
The asymptotic stability of stable and
time-autonomous discrete multidimensional

behaviors

Ulrich Oberst, Martin Scheicher∗

Institut für Mathematik, Universität Innsbruck

Technikerstrasse 13, A-6020 Innsbruck, Austria

ulrich.oberst@uibk.ac.at, martin.scheicher@uibk.ac.at

published in Mathematics of Control, Signals and Systems (44 pages) July 18, 2013

DOI 10.1007/s00498-013-0114-6

Abstract

We generalize the important paper D. Napp-Avelli, P. Rapisarda, P. Rocha,
’Time-relevant stability of 2D systems’, Automatica 47(2011), 2373-2382, to dis-
crete time-autonomous (ta) (=time-relevant), but not necessarily square-autonomous
behaviors in arbitrary dimensions. This paper and therefore also the present one
were essentially influenced by the papers J. Wood, V.R. Sule, E. Rogers, ’Causal
and Stable Input/Output Structures on Multidimensional Behaviors’, SIAM J. Con-
trol Optim. 43(2005), 1493-1520, and J.-C. Willems, ’Stability and Quadratic Lya-
punov Functions for nD Systems’, Proc. International Conference on Multidimen-
sional (nD) Systems, Aveiro, Portugal, 2007. In the present paper the discrete
domain of the independent variables is the lattice of vectors of integers of arbitrary
(but fixed) length whose first component is a natural number and interpreted as a
discrete time instant. The stability of an autonomous behavior is defined by a spec-
tral condition on its characteristic variety. The behavior is time-autonomous if each
trajectory is determined by a fixed number of its initial values. Under a weak addi-
tional condition a discrete stable and time-autonomous behavior is asymptotically
stable in the sense that under suitable initial conditions its trajectories converge
to zero when the time tends to infinity. We derive algorithms for the constructive
verification of the assumptions of most of our results and in particular establish
a constructive normal form of ta behaviors in arbitrary dimensions. The Fourier
transform on finitely generated free abelian groups plays an important part in the
derivations as it already did in the quoted papers. Stability and stabilization of mul-
tidimensional discrete behaviors were previously discussed by various colleagues,
for instance by Bisiacco, Bose, Fornasini, Lin, Marchesini, Pillai, Quadrat, Rogers,
Shankar, Sule, Valcher, Wood, but only partly from the analytic point of view.
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1 Introduction
A discrete linear time-invariant autonomous system or behavior is asymptotically stable
(abbreviated as "as. stable") in the sense that all its trajectories converge to zero in the
positive time direction if and only if it satisfies the spectral stability condition that all
its characterisitic values belong to the open unit disc (cf. [14, Thm. 7.2.2,(i) and proof,
Ex. 7.8 on p.271]). In particular, the powers Mt of a square complex matrix converge
to 0 for t→ ∞ if and only if the spectrum of M, i.e., the set of its eigenvalues, belongs
to said disc, whence the term spectral condition. The goal of this paper is the gener-
alization of the preceding one-dimensional notions and result to discrete autonomous
systems in arbitrary dimensions. For dimension 2 this was done in the important paper
[9] by Napp, Rapisarda, Rocha which was essentially influenced by the papers [25] and
[24] on continuous multidimensional stability. In dimension 1 bounded input/bounded
output stability of an input/output system follows from the internal as. stability of its
autonomous part. In the present paper, however, multidimensional input/output stabil-
ity is not addressed, but was discussed in [25], [17] and [16]. By definition a signal
approximates another one if the difference signal is as. stable. Since such approxima-
tions are ubiquitous in observer and stabilizing compensator design the significance of
as. stable signals and systems for one- and multidimensional systems theory is obvi-
ous.
In a higher dimensional real space there is no obvious preferred direction or cone with
respect to which as. stability could be defined, but see [13], [23] and [20] for the dis-
cussion of such cones. Here as in [9] we define the as. stability of a multidimensional
trajectory with respect to a distinguished independent time variable and therefore as-
sume that the trajectories w of the considered discrete behaviors are vector functions

w : N×Zn→ Cℓ (columns), (t,µ) = (t,µ1, · · · ,µn) 7→ w(t,µ), (1)

where t is interpreted as a discrete time instant and the total system dimension is
1+ n, n ≥ 0. The group Zn is chosen instead of, for instance, the monoid or lattice
Nn for the later application of the Fourier transform. The value of w at time t is the
function

w(t) : Zn→ Cℓ, µ 7→ w(t)(µ) := w(t,µ). (2)

As. stability of w is then defined by the condition limt→∞ w(t) = 0 where different
types of convergence can be chosen. We treat L2-convergence as in [9] and pointwise
convergence. In contrast to dimension 1 the as. stability of a multidimensional trajec-
tory requires, besides the spectral condition, additional properties of the functions w(t),
for instance being square summable in the L2-theory. Such properties are assumed as
initial conditions on w(t) for time instants t = 0, · · · ,d− 1 and then concluded for all
w(t), t ∈ N, by means of time-autonomy, whence the significance of this latter prop-
erty. Here a system is called time-autonomous (abbreviated as "ta") if there is a time
instant d ∈N such that all trajectories w of the system are uniquely determined by their
d initial data w(0), · · · ,w(d−1) (cf. [12] and its references for the history of this term
and its principal contributors). In dimension 1 autonomy and ta coincide.
The multidimensional analogue of the finite set of characteristic values of a one-dimen-
sional autonomous behavior is the characteristic variety char(B) of a multidimen-
sional autonomous behavior B. It is an algebraic subvariety of C1+n and determines
the bases of the powers of the polynomial-exponential trajectories of the behavior and
therefore the growth and stability properties of these trajectories. In contrast to dimen-
sion 1 a multidimensional autonomous behavior B contains, in general, many trajecto-
ries which are not polynomial-exponential. Therefore a direct translation of properties
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of char(B) into properties of all trajectories of B is impossible. The characteristic
variety has played a prominent role in Algebraic Analysis since the fundamental work
of Ehrenpreis, Malgrange and Palamodov on linear systems of partial differential equa-
tions with constant coefficients in the 1960s and is exposed in the needed generality for
the present paper in [18]. The spectral stability condition of the one-dimensional case
now obtains the form

char(B)
∩

Λ2 = /0 where

Λ2 :=
{
(λ ,ω1, · · · ,ωn) ∈ C1+n; |λ | ≥ 1, ∀i = 1, · · · ,n : |ωi|= 1

} (3)

is the chosen region of instability of this paper. In dimension 1 this region Λ2 is the
closed exterior of the unit disc. The chosen instability region generalizes that of [9]
which, in turn, was influenced by the choices in [25] and [24] in the continuous case.
Below in (16) we will justify this choice by an argument from [25, §3].
In the main stability result Thm. 2.3 of this paper we generalize [9, Thm. 10] to not nec-
essarily square autonomous discrete behaviors in arbitrary dimensions and show that
time-autonomy (=time-relevance in [9]) and spectral stability of a multidimensional au-
tonomous behavior and a weak additional condition imply asymptotic stability under
suitable initial conditions. In dimension 2 square autonomy can be assumed w.l.o.g.
[22, Prop. 2.3,(i)], [9, Lines before Thm. 10]. In Example 5.13,(i), we show that in
contrast to dimension 1 time-autonomy and asymptotic L2-stability do not imply spec-
tral stability and thus slightly correct [9, Thm. 10]. Example 5.14 contains a family of
examples for our main Thm. 2.3 in dimension 3 = 1+ 2 with behaviors that are not
square-autonomous in contrast to [9, Thm. 10]. Thm. 2.1 gives a new constructive
characterization of ta.
The whole paper is written in the language of multidimensional behaviors over a suit-
able injective cogenerator signal module and makes constant use of the ensuing duality
between these behaviors and finitely generated modules over the associated operator
domain (cf., for instance, [12] or [18]). The principal additional technical tool for the
proof of the main result as already in [9] is the Fourier transform for the group Zn

which is employed like the Fourier transform on Rn in connection with hyperbolic and
parabolic systems of partial differential equations [6, Ch. III].
Section 2 contains a summary of the paper in precise mathematical language which is
then used in all subsequent sections. In Section 3 we derive new characterizations of
discrete ta behaviors that improve those from [12, Thm. 3.7]. Section 4 introduces the
discrete Fourier transform according to [19, §VII.1] and derives several consequences
for input/output behaviors. Section 5 contains the paper’s main results on asymptotic
stability. In Section 6 we show the constructivity of most of the paper’s results.
Stability and stabilization of multidimensional discrete systems were studied by many
authors, for instance by Bose [1], Shankar/Sule [21], Lin [8], Quadrat [15]. The survey
article Oberst/Scheicher [11] contains a comprehensive list of references. The ana-
lytic properties of trajectories of stable behaviors have been treated more rarely, for
instance by Bisiacco/Fornasini/Marchesini [5], [3], [4], Pillai/Shankar [13], Valcher
[23], Shankar [20], Wood/Sule/Rogers [25]. The paper [9] was essential for our present
considerations.

Acknowledgement: We thank our colleagues Tobias Hell and Peter Wagner for
their essential ideas for the proof of Lemma 4.2 and the reviewer and editors for their
suggestions to improve the paper’s presentation.
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2 A mathematical summary
The main results of this paper are summed up in Thms. 2.1 and 2.3. To enable the
understanding of these theorems we first introduce the required terminology which is
also used in all subsequent sections.
As indicated in the Introduction we consider discrete 1+n-dimensional behaviors over
the lattice N := N×Zn, n≥ 1, of independent variables (t,µ) = (t,µ1, · · · ,µn) where
the distinguished first component t is interpreted as discrete time. Due to its importance
for the Fourier transform we use the base field C of complex numbers and the signal
spaces

WA := CZn
and WB := CN×Zn

=WN
A ,

WB ∋ w = (w(t,µ))(t,µ)∈N = (w(0),w(1), · · ·), w(t) ∈WA, w(t)(µ) = w(t,µ).
(4)

The signals w ∈WB are thus interpreted as time series of signals w(t) ∈WA = CZn
at

the discrete time instance t ∈N. Let (s0,s) = (s0,s1, · · · ,sn) be a list of indeterminates.
The associated operator C-algebras are

A = C[Zn] = C[s,s−1] =⊕µ∈ZnCsµ , s−1 := (s−1
1 , · · · ,s−1

n ), and

B := C[N] = A[s0] = C[s0,s,s−1] =⊕t∈N,µ∈ZnCst
0sµ .

(5)

So A and B are Laurent polynomial algebras which act on WA resp. WB by the standard
shift actions ◦, for instance (sµ ◦u)(ν) = u(µ +ν) for u ∈WA and µ ,ν ∈Zn. There are
the canonical identifications

A∗ := HomC(A,C) =WA ∋ u, u(sµ) = u(µ), and B∗ =WB. (6)

The modules WA resp. WB are large injective cogenerators in the category ModA of
A-modules resp. in ModB and give rise to the standard strong duality between finitely
generated (abbreviated as "f.g.") modules and behaviors, compare (7) and, for instance,
[12, Sect. 2].
The signal space WA contains the spaces S ′(Zn) ⊃ L2(Zn) (cf. (36)- (37)): A signal
u = (u(µ))µ∈Zn ∈WA belongs to S ′(Zn) if u(µ) grows at most polynomially with µ
and to L2(Zn) if ∑µ∈Zn |u(µ)|2 < ∞.
We need WB- and WA-behaviors. A WB-behavior B ⊆W ℓ

B is defined by a matrix and its
associated f.g. B-modules

R ∈ Bk×ℓ, U := B1×kR :=
k

∑
i=1

BRi− ⊆ B1×ℓ, M := B1×ℓ/U :

solWB(M) :=
Malgrange 1962

D(M) := HomB(M,WB) ∼=
Malgrange 1962

B :=
{

w ∈W ℓ
B; U ◦w = 0

}
=
{

w ∈W ℓ
B; R◦w = 0

}
.

(7)

Here B1×ℓ resp. W ℓ
B :=W ℓ×1

B consist of row resp. column vectors and the action ◦ of B
on WB is extended to matrix actions

Bk×ℓ×W ℓ×m
B →W k×m

B , (R,X) 7→ R◦X , (R◦X)i j :=
ℓ

∑
q=1

Riq ◦Xq j. (8)

The modules U resp. M are called the equation module resp. the system module of
the behavior B. The behavior B is called autonomous if no component w j of the
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trajectories w=(w1, · · · ,wℓ)
⊤ ∈B is free, i.e., if for each j = 1, · · · , ℓ there is a nonzero

f j ∈ B such that f j ◦w j = 0 for all w ∈B. By duality autonomy of B is equivalent to
the following properties: rank(R) = ℓ or M is a torsion module or the annihilator ideal

annB(M) := {b ∈ B; bM = 0} =
duality

annB(B) (9)

is nonzero. For purposes of algebraic geometry we need the set

ΛN := C× (C\{0})n = {(λ ,ω); λ ∈ C, ω ∈ (C\{0})n} (10)

of 1+ n-dimensional complex vectors which can be substituted into Laurent polyno-
mials f (s0,s) ∈ B. The variety or vanishing set of an ideal b of B is

VΛN (b) := {(λ ,ω) ∈ ΛN ; ∀g ∈ b; g(λ ,ω) = 0} . (11)

The characteristic variety [18, (51)] of an autonomous behavior B or its torsion system
module M from (7) is the variety

char(B) := char(M) := {(λ ,ω) ∈ ΛN ; rank(R(λ ,ω))< rank(R) = ℓ}=
VΛN (annB(M)) =VΛN (annB(B)).

(12)

The last equation shows that it depends on B only and not on the special choice of R.
For stability purposes we have to use the discs and tori

D1 := {z ∈ C; |z|< 1} ,D1
:= {z ∈ C; |z| ≤ 1} ,

T1 := {z ∈ C; |z|= 1}= ∂ (D1), Tn :=
(
T1)n

, hence

R/Z∼= T1, x+Z 7→ exp(2πix), and Rn/Zn ∼= Tn

(13)

and the disjoint stability decomposition

ΛN = Λ1⊎Λ2, Λ2 := {λ ∈ C; |λ | ≥ 1}×Tn (14)

where Λ1 resp. Λ2 are considered as the stable resp. unstable region, the instability
region Λ2 coming from (3).

Definition 2.1. Consider an autonomous behavior B from (7) with its torsion system
module M. Then B and M are called Λ1-stable if the spectral conditions

char(B)⊆ Λ1 or, equivalently, char(B)
∩

Λ2 = /0

are satisfied.

The Λ1-stability of B also signifies that

(λ ,ω) ∈ char(B) and ω ∈ Tn imply λ ∈ D1. (15)

As announced in the Introduction we give an argument from [25, §3] in the continuous
case, for simplicity in dimension 2 = 1+1, which suggests this special choice of Λ2 to
reach asymptotic stability: A typical polynomial-exponential trajectory of a behavior
is a finite sum of trajectories

w(t,µ) = w0(t,µ)λ tωµ , 0 ̸= w0 ∈ C[t,µ ]ℓ,
0 ̸= λ ,ω ∈ C, (λ ,ω) ∈ char(B), t ∈ N,µ ∈ Z.

