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Abstract

We complete the stability results of the paper H. Bourles, B. Marinescu, U.
Oberst, 'Exponentially stable linear time-varying discrete behaviordANVsU.
Control Optim. 53(2015), 2725-2761, and for this purpose use tharliti@e-
varying (LTV) discrete-time behaviors and the exponential stability)(ebthis
paper. In the main theorem we characterize the e.s. of an autonomdisystem
by standard spectral properties of a complex matrix connected with $tensyWe
extend the theory of discrete-time LTV behaviors, developed in the qyoateld
cation, from the coefficient field of rational functions to that of locallysengent
Laurent series or even of Puiseux series. The stability test can atallteapplied
in connection with the construction of stabilizing compensators.

AMS-classification 93D20, 93C55, 93C05
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1 Introduction

We complete the stability results of [4] and use the notionparticular the linear time-
varying (LTV) discrete-time behaviors and the exponerstiability (e.s.), of this paper
and of [5]. In the main Thm. 1.1 we characterize e.s. of anraarteus LTV system by
standard spectral properties of a complex matrix conneeiibdhe system. Due to, for
instance, [6], [15], Thm. 1.1 furnishesanstructiveest for e.s.. This test can and has
to be applied in connection with the construction of stabily compensators; cf. [12]
in the case of differential LTV systems. The proof of Thm. ik.£ontained in Section
3. In Section 2 we generalize the theory of discrete-time bEWaviors, developed in
[4], from the coefficient field ofational functiongo that oflocally convergent Laurent
serieshy exposing the necessary modifications only. These morergktmehaviors are
used in Thm. 1.1. In Section 4 we shortly extend the resulthecstill larger field
of locally convergent Puiseux seriésf. [5, 83.1]). The latter field seems to be the
largest coefficient field for which a reasonable stabiligdty forgeneral LTV systems
can be developed. We refer to the books [16, pp. 423-461] &ndyd. 193-368] for
comprehensive surveys of exponential stabilityste#te space system®art Il of the
book [3] contains a detailed theory of general LTV behavimd their stability that
was modified in the papers [4] and [5]. We also refer to thenepapers [10], [13],
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(71, [11, [2].

The main result Thm. 1.1 requires some preliminary explanat LetC < z > denote
the local principal ideal domain ¢dcally convergent power seriésthe variable: and
K := C << z >> its quotient field of locally convergeriaurent series The ring
C < z > has the unique prime elemenup to units. Every nonzero elementc K

has a unique representation

a(z) = 2(2), k € Z, b(2) := ibizi, by # 0,
= M
o(a) := o(b) := limsup v/]b;| < cc.

€N

The seried(z) with by # 0 is a unit of C < z >. The inversep(a) := o(a)~ ! is the
convergence radius afand hence(z) is a holomorphic function in the pointed open
disc

D(p(a)) \ {0}, D(p) :={z € C; |z[ <p}, p>0, b(0) = bo, )
and even in the whole disD(p(a)) if £ > 0 anda is a power series. In particu-
lar, the functiona(t=1) = t~*b(¢t~!) is a smooth function on the real open interval
(o(a),0) :={t € R; t > o(a)}, hence

a(t™) € C*(o(a),o0) := {f : (o(a),00) — C; fsmooth . 3

The sequences(t~!), t € N, t > o(a), are the time-varying coefficients of the dif-
ference equations of the present paper that in [4] were wsedd C(z) = C(z71).

Exponential stability (e.s.) is a property of autonomoubkawéors [4, Def. 1.7].
Every autonomous behaviris isomorphic to &alman state space behaviB{ A, ty)
defined by a matrix4 = (AW)W € C << z>>%%andty € N, cf. (7), andB is
e.s. ifand only ifB(A, ty) is e.s. [4, Lemma 3.7]. With

o(A) :=max{o(Au); 1< pv<q}, p(A):=a(A)", (4)

the functionA(¢~1) is a smooth matrix function on the real interal(A), c0). For
to € N we consider the signal space

W (tg) := ClotN .= {(w(t))i>1,; t €N, w(t) € C} (5)

of complex sequences or discrete signals starting at thialitime ty. Forq € N we
use the column spac&¥ andW (t()? and identify

W (to)? = (CTHPH S (wi, - wy) " = (w(to),w(to +1),--+), wi(t) = w(t).
(6)
If to > 0(A), to € N, the matrixA gives rise to thestate space equatioresp. the
behavioror solution space

x(t+1) = At Vxz(t), t > to, resp.

