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Abstract

Due to the theoretical work and computer implementations of, for instance,
Barakat, Quadrat and Robertz(2012) and their coauthors the theory of finitely gen-
erated (f.g.) modules over non-commutative regular noetherian rings of partial dif-
ferential operators with variable coefficients like the Weyl algebras and over other
similar rings has become constructive in recent years. In particular these authors
compute the purity or grade filtration of a f.g. module by homological means and
discuss its significance for the associated behavior. Pommaret and Quadrat noted
this significance already in 1999. In this note it is shown that over an arbitrary
commutative noetherian ring of operators the purity filtration of a finitely gener-
ated module can be easily computed by means of the the primary decomposition
of its zero submodule and indeed, with smaller complexity, by inductively comput-
ing equidimensional parts. In most books on Constructive Commutative Algebra
the connection between this primary decomposition, the equidimensional parts and
the purity filtration is implicitly stated for cyclic modules. For many commutative
rings of operators the standard signal modules are injective cogenerators. In this
case the purity filtration of the module gives rise to a corresponding filtration of
the dual behavior, and the primary decomposition induces additional sum repre-
sentations of the pure dimensional factors of this filtration. For non-commutative
rings of operators the standard signal modules are in general neither injective nor
cogenerators, and for such signal modules the usefulness of the purity filtration
of the module for the determination of the behavior and its structural properties
is not obvious. It is also shown by a counter-example that dimensional purity of
the module or behavior does not imply dimensional purity of the initial conditions
according to Riquier of the associated homogeneous Cauchy problem.
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1 Introduction
Due to the theoretical work and computer implementations of, for instance, Barakat
[1],[2], Quadrat and Robertz [17],[19], [16] and their coauthors the theory of finitely
generated (f.g.) modules over non-commutative regular noetherian rings of partial dif-
ferential operators with variable coefficients like the Weyl algebras and over other sim-
ilar rings has become constructive in recent years. A larger part of this work develops
constructive Homological Algebra. One interest of these computations lies in their
application to the analysis and synthesis of multidimensional linear systems or behav-
iors. The papers [2] and [16] especially compute the purity or grade filtration of a f.g.
module by homological means and discuss its systems theoretic significance. Björk
introduced this filtration in his important book [3, Thm. 2.4.15] by means of spectral
sequences and the Ext-functors and discussed its properties in [3, §2.7]. For commu-
tative pure-dimensional regular rings the filtration goes back to Roos [20]. Pommaret
and Quadrat [15, Def. 12, Thm. 3] observed the systems theoretic significance of
Björk’s results. In his paper [16] Quadrat uses, extends and simplifies Björk’s theory
and makes it constructive.
The present paper uses arbitrary commutative noetherian rings A of operators only and
elaborates [11, Ex. III.3, Thm. IV.1]. Its main goal is to show that in this commuta-
tive case different purity filtrations of a f.g. module M with dual behavior B can be
easily computed by means of the primary decomposition of the zero submodule of M
and indeed, with smaller complexity, by inductively computing equidimensional parts
(cf. Thm. 3.2). In the commutative case there are different methods and implementa-
tions for the computation of primary decompositions and equidimensional parts. The
SINGULAR library mprimdec.lib [7, Remark 4.1.7] enables the computation of the
primary decomposition of modules as used in Thm. 3.2, some implementations work
for ideals resp. cyclic modules only. Two methods to compute the equidimensional
part of a cyclic module are described in [7, §4.4] (cf. also [9, pp. 315-320]), viz. that
by the purity filtration according to [6] on the first lines of p.260 and that in [7, Lemma
4.4.7, Alg. 4.4.9]. No comparison is made between the complexity and the speed of
the algorithms of these two methods in [7]. I have to leave this comparison and the
application of the algorithms in Sections 3 and 4 to experts in Computer Algebra and,
in particular, to the colleagues quoted above and to the reviewers of this paper. The
primary decomposition of M also furnishes the primary decompositions of the pure
dimensional factors of the purity filtration of M (cf. Thm. 3.2) and the corresponding
sum representations of their dual behaviors (cf. (42)) which cannot be obtained by
homological means alone. One such representation was already derived in [24, Thm.
7.1]. For cyclic modules A/a the purity filtration and its connection with the primary
decomposition and its equidimensional parts was already discussed in [22, §3.2] and
in [7, §4.4] with a different terminology.
Over the standard commutative rings A of operators there are many natural signal A-
modules F (with action a◦w for a ∈ A and w ∈F ) which are injective cogenerators.
This signifies that the functor M 7→B := HomA(M,F ) from f.g. modules M to their
associated behavior B preserves and reflects exact sequences and thus establishes a
strong duality between modules and behaviors. In particular, for such signal modules
module filtrations of M and behavior filtrations of B are in one-one correspondence
(Section 4). We describe various ways to compute a behavior by means of its subbe-
haviors in the filtration, in particular in Thm. 4.2 from [17, Thm. 7,§5] and [16, Thm.
7, §4] with a different proof.
For most non-commutative multidimensional rings of operators the standard signal
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modules are neither injective nor cogenerators. Module filtrations give still rise to
behavior filtrations, but their connection is weaker. Thm. 4.2 gives partial answers for
non-injective signal modules. Quadrat performed relevant computations in [16, §4]. If
the signal module is not injective the usefulness of the purity filtration for the determi-
nation of the associated behavior and its structural properties is not obvious.
Already Riquier [18] solved the initial value or Cauchy problem for an analytic n-
dimensional behavior B=HomA(M,F ) (in a different language, of course) and showed
that every trajectory in B is uniquely determined by a finite family of initial functions
uσ , σ ∈ Σ, where uσ depends on n(σ) ≤ n independent variables. This suggests the
natural question whether all initial functions of a pure d-dimensional behavior B de-
pend on n(σ) = d independent variables. Compare the respective indications in [16,
Introduction, second paragraph]. We show in Section 5 that the answer to this question
is negative.