(16)
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The function w0 is polynomial in t and µ . If |ω| ̸= 1 then the functions w(t) grow
fast for µ → ∞ or µ →−∞ if w0(t,−) ̸= 0 and such trajectories are undesirable, for
instance by reasons of physics, and excluded by suitable initial conditions. If |ω| = 1
and |λ | ≥ 1 then w(t,µ) does not converge to zero for t→ ∞ if w0(−,µ) ̸= 0 and this
prevents as. stability. Such trajectories are excluded too by choosing the instability
region Λ2 :=

{
(λ ,ω) ∈ C2; |λ | ≥ 1, |ω|= 1

}
from (3) or (14).

The WB-behavior B ⊂W ℓ
B is called time-autonomous (ta) or time-relevant [9, Def. 5]

if there is a time instant d such that the projection

proj : B→
(

W ℓ
A

)d
=W ℓd

A , w 7→ (w(0), · · · ,w(d−1))⊤, is injective and hence

proj : B ∼= Bd := proj(B).
(17)

Here the image Bd := proj(B) ⊆W ℓd
A is a computable WA-behavior. The following

theorem is a summary of the Thms. 3.2, 3.4 and 6.5 where we give a new constructive
characterization of ta behaviors.

Theorem 2.2. The behavior B from (7) is ta if and only if the B-module M is f.g. as A-
module or if and only if B is isomorphic to a behavior B′=

{
w′ ∈W ℓ′

B ; R′ ◦w′ = 0
}
⊂

W ℓ′
B where the matrix R′ and the behavior B′ have the following ta normal form:

R′ =
(

R0
s0 idℓ′ −E

)
, R0 ∈ Ak′×ℓ′ , E ∈ Aℓ′×ℓ′ , ∃X ∈ Ak′×k′ with R0E = XR0,

B′ =
{

w′ ∈W ℓ′
B ; R′ ◦w′ = 0

}
=

=
{

w′ ∈W ℓ′
B ; R0 ◦w′(0) = 0, ∀t ∈ N : w′(t) = Et ◦w′(0)

}
.

(18)

Thus a trajectory w′ ∈W ℓ′
B belongs to B′ if and only if its initial value w′(0) satisfies

R0 ◦w′(0) = 0 and if the remaining components w′(t) are determined by the dynamic
equations w′(t) = Et ◦w′(0). In other words, the projection

B′ ∼= B′1 :=
{

v′ ∈W ℓ′
A ; R0 ◦ v′ = 0

}
, w′ 7→ w′(0), (19)

from the WB-behavior B′ onto the WA-behavior B′1 is an isomorphism.

The existence of X with the commutation relation R0E = XR0 ensures that the WA-
equations R0 ◦w′(0) = 0 and w′(t) = Et ◦w′(0) imply the WB-equation R0 ◦w = 0.

Let C0(Tn) resp. D(Tn) denote the C-algebras of continuous resp. smooth func-
tions on Tn. If g ∈ A is nonzero its set of zeros in Tn has measure zero (Lemma 4.2).
If g has no zeros in Tn the function g−1 : ω 7→ g(ω)−1 is smooth. So many rational
functions H ∈C(s) can be considered as continuous or smooth functions on Tn and the
same applies to matrices H ∈ C(s)p×m.
The main result of the paper is the following condensed form of Thms. 5.6, 5.11,
4.7,(2) and Lemma 4.1.

Theorem and Definition 2.3. Assume that the autonomous behavior B from (7) is Λ1-
stable and time-autonomous with the isomorphic projection proj : B∼=Bd . In addition
assume any input/output representation of Bd with transfer matrix H ∈ C(s)p×m:

Bd =
{
( y

u) ∈W p+m
A ; P◦ y = Q◦u

}
, ℓd = p+m,

(P,−Q) ∈ Ak×(p+m), rank(P) = rank(P,−Q) = p, PH = Q.
(20)
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If w ∈B,

w(0), · · · ,w(d−1) ∈

{
(i) L2(Zn)ℓ

(ii) S ′(Zn)ℓ
and

{
(i) H is continuous on Tn

(ii) rank(P(ω)) = p for ω ∈ Tn

then ∀t ∈ N : w(t) ∈

{
(i) L2(Zn)ℓ

(ii) S ′(Zn)ℓ
and

{
(i) limt→∞ w(t) = 0 ∈ L2(Zn)ℓ

(ii) ∀µ ∈ Zn : limt→∞ w(t,µ) = 0
,

(21)
where the limit in L2(Zn) is taken with respect to the norm ∥u∥2 =

(
∑µ∈Zn |u(µ)|2

)1/2.
Moreover the projections(i) B

∩(
L2(Zn)ℓ

)N proj−→Bd
∩

L2(Zn)p+m proj−→ L2(Zn)m

(ii) B
∩(

S ′(Zn)ℓ
)N proj−→Bd

∩
S ′(Zn)p+m proj−→S ′(Zn)m

,

w 7→ (w(0), · · · ,w(d−1))⊤ = ( y
u) 7→ u,

(22)

are bijective, in particular, the required initial conditions (i) w(t) ∈ L2(Zn)ℓ resp. (ii)
w(t) ∈S ′(Zn)ℓ for 0 ≤ t ≤ d− 1 can be satisfied by an arbitrary choice of the input
component u in (i) L2(Zn)m resp. (ii) S ′(Zn)m.
The assertions in (21) and (22) up to the second projection in (22) also hold if in
addition to ta and Λ1-stability the behavior B from (7) is square-autonomous (compare
[9, Thm. 10] for n = 1) with R ∈ Bℓ×ℓ and det(R) ̸= 0 or if Bd is strictly controllable,
i.e., Bd ∼=W m

A for some m.

The limit conditions in (21) for (i) w∈B
∩(

L2(Zn)ℓ
)N resp. (ii) w∈B

∩(
S ′(Zn)ℓ

)N
are called asymptotic L2- resp. pointwise stability of B.

Recall that every behavior admits various input/output (abbreviated as "IO") de-
compositions as used in (20). At present we do not know whether the assertions of
the preceding theorem hold without the assumed properties of the IO decomposition of
Bd .

3 Time-autonomous behaviors
The characterization of ta in Thms. 3.2 and 3.4 below completes that of [12, Thm.
3.7] with a substantially simpler proof. As in [12, Thm. 3.7] the following consider-
ations hold for an arbitrary F-affine integral domain A over a field F, the injective
A-cogenerator WA := A∗ := HomF(A,F) with its canonical A-action, the polynomial
algebra B := A[s0] and the injective B-cogenerator

WB = HomF(B,F) =
ident.

HomA(B,WA) =
ident.

WN
A .

For the modules and behavior from (7) let δ j := (0, · · · ,0,
j
1,0, · · · ,0), j = 1, · · · , ℓ,

denote the standard basis of C1×ℓ, hence

M = B1×ℓ/U = ∑
t,µ, j

C(st
0sµ δ j +U) = ∑

t, j
A(st

0δ j +U) = ∑
j

B(δ j +U).

There are the canonical isomorphisms

HomC(M,C)∼= HomA(M,WA)∼= HomB(M,WB)∼= B, α 7→ φ 7→ ϕ 7→ w,

with w j(t,µ) = α(st
0sµ δ j +U) = φ(st

0δ j +U)(µ) = ϕ(δ j +U)(t,µ).
(23)
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We will mostly identify all isomorphic modules from (23).
In the remainder of this section we assume that B from (7) is autonomous and that
b := annB(M) is the nonzero annihilator of the system module M. Then M is a f.g.
B/b-module and

B := B/b= A[s0]→Mℓ, g = g+b 7→ (gδ1 +U, · · · ,gδℓ+U) (24)

is injective. We consider the filtration of B = A[s0] and of B1×ℓ by the A-submodules

Bd :=⊕d−1
q=0Asq

0, d ≥ 0, hence B0 = 0, B1 = A, B1×ℓ
d =⊕d−1

q=0⊕
ℓ
j=1 Asq

0δ j. (25)

By duality the injection inj : B1×ℓ
d ⊂ B1×ℓ induces the surjective projection

proj := inj∗ : W ℓ
B = (W ℓ

A)
N = HomC(B1×ℓ,C) = HomA(B1×ℓ,WA)−→(

W ℓ
A

)d
=W ℓd

A = HomC(B1×ℓ
d ,C) = HomA(B1×ℓ

d ,WA), w 7→ (w(0), · · · ,w(d−1))⊤.
(26)

The A-modules Ud := B1×ℓ
d
∩

U and Md := B1×ℓ
d /Ud give rise to the dual commutative

diagrams with the canonical maps

B1×ℓ
d

inj−→ B1×ℓ

↓ can ↓ can

Md
injind−→ M

and
(W ℓ

A)
d =

(
B1×ℓ

d

)∗ proj←− (W ℓ
A)

N =
(
B1×ℓ)∗∪ ∪

U⊥d = M∗d
proj←− B = M∗ =U⊥

.

(27)

where the induced map injind is injective and hence proj : B→U⊥d is surjective. Notice
in particular that

U1 = A1×ℓ∩U ⊆U2 ⊆ ·· · ⊆U =
∞∪

d=1

Ud and M1 = A1×ℓ/U1 ⊆M2 ⊆ ·· · ⊆
∞∪

d=1

Md = M.

(28)
Summing up we obtain

Corollary 3.1. For the preceding data the image of the WB-behavior B = U⊥ ⊆W ℓ
B

under the projection proj : W ℓ
B =

(
W ℓ

A

)N→ (W ℓ
A

)d is the WA-behavior

Bd := proj(B) =
{
(w(0), · · · ,w(d−1))⊤; w ∈B

}
=U⊥d ⊆

(
W ℓ

A

)d
=W ℓd

A .

Theorem 3.2. Assume that the behavior B from (7) is autonomous with the derived
data from (24)-(28). Then the following assertions are equivalent:

1. B is time-autonomous (ta).

2. The f.g. B-module M is f.g. as A-module and hence (cf. (23))

HomC(M,C) = HomA(M,WA) = HomB(M,WB) = B

is also a WA-behavior.

3. The element s0 = s0 +b ∈ B = B/b= A[s0] is integral over A.

4. There is a monic (in s0) polynomial f = sd
0 + fd−1sd−1

0 + · · ·+ f0 ∈ B = A[s0]
which annihilates M or B, i.e., f ∈ b.
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In particular, ta of B depends on B only and is independent of its matrix representa-
tion.

Proof. 1.=⇒ 2.: By definition and by Cor. 3.1 there is d ∈N such that proj : B→Bd
is bijective. With (27) we conclude that also Md = M which is A-f.g..
2.=⇒ 1.: For A-f.g. M equation (28) implies the existence of d ∈ N with Md = M and
then the isomorphism proj : B ∼= Bd .
2. =⇒ 3.: If M is A-f.g. the injection B = B/b→Mℓ from (24) implies that B is also
A-f.g. In particular B and especially s0 are integral over A.
3.=⇒ 4.: Since s0 is integral over A there is a monic univariate polynomial f (x) = xd

0 +

fd−1xd−1 + · · ·+ f0 ∈ A[x] such that f (s0) = 0 or f (s0) = sd
0 + fd−1sd−1

0 + · · ·+ f0 ∈ b.
4.=⇒ 2.: If s0 ∈ B = A[s0] is integral over A then B is a f.g. A-module. But M is a f.g.
B- and B-module. Together these properties imply that M is a f.g. A-module.

The more difficult proof of [12, Thm. 3.7] is still useful for the actual computation
of a monic polynomial f = sd

0 + fd−1sd−1
0 + · · ·+ f0 ∈ B with f M = 0, f ◦B = 0

according to [12, Cor. 3.8].
For w ∈W ℓ

B =
(
W ℓ

A

)N define

x ∈
(

W ℓd
A

)N
by x(t) = (x0(t), · · · ,xd−1(t))⊤ := (w(t), · · · ,w(t +d−1))⊤ ∈W ℓd

A =
(

W ℓ
A

)d
.

Then ϕ : W ℓ
B →W ℓd

B , w 7→ x = ϕ(w),
(29)

is an injective behavior morphism with the left inverse x 7→ w, w(t) := x0(t). For any
behavior B ⊆W ℓ

B define the image Bst := ϕ(B). Then ϕ induces the isomorphism

ϕ : B ∼= Bst , w 7→ x, xi(t) = w(t + i), and Bd = Bst,1 ⊆W ℓd
A =

(
W ℓ

A

)d
. (30)

Corollary 3.3. Assume that the autonomous behavior B in Thm. 3.2 is ta and that
Md = M, d > 0. Then also Bst is ta and there is the commutative diagram of behavior
isomorphisms

B
proj−→ Bd , w 7→ (w(0), · · · ,w(d−1))⊤,

↓ ϕ ∥ ∥
Bst

proj−→ Bst,1, x 7→ x(0)

Thus it suffices to study ta behaviors with B ∼= B1 in the sequel.

Theorem 3.4. The autonomous behavior B ⊂W ℓ
B from (7) is ta with B ∼= B1, w 7→

w(0), if and only if there are matrices

R0 ∈ Ak×ℓ, E ∈ Aℓ×ℓ, X ∈ Ak×k and then R :=
(

R0
s0 idℓ−E

)
∈ B(k+ℓ)×ℓ with

R0E = XR0 and B =
{

w ∈W ℓ
B; R◦w = 0

}
. Then

B1 =
{

v ∈W ℓ
A; R0 ◦ v = 0

}
and

(
w ∈B ⇐⇒ w(0) ∈B1 and w(t) = Et ◦w(0)

)
.

(31)

Proof. =⇒: Let B :=U⊥ be ta with B ∼= B1. From (28) we infer the isomorphism

M1 = A1×ℓ/U1 ∼= B1×ℓ/U, U1 := A1×ℓ∩U, hence B1×ℓ = A1×ℓ+U.

Define E ∈ Aℓ×ℓ by s0δ j = E j−+u j, u j ∈U, j = 1, · · · , ℓ.
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The matrix E ∈ Aℓ×ℓ makes A1×ℓ a B-module with s0 ·ξ := ξ E. For ξ ∈U1 we derive

s0 ·ξ = ξ E =
ℓ

∑
j=1

ξ jE j− =
ℓ

∑
j=1

ξ j (s0δ j−u j) = s0ξ −
ℓ

∑
j=1

ξ ju j ∈U =⇒

s0 ·U1 =U1E ⊆U1 and (s0 ·ξ )+U = s0(ξ +U).