B(A, to) :=={z € W(to)"; Vt > to: z(t+1)=A(t " z(t)}. @

Thetransition matrix[16, p. 392] associated to (7) is

Dalt,to) = At — 1)) x -k Aty h), t > to > 0(A), ®alto,to) =id,. (8)
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There is the obvious isomorphism

B(A,t()) = (Cq, T ZL’(lf())7 (,E(t) = @A(t, t())x(t()). (9)
Foré = (&,--+,&,)" € CTandM € C7*7 we use the maximum norms
1]l := max; [§] and || M| := max {||ME]|; £ € CY, €]l =1}. (10)

The spectrumspec(M) of M is the set of its eigenvalues. Recall thidtis nilpotent,
i.e., M™ = 0 for somem € N, if and only if spec(M) = {0}.
W.l.o.g. we assumd # 0. ThenA admits a unique representation

A(z) =27"B(2), k€ Z, B(z) =Y B;z' € C <z >, B; € C™, By #0.
=0 (11)

The coefficient functions(t~!), a € K, are of at most polynomial growth (p.g.f.)
on each closed intervéd,, c0), o1 > o(a), i.e., there are > 0 andm € N such
that|a(t=1)| < ct™ for t > o4 [5, (29)]. For nonzera there iso2 > o(a) such that
a(t™) # 0fort > o5. According to [4], [5] the smoothness, at most polynomial
growth and no zeros for largeare the decisive properties of the time-varying coeffi-
cientsa(t~!). An analogous definition applies to sequences itint™. The system,
i.e., the matrixA and the equation and behavior from (7), are cabegonentially

stable(e.s.) [4, Def. 1.7, Cor. 3.3] if
3to > o(A)Ja > 03 p.g.f.o € CotN >0, 12)
VE >t > to: |Balt,tr)]| < o(ty)e”*EH),

In [4] we used the notatiop := e~ < 1 andp'~" = et~ In particular,
e.s. implies asymptotic stability, i.dim; , P4 (¢,t9) = 0. The system is called
uniformly e.s.(u.e.s.) [16, Def. 22.5] if the p.g.fp in (12) can be chosen constant.
In [16] the author considers LTV state space equatiafist 1) = F(¢)z(¢), t > 0,

with an arbitrary sequence of complex matrides= (F(0), F(1),---) € (Co*9)" =
(CM)**9. Al stability results in [16, Chs. 22-24] require additarproperties of?.
Our choice in [4] and in the present paper is

F(t):= A(t™), A€ C <<z >>1%15 C(2)7*, t > o(A). (13)

Theorem 1.1. Consider a nonzero matriA(z) € C << z >>7%7 and the state space
system defined by the data frgi) and (8).

() If A = Y72, A;z" is a power series then the system is e.s. if and only if
spec(Ap) CD(1) ={AeC, |\ < 1}.

(ii) If & > 0in the representatiod = z=%(By + B,z + ---) from (11) and if the
matrix By is not nilpotent then the system is not e.s. and indeed

Jto > o(A)WVt1 > to: sup ||Palt, t1)] = oo, (14)
t>t

i.e., the system is not stable.
(iiiy Assumek > 0 in the representationl = 2 ~*(By + Byz + - - - ) from (11) and
det(B(2)) = bpz'c(2) #0, c(z) =1+ c1z+ 2> +---€C<z>. (15)

If kg > ¢ then(14)holds and the system is not e.s..



2 LAURENT COEFFICIENTS 4

Example 1.2. That By in item (ii) of Thm. 1.1 is not nilpotent cannot be omitted.
To see this consider the nilpotent matfy := () € C**2. For0 # X € C and
=|A=e"*>0, o €R,define

A(z) == 27'B(2), B(z) := Bo + z2Aidy = A(t™") = Bot + Aido = (} {)

— B 4(t 1) = (/\toto A tg)\: %31 . ) Jdet(B(2)) = )\222, det(A(t~ 1)) A2
(16)
Forp > 1 the sequenc® 4 (t, tp) does not converge to zero and therefore the system is
note.s.. The sur[f;tlo i grows polynomially. Ifp = e=* < 1 ora > 0 the transition

matrix ® 4 (¢, o) decreases exponentially with a decay faetof’ (:~%0) for everya’
with 0 < o/ < a.