2 Basic data
The following notions and results from Commutative Algebra are standard [4], [10].
Let A be a commutative noetherian ring, spec(A) resp. max(A) the sets of its prime
resp. maximal ideals and ModA the category of A-modules. For an A-module M
and a prime ideal p ∈ spec(A) we have to consider the local noetherian ring Ap ={ a

s ; a ∈ A,s ∈ A\p
}

and the corresponding Ap-module Mp. The support resp. associ-
ator of M is

supp(M) := {p ∈ spec(A); Mp 6= 0} ⊃
ass(M) := {p ∈ spec(A); A/p⊆M (up to isomorphism)} . Then

supp(M) = {q ∈ spec(A); ∃p ∈ ass(M) with p⊆ q} .
(1)

If M = A/a is a cyclic module then

supp(A/a) =V (a) := {p ∈ spec(A); a⊆ p} . (2)

If M is finitely generated (f.g.) with annihilator ideal

annA(M) := {a ∈ A; aM = 0} then supp(M) =V (annA(M)). (3)

The support supp(M) is closed under specialization, i.e., if

p,q ∈ spec(A), p⊆ q and p ∈ supp(M) then also q ∈ supp(M). (4)

The (Krull) dimension of the A-module M is

dim(M) := sup{n ∈ N; ∃p0 ( p1 ( · · ·( pn, pi ∈ supp(M)} ∈ N]{∞} , especially
dim(A/p) = sup{n ∈ N; ∃p= p0 ( p1 ( · · ·( pn, pi ∈ spec(A)} , p ∈ spec(A),

dim(M) =
(1)

sup
p∈ass(M)

dim(A/p).

(5)
The Krull dimension of the ring A is that of A as A-module with supp(A) = spec(A)
and may be infinite. The Krull dimension

dim(Ap) = sup{n ∈ N; ∃p0 ( p1 ( · · ·( pn = p, pi ∈ spec(A)} , p ∈ spec(A), (6)
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of the local noetherian ring Ap is finite and is also called the height or codimension of
the prime ideal p. The inequality dim(A/p)+ dim(Ap) ≤ dim(A), p ∈ spec(A), holds
obviously. If p,q ∈ spec(A), p⊆ q then dim(Ap)≤ dim(Aq). The codimension of any
nonzero module AM is

cd(M) := minp∈supp(M) dim(Ap) =
(1)

minp∈ass(M) dim(Ap), hence

h(p) := cd(A/p) = dim(Ap) for p ∈ spec(A),
(height of a) := h(a) := cd(A/a) for a( A, h(a)+dim(A/a)≤ dim(A),

dim(M)+ cd(M)≤ dim(A).

(7)

The codimension of the zero submodule is defined to be ∞. According to Wood, Rogers
and Owens (1998, §7) the codimension cd(M) of a f.g. A-module M is called the au-
tonomy degree of the associated behavior B := HomA(M,F ) where AF is assumed
to be one of the standard injective cogenerator signal modules, for instance from (34)
and (35) below.
A submodule Q of a f.g. A-module M is called p-primary if p∈ spec(A) and ass(M/Q)=
{p}. An arbitrary submodule N of a f.g. module M admits a primary decomposition of
N in M, viz.

N =
⋂
i∈I

Qi, I finite ,ass(M/Qi) = {pi} , pi ∈ specA. (8)

Lemma and Definition 2.1. ([4, §IV.2, Def. 3, Prop. 4 and Cor. p.]) For the primary
decomposition (8) the following properties are equivalent:

1. (i) For all j ∈ I : N (
⋂

i∈I, i 6= j Qi or
⋂

i∈I, i6= j Qi 6⊆ Q j.
(ii) The pi, i ∈ I, are pairwise distinct.

2. The pi, i ∈ I, are pairwise distinct and belong to ass(M/N).

3. The finite sets I and ass(M/N) have the same number of elements.

If these properties are satisfied the primary decomposition (8) is called reduced or
irredundant.

Lemma 2.2. ([4, Thm. IV.2.1, Prop. IV.2.5]) Every submodule N of a finitely gener-
ated (f.g.) module M admits a reduced primary decomposition N =

⋂
p∈ass(M/N) Q(p)

with ass(M/Q(p)) = {p} for all p ∈ ass(M/N). For a minimal p ∈ ass(M/N) the com-
ponent Q(p) is uniquely determined by

Q(p) = {x ∈M; ∃s ∈ A\p with sx ∈ N} . (9)

A Serre subcategory C of ModA is a class of modules which is closed under taking
isomorphic copies, submodules, factor modules, extensions and direct sums; compare
[21, §3] for a short introduction into this notion, its history and its basic properties.
For a given Serre category C every A-module has a largest submodule RaC(M) in C
which is called the C-radical of M. Serre categories are in one-one-correspondence
with subsets P1 ⊆ spec(A) which are closed under specialization (cf. (4)). We write

spec(A) =P1
⊎

P2. (10)

The correspondence is given by

P1 := {p ∈ spec(A); A/p ∈ C} ,
C= {C ∈ModA; supp(C)⊆P1}= {C ∈ModA; ass(C)⊆P1}=
{C ∈ModA; ∀p ∈P2 : Cp = 0} , (RaC(M) = 0 ⇐⇒ ass(M)⊆P2) .