We conclude that U1 is a B-submodule of A1×ℓ, that M1 = A1×ℓ/U1 is a B-module with
s0(ξ +U1) = (s0 ·ξ )+U1 = ξ E +U1 and that M1 ∼= M is a B-isomorphism. By duality
B1 is a B-module with s0 ◦ v = Ev and the projection proj : B→B1, w 7→ w(0), is
bijective and B-linear, i.e.,

w(t) = (st
0 ◦w)(0) = st

0 ◦w(0) = Etw(0), w ∈B.

Let U1 =A1×kR0, R0 ∈ Ak×ℓ, hence B1 =
{

v ∈W ℓ
A; R0 ◦ v = 0

}
. Since s0 ·U1 =U1E ⊆

U1 there is a matrix X ∈ Ak×k with R0E = XR0 and then also R0Et = X tR0. For w ∈B
with w(t) = Et ◦w(0) this implies ( with R from (31))

∀t ∈ N : R0 ◦w(t) = 0 =⇒ R0 ◦w = 0 =⇒B ⊆B′ :=
{

w ∈W ℓ
B; R◦w = 0

}
.

If, conversely, w′ ∈B′ then R0 ◦w′(0) = 0 and w′(t) = Etw′(0). Since B ∼= B1 there
is a unique w ∈B with

w(0) = w′(0) and w(t) = Et ◦w(0) = Et ◦w′(0) = w′(t) =⇒w′ = w∈B =⇒B′ =B.

⇐=: For

B =
{

w ∈W ℓ
B; R◦w = 0

}
={

w ∈W ℓ
B; ∀t ∈ N : R0 ◦w(t) = 0, w(t +1) = E ◦w(t)

}
, XR0 = R0E,

the projection B→B1 :=
{

v ∈W ℓ
A; R0 ◦ v = 0

}
, w 7→ w(0), is bijective with the in-

verse map w(0) 7→ w := (Et ◦w(0))t∈N. The equation R0Et = X tR0 is used here to
conclude R0 ◦w(t) = 0 for all t ∈ N, i.e., R0 ◦w = 0.

The next corollary permits to decide constructively whether B is square-autonomous
which, in contrast to the case n = 1 of [9], is rarely the case for n > 1. Let R1 ∈ Bk1×k

be a universal left annihilator of R so that

B1×k1 ◦R1−→ B1×k ◦R−→ B1×ℓ can−→M→ 0 is exact, hence

B1×k/B1×k1R1 ∼=U = B1×kR, x+B1×k1 R1 7→ xR.
(32)

The Quillen-Suslin theorem for modules over the Laurent algebra B implies that a f.g.
projective B-module U is free.

Corollary 3.5. Assume that in (7) the behavior B is autonomous or rank(R) = ℓ. Then
the following assertions are equivalent:

(i) The behavior B is square-autonomous, i.e., U = B1×kR = B1×ℓR′ for some
square matrix R′ ∈ Bℓ×ℓ with det(R′) ̸= 0.

(ii) The module U is free, necessarily of dimension ℓ since rank(R) = ℓ, or, equiva-
lently, projective. In other words, this signifies that M has projective dimension
at most 1.
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(iii) There is a matrix S1 ∈ Bk×k1 such that R1S1R1 = R1.

These conditions imply: E1 := S1R1 = E2
1 , R1E1 = R1,

B1×kE1 = B1×k1R1, B1×k = B1×kE1⊕B1×k(idk−E1) and

B1×k(idk−E1)∼= B1×k/B1×kE1 = B1×k/B1×k1 R1 ∼=U.

The universal left annihilator R1 can be computed with all Computer Algebra systems.
The existence of S1 and of E1 = S1R1 and the projectivity of U can be checked by means
of [11, Alg. 8.2,(4)].

Proof. (i) ⇐⇒ (ii): obvious.
(ii) ⇐⇒ (iii): The projectivity of U ∼= B1×k/B1×k1 R1 is equivalent to B1×k1 R1 being a
direct summand of B1×k. This, in turn, signifies that there is an idempotent (projection)
matrix E1 = E2

1 ∈ Bk×k such that B1×k1R1 = B1×kE1 or

E1 = S1R1 for some S1 and R1 = R1E1 = R1S1R1.

4 Application of the Fourier transform
The assumptions of Sections 1, 2 and 3 remain in force, in particular A = C[Zn] =
C[s,s−1]. The Fourier transform is an essential ingredient of [24] and [9] and there-
fore also of this paper. The following results on this transform are taken from [2, §II.1]
and [19, §VII.1].
The multiplicative abelian groups T1 and Tn are compact and thus [2, Ch.II] is appli-
cable to them. The form (cf. (13))

Zn×Tn→ T1, (µ ,ω) 7→ ωµ = ωµ1
1 · · ·ω

µn
n , (33)

is non-degenerate and induces the isomorphism

Tn ∼= Hom(Zn,T1), ω 7→ (µ 7→ ωµ) , (34)

where Hom(Zn,T1) is the group of homomorphisms or characters from Zn to T1. We
need various spaces of functions on Zn, i.e, of multi-sequences, and of functions on Tn,
viz.

CZn ⊃S ′(Zn)⊃ L2(Zn), D ′(Tn)⊃ L2(Tn)⊃ C0(Tn), (35)

with the following specifications: The space S ′(Zn) consists of sequences v of slow
or at most polynomial growth [19, (VII,1;2)], i.e.,

S ′(Zn) :=
{

v ∈ CZn
; ∃M > 0,k ∈ N with |v(µ)| ≤M|µ |k

}
(36)

where |µ | := |µ1|+ · · ·+ |µn|. The space L2(Zn) is given as

L2(Zn) :=

{
v ∈ CZn

; ∑
µ∈Zn
|v(µ)|2 < ∞

}
. (37)

The notation is that of [2, Ch.II] which is in contrast to the widely used ℓ2(Zn). This
is a Hilbert space with the hermitian scalar product < u,v >:= ∑µ∈Zn u(µ)v(µ) for
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u,v ∈ L2(Zn) and the 2-norm ||v||2 :=
(
∑µ∈Zn |v(µ)|2

)1/2
. Here z denotes the complex

conjugate of z ∈ C. The finite powers L2(Zn)ℓ inherit the Hilbert space structure. The
spaces S ′(Zn) and L2(Zn) are A-submodules of WA =CZn

. Time autonomy enters the
subsequent considerations by means of the following lemma.

Lemma 4.1. (compare [9, Prop. 8]) If B is ta with B ∼= Bd ,w 7→ (w(0), · · · ,w(d−
1))⊤, then also

B
∩(

S ′(Zn)ℓ
)N ∼= Bd

∩(
S ′(Zn)ℓ

)d
, B

∩(
L2(Zn)ℓ

)N ∼= Bd
∩(

L2(Zn)ℓ
)d

,

(38)
or, in other terms, if

w ∈B and ∀t ≤ d−1 : w(t) ∈

{
S ′(Zn)ℓ

L2(Zn)ℓ
then ∀t ∈ N : w(t) ∈

{
S ′(Zn)ℓ

L2(Zn)ℓ
.

(39)

Proof. It suffices to prove this for a ta behavior in the normal form of Thms. 2.2, 3.4:

B =

{
w ∈

(
W ℓ

A

)N
; R0 ◦w(0) = 0, w(t) = Et ◦w(0)

}
∼=

B1 =
{

v ∈W ℓ
A; R0 ◦ v = 0

}
, w 7→ w(0).

Since L2(Zn) and S ′(Zn) are A-submodules of WA = CZn
and w(t) = Et ◦w(0) the

assertion follows.

The space D ′(Tn) is the space of distributions on the smooth manifold Tn =Rn/Zn

which is the dual space of the Fréchet space D(Tn) of smooth functions on Tn. The
functions φ in this space are identified with the smooth functions φ̃ on Rn which are
Zn-periodic, i.e., satisfy φ̃(x+µ) = φ̃(x), x ∈ Rn, µ ∈ Zn. The identification is given
by

φ̃(x1, · · · ,xn) := φ(e2πix), e2πix := (e2πix1 , · · · ,e2πixn), φ(ω) := φ̃(x) if ω = e2πix.
(40)

The partial derivatives ∂ jφ, j = 1, · · · ,n, of φ ∈D(Tn) are defined by

(∂ jφ)(e2πix) := ∂φ(e2πix)/∂x j, for instance ∂ jωµ = (2πi)µ jωµ ,

α ∈ Nn, |α|= α1 + · · ·+αn, ∂ α := ∂ α1
1 ∗ · · · ∗∂ αn

n , ∂ α ωµ = (2πi)|α|µα ωµ .
(41)

In the same way the continuous functions f ∈ C0(Tn) are identified with Zn-periodic
continuous functions on Rn. The unique Haar measure on Tn with total mass 1 is
denoted by dω . For f ∈ C0(Tn) it is given by∫

Tn
f (ω)dω =

∫
[0,1]n

f (e2πix)dx =
∫

x0+[0,1]n
f (e2πix)dx, x0 ∈ Rn. (42)

The space of (Borel)-measurable functions is denoted by

L 0(Tn) := { f : Tn→ C; f (Borel)-measurable} . (43)

It has the subspace U of almost everywhere zero functions f , i.e., for which the mea-
sure of {ω ∈ Tn; f (ω) ̸= 0} is zero and hence

∫
Tn f (ω)dω = 0. It gives rise to the

factor space
L0(Tn) := L 0(Tn)/U ∋ f := f +U (44)
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where f is usually denoted by f again. The space L0(Tn) is a C-algebra with the
multiplication f1 · f2 := f1 f2. An element f ∈ L0(Tn) is invertible if and only if the
zero set VTn( f ) := {ω ∈ Tn; f (ω) = 0} has measure zero. The inverse g := f−1 is
then given by the representative

g ∈L 0(Tn) with g(ω) :=

{
f (ω)−1 if f (ω) ̸= 0
0 if f (ω) = 0

. (45)

There are the canonical inclusions

D(Tn)⊂ C0(Tn)⊂ L0(Tn). (46)

As usual one defines

L2(Tn) :=
{

f ∈ L0(Tn);
∫
Tn
| f (ω)|2dω < ∞

}
. (47)

The space L2(Tn) is a Hilbert space with the hermitian scalar product < f ,g >:=∫
Tn f (ω)g(ω)dω . The embeddings C0(Tn)⊂L2(Tn)⊂D ′(Tn) are the canonical ones,

i.e.,

L2(Tn)→D ′(Tn), f 7→
(

φ 7→
∫
Tn

f (ω)φ(ω)dω =
∫
[0,1]n

f (e2πix)φ(e2πix)dx
)
.

(48)
The space D ′(Tn) is a D(Tn)-module via (φF)(ψ) := F(φψ) for φ ,ψ ∈ D(Tn)

and F ∈D ′(Tn) and the spaces L2(Tn) and C0(Tn) are D(Tn)-submodules of D ′(Tn)
with the standard multiplication of functions. Since Tn is a product of infinite subsets
of Cn the canonical map

A = C[s,s−1]→D(Tn), f 7→ (ω 7→ f (ω)), (49)

of a (Laurent) polynomial to its associated polynomial function is injective and there-
fore we may and do consider A as subalgebra of D(Tn) ⊂ L0(Tn). In particular,
D ′(Tn) is also an A-module. The following lemma permits to consider the quotient
field C(s) := quot(A) as subfield of L0(Tn).

Lemma 4.2. If f ∈C[s,s−1] is nonzero then the zero set VTn( f ) := {ω ∈ Tn; f (ω) = 0}
has measure zero.

Proof. The main idea of this proof, viz. the use of the Fubini theorem, is due to our
colleagues Hell and Wagner. W.l.o.g. we assume 0 ̸= f ∈ C[s]. The proof proceeds
by induction on n. The beginning n = 1 is trivial since the univariate polynomial f has
only deg( f ) roots. For n > 1 we write

ω = (ω ′,ωn), dω ′ := dω1 · · ·dωn−1, dω = dω ′dωn, s = (s1, · · · ,sn) = (s′,sn),

f = fd(s′)sd
n + · · ·+ f0(s′) ∈ A = C[s] = C[s′][sn], 0 ̸= fd ∈ C[s′].

Let cΩ denote the indicator function of a subset Ω of Tn, i.e.,

cΩ(ω) =

{
1 if ω ∈Ω
0 if ω ̸∈Ω

. Then

c(ω ′,ωn) := cVTn ( f )(ω ′,ωn) = cV (ω ′)(ωn) with V (ω ′) :=VT( f (ω ′,sn)).

Define Ω′∞ :=
{

ω ′ ∈ Tn−1; V (ω ′) has infinite cardinality
}
, Tn−1 = Ω′∞⊎Ω′fin.
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If V (ω ′) has only finitely many elements then trivially (dωn)(V (ω ′))=
∫

V (ω ′) cV (ω ′)(ωn)dωn =

0. For ω ′ ∈Ω′∞ the polynomial f (ω ′,sn) has infinitely many zeros and hence

f (ω ′,sn) = fd(ω ′)sd
n + · · ·+ f0(ω ′) = 0 =⇒ fd(ω ′) = 0 =⇒ ω ′ ∈VTn−1( fd) =⇒

Ω′∞ ⊆VTn−1( fd).

Now we use Fubini’s theorem and obtain

(dω)(VTn( f )) =
∫
Tn

c(ω)dω =
∫
Tn−1

(∫
T

c(ω ′,ωn)dωn

)
dω ′ =∫

Tn−1

(∫
T

cV (ω ′)(ωn)dωn

)
dω ′ =

∫
Tn−1

(dωn)(V (ω ′))dω ′ =
∫

Ω′∞
(dωn)(V (ω ′))dω ′ ≤∫

VTn−1 ( fd)
1dω ′ = (dω ′)(VTn−1( fd)) = 0

where the last equation follows by induction.

Now let 0 ̸= h = f
g ∈ C(s) = quot(A), g ̸= 0, be any rational function. According

to the preceding lemma the set {ω ∈ Tn; g(ω) ̸= 0} has measure 1 and therefore g is a
unit in L0(Tn), hence f

g = f g−1 ∈L0(Tn) with the identification A⊂C0(Tn)⊂L0(Tn).

Lemma 4.3. 1. The rational field C(s) is a subfield of L0(Tn), hence also C(s)p×m ⊂
L0(Tn)p×m.
2. Let H ∈C(s)p×m ⊂ L0(Tn)p×m, C(s) = quot(A), and let g ∈ A be the least common
denominator in A of the entries Hi j of H, i.e.,

Hi j =
fi j

gi j
, fi j,gi j ∈ A, gi j ̸= 0, gcd( fi j,gi j) = 1,

g = lcmi j(gi j), Ag =
{

g′ ∈ A; g′H ∈ Ap×m} .
If g(ω) ̸= 0 for all ω ∈ Tn then H ∈D(Tn)p×m.
3. A matrix P ∈ Ak×p has a left inverse in L0(Tn)p×k if and only if rank(P) = p. In
particular, v̂ ∈ L0(Tn)p and Pv̂ = 0 then imply v̂ = 0.
4. Consider the input/output data (P,−Q)∈Ak×(p+m) with p= rank(P)= rank(P,−Q).
Hence there are the unique transfer matrix H ∈ C(s)p×m with PH = Q and, by 3.,
X ∈ L0(Tn)p×k with XP = idp ∈ L0(Tn)p×p. Then H = XQ ∈ L0(Tn)p×m.