Remark 1.3. If B is an arbitrary autonomous behavior, cf. (52), (53), [45§82he
matrix A and an explicit isomorphisi8 = B(A,t,) can be computed with th@re-
Modulespackage [6], [15]. Sincé# is e.s. if and only ifB(A,ty) is e.s. Thm. 1.1
establishes a constructive test for e.s. of almost all auntmus systems. The exception
occurs with systems for which the assumptions of Thm. 1)1iif), are not satisfied.

Notations and abbreviations D(p) := {z € C; |2| < p}, p > 0, e.s.= exponen-
tially stable, exponential stability, f.g.=finitely gea¢ed, LTV=linear time-varying,
p.g.f.= polynomial growth function, resp.=respectivelyec(M ) :=set of eigenvalues
of a square complex matri/, u.e.s.= uniformly e.s., w.e.s.= weakly e.s., w.l.o.gtheut
loss of generalityX?*9=set ofp x ¢-matrices with entries ik, X' *=rows, X7 :=
Xa*t=columns X*** := J,, .o XP*7.

2 Laurent coefficients

We explain the basic notions of a variant of the theory froijnsjdce we use the dif-
ference fieldK = C << z >> instead of the fieldC(z) C K of rational functions in
[4]. RecallW (tg) = CtotN for t, € N from (5). The spac& Y = W (t,) is also

a differenceC-algebra with the componentwise multiplication and thetskgebra

homomorphism

By ClotN 5 CloN e By(c), Da(e)(t) =c(t +1), t > tg. 17)

It gives rise to thenoncommutative skew-polynomial algebra of differenceaipes
[9, Section 1.2.3], [4, (20)]

B(ty) := Clo N[5 @] := @Ct°+st, sc = ®4(c)s, c € CotN, (18)
=0

The spacéV (to) is a left B(ty)-module with the actiorf o w for f = 3% f;s7 €
B(tyg) andw € W(to) [4, (21)], defined by

(fow)(t ij w(t+j), t > to. (19)
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As usual this is extended to the actifiro w [4, (22)] of a matrix
R = ZRij S B(ﬁo)pxq, Rj S ((Cto+N>qu, onw &€ W(to)q by
’ (20)
(Row)(t) :=>_ Rj(t)w(t+j), t > to.
j
Thebehavior or solution spaceefined byR is
B(R,t) := {w € W(tp)?; Row = 0}. (21)

Foro > 0 the algebraC> (o, 00) is also a difference algebra with the algebra endo-
morphism

D, C®(0,00) = CP(0,00), Ps(f)(t) := f(t+1). (22)
It gives rise to the skew-polynomial algebra
A (o) :=C™(0,00)[s; Ps] := Bjen C™(0,00)s7, sf = ®,(f)s, f € C(c,00).
(23)
Forty > o the map
les : COO(UaOO) — Ct(J+Na f — (f(t))tztoa (24)
is a difference algebra homomorphism sidggl, = ¥, ®, and therefore its extension

T, : Ay(0) = C®(0,00)[s; Pa] — B(tg) = CoN[s; D],
v, (Z fjsj) = Z Us(f)s,

(denoted with the same letter) is an algebra homomorphidre.algebra€s> (o, oo)
andC**" are not noetherian and have many zero-divisors and thergéoy little is
known about the rings of difference operators from (18) &8) @nd their modules.
Therefore we restrict the time-varying coefficients of dite difference equations to
sequences

(25)

a(t™!), t > to>o(a) = o(b), a = 2", b= Zbizi eC<z>,
_ =0 (26)
at™!) =t7F bt

1=0

We finally considefK as a difference field with a field automorphisin: K =K
[14] and define the corresponding operator domain

A =K[s;®] = ®;enKs’, sa = ®(a)s. (27)

TheC-algebraA is a noncommutative euclidean domain [9, §1.2], espeqiaihcipal,
and the f.g. leftA-modules are precisely known [9, Thm. 1.2.9, 8§5.7., Cor.19]/
The definition of® and the connection A with A, require a preparation:

For an open s C C let O(U) denote theC-algebra of holomorphic functions in
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U. So anya € C < z > defines the holomorphic functiar(z) € O (D(p(a)) \ {0}).

In general, this can be extended to larger connected opgnfsap > 0 we define the
subsetK(p) C K as follows: An element € K belongs tdK (p) if there is an open
connected neighborhodd(a) of 0 and a holomorphic functiorf € O (U(a) \ {0})
such tha{0, p) C U(a) and f(z) = a(z) for z # 0 near0. In other terms, the germ of
fatOisa. SinceU(a)\ {0} is connected the functiofiis unique with these properties.

