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Abstract

We generalize the important paper D. Napp-Avelli, P. Rapisarda, P. Rocha,
"Time-relevant stability of 2D systems’, Automatica 47(2011), 2373-2382, to dis-
crete time-autonomous (ta) (=time-relevant), but not necessarily square-autonomous
behaviors in arbitrary dimensions. This paper and therefore also the present one
were essentially influenced by the papers J. Wood, V.R. Sule, E. Rogers, *Causal
and Stable Input/Output Structures on Multidimensional Behaviors’, SIAM J. Con-
trol Optim. 43(2005), 1493-1520, and J.-C. Willems, ’Stability and Quadratic Lya-
punov Functions for nD Systems’, Proc. International Conference on Multidimen-
sional (nD) Systems, Aveiro, Portugal, 2007. In the present paper the discrete
domain of the independent variables is the lattice of vectors of integers of arbitrary
(but fixed) length whose first component is a natural number and interpreted as a
discrete time instant. The stability of an autonomous behavior is defined by a spec-
tral condition on its characteristic variety. The behavior is time-autonomous if each
trajectory is determined by a fixed number of its initial values. Under a weak addi-
tional condition a discrete stable and time-autonomous behavior is asymptotically
stable in the sense that under suitable initial conditions its trajectories converge
to zero when the time tends to infinity. We derive algorithms for the constructive
verification of the assumptions of most of our results and in particular establish
a constructive normal form of ta behaviors in arbitrary dimensions. The Fourier
transform on finitely generated free abelian groups plays an important part in the
derivations as it already did in the quoted papers. Stability and stabilization of mul-
tidimensional discrete behaviors were previously discussed by various colleagues,
for instance by Bisiacco, Bose, Fornasini, Lin, Marchesini, Pillai, Quadrat, Rogers,
Shankar, Sule, Valcher, Wood, but only partly from the analytic point of view.
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1 Introduction

A discrete linear time-invariant autonomous system or behavior is asymptotically stable
(abbreviated as "as. stable") in the sense that all its trajectories converge to zero in the
positive time direction if and only if it satisfies the spectral stability condition that all
its characterisitic values belong to the open unit disc (cf. [14, Thm. 7.2.2,(i) and proof,
Ex. 7.8 on p.271]). In particular, the powers M’ of a square complex matrix converge
to 0 for  — oo if and only if the spectrum of M, i.e., the set of its eigenvalues, belongs
to said disc, whence the term spectral condition. The goal of this paper is the gener-
alization of the preceding one-dimensional notions and result to discrete autonomous
systems in arbitrary dimensions. For dimension 2 this was done in the important paper
[9] by Napp, Rapisarda, Rocha which was essentially influenced by the papers [25] and
[24] on continuous multidimensional stability. In dimension 1 bounded input/bounded
output stability of an input/output system follows from the internal as. stability of its
autonomous part. In the present paper, however, multidimensional input/output stabil-
ity is not addressed, but was discussed in [25], [17] and [16]. By definition a signal
approximates another one if the difference signal is as. stable. Since such approxima-
tions are ubiquitous in observer and stabilizing compensator design the significance of
as. stable signals and systems for one- and multidimensional systems theory is obvi-
ous.

In a higher dimensional real space there is no obvious preferred direction or cone with
respect to which as. stability could be defined, but see [13], [23] and [20] for the dis-
cussion of such cones. Here as in [9] we define the as. stability of a multidimensional
trajectory with respect to a distinguished independent time variable and therefore as-
sume that the trajectories w of the considered discrete behaviors are vector functions

w:NxZ" —)CE(COIUI’IIHS), (t,/.l) = (tuulv"' 7.“’”) »—>w(t,u), (1)

where ¢ is interpreted as a discrete time instant and the total system dimension is
1 +n, n> 0. The group Z" is chosen instead of, for instance, the monoid or lattice
N”" for the later application of the Fourier transform. The value of w at time ¢ is the
function