Proof. 2. Let G := gH ∈ Ap×m ⊂ D(Tn)p×m. The assumption on g implies g−1 ∈
D(Tn) and hence H = g−1G ∈D(Tn)p×m.
3. ⇐=: The rank condition signifies that P has a left inverse in C(s)p×k ⊂ L0(Tn)p×k.
=⇒: Let X ∈ L0(Tn)p×k be such a left inverse. Then X(ω)P(ω) = idp for almost all
ω and in particular for one ω0, hence p = rank(P(ω0))≤ rank(P)≤ p.
4. PH = Q ∈ C(s)k×m ⊂ L0(Tn)k×m =⇒ H = idp H = XPH = XQ ∈ L0(Tn)p×m.

The next lemma refines item 3. of Lemma 4.3.

Lemma 4.4. 1. A matrix P ∈ D(Tn)k×p has a left inverse in D(Tn)p×k if and only if
rank(P(ω))= p for all ω ∈Tn. In particular, v̂∈D ′(Tn)p and Pv̂= 0 then imply v̂= 0.
2. If in Lemma 4.3,4., the matrix P∈Ak×p satisfies the condition of 1., i.e., rank(P(ω))=
p for all ω ∈ Tn, then H ∈D(Tn)p×m.
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Proof. 1. (Compare [2, §I.3.2, Remark]) The necessity is obvious. Assume, con-
versely, that rank(P(ω)) = p for all ω ∈ Tn.
(i) p = 1, P = (P1, · · · ,Pk)

⊤: The rank condition signifies that the Pi ∈D(Tn) have no
common zero. Then Qi(ω) := Pi(ω) ∈D(Tn) and

f (ω) :=
k

∑
i=1
|Pi(ω)|2 =

k

∑
i=1

Qi(ω)Pi(ω)> 0 =⇒

f−1 ∈D(Tn) =⇒ id1 = 1 =
k

∑
i=1

(
f−1Qi

)
Pi = ( f−1Q1, · · · , f−1Qk)P

(ii) k ≥ p ≥ 1: Let Pi, i = 1, · · · ,q denote the family of all p× p-submatrices of P and
di := det(Pi). For all ω ∈ Tn the rank condition rank(P(ω)) = p signifies that there is
an i with di(ω) ̸= 0. Thus the di have no common zero in Tn and by the first case there
is a representation 1 = ∑q

i=1 fidi, fi ∈D(Tn). Let Pi,adj ∈D(Tn)p×p denote the adjoint
matrix of Pi with Pi,adjPi = di idp. For notational simplicity assume that the rows of Pi
are the first p rows of P, i.e.

P =
(

Pi
P′i

)
and thus XiP = di idp for Xi := (Pi,adj,0) ∈D(Tn)p×(p+(k−p)) =⇒

q

∑
i=1

fiXiP =
q

∑
i=1

fidi idp = idp =⇒ XP = idp with X :=
q

∑
i=1

fiXi.

2. The matrix X in 1. is a left inverse of P in D(Tn)p×k ⊂ L0(Tn)p×k. From Lemma
4.3,4., we infer H = XQ ∈D(Tn)p×m since D(Tn) is a subalgebra of L0(Tn).

The Fourier transform on Zn is the isomorphism [19, Thm. VII.1.I ]

FZn : S ′(Zn)∼= D ′(Tn), v 7→ v̂, v̂ := ∑
µ∈Zn

v(µ)ω−µ ,

v̂(φ) := ∑
µ∈Zn

v(µ)
∫
Tn

φ(ω)ω−µ dω, φ ∈D(Tn).
(50)

The convergence of this sum is, of course, that of distributions. Fourier’s cotransform
[2, Def. II.1.3] is the isomorphism

FZn : S ′(Zn)∼= D ′(Tn), FZn(v)(ω) := ∑
µ∈Zn

v(µ)ω+µ . (51)

The Fourier transform and cotransform on the dual group Tn of Zn are the isomor-
phisms

FTn , FTn : D ′(Tn)∼= S ′(Zn),F 7→ F̂ := FTn(F),FTn(F),

F̂(µ) := F(ω−µ), FTn(F)(µ) := F(ωµ).
(52)

Fourier’s inversion theorem [19, Thm. VII.1.I] says that the maps

FZn : S ′(Zn)� D ′(Tn) : FTn , v↔ v̂, v(µ) = v̂(ωµ), (53)

are inverses of each other. The theorems [2, Thms. II.1.1, II.1.2 ] show that the preced-
ing maps induce inverse isometries

FZn : L2(Zn)� L2(Tn) : FTn , v↔ v̂, v(µ) = v̂(ωµ). (54)

The preceding isomorphisms are componentwise extended to signal vectors.
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Lemma 4.5. The Fourier isomorphism FZn : S ′(Zn)∼= D ′(Tn) is A-linear.

Proof. For

v ∈S ′(Zn), µ ∈ Zn, sµ ∈ A = C[s,s−1]⊂D(Tn), ω ∈ Tn one has

ŝµ ◦ v = ∑
ν∈Zn

(sµ ◦ v)(ν)ω−ν = ∑
ν∈Zn

v(µ +ν)ω−ν = ∑
ν∈Zn

v(ν)ω−(ν−µ) = ωµ v̂ = sµ v̂.

Corollary 4.6. Consider a CZn
-behavior B :=

{
v ∈
(
CZn)ℓ

; R◦ v = 0
}

defined by

R ∈ Ak×ℓ. Then the Fourier transform induces inverse isomorphisms

FZn : B
∩

S ′(Zn)ℓ ∼= B̂ :=
{

v̂ ∈D ′(Tn)ℓ; Rv̂ = 0
}

: FTn

FZn : B
∩

L2(Zn)ℓ ∼= B̂
∩

L2(Tn)ℓ : FTn .

Notice that R(ω) ∈D(Tn)k×ℓ, so R(ω)v̂ is defined in the preceding corollary.

Theorem 4.7. 1. Consider an IO behavior

B :=
{
( y

u) ∈
(
CZn

)p+m
; P◦ y = Q◦u

}
, (P,−Q) ∈ Ak×(p+m),

rank(P) = rank(P,−Q) = p, with transfer matrix H ∈ C(s)p×m, PH = Q,

with the associated inverse isomorphisms

FZn : B
∩

L2(Zn)p+m =
{
( y

u) ∈ L2(Zn)p+m; P◦ y = Q◦u
}∼=

B̂
∩

L2(Tn)p+m =
{(

ŷ
û

)
∈ L2(Tn)p+m; Pŷ = Qû

}
: FTn .

These data imply the inverse isomorphisms

B̂
∩

L2(Tn)p+m ∼=
{

û ∈ L2(Tn)m; Hû ∈ L2(Tn)p} , ( ŷ
û

)
←→ û, ŷ = Hû,

and then also the injective, but generally not surjective projection

B
∩

L2(Zn)p+m→ L2(Zn)m, ( y
u) 7→ u.

2. (i) If H is continuous, i.e., H ∈ C0(Tn)p×m, then there are the canonical isomor-
phisms

B
∩

L2(Zn)p+m ∼= L2(Zn)m ∼= B̂
∩

L2(Tn)p+m ∼= L2(Tn)m, ( y
u)↔ u↔

(
ŷ
û

)
↔ û.

(ii) If P has a left inverse in D(Tn)p×k and hence H ∈D(Tn)p×m (cf. Lemma 4.4) then
likewise

B
∩

S ′(Zn)p+m ∼= S ′(Zn)m ∼= B̂ ∼= D ′(Tn)m.

In both cases the inverse isomorphisms are given by û 7→
(

ŷ
û

)
=
(

Hû
û

)
. Notice that

L2(Tn) resp. D ′(Tn) are C0(Tn)- resp. D(Tn)-modules so that Hû is well-defined in
both cases.
3. A behavior B ⊆

(
CZn)ℓ

is autonomous if and only if B
∩

L2(Zn)ℓ = 0.

4. If B = D(M)⊆
(
CZn)ℓ

is any behavior with its largest controllable subbehavior

Bcont = D(M/ tor(M)) then B
∩

L2(Zn)ℓ = Bcont
∩

L2(Zn)ℓ.
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Proof. 1. According to Lemma 4.3, 3. and 4., there is a left inverse X ∈ L0(Tn)p×k of
P (XP = idp) and then H = XQ ∈ L0(Tn)p×m. Assume(

ŷ
û

)
∈ B̂

∩
L2(Tn)p+m =⇒ Pŷ = Qû ∈ L2(Tn)k =⇒

ŷ = XPŷ = XQû = Hû ∈ L0(Tn)p =⇒ Hû = ŷ ∈ L2(Tn)p.

This proves that the projection
(

ŷ
û

)
7→ û maps B̂

∩
L2(Tn)p+m into the given space on

the right and is injective. If, conversely, û ∈ L2(Tn)m and ŷ := Hû ∈ L2(Tn)p then(
ŷ
û

)
∈ L2(Tn)p+m and Pŷ = PHû = Qû ∈ L0(Tn)k

∩
L2(Tn)k = L2(Tn)k.

Hence
(

ŷ
û

)
∈ B̂ and the projection maps this onto û, i.e., the projection is surjective.

2. (i) If H is continuous and û ∈ L2(Tn)m then always Hû ∈ L2(Tn)p. The iso-
morphism from 1. gets the simpler form B̂

∩
L2(Tn)p+m ∼= L2(Tn)m which implies

B
∩

L2(Zn)p+m ∼= L2(Zn)m.
(ii) The proof is analogous, but uses Lemma 4.4 instead of Lemma 4.3,(3), for the can-
celation of P in Pŷ = Qû = PHû.
3. An autonomous behavior B ⊂W ℓ

B is an IO behavior with

m = 0, Q = 0 ∈ Ak×0 = 0, H = 0 ∈ C(s)p×0 = 0.

Part 1. implies an embedding B
∩

L2(Zn)p+m→ L2(Zn)m = 0, hence B
∩

L2(Zn)ℓ=0.
Assume conversely that B is not autonomous, i.e., m > 0 in (1) for any IO representa-
tion

B :=
{
( y

u) ∈
(
CZn

)p+m
; P◦ y = Q◦u

}
, ℓ= p+m, m > 0, (P,−Q) ∈ Ak×(p+m),=⇒

B
∩

L2(Zn)ℓ ∼= B̂
∩

L2(Tn)ℓ.

Let H = g−1G with G ∈ Ap×m and 0 ̸= g ∈ A ⊂ C(s)
∩

D(Tn). Choose any nonzero
v̂ ∈ L2(Tn)m and pose û := gv̂ ∈ L2(Tn)m. Then û = gv̂ ̸= 0 and

ŷ :=Hû=Gg−1gv̂=Gv̂∈L2(Tn)p =⇒
1.

0 ̸=
(

ŷ
û

)
∈ B̂

∩
L2(Tn)ℓ=⇒B

∩
L2(Zn)ℓ ̸= 0.

4. Choose an epimorphism A1×q → tor(M) so that D(tor(M)) is an autonomous sub-
behavior of

(
CZn)q

. The exact module and induced dual behavior sequences

0→ tor(M)→M can−→M/ tor(M)→ 0 and 0→Bcont ⊆B
can−→ D(tor(M))→ 0

induce the exact sequence

0→Bcont
∩

L2(Zn)ℓ ⊆B
∩

L2(Zn)ℓ −→ D(tor(M))
∩

L2(Zn)q =
3.

0 =⇒

Bcont
∩

L2(Zn)ℓ = B
∩

L2(Zn)ℓ.

Example 4.8. In contrast to Thm. 4.7,(3), the behavior
{

v ∈ CZ; (s1−1)◦ v = 0
}
=

C(· · · ,1,1,1, · · ·) is autonomous and contained in S ′(Z), but not zero since s1− 1 is
not invertible in D(T1).
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For a matrix

R = Rd(s)sd
0 + · · ·+R0(s) ∈ Bk×ℓ = A[s0]

k×ℓ with associated behavior

B :=
{

w ∈W ℓ
B; R◦w = 0

}
=
{

w ∈W ℓ
B; ∀t ∈ N : Rd ◦w(t +d)+ · · ·+R0 ◦w(t) = 0

}
the inverse Fourier isomorphisms induce B-isomorphisms

B
∩(

S ′(Zn)ℓ
)N ∼= B̂ :=

{
ŵ ∈

(
D ′(Tn)ℓ

)N
: ∀t ∈ N : Rdŵ(t +d)+ · · ·+R0ŵ(t) = 0

}
B
∩(

L2(Zn)ℓ
)N ∼= B̂

∩(
L2(Tn)ℓ

)N
:={

ŵ ∈
(

L2(Tn)ℓ
)N

: ∀t ∈ N : Rdŵ(t +d)+ · · ·+R0ŵ(t) = 0
}
.

(55)

Theorem 4.9. 1. Assume

(P,−Q) ∈ Ak×(ℓ+ℓ), rank(P) = rank(P,−Q) = ℓ, R := Ps0−Q ∈ Bk×ℓ,

H ∈ C(s)ℓ×ℓ ⊂ L0(Tn)ℓ×ℓ with PH = Q

and consider the behavior

B :=
{

w ∈W ℓ
B; R◦w = 0

}
=
{

w ∈W ℓ
B; ∀t ∈ N : P◦w(t +1) = Q◦w(t)

}
.

Assume in addition that (i) H is continuous resp. that (ii) P has a left inverse in
D(Tn)ℓ×k and thus H is smooth (cf. Lemma 4.4). Then the projections{

(i) B
∩(

L2(Zn)ℓ
)N→ L2(Zn)ℓ

(ii) B
∩(

S ′(Zn)ℓ
)N→S ′(Zn)ℓ

, w 7→ w(0),

are bijective. The inverse isomorphisms are given by w(0) 7→ w with ŵ(t) = Ht ŵ(0).
2. Under the assumptions of 1. there is the direct decomposition{

w ∈B; w(0) ∈ L2(Zn)ℓ
}
=

(
B
∩(

L2(Zn)ℓ
)N)

⊕{w ∈B; w(0) = 0} .

Unless the autonomous behavior C :=
{

v ∈
(
CZn)ℓ

; P◦ v = 0
}

is zero or, equiva-

lently, P has a left inverse in Ap×k the second summand {w ∈B; w(0) = 0} is infinite-
dimensional.