(11)
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If M is f.g. its radical RaC(M) can be computed via the primary decomposition of 0 in
M from Lemma 2.2 [11, Thm. IV.1], [13, Result 2.8], [21, Alg. 3.1]:

0 =
⋂

p∈ass(M)

Q(p) =U1
⋂

U2, Ui :=
⋂{

Q(p); p ∈ ass(M)
⋂

Pi

}
,

ass(M/Ui) = ass(M)
⋂

Pi, M/U1 ∈ C, U2 = RaC(M), RaC (M/RaC(M)) = 0.

(12)

Since RaC determines C = {C ∈ModA; C = RaC(C)} the primary decomposition al-
most tautologically dominates Serre categories as one reviewer has put it. The same
reviewer calls the resulting diagonal monomorphism M→ M/U1×M/U2 in (12) the
subdirect decomposition adapted to the Serre category.

3 The purity filtration
The assumptions of the preceding section are in force. For an exact sequence of A-
modules

0→M′→M→M′′→ 0 one concludes supp(M) = supp(M′)
⋃

supp(M′′), hence

cd(M) = inf
p∈supp(M)

dim(Ap) = min
(
cd(M′),cd(M′′)

)
.

(13)
If M =

⋃
i∈I Mi is a directed union of submodules one likewise infers

supp(M) =
⋃
i∈I

supp(Mi) and cd(M) = inf
i∈I

cd(Mi). (14)

These two equations imply that for every d ∈ N the class

Cd := {C ∈ModA; cd(C)≥ d} , d ∈ N, (15)

is a Serre category. The corresponding decomposition (11) is

spec(A) =Pd,1
⊎

Pd,2 =

{p ∈ spec(A);h(p) = dim(Ap)≥ d}
⊎
{p ∈ spec(A);h(p)< d}

(16)

There are the obvious inclusions

C0 = ModA ⊇ C1 ⊇ ·· · ⊇ Cd ⊇ Cd+1 ⊇ ·· ·
Ra0(M) := M ⊇ ·· · ⊇ Rad(M) := RaCd (M)⊇ Rad+1(M) = Rad+1(Rad(M))⊇ ·· · .

(17)
In [15, Def. 12] Rad(M) is denoted by tord−1(M). From (12) we infer

Rad(M) =
⋂{

Q(p); p ∈ ass(M)
⋂

Pd,2

}
=
⋂
{Q(p); p ∈ ass(M), h(p)< d} ,

cd(Rad(M))≥ d, ass(M/Rad(M)) = ass(M)
⋂

Pd,2 = {p ∈ ass(M); h(p)< d} ,

Rad+1(M) = Rad(M)
⋂⋂

{Q(p); p ∈ ass(M), h(p) = d}=⋂{
Rad(M)

⋂
Q(p); p ∈ ass(M), h(p) = d

}
.

(18)
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Corollary 3.1. Let M be nonzero and f.g. For the data from (12) and (18) let

m := cd(M) = minp∈ass(M) h(p)≤ p := maxp∈ass(M) h(p). Then

M = Ra0(M) = · · ·= Ram(M)) Ram+1(M)⊇ ·· · ⊇ Rap(M)) Rap+1(M) = 0.

Theorem and Definition 3.2. Let AM be finitely generated, d ≥ 0 and

0 =
⋂

p∈ass(M)

Q(p), ass(M/Q(p)) = {p} (19)

a reduced primary decomposition of 0 in M. Then

1. The intersection

Rad(M) =
⋂
{Q(p); p ∈ ass(M), h(p)< d} with

ass(M/Rad(M)) = {p ∈ ass(M); h(p)< d}
(20)

is a reduced primary decomposition of Rad(M) in M.

2. The intersection

Rad+1(M) =
⋂{

Rad(M)
⋂

Q(p); p ∈ ass(M), h(p) = d
}

with

ass(Rad(M)/Rad+1(M)) = {p ∈ ass(M); h(p) = d}
(21)

is a reduced primary decomposition of Rad+1(M) in Rad(M). In particular,
Rad(M)/Rad+1(M) is pure d-codimensional, i.e., it is either zero or all its as-
sociated primes p have the same codimension d = dim(Ap) and are therefore
minimal in ass(Rad(M)/Rad+1(M)). This implies

∀p ∈ ass(M) with dim(Ap) = d :

Rad(M)
⋂

Q(p) = Rad(Q(p)) = {x ∈ Rad(M); ∃s ∈ A\p with sx ∈ Rad+1(M)} .
(22)

While the component Q(p), p ∈ ass(M), h(p) = d, is not unique in general its
radical Rad(Q(p)) is by (22). The filtration M = Ra0(M) ⊇ Ra1(M) ⊇ ·· · is
called the purity filtration of M.

3. In particular, if cd(M) = m and thus M = Ram(M) then

M = Ram(M)) Ram+1(M) =
⋂
{Q(p); h(p) = m} with

ass(M/Ram+1(M)) = {p ∈ ass(M); h(p) = m} .
(23)

Therefore Ram+1(M) resp. M/Ram+1(M)=Ram(M)/Ram+1(M) are reasonably
called the equidimensional part resp. factor of M.