Lemma 2.1. (i) The valuea(t—1) := f(t~!) for t > p~—! is independent of the choice
of the extensiorf € O (U \ {0}) of a.

(i) The setK(p), p > 0, is a subalgebra oK, i.e., additively and multiplicatively
closed, and the map

U, K(p) = C(p~ 1, 00), arsalt™), (28)
is an algebra monomorphism

Proof. (i) Let f; € O(U;\{0}), ¢ = 1,2, be two such extensions. The (open)
connected componebk of U; () Uz containing0 also containg0, p). Sincef; and f,
are holomorphic off/s \ {0} and extend: and sincd’/; \ {0} is connected we conclude
filus\(oy = falu,\(oy @nd hencefy (t71) = fo(t") fort > p~™.

(i) For a1,as € K(p) the intersectiorl (a1) (U(az) is an open neighborhood 6f
and containg0, p). Let f; denote the holomorphic extensions of theo U(a;) \ {0}
and U3 the (open) connected componentdfa,) () U(az) containingd and hence
[0, p). The functionf; + / * f2 is holomorphic or{U(a1) (U (az2))\ {0} and hence on
Us\ {0} and obviously coincides with; + / * a, near zero, hence, + /*as € K(p).
Fort > p~! this implies

(art/*a2)(t™1) = (fit/xf) (A7) = L™ )+ /5 fo(t71) = ar(t71)+/*az(t™).

(iii) Assumea = ag + a1z + - - - € C < z > w.l.o.g. Since) is an accumulation point
of (0, p) the conditiona|y ,) = 0 impliesa = 0. O

The equatior{t + 1)~ = ¢=!1(¢+=! + 1)~! implies
VE>o(a): a((t+1) ) =a(t 't +1)7Y)

=(t+ 1)”“§:bi(1 +t)7 = (t—tljrl)k ibi (t—tljr 1>1  (29)

i=0

This suggests to maké << z >> a difference field [14, Ex. 1.2], [4, 84.7] via the
field automorphism

P:C<<z>>C<<z>>, B2)=2(142)"", dz"H=2""+1
00 k oo i
o .- AR z ‘ z
(Z ;m) (1+z) ;b1<1+z> ’ (30)
) Sy A
(14+2)"= <,)276(C<z>.
2

Lemma 2.2. For a(z) = 2*b(z) € K, b(z) € C < z >, andm € N the following
assertions hold:
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1. ®™(a) = a(2(1+mz)").
2. 0(6™()) < 7(a) + m, (@™ (a)) > (p(a) " +m)~L.

3. Ifp > 0anda € K(p) thenalsod™(a) € K(p) and®™(a)(t™!) = a ((t +m)™!)
fort > p~!. With Lemma 2.1 this implies th#&(p) is a difference subalgebra
of K.

Proof. 1. The equation follows by induction from
" (a) = @™ (a)(2(1 +2)7")
=a(z(14+2) " A+mz(1+2)"") ) =a(z(1+(m+1)2)"").
2. Form = 0 the assertion is obvious. So assume> 0 and
lz| < (o(a) +m) (< 1) = |z 4+ m| > |2| ' —m > o(a)
= | = | < pla)
L+mz  'z7l4+m' = |zt —-m P (31)
— p(@™ () = p (al=(1 +m2)"")) = (o(a) +m) "
= (9" (a)) < o(a) +m.

3. Wlo.g. weassume#a =b¢c C < z >. Let f € O(U(a)) be a holomorphic

extension ofa with U(a) D [0, p). Consider the projective [in€ = C W {oo}. For
m > 0 there are the inverse biholomorphic maps

C=C, z=wl—mw) ! & w=2z2(1+mz)"" (32)
They induce the inverse biholomorphic maps

C\{-1/m,00} =C\ {-1/m} = C\ {1/m,00} = C\ {1/m} and

33
Vi={z€C; z(1+mz2)"" €U(a)} 2 U(a)\ {1/m}. (33)

SinceU(a) andU(a) \ {1/m} are open and connected the Beis a connected open
neighborhood o6 and containg0, p) sincel (a) does. The functiorf (z(1 4+ mz)~")

is holomorphic ori” and coincides witlb™ (a) = a (z(1 + mz)~!) for smallz. This
means that it is a holomorphic extensiondsf (a) and thusd™ (a) € K(p). Finally

Vt>pts ™)t = £ (671 +mt )Y

=f(t+m)™") a(t+m)™).