Proof. 1. We give the proof for L2(Zn) and continuous H, the other case is analogous.
We use B̂ from (55) and the commutative diagram with vertical isomorphisms

B
∩(

L2(Zn)ℓ
)N proj−→ L2(Zn)ℓ, w 7→ w(0),

↓ FN
Zn ↓FZn

B̂
∩(

L2(Tn)ℓ
)N proj−→ L2(Tn)ℓ, ŵ 7→ ŵ(0),

Therefore it suffices to prove the bijectivity of the projection in the second row. Accord-
ing to Thm. 4.7, 1., the equation Pŵ(t +1) = Qŵ(t) is equivalent to ŵ(t +1) = Hŵ(t),
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hence ŵ(t) = Ht ŵ(0)∈ L0(Tn)ℓ. This proves that the projection ŵ 7→ ŵ(0) is injective.
Since H is assumed continuous so are all powers Ht . Hence if ŵ(0) ∈ L2(Tn)ℓ then

∀t ∈ N : ŵ(t) := Ht ŵ(0) ∈ L2(Tn)ℓ and Pŵ(t +1) = PHŵ(t) = Qŵ(t) =⇒ ŵ ∈ B̂.

This shows that the projection is surjective as asserted.
2. Let w′ ∈B satisfy w′(0) ∈ L2(Zn)ℓ and, according to 1., let w ∈B

∩(
L2(Zn)ℓ

)N be
the unique trajectory with w(0) = w′(0). Then w′−w ∈B with (w′−w)(0) = 0 and
w′ = w+(w′−w) is the asserted sum representation. Assume w ∈B

∩(
L2(Zn)ℓ

)N
and w(0) = 0. Then P ◦w(t + 1) = Q ◦w(t) and especially P ◦w(1) = Q ◦ 0 = 0 or
w(1) ∈ C . Since the autonomous behavior C has no square summable trajectories by
Thm. 4.7, 3., we infer w(1) = 0. Inductively one proves w(t) = 0 for all t ∈ N. This
shows that the sum in 2. is direct.
Since (P,−Q) defines an IO behavior the equation P ◦ y = Q ◦ u has a solution y ∈(
CZn)ℓ

for each u ∈
(
CZn)ℓ

. One constructs trajectories w ∈B with w(0) = 0 induc-
tively by

P◦w(t +1) = Q◦w(t) for t ≥ 1, P◦w(1) = 0

where each w(t) is unique up to a summand in C only. If the latter is nonzero then
{w ∈B; w(0) = 0} is infinite-dimensional

For the stability theory in Section 5 we apply Thm. 4.9 in the following special
situation. Consider a nonzero polynomial

f = fd(s)sd
0 + · · ·+ f0(s) ∈ B = A[s0] with fd(ω) ̸= 0 for ω ∈ Tn and define

P :=

( 1 0 0 ··· 0 0
0 1 0 0 ··· 0
··· ··· ··· ··· ··· ···
0 0 0 ··· 1 0
0 0 0 ··· 0 fd

)
, Q :=

( 0 1 0 ··· 0 0
0 0 1 0 ··· 0
··· ··· ··· ··· ··· ···
0 0 0 ··· 0 1
− f0 − f1 − f2 ··· − fd−2 − fd−1

)
∈ Ad×d .

(56)

It is obvious that P has a left inverse in D(Tn)d×d and that

H := P−1Q =

( 0 1 0 ··· 0 0
0 0 1 0 ··· 0
··· ··· ··· ··· ··· ···
0 0 0 ··· 0 1

− f0/ fd − f1/ fd − f2/ fd ··· − fd−2/ fd − fd−1/ fd

)
∈D(Tn)d×d . (57)

The polynomial f resp. the matrices (P,−Q) give rise to the behaviors

B := {w ∈WB; f ◦w = 0}= {w ∈WB; ∀t ∈ N : fd ◦w(t +d)+ · · ·+ f0 ◦w(t) = 0}

Bst :=
{

x ∈W d
B ; (Ps0−Q)◦ x = 0

}
=
{

x ∈W ℓ
B; ∀t ∈ N : P◦ x(t +1) = Q◦ x(t)

}
(58)

and the standard isomorphisms

B ∼= Bst , w↔ x, x(t) = (w(t), · · · ,w(t +d−1))⊤, w(t) = x0(t),

and also B
∩

S ′(Zn)N ∼= Bst
∩(

S ′(Zn)d
)N

, B
∩

L2(Zn)N ∼= Bst
∩(

L2(Zn)d
)N

.

(59)

Corollary 4.10. For the data from (56)-(59) the projections

B
∩

L2(Zn)N→ L2(Zn)d , w 7→ (w(0), · · · ,w(d−1))⊤,

B
∩

S ′(Zn)N→S ′(Zn)d , w 7→ (w(0), · · · ,w(d−1))⊤,
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are bijective. The inverse isomorphism is given by

x̂(t) = Ht x̂(0) where x(t) := (w(t), · · · ,w(t +d−1))⊤,

x̂(t) = (ŵ(t), · · · , ̂w(t +d−1))⊤, x̂(0) = (ŵ(0), · · · , ̂w(d−1))⊤.

5 Asymptotic stability
In this section we connect the first four sections whose assumptions remain in force.
In the sequel we have to consider complex matrices M ∈Cℓ×ℓ, their spectrum spec(M) :=
{λ ∈ C; rank(λ idℓ−M)< ℓ} and the spectral radius ρ(M) := maxλ∈spec(M) |λ |. We
use that the function M 7→ ρ(M) is continuous [7, Cor. 4.2.2]. We also apply the discs
D1 and D1 from (13).

Corollary 5.1. Data and assumptions from Thm. 4.9 with continuous H.
1. If the behavior B is Λ1-stable (compare Def. 2.1 and (15)) then spec(H(ω)) ⊂
D1 := {z ∈ C; |z|< 1} for all ω ∈ Tn. If, conversely, spec(H(ω))⊂ D1 for almost all
ω ∈Tn and hence spec(H(ω))⊂D1

for all ω ∈Tn then almost all elements of char(B)
belong to Λ1.
2. If P has a left inverse in D(Tn)ℓ×k or, equivalently, rank(P(ω)) = ℓ for all ω ∈ Tn

then B is Λ1-stable if and only if spec(H(ω))⊂ D1 for all ω ∈ Tn. This is applicable
in Cor. 4.10.

Proof. We use Lemma 4.3, 3., viz. that

rank(P(ω)) = rank(P) = ℓ for almost all ω ∈ Tn and
P(ω)H(ω) = Q(ω), P(ω)(λ idℓ−H(ω)) = λP(ω)−Q(ω) = R(λ ,ω).

1. =⇒: For ω ∈ Tn and λ ∈ spec(H(ω)) the last equation implies

rank(R(λ ,ω))≤ rank(λ idℓ−H(ω))< ℓ=⇒ (λ ,ω) ∈ char(B)⊆ Λ1 =⇒ |λ |< 1.

⇐=: For almost all ω ∈ Tn the relations

rank(P(ω)) = ℓ, hence rank(R(λ ,ω)) = rank(λ idℓ−H(ω)), and spec(H(ω))⊂ D1

hold. If for such ω the pair (λ ,ω) is contained in char(B) then λ ∈ spec(H(ω)) and
thus |λ |< 1 and (λ ,ω) ∈ Λ1. The continuity of ρ(H(ω)) and the density of subsets of
measure 1 of Tn imply ρ(H(ω))≤ 1 for all ω ∈ Tn and hence spec(H(ω))⊂ D1

.
2. In this case rank(R(λ ,ω)) = rank(λ idℓ−H(ω)) holds for all ω ∈ Tn.

Consider, more generally, any compact parameter space Ω and a continuous func-
tion E : Ω→ Cℓ×ℓ, i.e., E ∈ C0(Ω)ℓ×ℓ, for instance H from Cor. 5.1.

Let ∥−∥ denote any norm on Cℓ and also the associated matrix norm on Cℓ×ℓ:

∥M∥ := maxx∈Cℓ,x ̸=0 ∥Mx∥/∥x∥ with ∥Mx∥ ≤ ∥M∥∥x∥ and ∥M1M2∥ ≤ ∥M1∥∥M2∥.
(60)

The Jordan decomposition of a complex matrix shows that for any ρ1 > ρ(M) there is
a constant a1 ≥ 1 such that ∥Mt∥ ≤ a1ρ t

1 for all t ∈ N. Then for any matrix ∆ ∈ Cℓ×ℓ

the following inequality holds [7, §4.2.4, Ex. 9]:

∥(M+∆)t∥ ≤ a1 (ρ1 +a1∥∆∥)t , t ∈ N. (61)

The following lemma and corollary are the basic tool for the proof of asymptotic L2-
stability.
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Lemma 5.2. Let ρ0 := maxω∈Ω ρ(E(ω)) be the maximum of the continuous function
ω 7→ ρ(E(ω)) on the compact space Ω and choose ρ0 < ρ2 arbitrarily. Then there is
a2 ≥ 1 such that for all ω ∈Ω and t ∈ N: ∥E(ω)t∥ ≤ a2ρ t

2.

Proof. Choose

ρ0 < ρ1 < ρ2 =⇒∀ω ∈Ω∃a(ω)≥ 1∀t ∈ N : ∥E(ω)t∥ ≤ a(ω)ρ t
1.

Since E : Ω→ Cℓ×ℓ is continuous there is, for each ω ∈Ω, an open set

U(ω)⊂Ω with ω ∈U(ω) and ∀ω ′ ∈U(ω) : ∥E(ω ′)−E(ω)∥ ≤ a(ω)−1(ρ2−ρ1)

=⇒
(61)
∀ω ′ ∈U(ω)∀t ∈ N : ∥E(ω ′)t∥= ∥

(
E(ω)+(E(ω ′)−E(ω)

)t ∥ ≤

a(ω)
(
ρ1 +a(ω)∥E(ω ′)−E(ω)∥

)t ≤

a(ω)
(
ρ1 +a(ω)a(ω)−1(ρ2−ρ1)

)t
= a(ω)ρ t

2 =⇒∥E(ω ′)t∥ ≤ a(ω)ρ t
2.

Since Ω is compact there are points ωi, i = 1, · · · ,q, such that Ω =
∪q

i=1 U(ωi). Let
a2 := maxi=1,··· ,q a(ωi). The preceding inequality implies the asserted inequality

∀ω ′ ∈Ω∀t ∈ N : ∥E(ω ′)t∥ ≤ a2ρ t
2.

In the next lemma we use the 2-norm ∥−∥2 on Cℓ and Cℓ×ℓ.

Corollary 5.3. Assume in Lemma 5.2 that for all ω ∈ Ω the spectrum of E(ω) is
contained in the open unit disc, i.e., ρ(E(ω))< 1, and hence ρ0 :=maxω∈Ω ρ(E(ω))<
1. Then for any ρ2 with ρ0 < ρ2 < 1 there is a constant a2 ≥ 1 such that ∥E(ω)t∥2 ≤
a2ρ t

2 for all ω ∈Ω and t ∈N. In particular, E(ω)t converges to zero, uniformly in ω ∈
Ω, and ∥E(ω)t∥2 is uniformly bounded. For all û∈ L2(Tn)ℓ this implies Et û∈ L2(Tn)ℓ

and limt→∞ ∥Et û∥2 = 0.

Proof. Only the last statement has to be shown. For ω ∈ Tn we have

∥E(ω)t û(ω)∥2
2 ≤ ∥E(ω)t∥2

2∥û(ω)∥2
2 ≤ a2

2ρ2t
2 ∥û(ω)∥2

2 =⇒

∥Et û∥2
2 =

∫
Tn
∥E(ω)t û(ω)∥2

2dω ≤ a2
2ρ2t

2

∫
Tn
∥û(ω)∥2

2dω = a2
2ρ2t

2 ∥û∥2
2 −→t→∞

0.

Definition 5.4. A behavior B ⊆
((

CZn)ℓ)N
is called L2-stable if limt→∞ ∥w(t)∥2 = 0

for all w ∈B
∩(

L2(Zn)ℓ
)N.

Lemma 5.5. (cf. [24, Sect. VII]) Under the assumptions of Thm. 4.9 with continuous
H or of Cor. 4.10 a Λ1-stable behavior is L2-stable.

Proof. We consider the case of Thm. 4.9, that of Cor. 4.10 is then a direct conse-
quence. By assumption H ∈ C0(Tn)ℓ×ℓ. Since B is Λ1-stable we infer from Cor. 5.1
that spec(H(ω)) ⊂ D1 for all ω ∈ Tn. With the notations from Thm. 4.9 the trajec-
tories in w ∈B

∩(
L2(Zn)ℓ

)N satisfy ŵ(t) = Ht ŵ(0). With Cor. 5.3 applied to H we

conclude limt→∞ ∥ŵ(t)∥2 = 0. Since FZn : L2(Zn) ∼= L2(Tn) is an isometry we infer
limt→∞ ∥w(t)∥2 = 0.
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The following theorem establishes the first half of Thm. 2.3.

Theorem 5.6. Assume that the behavior B⊂
(
(CZn

)ℓ
)N

is Λ1-stable and time-autonomous
with B ∼= Bd , w 7→ (w(0), · · · ,w(d− 1))⊤ (cf. Cor. 3.1). Assume in addition that
the behavior Bd ⊆ (W ℓ

A)
d admits an input/output (IO) representation with continuous

transfer matrix (cf. Thm. 4.7, 2.), viz.

Bd =
{
( y

u) = (w(0), · · · ,w(d−1))⊤ ∈W p+m
A ; P◦ y = Q◦u

}
, ℓd = p+m,

(P,−Q) ∈ Ak×(p+m), rank(P) = rank(P,−Q) = p, PH = Q, H ∈ C0(Tn)p×m.
(62)

If w ∈B and w(0), · · · ,w(d−1) ∈ L2(Zn)ℓ then w(t) ∈ L2(Zn)ℓ for all t ∈ N and
limt→∞ ∥w(t)∥2 = 0, in particular B is L2-stable. Moreover the projections

B
∩(

L2(Zn)ℓ
)N ∼= Bd

∩(
L2(Zn)ℓ

)d ∼= L2(Zn)m,

w 7→ (w(0), · · · ,w(d−1))⊤ = ( y
u) 7→ u

(63)

are bijective.

Proof. The isomorphisms (63) follow from Lemma 4.1 and Thm. 4.7,(2).
The properties of B are preserved under behavior isomorphisms. According to Cor.
3.3 and Thm. 3.4 we assume wlog that d = 1 and that B is given as

B =

{
w ∈

(
(CZn

)ℓ
)N

; R◦w = 0
}
, R =

(
R0

s0 idℓ−E

)
, R0 ∈ Ak×ℓ, E ∈ Aℓ×ℓ, R0E = XR0.

Hence B1 =
{

v ∈
(
CZn)ℓ

; R0 ◦ v = 0
}

and any trajectory w ∈
(
W ℓ

B
)N belongs to

B
∩(

L2(Zn)ℓ
)N

if and only if w(0) ∈ L2(Zn)ℓ, R0 ◦w(0) = 0 and w(t) = Et ◦w(0).