w(t): Z" = C' = w(t)(n) == w(r, ). (2)
As. stability of w is then defined by the condition lim,_,. w(#) = O where different
types of convergence can be chosen. We treat L?-convergence as in [9] and pointwise
convergence. In contrast to dimension 1 the as. stability of a multidimensional trajec-
tory requires, besides the spectral condition, additional properties of the functions w(z),
for instance being square summable in the L>-theory. Such properties are assumed as
initial conditions on w(t) for time instants = 0,--- ,d — 1 and then concluded for all
w(t), t € N, by means of time-autonomy, whence the significance of this latter prop-
erty. Here a system is called time-autonomous (abbreviated as "ta") if there is a time
instant d € N such that all trajectories w of the system are uniquely determined by their
d initial data w(0),--- ,w(d — 1) (cf. [12] and its references for the history of this term
and its principal contributors). In dimension 1 autonomy and ta coincide.
The multidimensional analogue of the finite set of characteristic values of a one-dimen-
sional autonomous behavior is the characteristic variety char(%) of a multidimen-
sional autonomous behavior 4. It is an algebraic subvariety of C!*" and determines
the bases of the powers of the polynomial-exponential trajectories of the behavior and
therefore the growth and stability properties of these trajectories. In contrast to dimen-
sion 1 a multidimensional autonomous behavior % contains, in general, many trajecto-
ries which are not polynomial-exponential. Therefore a direct translation of properties
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of char(%) into properties of all trajectories of Z is impossible. The characteristic
variety has played a prominent role in Algebraic Analysis since the fundamental work
of Ehrenpreis, Malgrange and Palamodov on linear systems of partial differential equa-
tions with constant coefficients in the 1960s and is exposed in the needed generality for
the present paper in [18]. The spectral stability condition of the one-dimensional case
now obtains the form

char(%) ﬂAg = () where

3
A= {(l,wl,m L0,) €CH A > 1, Vi=1,-- n: o] = 1} ®
is the chosen region of instability of this paper. In dimension 1 this region A is the
closed exterior of the unit disc. The chosen instability region generalizes that of [9]
which, in turn, was influenced by the choices in [25] and [24] in the continuous case.
Below in (16) we will justify this choice by an argument from [25, §3].
In the main stability result Thm. 2.3 of this paper we generalize [9, Thm. 10] to not nec-
essarily square autonomous discrete behaviors in arbitrary dimensions and show that
time-autonomy (=time-relevance in [9]) and spectral stability of a multidimensional au-
tonomous behavior and a weak additional condition imply asymptotic stability under
suitable initial conditions. In dimension 2 square autonomy can be assumed w.l.o.g.
[22, Prop. 2.3,(1)], [9, Lines before Thm. 10]. In Example 5.13,(i), we show that in
contrast to dimension 1 time-autonomy and asymptotic L-stability do not imply spec-
tral stability and thus slightly correct [9, Thm. 10]. Example 5.14 contains a family of
examples for our main Thm. 2.3 in dimension 3 = 1 + 2 with behaviors that are not
square-autonomous in contrast to [9, Thm. 10]. Thm. 2.1 gives a new constructive
characterization of ta.
The whole paper is written in the language of multidimensional behaviors over a suit-
able injective cogenerator signal module and makes constant use of the ensuing duality
between these behaviors and finitely generated modules over the associated operator
domain (cf., for instance, [12] or [18]). The principal additional technical tool for the
proof of the main result as already in [9] is the Fourier transform for the group Z"
which is employed like the Fourier transform on R” in connection with hyperbolic and
parabolic systems of partial differential equations [6, Ch. III].
Section 2 contains a summary of the paper in precise mathematical language which is
then used in all subsequent sections. In Section 3 we derive new characterizations of
discrete ta behaviors that improve those from [12, Thm. 3.7]. Section 4 introduces the
discrete Fourier transform according to [19, §VII.1] and derives several consequences
for input/output behaviors. Section 5 contains the paper’s main results on asymptotic
stability. In Section 6 we show the constructivity of most of the paper’s results.
Stability and stabilization of multidimensional discrete systems were studied by many
authors, for instance by Bose [1], Shankar/Sule [21], Lin [8], Quadrat [15]. The survey
article Oberst/Scheicher [11] contains a comprehensive list of references. The ana-
lytic properties of trajectories of stable behaviors have been treated more rarely, for
instance by Bisiacco/Fornasini/Marchesini [5], [3], [4], Pillai/Shankar [13], Valcher
[23], Shankar [20], Wood/Sule/Rogers [25]. The paper [9] was essential for our present
considerations.

