’Zero dynamics and stabilization for analytic
linear systems’,Acta Appl. Math.138(2015) 17-57

[3] H. Bourlès, B. Marinescu,Linear Time-Varying Systems, Springer, Berlin, 2011

[4] H. Bourlès, B. Marinescu, U. Oberst, ’Exponentially stable linear time-varying
discrete behaviors’,SIAM J. Control Optim.53(2015), 2725-2761

[5] H. Bourlès, B. Marinescu, U. Oberst, ’Weak exponential stability of linear time-
varying differential behaviors’,Linear Algebra and its Applications486(2015),
1-49

[6] F. Chyzak, A. Quadrat, D. Robertz, ’OreModules: A symbolic package for the
study of multidimensional linear systems’ in J. Chiasson, J.-J. Loiseau (Eds.),
Applications of Time-Delay Systems, Lecture Notes in Control and Information
Sciences 352, Springer, 2007, pp. 233-264.



REFERENCES 15

[7] A.T. Hill, A. Ilchman, ’Exponential stability of time-varying linear systems’,IMA
J. Numer. Analysis31(2011), 865-885

[8] D. Hinrichsen, A.J. Pritchard,Mathematical Systems Theory I, Springer, Berlin,
2005

[9] J.C. McConnell, J.C. Robson,Noncommutative Noetherian Rings, John Wiley
and Sons, Chichester, 1987

[10] R. Medina, ’Stability analysis of nonautonomous difference systems with delay-
ing arguments’J. Math. Anal. Appl.335(2007), 615-625

[11] K.J. Nowak, ’Some elementary proofs of Puiseux’s theorems’,Acta Math. Univ.
Iagellonicae38(2000), 279-282

[12] U. Oberst, ’Stabilizing compensators for linear time-varying dif-
ferential systems’, International Journal of Control 2015, DOI:
10.1080/00207179.2015.1091949

[13] Vu N. Phat, V. Jeyakumar, ’Stability, stabilization and duality for linear time-
varying systems’,Optimization59(2010), 447-460

[14] M. van der Put, M.F. Singer,Galois Theory of Difference Equations, Springer,
1997

[15] D. Robertz, ’Recent Progress in an Algebraic Analysis Approach to Linear Sys-
tems’,Mult Syst Sign Process2015, DOI 10.1007/s11045-014-0280-9

[16] W.J. Rugh,Linear System Theory, Prentice Hall, Upper Saddle River, NJ, 1996