Moreover (63) furnishes

B
∩(

L2(Zn)ℓ
)N ∼= B1

∩
L2(Zn)ℓ =

{
v ∈ L2(Zn)ℓ; R0 ◦ v = 0

}
∼=

B̂
∩(

L2(Tn)ℓ
)N

=

{
ŵ ∈

(
L2(Zn)ℓ

)N
; R0ŵ(0) = 0, ŵ(t) = Et ŵ(0)

}
∼=

B̂1
∩

L2(Tn)ℓ =
{

v̂ ∈ L2(Tn)ℓ; R0v̂ = 0
}
, w↔ w(0)↔ ŵ↔ ŵ(0), with ŵ(t) = Et ŵ(0).

(64)
By assumption the behavior B1 has an IO decomposition with continuous transfer
matrix H ∈

(
C(s)

∩
C0(Tn)

)p×m, i.e.,

ℓ= p+m, R0 = (P,−Q) ∈ Ak×(p+m), rank(P) = rank(P,−Q) = p, PH = Q.

By Thm. 4.7,(2), this decomposition induces the inverse isomorphisms

L2(Tn)m ∼= B̂1
∩

L2(Tn)p+m, û↔
(

Hû
û

)
, and also C0(Tn)m ∼= B̂1

∩
C0(Tn)p+m.

Since B1 =
{

v ∈W ℓ
A; R0 ◦ v = 0

}
and R0E = XR0 the matrix E ∈ Aℓ×ℓ ⊆ C0(Tn)ℓ×ℓ

maps B̂1
∩

C0(Tn)p+m into itself. The second preceding isomorphism gives rise to a
unique matrix
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E ′ ∈ C0(Tn)m×m with E
( H

idm

)
=
( H

idm

)
E ′ =⇒

∀ω ∈ Tn : E(ω)
(

H(ω)
idm

)
=
(

H(ω)
idm

)
E ′(ω) and ∀t ∈ N : Et ( H

idm

)
=
( H

idm

)
(E ′)t =⇒

∀û ∈ L2(Tn)m, ∀t ∈ N : Et ( H
idm

)
û =

( H
idm

)
(E ′)t û.

We check the assumptions of Cor. 5.3 for E ′: Let ω ∈ Tn, λ ∈ spec(E ′(ω)) and
0 ̸= v∈Cm⊂C0(Tn)m a nonzero eigenvector, E ′(ω)v= λv. Hence also v′ :=

(
H(ω)
idm

)
v

is nonzero. The preceding equations imply

E(ω)v′ = E(ω)
(

H(ω)
idm

)
v =

(
H(ω)
idm

)
E ′(ω)v = λ

(
H(ω)
idm

)
v = λv′ =⇒

(λ idℓ−E(ω))v′ = 0 =⇒
(
(idp,−H(ω))

λ idℓ−E(ω)

)
v′ = 0 =⇒

R0(ω)=(P(ω),−Q(ω))=P(ω)(idP,−H(ω))(
R0(ω)

λ idℓ−E(ω)

)
v′ = 0 =⇒

v′ ̸=0
rank

(
R0(ω)

λ idℓ−E(ω)

)
< ℓ=⇒ (λ ,ω) ∈ char(B)⊂ Λ1 =⇒ |λ |< 1.

Here we used the Λ1-stability of B. We have thus shown that for all ω ∈ Tn the
spectrum spec(E ′(ω)) is contained in the open unit disc and conclude with Cor. 5.3
that limt→∞ ∥(E ′)t û∥2 = 0 for all û ∈ L2(Tn)m. Since H is continuous this implies the
L2-convergence

lim
t→∞

Et ( H
idm

)
û = lim

t→∞

( H
idm

)
(E ′)t û =

( H
idm

)
lim
t→∞

(E ′)t û =
( H

idm

)
0 = 0.

This convergence and the isomorphisms

L2(Tn)m

(
H

idm

)
−→ B̂1

∩
L2(Tn)p+m FTn−→B1

∩
L2(Zn)p+m, û 7→

(
Hû
û

)
= ŵ(0) 7→ w(0),

imply
lim
t→∞

Et ◦w(0) = 0 for all w(0) ∈B1
∩

L2(Zn)p+m

and by means of (64) also the L2-stability of B, i.e.,

lim
t→∞

w(t) = 0 for all w ∈B
∩(

L2(Zn)ℓ
)N

.

Corollary 5.7. In the preceding theorem and its proof consider the controllable part
B1,cont of B1, given by

B1,cont := D(M1/ tor(M1)) =
{

v ∈W ℓ
A; R0,cont ◦ v = 0

}
where

R0,cont ∈ Akcont×ℓ, tor(M1) = A1×kcontR0,cont/A1×ℓR0 ⊆M1 = A1×ℓ/A1×kR0, hence

R0 = Y R0,cont for some Y.

Then the behavior

B′ :=
{

w ∈W ℓ
B; R′ ◦w = 0

}
with R′ :=

(
R0,cont

s0 idℓ−E

)
is ta with B′1 =B1,cont and contained in B, hence annB(B)⊆ annB(B′) and char(B′)⊆
char(B). The input/output decompositions of B1 and B1,cont and the associated trans-
fer matrices coincide. If B′ instead of B satisfies the assumptions of Thm. 5.6 then B′

and B are L2-stable. Hence one may assume wlog that B1 is controllable.
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Proof. The A-linear map

◦E : M1 = A1×ℓ/A1×kR0→M1, ξ +A1×kR0 7→ ξ E +A1×kR0, R0E = XR0,

maps tor(M1) into itself and therefore there is a matrix X ′ with R0,contE = X ′R0,cont.
This signifies that B′ is indeed ta with B′1 = B1,cont. Thm. 4.7,(4), and the ta of B
and B′ furnish

B
∩(

L2(Zn)ℓ
)N ∼= B1

∩
L2(Zn)ℓ = B1,cont

∩
L2(Zn)ℓ ∼= B′

∩(
L2(Zn)ℓ

)N
, hence

B
∩(

L2(Zn)ℓ
)N

= B′
∩(

L2(Zn)ℓ
)N

But B′ is L2-stable by Thm. 5.6 and hence so is B.

Corollary 5.8. Assume as in Thm. 5.6 that the behavior B is Λ1-stable and ta with
B ∼= Bd . Assume in addition that

1. B is square-autonomous [9, Thm. 10] or that

2. Bd is strictly controllable or, equivalently, its module Md is A-free.

If w ∈ B and w(t) ∈ L2(Zn)ℓ for t ≤ d − 1 then w(t) ∈ L2(Zn)ℓ for all t ∈ N and
limt→∞ ∥w(t)∥2 = 0. In particular, B is L2-stable.

Proof. 1. Square-autonomy signifies that B =
{

w ∈
(
(CZn

)N
)ℓ

; R◦w = 0
}

with a

square matrix R ∈ Bℓ×ℓ and f := det(R) ̸= 0. Let M := B1×ℓ/B1×ℓR be the module of
B. The characteristic variety of B or M is

char(B) = {(λ ,ω) ∈ ΛN ; rank(R(λ ,ω))< ℓ}=VΛN (det(R)) =VΛN ( f )⊆ Λ1.

The behavior B f :=
{

w ∈
(
CZn)N

; f ◦w = 0
}

has the characteristic variety VΛN ( f )
and is thus Λ1-stable too.
Since B is ta Thm. 3.2,(4), furnishes a monic (in s0) polynomial g= sd

0 +gd−1(s)sd−1
0 +

· · ·+g0(s) ∈ B which annihilates B and M, hence

gM = 0 =⇒ gB1×ℓ ⊆ B1×ℓR =⇒∃X with g idℓ = XR =⇒ gℓ = det(X)det(R) = det(X) f .

Since gℓ is monic in s0 the leading coefficient of f is a unit in A = C[s,s−1], i.e., of the
form αsµ , 0 ̸= α ∈ C, µ ∈ Zn and hence f has the form from (56). From Lemma 5.5
we infer that B f is L2-stable.
With the adjoint matrix Radj of R one gets

f idℓ = det(R) idℓ = RadjR =⇒ f B1×ℓ ⊆ B1×ℓR =⇒
f M = 0 =⇒ f ◦B = 0 =⇒B ⊆Bℓ

f .

Since B f is L2-stable so is B. If w ∈B and w(0), · · · ,w(d− 1) ∈ L2(Zn)ℓ then w ∈(
L2(Zn)N

)ℓ by Lemma 4.1 and hence limt→∞ ∥w(t)∥2 = 0 due to the L2-stability.
2. The assumption in 2. signifies that with the notations of the proof of Thm. 5.6 there
is a matrix X ∈ Am×ℓ such that

ϕ : A1×m ∼= M1 = A1×ℓ/U1, ξ 7→ ϕ(ξ ) = ξ X +U1, and hence X◦ : B1 ∼=W m
A .
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Let E ′ ∈Am×m be the unique matrix with ϕ(◦E ′)= (◦E)indϕ and hence XE ◦v=E ′X ◦v
for v ∈B1. Define the behavior

B′ :=
{

w′ ∈ (W m
A )N ; (s0 idm−E ′)◦w′ = 0

}
={

(W m
A )N ; ∀t ∈ N : w′(t +1) = E ′ ◦w′(t)

}
, hence B ∼= B′,w 7→ w′, w′(t) = X ◦w(t).

Since the isomorphic behaviors B and B′ are Λ1-stable and ta and since B′ is obvi-
ously square-autonomous the L2-stability of the two behaviors follows from part 1.

Although the Fourier transform is an isometry only on the L2-spaces special forms
of convergence to zero can also be shown for the signal space S ′(Zn). For this
purpose one has to sharpen Cor. 5.3. As usual we define the differential opera-
tors ∆(α) = (α!)−1 ∂ α : D(Tn) → D(Tn), α ∈ Nn. These are extended to matri-
ces componentwise. For φ,ψ ∈ D(Tn) the Leibniz formula furnishes ∆(α)(φψ) =

∑β+γ=α ∆(β )(φ)∆(γ)(ψ) which is also valid for matrix functions ϕ ,Ψ∈D(Tn)ℓ×ℓ. For
matrix functions E,ϕ1, · · · ,ϕt ∈D(Tn)ℓ×ℓ, t ≥ 1, induction yields the equation

∆(α)(ϕ1 ∗ · · · ∗ϕt) = ∑
β1+···+βt=α

∆(β1)(ϕ1)∗ · · · ∗∆(βt )(ϕt), β j = (β j1, · · · ,β jn),

and ∆(α)(Et) = ∑
β1+···+βt=α

∆(β1)(E)∗ · · · ∗∆(βt )(E),
(65)

Lemma 5.9. 1. Assume E ∈ D(Tn)ℓ×ℓ and that spec(E(ω)) ⊂ D1 for all ω ∈ Tn,
Then all derivatives ∂ α (E(ω)t) , α ∈ Nn, or, equivalently, all its entries converge to 0
uniformly in ω ∈ Tn. In other words: Et converges to 0 in the topology of D(Tn)ℓ×ℓ.
2. If w ∈

(
S ′(Zn)ℓ

)N satisfies ŵ(t) = Etŵ(0) then limt→∞ w(t,µ) = 0 for all µ ∈ Zn.
In general, this convergence is not uniform in µ ∈ Zn.

Proof. 1. According to Lemma 5.2 we choose a2 ≥ 1 and ρ j with 0< ρ2 < ρ3 < 1 such
that ∥E(ω)t∥ ≤ a2ρ t

2 for all t ∈ N. Define a3 := 1+maxβ≤α maxω∈Tn ∥∆(β )(E)(ω)∥
where β ≤ α is the componentwise order. Consider one summand ϕ := ∆(β1)(E)∗ · · ·∗
∆(βt )(E) in the second sum of (65). Let 1≤ j1 < · · ·< jq ≤ t be the set of indices j ≤ t
with β j ̸= 0. Then this summand has the form

ϕ = E j1−1 ∗∆(β1)(E)∗E j2− j1−1 ∗∆(β2)(E)∗ · · · ∗E jq− jq−1−1 ∗∆(βq)(E)∗Et− jq =⇒

∥ϕ∥ ≤ a2ρ j1−1
2 ∗a3 ∗ · · · ∗a2ρ jq− jq−1−1

2 ∗a3 ∗a2ρ t− jq
2 = aq+1

2 aq
3ρ t−q

2 . Moreover
β1 + · · ·+βt = α =⇒ |β1|+ · · ·+ |βt |= |α|=⇒ q≤ |α|=⇒

∥ϕ∥ ≤ a|α |+1
2 a|α |3 ρ t−|α|

2 =⇒

∥∆(α)(Et)∥ ≤ a|α|+1
2 a|α|3 ρ t−|α |

2 ♯{β = (β1, · · · ,βt); β1 + · · ·+βt = α} .

But the number of elements of the last set is

p(t) := ♯{β = (β1, · · · ,βt); β1 + · · ·+βt = α}=
n

∏
j=1

(
α j+t−1

α j

)
=⇒

∥∆(α)(Et)∥ ≤ p(t)a|α|+1
2 a|α |3 ρ t−|α|

2 .

Since p(t) is a polynomial function, since ∆(α) = α!−1∂ α and since ρ2 < ρ3 < 1 there
is a constant a4(α) ≥ 1 such that ∥∂ α(Et)(ω)∥ ≤ a4(α)ρ t

3 for all ω ∈ Tn and this
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proves the assertion.
2. By assumption

ŵ(t) = Et ŵ(0), hence ∀ j = 1, · · · , ℓ : ŵ j(t) =
ℓ

∑
m=1

(Et) jmŵm(0) and

∀ j = 1, · · · , ℓ, ∀φ ∈D(Tn) : ŵ j(t)(φ) =
p

∑
m=1

ŵm(0)
(
(Et) jmφ

)
Since the (Et) jm converge to 0 in D(Tn) by part 1. so do the (Et) jmφ . Since the

ŵm(0) ∈ D ′(Tn) are continuous on D(Tn) we infer limt→∞ ŵ j(t)(φ) = 0. For φ :=

ωµ , µ ∈Zn, we obtain ŵ j(t)(φ) =w j(t)(µ) =w j(t,µ) and hence limt→∞ w(t)(µ) = 0.

Definition 5.10. The autonomous behavior B⊆W ℓ
B =(W ℓ

A)
N is called pointwise stable

if
∀w ∈B

∩(
S ′(Zn)ℓ

)N
∀µ ∈ Zn : lim

t→∞
w(t,µ) = 0.

This limit is not uniform in the µ ∈ Zn in general.

Theorem 5.11. Lemma 5.4, Thm. 5.6 and Corollary 5.8 remain valid for pointwise
stability if in the relevant IO representations (P,−Q) the matrix P has a left inverse
with entries in D(Tn) and hence the transfer matrix H is smooth.

Proof. By means of Lemma 5.9 the proofs are analogous to those for L2-stability.