Acknowledgement: We thank our colleagues Tobias Hell and Peter Wagner for
their essential ideas for the proof of Lemma 4.2 and the reviewer and editors for their
suggestions to improve the paper’s presentation.
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2 A mathematical summary

The main results of this paper are summed up in Thms. 2.1 and 2.3. To enable the
understanding of these theorems we first introduce the required terminology which is
also used in all subsequent sections.

As indicated in the Introduction we consider discrete 1 4 n-dimensional behaviors over
the lattice N := N x Z", n > 1, of independent variables (z,u) = (¢, i1, -+, Un) Where
the distinguished first component 7 is interpreted as discrete time. Due to its importance
for the Fourier transform we use the base field C of complex numbers and the signal
spaces

Wy := CZ" and Wy := CNV*Z" = WAN,

4
Wi 3w = (0l 1) e = 09(0),w(1), ), w(t) € Wa, w(t) (0) = wit,p).

The signals w € Wp are thus interpreted as time series of signals w(r) € Wy = C%" at
the discrete time instance ¢ € N. Let (so,s) = (50,51, ,5,) be a list of indeterminates.
The associated operator C-algebras are

A=C[Z" =Cls,s '] = DpeznCst, s = (s7',--+ s, '), and

n

&)
B:=C[N] = A[so] = C[s0,5,5 '] = Bren ueznCspst.

So A and B are Laurent polynomial algebras which act on Wy resp. Wp by the standard
shift actions o, for instance (s ou)(v) = u(p+v) foru € Wy and p, v € Z". There are
the canonical identifications

A* :=Homc(A,C) =Wy 3 u, u(s*) =u(u), and B* = Wp. (6)

The modules Wy resp. Wp are large injective cogenerators in the category Mody of
A-modules resp. in Modp and give rise to the standard strong duality between finitely
generated (abbreviated as "f.g.") modules and behaviors, compare (7) and, for instance,
[12, Sect. 2].

The signal space W, contains the spaces .&’(Z") D L?(Z") (cf. (36)- (37)): A signal
u= (u(l))uczr € Wa belongs to .’ (Z") if u(p) grows at most polynomially with u
and to L?(Z") if ¥ ez [u(i)* < oo.

We need Wg- and Wy-behaviors. A Wg-behavior % C Wlf is defined by a matrix and its
associated f.g. B-modules

k
ReB™' U=B"*R:=Y BR_ CB™',M:=B"'/U:
i=1
soly, (M = D(M) :=Homg(M,W, = (7N
WB( ) Malgrange 1962 ( ) B( B) Malgrange 1962

%’::{WGWg;Uow:O}:{WEWé;Row:O}.

Here B'*! resp. W := W;*! consist of row resp. column vectors and the action o of B
on Wp is extended to matrix actions

l
B x W ™ — W™, (R,X) = RoX,, (RoX)ij:= Y RigoXy;. ®
q=1
The modules U resp. M are called the equation module resp. the system module of
the behavior 2. The behavior Z is called autonomous if no component w; of the
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trajectories w = (wy,--- ,w¢) | € Ais free, i.e., if foreach j=1,--- £ there is a nonzero
f;j € B such that fjow; = 0 for all w € Z. By duality autonomy of 2 is equivalent to
the following properties: rank(R) = £ or M is a torsion module or the annihilator ideal

anng(M) := {b € B; bM =0} o anng (%) 9)

uality
is nonzero. For purposes of algebraic geometry we need the set
Ay =Cx (C\{0})"={(4,w); A €C, ® € (C\ {0})"} (10)

of 1+ n-dimensional complex vectors which can be substituted into Laurent polyno-
mials f(so,s) € B. The variety or vanishing set of an ideal b of B is

Vay(0) :={(4,m) € Ay; Vg € b; g(A,0) =0} . (11)

The characteristic variety [18, (51)] of an autonomous behavior Z or its torsion system
module M from (7) is the variety

char(#) := char(M) := {(A,®) € Ay; rank(R(A,®)) < rank(R) =} =
Vay (anng(M)) =V, (anng(A)).