(t4m)~1€(0,)CU a)

Example 2.3. Let

(1—2%)71 :iz2j eC<z>=pla)=1, Ula) =C\ {1,-1}

§=0 (34)
®(a) = a(z(142)) = (1+2)2(1+22)"", U(®(a)) = C\ {-1/2}

p(®(a)) =1/2, (0, p(a)) C U(®(a)).

a(z) :
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Corollary and Definition 2.4. According to Lemmas 2.1 and 2.2,(¥/p) is a dif-
ference subalgebra d&& and the map¥, from (28) is a monomorphism of difference
algebras, i.e.®,V, = ¥ ,®, cf. (22). This obviously implies that

A(p) :==K(p)[s; ] C A =K][s; D] (35)
is a subalgebra oAA and that the extended map

W, Alp) = K(p)[s; ®] = Ay(p7h) = C¥(p~t,00)[s; 8], al2)s? = alt™h)s?,
(36)
cf. (23), is an algebra monomorphism.

We combine Cor. 2.4 with (25). Fer> 0 andty > p~! we define the composed
algebra monomorphism

\I,S

V.= \I/S\I/pi A(p) &) As(p_l) — B(to) . (37)
a(z)s? = altThHs? = (a(tTY))ise, s

Here the mapl is injective onK(p) and hence also oA (p).

Corollary 2.5. For p > 0 andt, > p~! the algebra monomorphist and the left
B (t()- module structure ofV (tq) = C+N from (19) imply the actiono of A(p) on
W (to) defined by

fow:=V(fow, f= Za]sJEA p), w e W(ty),

(38)
V>t >pt: (fow)(t Zajt_ (t+ 7).

This action make®V (¢y) a left A(p)-module.

The maps?l, &, d,; are extended to matrices componentwise. We also cangnicall
extend the definitions gf(a), o(a) andU (a) for a € K to operators resp. matrices

F=Y 15 €A, A=(Aw),, € KM,

R=> R;s’ € AP R; c KP1:
j
(f) mlnj p(fj) (A) = minu,u p(A,uu)v p(R) = minj p(RJ)
a(f):=p(f)", o(A) = p(A)~", o(R) == p(R)™
U(f) := connected component (m U(f;) containingO.
J

(39)

The connected open neighborhoddgA), U(R) are defined analogously. A matrix
R =73, Rjs’ € A(p)P*9 C AP*?with R; € K(p)P*9 andt, > p~' give rise to the
behavior

B(R,t9) := {w € W(ty)?; Row =0}

= {w € W(to)?; Vt > to: ZRj(tfl)w(thj) = 0} . (40)

J
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For A € K(p)?*? the state space behavior from (7) now obtains the form

B(sid, —A, to) = B(A, tg) = {x € W(to)%; Vt > to: x(t+1) = At™"z(t)}.
(41)

Remark 2.6. Notice thatW(ty) is not an A-, but only anA(p)-left module for
to > p~!. In contrast to the well-known algebraic structurefthat of A(p) and
its f.g. left modules is unknown. To enable a module-behagliality between f.g.
A-left modules and behaviors the behaviors from (40) have tmbdified as in [4, (7),
9.

The subspacg€™ c CN consists of the signals € CN with finite supporsupp(w) :=
{t € N; w(t) # 0}. The factor spacé/ (o) := CN/CM is an A-left module with
the actionf o (w + C™) := v + C™ where

_ {Zj £t +5) it > p!
0

f=2 s € Alp) € Au(t) : 1< o1 (42

This signal spac&V (co) was already defined in [14, p. 5]. In [3, Thm. 839] it was
shown for the coefficient fiel@(z) instead ofC << z >> here that it is darge in-
jective A-cogeneratoand thus enables a module-behavior duality. This signaluteod
W (o) is unsuitable for the stability theory of LTV systems singe signalsy + C®)

do not have well-defined values(t) € C and in particular no initial value(ty). So
(uniform) exponential stability of state space behaviaring12) or of general behav-
iors [4, Def. 1.7] cannot be defined.

Two behavior families

B := (B(Ri,t0));y5,-1 » Bi € A(pi)"*? C AP, i =1,2, (43)

are callecequivalentin signsBB; = Bs, if and only if
dtq > max(pfl,pgl)VtQ >t B(Rl,tg) = B(Rg,tg). (44)

Sincet; can be chosen large one may always assumethatp(R;) fori = 1,2. The
equivalence class d#; is denoted byl(53;). The study of this class means to study
the behaviord3(R, t2) for largets. This is appropriate for stability questions where
the trajectoriesv(t) of a behavior are studied for— cc.