The next results consider the problem whether the converse of Lemma 5.5 holds,
i.e., whether under the assumptions of Thms. 4.9 or Cor. 4.10 L2-stability implies
Λ1-stability.

Theorem 5.12. (cf. [24, Sect. VII]) (i) In the situation of Thm. 4.9 assume that B
is L2-stable. Then for almost all ω ∈ Tn the spectrum spec(H(ω)) is contained in the
open disc D1. By Cor. 5.1 spec(H(ω)) is then contained in the closed disc D1

for all
ω ∈ Tn and almost all (λ ,ω) ∈ char(B) belong to Λ1.
(ii) If in (i) ℓ= 1 and thus H ∈ C0(Tn) the necessary condition for L2-stability of B in
(i) is also sufficient.

Proof. (i) From Thm. 4.9 we know ŵ(t) = Ht ŵ(0) for w ∈B, w(0) ∈ L2(Zn)ℓ. Since
FZn is an isometry on the L2-spaces and limt→∞ ∥w(t)∥2 = 0 we infer

lim
t→∞
∥ŵ(t)∥2

2 = 0 =⇒∀w(0) ∈ L2(Zn)ℓ : lim
t→∞

∫
Tn
∥H(ω)t ŵ(0)(ω)∥2

2dω = 0.

Let εm, m = 1, · · · , ℓ, denote the standard basis of Cℓ and δ0 := (δ0µ)µ∈Zn ∈CZn
. Then

w(0) := δ0εm ∈ L2(Zn)ℓ, ŵ(0) = δ̂0εm = εm, ŵ(t) = Ht ŵ(0) = (Ht)−m,

lim
t→∞
∥ŵ(t)∥2

2 = lim
t→∞

∫
Tn

ℓ

∑
j=1
|(H(ω)t) jm|2dω = 0 =⇒

∀ j,m = 1, · · · , ℓ : lim
t→∞

∫
Tn
|(H(ω)t) jm|2dω = 0,
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i.e., the entries (H(ω)t) jm of Ht converge to zero in L2(Tn). A non-trivial standard
result of probability theory states the following: An L2-convergent (more generally:
Lp-convergent, p ≥ 1) sequence of random variables has an almost sure convergent
subsequence. More precisely, let (Ω,A ,P) be a probability space. Given random
variables

f , f1, f2, · · · ∈ L2(Ω,A ,P), with lim
t→∞

∫
Ω
| f (ω)− ft(ω)|2dP(ω) = 0 then

∃Ω1 ∈A ∃1≤ t(1)< t(2)< · · · such that P(Ω1) = 1 and ∀ω ∈Ω1 : lim
k→∞

ft(k)(ω) = f (ω).

We apply this consecutively to all sequences (H(ω)t) jm and obtain a subset Ω1 ⊂Tn of
measure 1 and an increasing sequence 1≤ t(1)< t(2)< · · · such that limk→∞(H(ω)t(k)) jm =

0 for all j,m and ω ∈ Ω1 and hence also limk→∞ H(ω)t(k) = 0 for ω ∈ Ω1. For each
ω ∈ Ω1 let λ (ω) be one eigenvalue with |λ (ω)| = ρ(H(ω)) and 0 ̸= v(ω) ∈ Cℓ a
corresponding eigenvector. Then

∀ω ∈Ω1 : 0 = lim
k→∞

H(ω)t(k)v(ω) = lim
k→∞

λ (ω)t(k)v(ω) =⇒

lim
k→∞

λ (ω)t(k) = 0 =⇒ ρ(H(ω)) = |λ (ω)|< 1.

(ii) Let (∀′ω ∈ Tn) signify (for all ω ∈ Tn up to a set of measure zero). If ℓ = 1 and
thus H ∈ C0(Tn) we obviously have ∥H(ω)∥= ρ(H(ω)) = |H(ω)|. By assumption

∀′ω ∈ Tn : |H(ω)|< 1 and ∀ω ∈ Tn : |H(ω)| ≤ 1 =⇒
∀′ω ∈ Tn : lim

t→∞
H(ω)2t = 0 and

∀ω ∈ Tn : |ŵ(t)(ω)|2 = |H(ω)2t ŵ(0)(ω)|2 ≤ |ŵ(0)(ω)|2.

With Lebesgues’ dominated convergence theorem we conclude

lim
t→∞
∥ŵ(t)∥2

2 = lim
t→∞

∫
Tn
|ŵ(t)(ω)|2dω = 0.

Example 5.13. The following two examples show that under the assumptions of Thm.
4.9 L2-stability does not imply Λ1-stability in contrast to the assertion in [9, Thm. 10]
and that the necessary condition of Thm. 5.12,(i), for L2-stability is not sufficient for
ℓ > 1. In Thm. 4.9 choose n = 1.
(i) Let ℓ := 1, p(s1) := 1, q(s1) =

1
2 (s1 +1), hence h = p−1q = q and consider

B :=
{

w ∈
(
CZ
)N

; (s0−q(s1))◦w = 0 or w(t +1) =
1
2
(s1 +1)◦w(t)

}
.

We infer

spec(h(ω)) = {q(ω)}=
{

1
2
(ω +1)

}
, ω = e2πix ∈ T1. But

|q(ω)|2 = 1
4
(ω +1)(ω +1) =

1
2
(1+ cos(2πx)) =⇒

∀ω ∈ T1 : |q(ω)| ≤ 1 and (|q(ω)|= 1 ⇐⇒ ω = 1) .
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By Thm. 5.12,(ii), this behavior is L2-stable, but not Λ1-stable since

spec(h(1)) = {1}=⇒ (1,1) ∈ char(B)\Λ1.

(ii) With the notations from Thm. 4.9 and from (i) choose

k = ℓ= 2, P := id2, Q :=
(

q 1
0 q

)
, H := P−1Q = Q =⇒

B :=
{

w ∈
(
(CZ)2

)N
; (id2 s0−Q)◦w = 0 or w(t +1) = Q(s1)◦w(t)

}
,

Qt =
(

qt tqt−1

0 qt

)
, |
(
Q(ω)t)

12 |
2 = t2|q(ω)|2(t−1) = t2

(
1
2
(1+ cos(2πx))

)t−1

.

It is obvious that spec(H(ω)) = spec(Q(ω)) = {q(ω)}. With (i) this implies that B
satisfies the necessary condition of Thm. 5.12,(i), for L2-stability. Now consider the
function

f (x) :=
1
2
(1+ cos(2πx))− (1−πx) with f (0) = 0, f ′(x) =−π sin(2πx)+π ≥ 0

=⇒∀x with 0≤ x≤ π−1 : |q(e2πix)|2 = 1
2
(1+ cos(2πx))≥ 1−πx≥ 0 =⇒

∀x with 0≤ x≤ π−1∀t ≥ 1 : |q(e2πix)|2(t−1) ≥ (1−πx)t−1 ≥ 0 =⇒∫ 1

0
|
(
Q(e2πix)t)

12 |
2dx≥ t2

∫ π−1

0
(1−πx)t−1dx = t2(πt)−1 = π−1t −→

t→∞
∞.

According to the proof of Thm. 5.12,(i), L2-stability of B implies L2-convergence to
0 of all entries of H(ω)t = Q(ω)t . The preceding calculation shows that this does not
hold for the entry (Q(ω)t)12, hence B is not L2-stable.
This example also shows that the the analogue of Willems’ conjecture in [24, Sect. VII,
(13)] for the continuous case does not hold in the discrete case.

Example 5.14. We construct a whole family of examples for Thm. 2.3 in the case
n = 2 and ℓ = 2 where the behavior B is not square-autonomous in contrast to [9,
Thm. 10]. Consider nonzero Laurent polynomials P,Q ∈ A = C[s1,s−1

1 ,s2,s−1
2 ] such

that P(ω) ̸= 0 for ω ∈ T2, hence P−1 ∈D(T2), for instance P = s1−2 and Q = s2−1.
Define R0 := (P,−Q) ∈ A1×2. The ring A is factorial, so the greatest common divisor
g := gcd(P,Q) ∈ A of P and Q in A exists. The factoriality of A also implies that

ker
(
(P,−Q)◦ : A2→ A

)
= A

(
g−1(Q,P)

)⊤
. (66)

This enables to determine all matrices E ∈ A2×2 as needed in Thm. 3.4, viz.{
E ∈ A2×2; ∃a ∈ A with R0E = aR0

}
={

E(a,b,c) :=
(

a+bQg−1 cQg−1

bPg−1 a+cPg−1

)
; a,b,c ∈ A

}
.

(67)

According to Thm. 3.4 any E = E(a,b,c) as in (67) gives rise to the matrix

R := R(a,b,c) :=
(

(P,−Q)
s0 id2−E(a,b,c)

)
∈ B3×2 (68)

and the time-autonomous behavior

B :=
{

w ∈W 2
B ; R◦w = 0

}
, WA := CZ2

, WB :=WN
A , with

B1 = im
(
B→W 2

A , w 7→ w(0)
)
=
{
( y

u) ∈W 2
A ; P◦ y = Q◦u

}
and transfer function H(ω) = P(ω)−1Q(ω) ∈D(T2).

(69)
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The three 2×2-subdeterminants of R are

d1 := det
(

P −Q
s0−a−bQg−1 −cQg−1

)
= Qdet

(
P −1

s0−a−bQg−1 −cg−1

)
=

Q
(
s0−a− (bQ+ cP)g−1) ,

d2 := det
(

P −Q
−bPg−1 s0−a−cPg−1

)
= Pdet

(
1 −Q

−bg−1 s0−a−cPg−1

)
=

P
(
s0−a− (bQ+ cP)g−1) ,
d3 := det(s0 id2−E) .

(70)

Hence the characteristic variety of B is

char(B) = {(λ ,ω) ∈ ΛN ; rank(R(λ ,ω))< 2}=
{(λ ,ω) ∈ ΛN ; ∀i = 1,2,3 : di(λ ,ω) = 0} .

(71)

To check the Λ1-stability condition char(B)
∩

Λ2 = /0 choose (λ ,ω)∈ char(B)
∩(

C×T2
)
.

The conditions di(λ ,ω) = 0 for i = 1,2 and the assumption P(ω) ̸= 0 imply

λ = a+(bQ+ cP)g−1 with a := a(ω),b := b(ω), ... and

d3(λ ,ω) = det
(

λ−a−bQg−1 −cQg−1

−bPg−1 λ−a−cPg−1

)
=

det
(

cPg−1 −cQg−1

−bPg−1 bQg−1

)
= bcdet

(
Pg−1 −Qg−1

−Pg−1 Qg−1

)
= 0.

(72)

We conclude that

char(B)
∩(

C×T2)={
(a(ω)+b(ω)(Q/g)(ω)+ c(ω)(P/g)(ω),ω) ; ω ∈ T2} .

Hence char(B)
∩

Λ2 = /0 ⇐⇒ ρ := ρ(a,b,c) :=

maxω∈T2 (|a(ω)+b(ω)(Q/g)(ω)+ c(ω)(P/g)(ω)|)< 1.

(73)

Thus the time-autonomous system B from (69) is Λ1-stable if and only if ρ < 1. If
this is the case and since P(ω) ̸= 0 on T2 Thm. 2.3 furnishes the L2- and pointwise
stability of B, and moreover the following canonical isomorphisms

B
∩(

L2(Z2)2)N ∼= B1
∩

L2(Zn)2 ∼= L2(Zn) resp.

B
∩(

S ′(Z2)2)N ∼= B1
∩

S ′(Zn)2 ∼= S ′(Zn)

w↔ w(0) = ( y
u)↔ u, w(t) = Et ◦w(0), ŷ = H(ω)û,

H(ω) = P(ω)−1Q(ω).

(74)

Since d3(λ ,ω) = det(λ id2−E(ω)) = 0 the value λ = a+b(Q/g)+ c(P/g) with a :=
a(ω) etc is one eigenvalue of E(ω). The second eigenvalue λ ′ of E(ω) satisfies

λ +λ ′ = a+b(Q/g)+ c(P/g)+λ ′ = trace(E(ω)) =

= 2a+b(Q/g)+ c(P/g), hence λ ′ = a, indeed d3(a,ω) = 0.
(75)

If ρ(a,b,c) ≥ 1 for the chosen (a,b,c) any r > ρ(a,b,c) gives rise to the vector
r−1(a,b,c) with
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ρ
(
r−1(a,b,c)

)
< 1 and thus to the matrix

R := R(r−1(a,b,c)) :=
(

(P,−Q)

s0 id2−E(r−1(a,b,c))

) (76)

whose associated time-autonomous behavior B from (69) is Λ1-, L2- and pointwise
stable. A special example is obtained by

P := s1−2, Q := s2−1, g = gcd(P,Q) = 1,
r := 5/2 < a := 3, b := c := 1,

ρ := maxω∈T2 (|3+(ω2−1)+(ω1−2)|) = 2 < r < a,

E =
2
5

(
s2+2 s2−1
s1−2 s1+1

)
, R :=

(
s1−2 −(s2−1)

s0−(2/5)(s2+2) −(2/5)(s2−1)
−(2/5)(s1−2) s0−(2/5)(s1+1)

)
.

(77)

The spectrum of the corresponding E(ω) is

spec(E(ω)) =
{

λ ,λ ′
}

with
λ = (2/5)(ω2 +ω1), |λ |< 1, λ ′ = a/r = 6/5 > 1.

Thus no E(ω) is asymptotically stable and the time-autonomous behavior

B′ :=

{
w ∈

((
CZ2

)2
)N

; (s0 id2−E)◦w = 0

}
={

w ∈
((

CZ2
)2
)N

; w(t) = Et ◦w(0)

} (78)

is neither Λ1-, nor L2-nor pointwise stable whereas its time-autonomous subbehavior
B has all these properties.
Assume that g = gcd(P,Q) = 1. Then the sequence

0→ A
◦(P,−Q)−→ A1×2

(
Q
P

)
−→ A is exact, (79)

hence the system module M1 := A1×2/A(P,−Q) of the WA-behavior B1 is contained in
A (up to isomorphism). This implies that M1 is torsionfree or, equivalently, that B1 is
controllable.
The A-module M1 is projective and thus free (Theorem of Quillen-Suslin for Laurent
polynomials) and hence B1 is strictly controllable if and only if the matrix (P,−Q) has
a right inverse or, equivalently, A = AP+AQ, i.e., if P and Q are coprime. If M1 is
not free or, equivalently, B1 is not strictly controllable, for instance for P = s1−2 and
Q = s2 +1, then Cor. 5.8,(2), is not applicable.
A computer calculation according to Cor. 3.5 shows that the behavior B defined by the
data in (77) is not square-autonomous and that hence Cor. 5.8,(1), (cf. [9]) is neither
applicable.