The last equation shows that it depends on £ only and not on the special choice of R.
For stability purposes we have to use the discs and tori

D' :={z€C; |z < 1},@1 ={z€C; |7| <1},

T! .= {z€Cilz| =1} = 8(]1])1), ™ := (Tl)n, hence (13)
R/Z =T, x+ 7+ exp(2mix), and R"/Z" = T"

and the disjoint stability decomposition
Av=MANWYA,, Ay:={A€C; |A|>1} xT" (14)

where A resp. A, are considered as the stable resp. unstable region, the instability
region A, coming from (3).

Definition 2.1. Consider an autonomous behavior Z from (7) with its torsion system
module M. Then % and M are called A;-stable if the spectral conditions

char(%) C A or, equivalently, char(%) mAz =0
are satisfied.
The A;-stability of £ also signifies that
(A, ) € char(#) and @ € T" imply A € D'. (15)

As announced in the Introduction we give an argument from [25, §3] in the continuous
case, for simplicity in dimension 2 = 1+ 1, which suggests this special choice of A; to
reach asymptotic stability: A typical polynomial-exponential trajectory of a behavior
is a finite sum of trajectories

W(t,‘l.l) = W()(l,‘u)lt(l)/"l, 0F#wo € (C[t’u]z’

16
0#£4,0weC, (A,w) €char(A),t e N,u € Z. (16)
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The function wy is polynomial in ¢ and p. If |@| # 1 then the functions w(¢) grow
fast for y — oo or g — —oo if wy(¢,—) # 0 and such trajectories are undesirable, for
instance by reasons of physics, and excluded by suitable initial conditions. If |@| = 1
and |A| > 1 then w(z, i) does not converge to zero for t — oo if wo(—, it) # 0 and this
prevents as. stability. Such trajectories are excluded too by choosing the instability
region A, := {(A,®) € C*; |A| > 1, |@| =1} from (3) or (14).

The Wg-behavior 4 C Wg is called time-autonomous (ta) or time-relevant [9, Def. 5]
if there is a time instant d such that the projection

d
proj : # — (W/f) =Wy, wis (w(0),--- ,w(d—1))", is injective and hence

proj : B = By = proj(B).

a7

Here the image %, := proj(#) C Wfd is a computable Wy-behavior. The following
theorem is a summary of the Thms. 3.2, 3.4 and 6.5 where we give a new constructive
characterization of ta behaviors.

Theorem 2.2. The behavior B from (7) is ta if and only if the B-module M is f.g. as A-
module or if and only if B is isomorphic to a behavior %' = {w’ € ng; Row = O} -

Wlf/ where the matrix R’ and the behavior ' have the following ta normal form:
R = (Soid‘jf’fE) CRo e AMXU E e AU 3x € AVK \ith RyE = XRy,
@’:{w’ewg’;R’ow’zo}z (18)
- {w' € WS Roow'(0) =0, ¥t € N: w/(t) = E' ow’(O)} .

Thus a trajectory w' € ng belongs to A’ if and only if its initial value w'(0) satisfies
Ry ow (0) = 0 and if the remaining components w'(t) are determined by the dynamic
equations w'(t) = E' ow'(0). In other words, the projection

B~ iﬁ{ﬂeWﬂRMVZO}WW+W@% (19)

rom the Wg-behavior %' onto the Wy-behavior %, is an isomorphism.
1 1%

The existence of X with the commutation relation RgE = X R ensures that the Wj-
equations Ryow’(0) =0 and w'(¢) = E" ow'(0) imply the Wg-equation Ryow = 0.

Let CO(T”) resp. 2(T") denote the C-algebras of continuous resp. smooth func-
tions on T". If g € A is nonzero its set of zeros in T" has measure zero (Lemma 4.2).
If g has no zeros in T” the function g~ : ® — g(@)~! is smooth. So many rational
functions H € C(s) can be considered as continuous or smooth functions on T" and the
same applies to matrices H € C(s)P*"".
The main result of the paper is the following condensed form of Thms. 5.6, 5.11,
4.7,(2) and Lemma 4.1.