If M is a f.g. A-module with a given lisw := (wy,--- ,w,) " of generators there is
the canonical isomorphism

AUYUX M, €4U — tw = Zgiwi where
i (45)
E= (&, ,&) e A U = {ce AP ¢w =0}.
SinceA is noetherian the submoduléis f.g. and thus generated by the rows of some
matrix R € AP*4 i.e., U = A'*PR. SinceA is even a principal ideal domaiii is

free and one may assume thiéin s (U) = rank(R) = p. The matrixR gives rise to
behaviors

B(R,t), to > o(R), and their class:l ((B(R, t0))iy>o(r)) - (46)

It turns out that this class depends Gnonly and not on the special choice Bf[4,
Lemma 2.5], is denoted by

B(U) = cl (B(R,t0))ty>0(r)) » U=APRC A'¥, (47)
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and calledthe behavior defined by. These behavior8(U) were introduced in [4,
(9)] for the coefficient field”(z) = C(z~!) of rational functions instead & > C(z).

Remark 2.7. The following three properties of the coefficient sequer(métfl))
a € K, are decisive:

t>o(a)’

1. Any nonzeroa € C < z > can be written ag = ag + zc(z) wherec(z) is
bounded forz| < p < p(a) and hence(t~!) = ag + t~'c(t~1) with bounded
c(t=1) fort >ty > o(a). For larget the termt—1c(¢ 1) is a small disturbance
of the constant,y and thus the perturbation results [16, Thm. 24.7], [4, Lemma
3.15] are applicable.

2. The sequences are p.g.f., indeed

a=z"""b,m>0,beC<z>

1 (48)
= Jc> 0Vt >tg > o(a): |a(t™)] < ct™.

3. The sequences have no zeros for latge., 3t > o(a)vt > t; : a(t™1) #0.

Result 2.8. (Meta-theoremqWith the obvious necessary modifications all essential no-
tions and results from [4] hold for the coefficient fiekil and the behavior$3(U)
defined in(43).

For the preceding result one checks that the proofs of [4]theeproperties of
Remark 2.7 only. In particular, there is a canonical definitof behavior morphisms
such that the behaviot$(U) with these morphisms form an abelian category and the
assignmenfl/ = A'*9/U — B(U) is a categorical duality from f.gA-left modules
with a given finite list of generators to behaviors [4, Cor7,Zhm. 1.6]. IfM; =
A4 U, Uy = AYPiR;, R; € APiX% i = 1,2 are two modules anj- linear
mapy : M; — M> has the form

Y= (oP)ind My — Mo, €—|— Ui — £P+ Us, where

49
Pe Ar*® 3X € AP P2 with Ry P = X R,. )

If Ry, R2, P, X € A(p)***®, for instance ifp < min(p(R;), p(R2), p(P), p(X)), and
if to > p~! Cor. 2.5 implies

Yw € W(tg)?” : Ryo(Pow)=Xo(Ryow)

(50)
= Po: B(Rzﬂfo) — B(Rhto), we — P ows.

The equivalence clag${(p) := cl ((Po : B(Rz,to) — B(R1,t0))s,>,-1) is defined as
in (44), cf. [4, (33),(50)], and defines the behavior morphis

B(p) : B(Uz) = B(Uy). (51)

The mapyp is an isomorphism if and only iB(y) is one, i.e., ifPo : B(Ra,t1) —
B(Ry1,t1) is an isomorphism for sufficiently large.

A f.g. moduleM = A'*%/U; is a torsion module, cf. [4, §2.5], if and only if
n := dimk (M) < oo orif and only if it is isomorphic to a module in state spacerior
ie.,

M =AY U 2 My = AV /Uy, Uy = AP (sid,, —A), A € K™

. (52)
B(Ug) =cl ((B(S ldn _A7t0))t0>a(A)) = B(Ul)
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The behavior

B(U) = cl ((B(R,t0))y>0(r)) With R € AP*? U = AVPR M = A™9/U
(53)

is calledautonomousf and only if there ist; > o(R) such all trajectoriesy €
B(R,ts), t2 > t1, are determined by the initial vectow(t2), - - - , w(t2 + d) of some
fixed lengthd. This is the case if and only if the moduld = A'*?/U is a torsion
module.
Exponential stability (e.s.) of an autonomous behatf@) and of its torsion module
M = A'x2[4, Def. 1.7] is defined by a more general version of (12) ares@rved
by behavior isomorphisms [4, 83.2]. The e.s. behaviors aodutes form Serre cat-
egories, i.e., are closed under subobjects, factor obgectextensions [4, Thms. 1.8,
3.11].