6 Constructions
All properties in context with time-autonomy can be checked constructively as will be
shown below.
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Result 6.1. ([18, Sect. 6]) Consider ΛN = Λ1⊎Λ2 from (14), ideals a⊆ A =C[s,s−1],
b ⊆ B = A[s0] and the data from Thm. 2.3, i.e., the f.g. torsion B-module M with its
nonzero annihilator bM := annB(M) and associated behavior B. The time-autonomy
of the behavior B can be decided by means of [12, Cor. 3.8]. One can decide con-
structively whether VΛN (b)

∩
Λ2 = /0 and whether V(C\{0})n(a)

∩
Tn = /0. This implies

that the Λ1-stability of B, i.e. the condition VΛN (bM)
∩

Λ2 = /0, and the condition
rank(P(ω)) = p for ω ∈ Tn with its ensuing smoothness of H can also be checked.
Whether the more general continuity of H on Tn in condition (i) of Thm. 5.6 can be
tested is presently open. Square-autonomy of B can be checked via Cor. 3.5 and
the strict controllability of Bd , i.e., the freeness of Md , by standard methods. These
computations also furnish a different constructive version of [9, Thm. 10, Sect. 5].

In the remainder we are going to discuss a constructive version of Thm. 2.2 and
have to use the Gröbner basis algorithm for polynomial modules for this purpose as
already in [12, Thms. 3.6, 3.7]. In deviation from the data of Section 3 we first use the
following data:

A := C[s] = C[s1, · · · ,sn]⊂ B = A[s0] = C[s0, · · · ,sn], WA := CNn
, WB =WN

A = CN×Nn
.

(80)
Below we will extend the considerations to the data of Section 3. We need the following
standard results concerning Gröbner bases (GB) [12, Sect. 3]. Let

R ∈ Bk×ℓ, rank(R) = ℓ, U := B1×kR, M = B1×ℓ/U, B :=U⊥ ⊆W ℓ
B,

and [ℓ] := {1, · · · , ℓ} , [ℓ]×Nn =
ident.

[ℓ]×{0}×Nn ⊂ [ℓ]×N×Nn = [ℓ]×N1+n ∋

(i,µ0,µ) = (i,µ0,µ1, · · · ,µn), (i,µ0,µ)+(ν0,ν) := (i,µ0 +ν0,µ +ν).
(81)

We use an arbitrary term (well-)order on [ℓ]×Nn and the induced lexicographic term
order on [ℓ]×N×Nn defined by

(i,µ0,µ)< ( j,ν0,ν) :⇐⇒ µ0 < ν0 or µ0 = ν0 and (i,µ)< ( j,ν). (82)

These term orders induce a degree function

deg : B1×ℓ \{0}→ [ℓ]×N×Nn with deg(sµ0
0 sµ δi) = (i,µ0,µ),

deg(ξ ) = (i,degs0
(ξ ),µ) and deg(U) = {deg(ξ ); 0 ̸= ξ ∈U}= deg(U)+N1+n.

(83)
With ΓB := ([ℓ]×N×Nn)\deg(U) one obtains the direct decompositions

B1×ℓ =⊕(i,µ0,µ)∈ΓBFsµ0
0 sµ δi⊕U and

B1×ℓ/U =⊕(i,µ0,µ)∈ΓBFsµ0
0 sµ δi, sµ0

0 sµ δi := sµ0
0 sµ δi +U.

(84)

Result 6.2. ([12, Thm. 3.6]) The behavior B is ta if and only if the set deg(U) contains
an element ( j,d( j),0) for every j = 1, · · · , ℓ, or, equivalently,

deg(U)⊇ ⊎ℓj=1 { j}× (d( j)+N)×Nn, d := max j d( j) =⇒

ΓB ⊆ [ℓ]×{0, · · · ,d−1}×Nn =⇒
(84)

B1×ℓ = ∑
j,µ0<d

Asµ0
0 δ j +U = B1×ℓ

d +U, Md = M,

where we use the notations from (25)-(28). Hence ta can be checked by a simple appli-
cation of the GB algorithm for polynomial modules.
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We now assume that ta of B has been constructively established. Via (30) we re-
place B by the isomorphic behavior Bst = ϕ(B) with the notations from (29) and
(30). The equations of the image behavior Bst can be computed by standard pro-
cedures. For notational simplicity we now assume that already B1 = B and M1 =
A1×ℓ/U1 =B1×ℓ/U where B1 =A and U1 =A1×ℓ∩U. Let G be the reduced GB with re-
spect to the term order from (82). Again standard arguments furnish G0 := G

∩
A1×ℓ ={

g ∈ G; degs0
(g) = 0

}
and that G0 is a reduced GB of U1 w.r.t the chosen term order

on [ℓ]×Nn, hence U1 = ∑g∈G0
Ag.

Lemma 6.3. Assume the data from (80)-(84) and that B is a time-autonomous behav-
ior with B∼=B1. For every j = 1, · · · , ℓ there is a unique g j ∈G with deg(g j)= ( j,1,0)
and G = G0 ⊎

{
g j; j = 1, · · · , ℓ

}
. The g j are of the form g j = s0δ j − E j− where

E ∈ Aℓ×ℓ. Thus G gives rise to the matrices and representations

R0 := (g)g∈G0 ∈ AG0×ℓ and R := (g)g∈G =
(

R0
s0 idℓ−E

)
∈ BG×ℓ

U1 = ∑
g∈G0

Ag = A1×G0 R0, U = ∑
g∈G

Bg = B1×GR,

B =U⊥ =
{

w ∈W ℓ
B; R◦w = 0

}
∼= B1 =U⊥1 =

{
v ∈W ℓ

A; R0 ◦ v = 0
}
, w 7→ w(0).

Proof. We apply (84) to U1 and U . Define

ΓA := ([ℓ]×{0}×Nn)\deg(U1)⊂ ΓB := ([ℓ]×N×Nn)\deg(U). The isomorphism

⊕( j,0,µ)∈ΓA
Fsµ δ j = M1 ∼= M =⊕( j,µ0,µ)∈ΓBFsµ0

0 sµ δ j, sµ δ j 7→ sµ δ j,

implies ΓA = ΓB. Let g = sµ0
0 sµ δ j + · · · ∈ G \G0, i.e., µ0 > 0. Then ( j,µ0− 1,µ) ∈

ΓB = ΓA and hence µ0−1 = 0, µ0 = 1. Since B is ta there is a g′ ∈ G with deg(g′) =
( j,d( j),0) where d( j)≤ 1 as just shown, hence deg(g) ∈ deg(g′)+N1+n. For reduced
GB this implies g = g′ and deg(g) = ( j,1,0). This proves the unique existence of
the g j ∈ G with deg(g j) = ( j,1,0). All other g ∈ G have deg(g) = ( j,0,µ) and thus
belong to G0, hence G = G0⊎

{
g j; j = 1, · · · , ℓ

}
. Since s0δ j is the leading term of g j

the representation g j = s0δ j−E j− with degs0
(E j−) = 0 or E j− ∈ A1×ℓ is obvious.

The asserted representations for U , U1, B =U⊥ and B1 =U⊥1 are direct consequences
of the just derived special form of the GB G.

We now return to the data from Section 3 with its Laurent polynomial algebras
A = C[Zn] = C[s,s−1] and B = A[s0] and corresponding signal spaces WA = CZn

and
WB = WN

A . The following reduction to the polynomial case originated in Zerz’ PhD-
thesis and was also used in [12, Sections 2,3]. With an additional list s′ = (s′1, · · · ,s′n)
of indeterminates we define the polynomial algebras and algebra surjections

A′ := C[N2n] = C[Nn×Nn] = C[s,s′]⊂ B′ := A′[s0] = C[s0,s,s′],

φ : A′→ A, s,s′ 7→ s,s−1, ϕ : B′→ B, s0,s,s′ 7→ s0,s,s−1,

with kernelsker(φ) =
n

∑
i=1

A′(sis′i−1), ker(ϕ) = B′ ker(φ) =
n

∑
i=1

B′(sis′i−1).

(85)

The corresponding signal spaces with their canonical actions are

WA′ = (A′)∗ = CNn×Nn
and WB′ =WN

A′ = CN×Nn×Nn
. (86)
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The injective dual maps of φ and ϕ are

D(φ) = φ∗ : FZn → FNn×Nn
, u 7→ u′, u′(µ ,ν) = u(µ−ν), (µ ,ν) ∈ N2n = Nn×Nn,

D(ϕ) : FN×Zn → FN×Nn×Nn
, w 7→ w′, w′(t)(µ ,ν) = w(t)(µ−ν), t ∈ N.

(87)
The componentwise extensions of φ and ϕ to f.g. free modules and of D(φ) and D(ϕ)
to finite products are denoted by the same letters. For d, ℓ > 0 and the notations from
(25) there result the commutative diagrams

(B′)1×ℓ ϕ−→ B1×ℓ∪ ∪
(B′d)

1×ℓ φ−→ B1×ℓ
d

and
W ℓ

B′
D(ϕ)←− W ℓ

B ∋ w
↓ proj′ ↓ proj ↓
(W ℓ

A′)
d D(φ)←− (W ℓ

A)
d ∋ (w(0), · · · ,w(d−1))⊤

(88)
where the horizontal maps ϕ ,φ are surjective and their duals D(ϕ) = ϕ ∗,D(φ) = φ∗
are injective. Now consider the matrix, modules and behavior

R̃ ∈ Bk×ℓ, rank(R̃) = ℓ, U := B1×kR̃, M = B1×ℓ/U, B :=U⊥. (89)

By multiplying R̃ with a suitable sµ , µ ∈ Nn, we assume wlog that R̃ ∈ C[s0,s]k×ℓ ⊂
(B′)k×ℓ. The preceding commutative diagrams induce modules, behaviors and maps

U ′ := ϕ−1(U) = (B′)1×kR̃+∑
i, j

{
B′(sis′i−1)δ j;1≤ i≤ n, 1≤ j ≤ ℓ

}
,

Ud =U
∩

B1×ℓ
d , U ′d =U ′

∩
(B′d)

1×ℓ = φ−1(Ud),

ϕind : M′ = (B′)1×ℓ/U ′ ∼= M = B1×ℓ/U, φind : M′d = (B′d)
1×ℓ/U ′d ∼= Md = B1×ℓ

d /Ud
(90)

and the commutative diagram with horizontal isomorphims and vertical surjections

B′ := D(ϕ)(B) = (U ′)⊥
D(ϕ)←− B =U⊥

↓ proj′ ↓ proj

B′d = (U ′d)
⊥ = proj′(B′)

D(φ)←− Bd =U⊥d = proj(B)

. (91)

All data in the preceding diagrams can be computed from those of B via Gröbner
bases.

Corollary 6.4. The behavior B is time-autonomous with B ∼= Bd if and only if B′ is
time-autonomous with B′ ∼=B′d , and this latter property can be constructively checked
with Result 6.2.

Proof. According to diagram (91) the surjective projection proj : B→Bd is also in-
jective if and only if this holds for the projection proj′ : B′→B′d . The injectivity of
these projections signifies ta.

We now assume that time-autonomy of B has been verified by the preceding corol-
lary. After application of Cor. 3.3 we assume wlog that B is ta with B ∼= B1, w 7→
w(0), and then also B′ ∼= B′1. The structure of B′1 is known from Lemma 6.3 which
implies the following

Theorem 6.5. Consider the data from (85)-(91) and assume that the time-autonomy of
B with B ∼= B1, w 7→ w(0), and hence B′ ∼= B′1, w′ 7→ w′(0), has been established.
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Let G′ ⊂ (B′)1×ℓ be the reduced Gröbner basis of U ′ from Lemma 6.3 applied to the
polynomial algebra B′ = C[s0,s,s′], thus

G′ = G′0⊎
{

g′j; j = 1, · · · , ℓ
}
, G′0 =

{
g′ ∈ G′; degs0

(g′) = 0
}
,

g′j = s0δ j−E ′j−, E ′ ∈ (A′)ℓ×ℓ. Then

B1 =U⊥1 =
{

v ∈W ℓ
A; R0 ◦ v = 0

}
, B =U⊥ =

{
w ∈W ℓ

B; R◦w = 0 = 0
}

where

R0 := (φ(g′))g′∈G′0
∈ AG′0×ℓ, R = (ϕ(g′))g′∈G′ =

(
R0

s0 idℓ−E

)
∈ BG′×ℓ, E := φ(E ′).

These are the representations of B from Thms. 2.2 and 3.4 which are used in Thms.
5.6 and 5.11.

Proof. The result follows directly from the explicit form of U ′1 = (B′)1×G′R′ according
to Lemma 6.3 since

U = ϕϕ−1(U) = ϕ(U ′) = ϕ((B′)1×G′R′) = B1×G′R, R = ϕ(R′).

7 Added in proof on June 26, 2013
We show that the assumptions on the IO decomposition of Bd in Thm. and Def. 2.3
are not necessary for asymptotic stability. We need the characteristic variety or variety
of rank singularities of a non-autonomous behavior [10, Cor. and Def. 7.71, Remark
7.72]. For the data from (7) and (10) it is given as

char(B) := {(λ ,ω) ∈ ΛN ; rank(R(λ ,ω))< rank(R)} . (92)

Notice that rank(R)< ℓ unless B is autonomous and that the last two equalities of (12)
only hold for autonomous B. Analogously the characteristic variety of a WA-behavior

B0 =
{

v ∈W ℓ
A; R0 ◦ v = 0

}
, R0 ∈ Ak×ℓ, is

char(B0) := {ω ∈ (C\{0})n ; rank(R0(ω))< rank(R0)} .
(93)

Then char(B0) = /0 if and only if the module A1×ℓ/A1×kR0 is projective [10, Cor. and
Def. 7.71] and thus free (Quillen-Suslin), i.e., if B0 is strictly controllable.

Theorem 7.1. A spectrally stable and time-autonomous behavior B ⊆W ℓ
B with proj :

B ∼= Bd is L2- and pointwise stable if (i) char(Bd)
∩
Tn = /0 or if (ii) B has the ta

normal form from Thm. 2.2 with k = 1:

B =

{
w ∈

(
W ℓ

A

)N
; R0 ◦w(0) = 0, ∀t ∈ N : w(t) = Et ◦w(0)

}
∼=

B1 =
{

v ∈W ℓ
A; R0 ◦ v = 0

}
, 0 ̸= R0 ∈ A1×ℓ, E ∈ Aℓ×ℓ.

(94)

The proof is a variant of that of Thm. 2.3. Notice that R0 is assumed as just one row
in (94). The condition char(Bd)

∩
Tn = /0 generalizes the condition rank(P(ω)) = p

for ω ∈ Tn of Thm. 2.3 which therefore is not necessary for asymptotic stability.
Neither is condition (i) since in case (ii) char(B1)

∩
Tn = {ω ∈ Tn; R0(ω) = 0}. We

conjecture that in general asymptotic stability of a time-autonomous behavior requires
some additional condition besides spectral stability.
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