4. Since for all d ∈ N

Rad+1(M) = Rad+1 (Rad(M))

{
= Rad(M) if cd(Rad(M))> d
( Rad(M) if cd(Rad(M)) = d

,

i.e., Rad+1(M) either coincides with Rad(M) or is its equidimensional part,
equation (23) enables the computation of the purity filtration by inductively com-
puting equidimensional parts.
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Proof. 1. By (19) the Q(p) are p-primary. From (18) we have ass(M/Rad(M)) =
{p ∈ ass(M); h(p)< d}. With Lemma 2.1,(3), we conclude that (20) is indeed a re-
duced primary decomposition.
2. The inclusion

Rad(M)/(Rad(M)
⋂

Q(p))∼= (Rad(M)+Q(p))/Q(p)⊂M/Q(p)

implies ass(Rad(M)/(Rad(M)
⋂

Q(p))) ⊆ {p}. So Rad(M)
⋂

Q(p) either coincides
with Rad(M) or is p-primary in it. If there is no p ∈ ass(M) with h(p) = d then
Rad(M) = Rad+1(M) and the primary decomposition is empty. So assume that p1 ∈
ass(M) and h(p1) = d. We show Rad(M)

⋂
Q(p1)( Rad(M) by contradiction: Assume

Rad(M)
⋂

Q(p1) = Rad(M) or Rad(M)⊆ Q(p1) =⇒

Rad+1(M) = Rad(M)
⋂⋂

{Q(p); p ∈ ass(M), h(p) = d}=

Rad(M)
⋂⋂

{Q(p); p ∈ ass(M), p 6= p1, h(p) = d}=⋂
{Q(p); p ∈ ass(M), p 6= p1, h(p)< d +1} .

But this is a contradiction to the reduced primary decomposition (20) of Rad+1(M) in
M. So the decomposition (21) is a primary decomposition with distinct primes and
satisfies condition 1.(ii) from Lemma 2.1. Likewise one sees that also condition 1.(i)
of Lemma 2.1 is satisfied and that hence (21) is a reduced primary decomposition with

ass(Rad(M)/Rad+1(M)) = {p ∈ ass(M); h(p) = d} .

3. and 4. are special cases of 2.

Equation (22) shows that the primary decomposition of the zero submodule of the
pure d-codimensional factor Rad(M)/Rad+1(M) and the ensuing behavior decompo-
sition in (42) below can be computed from the equidimensional part Rad+1(M) of
Rad(M) and ass(Rad(M)/Rad+1(M)), the modules Q(p) with h(p) = d are not needed
for this purpose.

Example 3.3. Let A be an n-variate polynomial algebra over a field, hence dim(A) = n.
This is a Cohen-Macaulay (CM) ring and equidimensional [10, §17], i.e., for every
maximal ideal m ∈max(A) the ring Am is a CM ring of dimension n, i.e.

∀m ∈max(A) : depth(Am) = dim(Am) = dim(A) and then also
∀p ∈ spec(A) : depth(Ap) = dim(Ap), h(p)+dim(A/p) = dim(A)

∀M ∈ModA, M 6= 0 : cd(M)+dim(M) = dim(A).
(24)

For the Serre categories Cd this implies

C0 = ModA ⊇ ·· · ⊇ Cd = {C ∈ModA; cd(C)≥ d}=
{C ∈ModA; dim(C)≤ dim(A)−d} ⊇ · · · ⊇ Cdim(A)+1 = 0, 0≤ d ≤ dim(A).

(25)

If a= ∑
m
i=1 A fi then h(a)≤ m or dim(A/a)≥ dim(A)−m [10, Thm. 13.5]. Moreover

the unmixedness theorem holds for A [10, Thm. 17.6]: If a = ∑
m
i=1 A fi and h(a) = m

then A/a is pure m-dimensional.
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Remark 3.4. Assume that A is affine over a field F , i.e., of the form A = F [s]/I where
F [s] = F [s1, · · · ,sn] is an n-variate polynomial algebra and I any ideal. We furnish data
referring to F [s]- resp. A-modules with an index F [s] resp. A if necessary. We identify
A-modules N with F [s]-modules M annihilated by I by

M = N as abelian groups, ( f + I)x = f x, f ∈ F [s], f + I ∈ A, x ∈M = N. Then

ModA =
{

M ∈ModF [s]; IM = 0
}
,

V (I) = {p ∈ spec(F [s]); I ⊆ p} ∼= spec(A), p 7→ p/I,

supp(F [s]M)⊆V (I) for M ∈ModA,

supp(F [s]M)∼= supp(AM), p 7→ p/I, ass(F [s]M)∼= ass(AM), p 7→ p/I,

dim(F [s]/p) = dim(A/(p/I)) , p ∈V (I), dim(F [s]M) = dim(AM) if IM = 0.
(26)

The heights of the prime ideals p ∈V (I) and p/I are related in the following fashion:

Ap/I = (F [s]/I)p/I = F [s]p/Ip =⇒
h(p/I) = dim(F [s]p/Ip) = h(p)−h(Ip)≤ h(p)−h(I) since

h(Ip) = min{h(p1); p1 ∈ spec(F [s]) minimal with I ⊆ p1 ⊆ p}
h(I) = min{h(p1); p1 ∈ spec(F [s]) minimal with I ⊆ p1} .

(27)

If VF [s](I) is not pure-dimensional, i.e., if there are prime ideals p1 and p2 which are
minimal in VF [s](I) with h(I) = h(p2)< h(p1) then for M := F [s]/p1 one gets

assF [s](M) = {p1} , assA(M) = {p1/I} , hence

cdA(M) = dim(Ap1/I) = 0 < h(p1)−h(I) =

dim(F [s]p1)−h(I) = cdF [s](M)−h(I).