Theorem and Definition 2.3. Assume that the autonomous behavior % from (7) is A|-
stable and time-autonomous with the isomorphic projection proj : B = %,. In addition
assume any input/output representation of %, with transfer matrix H € C(s)P*™:

By = {(ﬁ) EW[H"; Poy= Qou}7 ld=p+m,
(P,—Q) € A¥P*™) rank(P) = rank(P,—Q) = p, PH = Q.

(20)
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Ifwe %,
(i) L2(zm)* (i) H is continuous on T"
w(0),- ,w(d—1) € {(ii) () {(ii) rank(P(®)) = p for ® € T"
' (i) L2(zm* (i) lim,_w(t) = 0 € L2(Z")*
then Vi € N: w(t) € {(ii) ST {(ii) Vi € 70 limew(t, 1) =0

(2D
where the limit in L (Z") is taken with respect to the norm ||u||» = (Lpezn lu(m)?) 12

Moreover the projections

(Z) ggm (LZ(Zn)()N ﬂ %dﬂLz(Z’l)”+'" M LZ(ZVL)m
(ii) BN (7 (2" 2% 0.7 (zrypm 2 gy (22)
w e (w(0),-,wd=1))" = () = u,

are bijective, in particular, the required initial conditions (i) w(t) € L*(Z")* resp. (ii)
w(t) € .72 for 0 <t < d— 1 can be satisfied by an arbitrary choice of the input
component w in (i) L*(Z")" resp. (ii) .7 (Z")™.

The assertions in (21) and (22) up to the second projection in (22) also hold if in
addition to ta and A -stability the behavior 2 from (7) is square-autonomous (compare
[9, Thm. 10] for n = 1) with R € B”** and det(R) # 0 or if %, is strictly controllable,
i.e, Bqg=W] for some m.

The limit conditions in (21) for (i) w € B (LZ(Z”)Z)N resp. (ii) w € B (,V’(Z”)Z)N
are called asymptotic L2- resp. pointwise stability of 2.

Recall that every behavior admits various input/output (abbreviated as "IO") de-
compositions as used in (20). At present we do not know whether the assertions of
the preceding theorem hold without the assumed properties of the IO decomposition of
By.

3 Time-autonomous behaviors

The characterization of ta in Thms. 3.2 and 3.4 below completes that of [12, Thm.
3.7] with a substantially simpler proof. As in [12, Thm. 3.7] the following consider-
ations hold for an arbitrary F-affine integral domain A over a field F, the injective
A-cogenerator Wy := A* := Hompg (A, F) with its canonical A-action, the polynomial
algebra B := Al[sy| and the injective B-cogenerator

Wz = Homp(B,F) = Homy(B,Wy) = Wj.

ident. ident.

J
For the modules and behavior from (7) let §; := (0,---,0,1,0,---,0), j=1,--- ¢,
denote the standard basis of C1*¢, hence

M=B"'/U=Y C(s{s"8;+U) =Y A(s48;+U) = Y B(5; +U).
TN tj J
There are the canonical isomorphisms
Homg (M, C) = Homy (M, W4) = Homg(M,Wg) = B, 0.+ @ — ¢ — w,

23
with w;(t, 1) = a(sos* 6, +U) = (556, +U) (1) = ¢(8;+ U) (2, 1). (23)
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We will mostly identify all isomorphic modules from (23).

In the remainder of this section we assume that & from (7) is autonomous and that
b := anng(M) is the nonzero annihilator of the system module M. Then M is a f.g.
B/b-module and

B:=B/b=A[%] > M' g=g+b— (g8 +U, - ,g8+U) (24)
is injective. We consider the filtration of B = A[so] and of B'** by the A-submodules
By :=&IZ4As{, d > 0, hence By =0, B =4, B = o, &l As{s;.  (25)

By duality the injection inj : B}lXZ C B! induces the surjective projection

proj := inj* : Wy = (W)N = Home (B"*¢,C) = Homy (B, W,) —

d
(Wi)" = Wi = Home(BY!,C) = Homa (B!, Wa), wi— (w(0), -+ ,w(d = 1))
(26)
The A-modules U, := B}I,Xf AU and M, := Bgixe /Uy give rise to the dual commutative
diagrams with the canonical maps