3 The proof of Thm. 1.1
(i) Since A is a power series we can write

A(z) =Ag+2C(2) eC< 2> C(2) = A1 + Az +--- € C < z >1%¢

_ P (54)
—= At = A +t7IC(tTY), t > tg > o(A).

The functionC (¢t 1) is bounded fort > t, and thereforé ~*C(¢~!) is a disturbance

term that is small for large

(a) If spec(Ap) C D(1) the systeme(t + 1) = Apx(t), t > to, is uniformly ex-

ponentially stable (u.e.s.). According to [16, Thm. 24[#],Cor. 3.17] the equation

z(t+1) = At YHa(t), t > to, is also u.e.s. and therefore e.s..

(b) Assume thati, has an eigenvalug with |A\| > 1. According to [4, Thm. 3.21] the

system is exponentially unstable and, in particular,

3t > o(A)Tp > IVt > t1 >t : || Palt,t1)] > p' " = sup || ®a(t, t1)| = oco.

t>t
(55)
This implies that the system(t + 1) = A(t ')z (t) is not e.s..
(c) Assume thatd, has an eigenvalug with |\| = 1 and that the system(¢t + 1) =
At=Ya(t), t > o(A),is e.s. By (12)

Jtg > 0(A)Ja >0, p:=e @< 1,3p.gf.pcCoN » >0,

. (56)
Vi =t >to: [|Ra(t, 1)l < p(tr)p ™"
Now consider the modified system
y(t+1) = At Vy(t) = p ANy (1), t > o(A), with &)

p~tA(2) = (p7' Ao) + 2(p7 1 C(2)).

The matrixp~! Ay has the eigenvalug '\ with [p~1\| = p~! = e* > 1. From (b)
we infer

dty > t1Vt > ts3 > 1o : tS;ltp H(Dp—lA(t,tg)H = 0o. But

=l3
D, a(tyts) = p D41, L3) (58)
= |0, a(t,ts)]| = p~ DAt )| < p” T ((ts)p" ) = (ts).
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The first and the last line of (58) are in contradiction andéf@ex(t+1) = A(t~1)x(t)
cannot be e.s..

This completes the proof of part (i) of the theorem.

(i) AssumeA(z) = 27 *B(z), k >0, B(z) = By + Bz +--- € C < z >7%9, Also
assume thaB, is not nilpotent and thus has a nonzero eigenvalughoosey > || =1

so that|p\| > 1 for the eigenvalug) of the matrixpBy. According to (i)(b)pB is not
stable and

dty > U(A) = O’(pB)Vt >1t1 > tg: sup H(I)pB(t;tl)H = 00. But
t>t

A =5 (pB) ("), T(tta) o= (t = 1) x5ty

=Vt >t >ty Palt,ty) =Dt t) p D (L t1)

— || Ba(t, 1) = T(t, 1) p~ ) ||®,5(t, t1)|. Further (59)
Nk k

F(t,tl)kp_(t_tl) — u Kk ooe ok til — 00
14 p t—oo

= Vt; > to: sup |[@a(t, t1)]| = oo.
t>t1

(i) Under the condition of Thm. 1.1,(iii), choogg > o(A4) such thafc(t~1)| > 1/2
for t > ty. The determinant of
A(z) = 27" B(2) is det(A(z2)) = 27" det(B(2)) = bpz~*1=0¢(z)
=Vt > to: |det(A{X™)] = [belt™ Je(t™H)] > (lbel/2)t"~" (60)
=Vt >t >tg: [det(Pa(t, )| > T(t, 1) (|be| /2) 1 >
—00

where the last implication follows as in (59) duek#g — ¢ > 0. If the sequence
([®A(t,t1)], t > t1, was bounded so would be the sequence of determihdet&®d 4 (¢, 1))

4 Puiseux series and weak exponential stability

To a large extent Thm. 1.1 can be extended to the differeniceRi®f locally conver-
gent Puiseux seriesf. [5, 83.1], i.e.,