Therefore there is no simple relation between cdA(M) and cdF [s](M) for M ∈ModA in
general. If A is a domain or, equivalently, I is a prime ideal then

h(p/I) = h(p)−h(I) and cd(AM) = cd
(

F [s]M
)
−h(I)≥ 0 if IM = 0,

RaF [s],d(M) = RaA,d−h(I)(M).
(28)

Hence for an affine domain A = F [s]/I the purity filtration of A-module AM coincides
with that of F [s]M up to a translation of the numbering.
For an arbitrary affine F-algebra A = F [s]/I it is preferable to consider the increasing
sequence of Serre categories

C′−1 = 0⊆ C′0 ⊆ ·· · ⊆ C′d := {C ∈ModA; dim(C)≤ d} ⊆ · · · ⊆ C′dim(A) = ModA

(29)
with their increasing sequence of radicals

Ra′−1(M) = 0⊆ Ra′0(M)⊆ ·· · ⊆ Ra′d(M) := RaC′d (M)⊆ ·· · ⊆ Ra′dim(A)(M) = M.

(30)
The analogue of Theorem 3.2 holds. The reduced primary decomposition (19) gives
rise, for 0≤ d ≤ dim(M), to the reduced primary decompositions

Ra′d(M) =
⋂
{Q(p); p ∈ ass(M), dim(A/p)> d}

Ra′d−1(M) =
⋂{

Ra′d(M)
⋂

Q(p); p ∈ ass(M), dim(A/p) = d
}
.

(31)
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In particular, Ra′d(M)/Ra′d−1(M) is pure d-dimensional, i.e.,

dim(A/p) = d for all p ∈ ass
(
Ra′d(M)/Ra′d−1(M)

)
. (32)

According to (26) the equality dim(F [s]M) = dim(AM) holds for each A-module M.
This implies Ra′d(AM) = Ra′d(F [s]M) for all d. If AM is a f.g. A-module and

0 =
⋂{

Q(p);p ∈ assF [s](M)
}
, assF [s](M/Q(p)) = {p} , (33)

is a reduced primary decomposition of 0 in M as F [s]-module then IQ(p) = 0, Q(p) ∈
ModA and ass(AM) =

{
p/I; p ∈ assF [s](M

}
and, hence (33) is also a reduced primary

decomposition of 0 in M as A-module. The purity filtrations (30) for AM as F [s]- and
as A-modules coincide and require only the primary decomposition of f.g. polynomial
modules over F [s].

4 Application to behaviors
The assumptions of Thm. 3.2 are in force. In addition we assume an injective cogen-
erator AF . The module F is interpreted as a space of signals on which the ring A of
operators acts via a ◦w, a ∈ A,w ∈F . The discrete resp. continuous standard cases
are the following: The ring A is the polynomial algebra A := F [s] := F [s1, · · · ,sn] over
a field F . In the discrete case F is the space of n-variate sequences

F := FNn
:=
{

w = (w(µ))µ∈Nn : Nn→ F, µ 7→ w(µ)
}

with the shift action

(sν ◦w)(µ) := w(µ +ν), µ,ν ∈ Nn, w ∈ FNn
.

(34)

In the continuous case F is the field R of real resp. C of complex numbers and the
signal space F is chosen as the space of smooth functions in t = (t1, · · · , tn) ∈Rn or of
distributions, i.e.,

F := C∞(Rn,F) or F := D ′(Rn,F) with the action by partial differentiation
si ◦w := ∂iw := ∂w/∂ ti, i = 1, · · · ,n, w ∈F .

(35)

The action of a matrix R ∈ Ak×` on w ∈F `(columns) is given by

R◦w :=

(
`

∑
j=1

Ri j ◦w j

)
i=1,··· ,k

∈F k. (36)

Consider an arbitrary f.g. A-module M with its associated behavior B, viz.

R ∈ Ak×`, U := A1×kR⊆ A1×`, M := A1×`/U

B :=U⊥ :=
{

w ∈F `; ∀ξ ∈U : ξ ◦w = 0
}
={

w ∈F `; R◦w = 0
}

∼=
Malgrange 1962

HomA(M,F ), w←→ ϕ

ϕ(δ j +U) = w j, δ j = (0, · · · ,0,
j
1,0, · · · ,0), j = 1, · · · , `.

(37)

We will always identify U⊥=HomA(A1×`/U,F ). Since F is an injective cogenerator
the functor HomA(−,F ) preserves and reflects exact sequences, in particular M = 0
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if and only if HomA(M,F ) = 0. For a submodule M′ of M there result the two exact
sequences with the canonical injection inj and surjection can:

0→M′
inj−→M can−→M′′ := M/M′→ 0

0← HomA(M′,F )
Hom(inj,F )←− HomA(M,F )

Hom(can,F )←− HomA(M′′,F )← 0,

hence the identifications HomA(M′′,F ) =
{

ϕ ∈ HomA(M,F ); ϕ(M′) = 0
}
,

HomA(M,F )/HomA(M/M′,F ) = HomA(M′,F ), ϕ +HomA(M/M′,F ) = ϕ|M′.
(38)

Define

m := cd(M) = minp∈ass(M) dim(Ap) and p := maxp∈ass(M) dim(Ap). (39)

The purity filtration M = Ram(M)⊃ ·· · ⊃ Rap+1(M) = 0 from Thm. 3.2 and Cor. 3.1
induces the filtration of subbehaviors

0 = B0 = · · ·Bm ( Bm+1 ⊆ ·· · ⊆Bd := HomA(M/Rad(M),F )⊆Bd+1 ⊆ ·· ·
Bp ( Bp+1 = B := HomA(M,F ) with

Bd+1/Bd =
ident.

HomA (Rad(M)/Rad+1(M),F ) .