Bt B wpi= ()T B wt = (B
J can N J can and U . U 27
My oM Ui =M; X g=mr=Ut

where the induced map inj;,4 is injective and hence proj: # — U dL is surjective. Notice
in particular that

s

U =AY YU CU,C- CU=|JUjand M, =A" /U, CM C - C
d=1 d=1

(28)

Summing up we obtain
Corollary 3.1. For the preceding data the image of the Wg-behavior 8 = U+ C Wé

under the projection proj : Wlf = (W/f)N — (Wf)d is the Wy-behavior

By = proj(B) = {(w(o),... wd—1)T;we 93} —UtcC (Wf)d —wi.

Theorem 3.2. Assume that the behavior 9B from (7) is autonomous with the derived
data from (24)-(28). Then the following assertions are equivalent:

1. A is time-autonomous (ta).
2. The f.g. B-module M is f.g. as A-module and hence (cf. (23))
Homc (M, C) = Homy (M, W,) = Homg(M,Wp) = #
is also a Wy-behavior.
3. The element 55 = so+b € B= B/b = A[sq] is integral over A.

4. There is a monic (in sy) polynomial | = s(d) —|—fd_1sg*1 +---+ fo € B=Also]
which annihilates M or A, i.e., f € b.

My =M.
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In particular, ta of 9 depends on 9B only and is independent of its matrix representa-
tion.

Proof. 1.=>2.: By definition and by Cor. 3.1 there is d € N such that proj : Z — %,
is bijective. With (27) we conclude that also M; = M which is A-f.g..

2. = 1.: For A-f.g. M equation (28) implies the existence of d € N with M; = M and
then the isomorphism proj : & = %;.

2. = 3.: If M is A-f.g. the injection B = B/b — M’ from (24) implies that B is also
A-f.g. In particular B and especially 5p are integral over A.

3.=>4.: Since 57 is integral over A there is a monic univariate polynomial f(x) = xg +
Ja1x" -+ fo € A[x] such that f(50) = 0 or f(s0) = s§+ fa—155 '+ +fo€b.
4. = 2.: If 55 € B = A[5g] is integral over A then B is a f.g. A-module. But M is a f.g.
B- and B-module. Together these properties imply that M is a f.g. A-module. 0

The more difficult proof of [12, Thm. 3.7] is still useful for the actual computation
of a monic polynomial f = sg +fd,1sg*1 +--+foeBwith fM=0, fo#B=0
according to [12, Cor. 3.8].

For w e Wi = (Wf)" define

xe (W,fd)N by x(t) = (xo(t), - xa_1(1)) T = (w(t), -, w(t+d—1))T e Wi = (W/f)d.

Then ¢ : Wi — Wi, w s x = o(w),
(29)
is an injective behavior morphism with the left inverse x — w, w(t) := xo(¢). For any
behavior  C W define the image %y := ¢ (). Then ¢ induces the isomorphism

d
O BBy, wis x, xi(t) =w(t +i), and By = By 1 C Wi = <W/f) . (30)

Corollary 3.3. Assume that the autonomous behavior B in Thm. 3.2 is ta and that
My =M, d > 0. Then also By is ta and there is the commutative diagram of behavior
isomorphisms

2 "™ g we (w(0), w(d—1))T,
oo ||
Bt M %St,h X = x(O)

Thus it suffices to study ta behaviors with % = ) in the sequel.

Theorem 3.4. The autonomous behavior % C ng from (7) is ta with B = By, w —
w(0), if and only if there are matrices

Ry € A E € A" X € A** and then R := (soifle) € BUHOxEyih
RoE = XRy and B = {w IS ng; Row= 0}. Then

P = {v cwy; Roov:O} and (w € B < w(0) € By and w(t) = E' ow(0)).
(€2
Proof. =>: Let % := U be ta with % = ;. From (28) we infer the isomorphism
My, =AUy =B U, Uy == A (U, hence B™ =4 1 U.
Define E € A” by 508, = Ej— +uj, u; €U, j=1,--- L.
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The matrix E € A’ makes A'*! a B-module with s - & := EE. For £ € U; we derive