Pi= | C<<a/m>>0(2) = 2(1 4 2)7", ®(1™) =21+ 271/,
m>1

(61)
and its®-invariant Bézout and valuation subdomain

— 1/m

m>1

The field P is the algebraic closure & = C << z >> [11]. If m; dividesms
thenz!/mt = (z1/m2)m2/m1 and hence < z'/™ >C C < z'/™2 >. The nonzero
elements ofC << z'/™ >> have the unique form

a(zl/m) _ zk/mb(zl/m), a=2"heC<<z >>,

keZ, b=3 bzl eC<z>, by £0. (63)
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Such am(z!/™) induces the smooth function(t—1/™) = t=*/™ 3" b,t="/™ on the
real interval(o(a)™, 0o). The coefficient rings give rise to the operator domains

L[s; ®] C B := P[s; ®];= @jenPs’. (64)
Again B is a left and right euclidean domain. A matrix

R= ZRj(zl/m)sj € BP*? with
J

R;(zY/™) = (Rjnu(zl/’”))w € C << 2M/m sspxa (65)
o(R) :=max;u, 0(Rj.w(2))"
acts onw € W (ty)? = (C1)"* ™ via
(Row)(t) = R;(t™/™w(t +3), to > o(R), .
j

B(R,tg) := {w € W(tg)?; Row = 0}.
In particular, a matrix4(z'/™) € P7<¢ induces the state space equation and behaviors
r(t+1) =A@t~V ™ax(t), t > to > o(A)™,
B(A(z"),t0) := B(sidy —A(z"/™), t0) (67)
= {weW(to)s a(t+1) = A~/™)a(t)}
Result 4.1. SinceP satisfies the conditions of Remark 2.7 the notions and theoodf
[4] also hold for P like for C(z) in [4] and for K = C << z >> in Section 2.
Thm. 1.1 holds with the following modification.

Corollary 4.2. ConsiderA(z!/™) € C << z!/™ >>%%4 and the system(t + 1) =
A=Yy a(t), t > a(A)™.

(i) If A(zY™) = Ag+ A12Y/™ + ... € C < 2}/™ >9%4 the system is e.s. if and
only ifspec(Ap) C D(1).

(i) If A(zY/™) = 2=k/mB(t/m) B(zY/™) = 3"7° B;z/™, k > 0 and By is not
nilpotent then

dty > O’(A)mvtl > to: S;lp H(pA(t_l/m)(t,tl)H =00 (68)
t>t

and the system is not e.s..

(iii) Iffor A(zY/™) asin (i) the determinant afet(B(z)) has the formlet(B(z)) =
bezte(z) # 0 wherec(z) = 1+ > 52, ¢;2* andkq — ¢ > 0 then(68) holds and
the systemis not e.s..

One can weaken the definition of exponential stabilitwamk exponential stability
(w.e.s.) asin [5, Def. 2.4]. This is also preserved by beadragomorphisms. For the
state space system (67) w.e.s. holds if and only if
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Jto > o (A)™Ip=e" <1 (a>0)Iu>03p.gf.peCotN »>0,

- oy (69)
Vir > to o [|Ba-1/my(t )] < ltr)p" = = p(tr)e > o),

The difference to e.s. is the exponent- 0. If u < 1 the factorexp(—at*) decreases
more slowly tharexp(—at). Cor. 4.2 obtains a slightly weaker form.

Corollary 4.3. Cor. 4.2 remains true for w.e.s. instead of e.s. with theofaihg
exception in part (i): IfA(z/™) = 3702 A;z/™ € C < zY/™ >9%4 then the system
is e.s. and hence w.e.s. resp. unstablpét(Ay) C D(1) resp. if|\| > 1 for at least
one eigenvalue afly. If |A| < 1 for all eigenvalues ofi, and|\| = 1 for at least one
the system may be w.e.s. in contrast to Cor. 4.2,(i), cf. plam4.

Example 4.4. (Cf. [14, §86.1,87.1]) Letx > 0, p:= e %, u = ko/m, 0 < ko < m.
The signaks(t) := e~ %" = p!" satisfies

z(t+1)/z(t) = exp (—a((t + 1)* — ")) . But
t+1)F—th =" (A+t)=1) = (" (Q+2)*-1) "

—n B _ 1) — —uoo H k:(><> H 1/m) o 1/m 1/m
(L)1) =z ;(k) S (1) ()" ee <

k=1
— a(z}/™) := exp (—az ™" (142" 1) =1—apz'*+...€C< 2
= a(t™"™) = exp (—a((t+ )" — ")), 2(t+1) = a(t” ")z (t),
= 2(t) = exp (—a(t" — 1)) 2(to), |2(t)] = exp (—a(t" —15)) [z (to)-
(70)
This equation is w.e.s. with exponemt But a(0) = 1 and the equation is not e.s by
Cor. 4.2.
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