(40)
The reduced primary decomposition (21) and application of the exact functor HomA(−,F )
to the ensuing diagonal monomorphisms or subdirect decompositions

M/Rad+1(M)→M/Rad(M)× ∏
p∈ass(M), h(p)=d

M/Q(p) and

Rad(M)/Rad+1(M)→ ∏
p∈ass(M), h(p)=d

Rad(M)/
(

Rad(M)
⋂

Q(p)
) (41)

furnish the decompositions

Bd+1 := Bd + ∑
p∈ass(M), h(p)=d

Bp with Bp = HomA(M/Q(p),F )

Bd+1/Bd = ∑
p∈ass(M), h(p)=d

(Bd +Bp)/Bd ,

(Bd +Bp)/Bd = HomA(Rad(M)/(Rad(M)
⋂

Q(p)),F ),

B = ∑
p∈ass(M)

Bp.

(42)

The last sum representation coincides with that in [24, Thm. 7.1]. The preceding data
have the following matrix descriptions in which all matrices can be computed in the
standard cases:

M = A1×`/U, U = A1×kR, R ∈ Ak×`, B =
{

w ∈F `; R◦w = 0
}
,

Rad(M) = A1×kd Rd/U, Rd ∈ Akd×`, A1×kd Rd ⊇U,

M/Rad(M) =
ident.

A1×`/A1×kd Rd , Bd =
{

w ∈F `; Rd ◦w = 0
}
,

Q(p) = A1×kpRp/U, Rp ∈ Akp×`, A1×kpRp ⊇U, Bp =
{

w ∈F `; Rp ◦w = 0
}
.

(43)



4 APPLICATION TO BEHAVIORS 11

If in addition matrices Pd ∈ Amd×kd and Pp ∈ Amp×kd are computed such that the maps

A1×kd/A1×md Pd ∼= A1×kd Rd/A1×kd+1Rd+1 ∼= Rad(M)/Rad+1(M),

ξ +A1×md Pd 7→ ξ Rd +A1×kd+1 Rd+1 7→ (ξ Rd +U)+Rad+1(M)

A1×kd/A1×mpPp ∼= Rad(M)/
(

Rad(M)
⋂

Q(p)
)
,

ξ +A1×mpPp 7→ (ξ Rd +U)+
(

Rad(M)
⋂

Q(p)
) (44)

are isomorphisms then also

Rd◦ : Bd+1/Bd ∼=
{

v ∈F kd ; Pd ◦ v = 0
}
=

∑
p∈ass(M), h(p)=d

{
v ∈F kd ; Pp ◦ v = 0

}
, w+Bd 7→ Rd ◦w,

(45)

is an isomorphism.

Remark 4.1. Every f.g A-module M admits a filtration [4, Thms. IV.1.1, IV.1.2]

M0 := 0 ( M1 ( M2 ( · · ·( Mr−1 ( Mr = M with
Mi/Mi−1 ∼= A/pi, pi ∈ spec(A), i = 1, · · · ,r, hence

ass(M)⊆ {p1, · · · ,pr} ⊆ supp(M).

(46)

Due to (1) the minimal prime ideals in the three sets of the last row coincide. The
filtration induces the behavior filtration

0 = Br := HomA(M/Mr,F )( Bi := HomA(M/Mi,F )(
Bi−1 ( · · ·( B0 = HomA(M,F ) with

Bi−1/Bi ∼= HomA(Mi/Mi−1,F )∼= HomA(A/pi,F ) = p⊥i ( F .

(47)

which can also be used to compute B by means of simpler subfactors, see Thm. 4.2
for the details. The actual computation of this filtration also requires computation of
primary decompositions. Note that A/p of codimension h(p) is the simplest type of a
pure codimensional module.

If in the situation of (38) the module F is not injective it is still possible, at least
partially, to describe HomA(M,F ) with data from M′ and M′′ = M/M′. The following
considerations derive a result by Quadrat and Robertz [17, Thm. 7,§5], [16, Thm. 7,
§4] with a different proof and are applicable to arbitrary filtrations. We use the seminal
Homological Algebra textbook [5] instead of the Baer extensions in the quoted papers.
Assume that free resolutions

· · · → A1×s(2) 2R′−→ A1×s(1) R′:=1R′−→ A1×s(0) φ ′−→M′→ 0

· · · → A1×p(2) 2R′′−→ A1×p(1) R′′:=1R′′−→ A1×p(0) φ ′′−→M′′→ 0
(48)

are given. In Thm. 4.2 these are needed up to A1×s(1) resp. A1×p(1) only. The iR′, iR′′

etc. are matrices of appropriate sizes and act on row vectors by multiplication on
the right, φ ′ and φ ′′ are linear maps and the (infinite) sequences of modules in (48)
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are exact. In [5, Prop. V.2.2] a resolution of the first short exact sequence in (38) is
constructed, i.e., a further free resolution

· · · −→ A1×(p(1)+s(1)) R:=1R−→ A1×(p(0)+s(0)) φ−→M→ 0 with φ =
(

φ1
φ2

)
,

iR ∈ A(p(i)+s(i))×(p(i−1)+s(i−1)), R :=1 R =
(

R11 R12
R21 R22

)
∈ A(p(1)+s(1))×(p(0)+s(0)),

(49)

such that the following diagram is commutative:

· · · · · · · · ·
↓ ↓ ↓

0→ A1×s(1)
(0,ids(1))−→ A1×(p(1)+s(1))

(
idp(1)

0

)
−→ A1×p(1)) → 0

↓ R′ ↓ R ↓ R′′

0→ A1×s(0)
(0,ids(0))−→ A1×(p(0)+s(0))

(
idp(0)

0

)
−→ A1×p(0)) → 0

↓ φ ′ ↓ φ =
(

φ1
φ2

)
↓ φ ′′

0→ M′
inj−→ M can−→ M′′ = M/M′ → 0

↓ ↓ ↓
0 0 0

(50)

The commutativity of this diagram immediately implies

R =
(

R′′ R12
0 R′

)
, φ2 = φ

′, canφ1 = φ
′′. (51)

The last equation also shows how to construct φ [5, Prop. V.2.2]: If δ j, j = 1, · · · , p(0)+
s(0), resp. δ ′′j , j = 1, · · · , p(0), denote the standard bases of A1×(p(0)+s(0)) resp. A1×p(0)

then

φ(δ j) ∈M with φ(δ j)+M′ = φ
′′(δ ′′j ) ∈M/M′ for j = 1, · · · , p(0) and

φ(δ j) = φ
′(δ j) for j = p(0)+1, · · · , p(0)+ s(0).

(52)

The snake lemma [5, Lemma III.3.3] implies the exactness of the induced sequence

0→ ker(φ ′)→ ker(φ)→ ker(φ ′′)→ 0

from which the matrix 1R = R is constructed like φ . The matrices iR, i = 2,3, · · · , are
constructed inductively in the same fashion.

Theorem 4.2. ([17, Thm. 7,§5],[16, Thm. 7, §4]) With the data from above the map
Hom(φ ,F ) induces the isomorphism

Hom(φ ,F ) : HomA(M,F )∼= B :=
{

w =
(

w′′
w′

)
∈F p(0)+s(0); R◦w = 0

}
={

w =
(

w′′
w′

)
∈F p(0)+s(0); R′′ ◦w′′+R12 ◦w′ = 0, R′ ◦w′ = 0

}
.

(53)

If F is injective application of the exact functor HomA(−,F ) to the commutative
diagram (50) with exact rows and columns furnishes the following diagram with exact
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rows and vertical isomorphisms

0← HomA(M′,F )
Hom(inj,F )←− HomA(M,F )

Hom(can,F )←− HomA(M/M′,F ) ← 0

↓ Hom(φ ′,F ) ↓ Hom(φ ,F ) ↓ Hom(φ ′,F )

0← B′
(0,ids(0))◦←− B

(
idp(0)

0

)
◦

←− B′′ ← 0

w′ ←
(

w′′
w′

)
,
(

w′′
0

)
← w′′

with B′ :=
{

w′ ∈F s(0), R′ ◦w′ = 0
}
, B′′ :=

{
w′′ ∈F p(0); R′′ ◦w′′ = 0

}
.

(54)
In particular, for every solution w′ of R′ ◦w′ = 0 or trajectory w′ ∈B′ there is a tra-
jectory w =

(
w′′
w′

)
∈B or a solution w′′ of the inhomogeneous equation [16, (88)]

R′′ ◦w′′ =−R12 ◦w′, (55)

and all trajectories of B resp. of HomA(M,F ) are obtained in this form w resp. as
Hom(φ ,F )−1(w).
If F is not injective the projection (0, ids(0))◦ : B→B′ or Hom(inj,F ) are not surjec-
tive in general, (55) may be unsolvable for certain computed w′ ∈B′ and the successive
solution method of first w′ and then w′′ is not applicable. In other words, the filtration
0⊂ HomA(M/M′,F )⊂ HomA(M,F ) still holds, but does not help very much.
Like [5, Prop. V.2.2] and [17, Thm. 7,§5] this theorem holds for arbitrary, not neces-
sarily commutative, noetherian rings of operators.

Proof. We identify HomA(A1×(p(0)+s(0)),F ) = F p(0)+s(0) (columns). For all signal
modules F the functor HomA(−,F ) is left exact. We apply it to the exact sequence

A1×(p(1)+s(1))
R=
(

R′′ R12
0 R′

)
−→ A1×(p(0)+s(0)) φ−→M→ 0

and obtain the exact sequence

0→ HomA(M,F )
Hom(φ ,F )−→ HomA(A1×(p(0)+s(0)),F ) = F p(0)+s(0) R◦−→F p(1)+s(1)

which in turn implies the asserted isomorphism (53). The remaining assertions are
obvious.

The interesting Example 6 from [16] is constructed over the commutative polyno-
mial algebra Q[∂1,∂2,∂3] for which there are, for instance, the injective cogenerator
signal modules (34) and (35).

5 Initial conditions according to Riquier
We consider the signal module F = FNn

from equation (34) and use the terminology
of the Gröbner basis theory. A subset N ⊆ Nn is called an order ideal if N +Nn = N.
These order ideals are in bijective correspondence with the monomial ideals F [N] =
⊕ν∈NFsν ⊆ A = F [s] generated by the monomials sν , ν ∈ N. Let ≤ be any term
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(well)-order on Nn and deg : F [s] =F [Nn]→Nn]{−∞} the corresponding polynomial
degree function. Any ideal a⊆ A gives rise to its behavior a⊥ :=

{
w ∈ FNn

; a◦w = 0
}

according to (37) and the degree set N := deg(a) := {deg( f ); 0 6= f ∈ a} which is an
order ideal. The complement Γ := Nn \ deg(a) of the degree set is called the initial
region of a⊥ for the chosen term order. Then

a⊥
∼=−→ FΓ, w 7→ w|Γ := (w(µ))µ∈∆, (56)

is an isomorphism [12, Thm. 5]. In other words: For each initial data u = (u(µ))µ∈Γ ∈
FΓ the initial value or Cauchy problem

a◦w = 0, w|Γ = u, (57)

has a unique solution w in a⊥.
According to Riquier [18] the initial region has an additional structure which was dis-
cussed in [12, Algorithm 9]: For every subset S ⊆ [n] := {1, · · · ,n} with complement
S′ = [n]\S we identify

NS :=
{

µ ∈ Nn; ∀i ∈ S′ : µi = 0
}
⊂ Nn. (58)

Then there are a finite subset Σ⊂ Γ and subsets S(σ)⊆ [n], σ ∈ Σ, such that the initial
region Γ has the disjoint decomposition

Γ =
⊎

σ∈Σ

(
σ +NS(σ)

)
with dim(A/a) = maxσ∈Σ ](S(σ)), (59)

where ](S(σ)) denotes the number of elements of S(σ). In the same algorithm an
analogous decomposition of deg(a) and corresponding results for submodules instead
of ideals were established. Slightly different decompositions into cones with a dif-
ferent algorithm are derived in [14, Lemma 4, Lemma 9] and attributed to Janet [8]
who, in his own words, had only simplified Riquier’s results. In Commutative Alge-
bra Riquier’s disjoint decomposition (59) of Γ resp. the corresponding decomposition
of A/a according to Macaulay are also called a Stanley decomposition [22, pp.24-26].
Combining (56) and (59) we obtain the isomorphism

a⊥ ∼= ∏
σ∈Σ

FNS(σ)
, w 7→ (uσ )σ∈Σ

, uσ (µ) := w(σ +µ), µ ∈ NS(σ). (60)

The functions uσ depend on the ](S(σ)) independent variables µi ∈ N, i ∈ S(σ).
As mentioned in the Introduction the equations (59) and (60) suggest the following
question: Do all sets S(σ) have the same cardinality m := dim(A/a) if A/a is pure
m-dimensional, i.e., if dim(A/p) = m for all p ∈ ass(A/a)? We are going to show by
an example that the answer to this question is negative, i.e., the dimensional purity of
A/a does not imply that of the initial data uσ , σ ∈ Σ.
To construct a counter-example we choose n = 4. Let εi ∈ N4, i = 1, · · · ,4, denote
the standard basis of Z4. We consider the order ideals, initial regions and associated
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monomial ideals

N1 := (ε1 +N4)
⋃
(ε2 +N4) =

{
µ ∈ N4; µ1 ≥ 1 or µ2 ≥ 1

}
,

Γ1 := N4 \N1 =
{

µ ∈ N4; µ1 = µ2 = 0
}
= {(0,0)}×N{3,4} = (0,0,0,0)+N{3,4}

N2 := (ε3 +N4)
⋃
(ε4 +N4) =

{
µ ∈ N4; µ3 ≥ 1 or µ4 ≥ 1

}
,

Γ2 := N4 \N2 =
{

µ ∈ N4; µ3 = µ4 = 0
}
= N{1,2}×{(0,0)}= (0,0,0,0)+N{1,2}

p1 := F [N1] = As1 +As2, deg(p1) = N1, p2 := F [N2] = As3 +As4, deg(p2) = N2

a := p1
⋂

p2, N := deg(a) = N1
⋂

N2,

Γ := N4 \N = Γ1
⋃

Γ2 =

Γ1
⊎
(Γ2

⋂
N1) =

(
(0,0,0,0)+N{3,4}

)⊎(
(ε1 +N{1,2})∪ (ε2 +N{1,2})

)
=(

(0,0,0,0)+N{3,4}
)⊎((

ε1 +N{1,2}
)⊎(

ε2 +N{2}
))

.

(61)
The ideals pi are monomial prime ideals and dim(A/pi) = 2. By Lemma 2.1 the inter-
section a= p1

⋂
p2 is the unique primary decomposition of a with ass(A/a) = {p1,p2}

and in particular A/a is pure 2-dimensional. The isomorphisms p⊥i ∼= FΓi ∼= FN2
show

that every signal in p⊥i depends on one initial function in two variables. We are going
to show that Γ does not admit a disjoint decomposition (59) with ](S(σ)) = 2, σ ∈ Σ,
and assume for an indirect proof that such a decomposition is given. The last equality
in (61) implies

∀σ ∈ Σ : ((σ1,σ2) = 0 or (σ3,σ4) = 0) and

S(σ) =

{
{1,2} if σ = (σ1,σ2,0,0) 6= 0
{3,4} if σ = (0,0,σ3,σ4) 6= 0 or σ = (0,0,0,0)

.
(62)

But

0 := (0,0,0,0), ε1 ∈ Γ =⇒∃σ1,σ2 ∈ Σ with 0 ∈ σ1 +NS(σ1), ε1 ∈ σ2 +NS(σ2) =⇒
σ1 = 0,σ2 = ε1, S(0) = {3,4} , S(ε1) = {1,2}=⇒

Γ =
(61)

(0+NS(0))
⊎
(ε1 +NS(ε1))

⊎
(ε2 +N{2}) =⇒

ε2 +N{2} =
⊎

σ∈Σ, σ 6=0,ε1

(σ +NS(σ)).

(63)
Since all S(σ) are assumed to have two elements the last equality in (63) is impossible
and furnishes the asserted contradiction. Summing up we obtain

Corollary 5.1. The ideal a = p1
⋂
p2 from (61) has the following properties: It is

pure 2-dimensional, i.e., dim(A/p) = 2 for all p ∈ ass(A/a). Since a is monomial the
degree set deg(a) is unique and does not depend on the chosen term well-order. For

every Riquier decomposition (59) Γ =
⊎

σ∈Σ

(
σ +NS(σ)

)
of the initial region Γ :=

Nn \deg(a) of the associated behavior a⊥ there is a set S(σ) with less than 2 elements,
i.e., there is at least one initial function uσ ∈ FNS(σ)

according to (60) which depends
on at most one independent variable.
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