V4 l l
s0-§=CE=Y &Ej =Y &i(s08j—uj) =50 - Y GujeU—
j=1 j=1

j=1
so-Uy=UE CUjand (s0- &)+ U =s50(E+U).
We conclude that U, is a B-submodule of A, that M, = A1X€/U1 is a B-module with
so(E+Uy) = (so-&)+U; = EE +Uj and that M| = M is a B-isomorphism. By duality

2, is a B-module with soov = Ev and the projection proj : Z — %1, w— w(0), is
bijective and B-linear, i.e.,

w(t) = (show)(0) = show(0) = E'w(0), w € B.

Let Uy =A"*Ry, Ry € AP*, hence %, = {v € W{; Ryov = 0}. Since so-U; =U,E C
U, there is a matrix X € A¥*¥ with RyE = XRy, and then also RoE' = X'Ry. Forw € #
with w(z) = E' ow(0) this implies ( with R from (31))

Vt €EN: Ryow(t)=0= Ryow=0=—= BC H = {weWg;Row:O}.

If, conversely, w' € ' then Ryow’(0) = 0 and w'(¢) = E'w/(0). Since & = %, there
is a unique w € % with

w(0) =w'(0) and w(t) =E'ow(0) =E" oW/ (0) =w/(t) =W =we B=— %' = B.
<= For
B = {weWé; Row:O} =

{wewg; Vi eN: Ryow(t) =0, w(t+1) :Eow(t)}, XRo=RoE,

the projection Z — % := {v € WY Ryov = 0}, w w(0), is bijective with the in-
verse map w(0) — w := (E" ow(0));en. The equation RyE" = X'Ry is used here to
conclude Ryow(r) =0 forall t € N, i.e., Rpow =0. O

The next corollary permits to decide constructively whether 4 is square-autonomous
which, in contrast to the case n = 1 of [9], is rarely the case forn > 1. Let R € B xk
be a universal left annihilator of R so that

can

oR R .
plki 20, plxk R, pIxt G0 ar () is exact, hence

(32)
Bk /BVhiR =~ = BUKR x4+ BUMR| s xR.

The Quillen-Suslin theorem for modules over the Laurent algebra B implies that a f.g.
projective B-module U is free.

Corollary 3.5. Assume that in (7) the behavior 2 is autonomous or rank(R) = £. Then
the following assertions are equivalent:

(i) The behavior A is square-autonomous, i.e., U = BI¥kR = BIx(R/ for some
square matrix R' € B with det(R') # 0.

(ii) The module U is free, necessarily of dimension { since rank(R) = ¢, or, equiva-
lently, projective. In other words, this signifies that M has projective dimension
at most 1.
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(iii) There is a matrix Sy € BX* such that RiS1R; = R;.
These conditions imply: E; .= S|R] = E12 RE;1 =R,

BleE] :BIXklR], Bl><k — BleEl @lek(idk _El) and
lek(idk 7E1) glek/lekE1 :lek/leklRl ).
The universal left annihilator Ry can be computed with all Computer Algebra systems.

The existence of S| and of E1 = S1R| and the projectivity of U can be checked by means
of [11, Alg. 8.2,(4)].

Proof. (i) <= (ii): obvious.

(if) <= (iii): The projectivity of U = B'*¥ /B*k1 R, is equivalent to B'*¥I R| being a
direct summand of B, This, in turn, signifies that there is an idempotent (projection)
matrix E; = E12 € Bk such that BY**1 Ry = BY*KE; or

E1 = SlRl for some Sl and R1 =R1E1 =R151R1.

4 Application of the Fourier transform

The assumptions of Sections 1, 2 and 3 remain in force, in particular A = C[Z"] =
(C[s,s"]. The Fourier transform is an essential ingredient of [24] and [9] and there-
fore also of this paper. The following results on this transform are taken from [2, §II.1]
and [19, §VIIL1].

The multiplicative abelian groups T' and T" are compact and thus [2, Ch.II] is appli-
cable to them. The form (cf. (13))

Z'"xT" =T, (1, 0) — ot = of" - aof, (33)
is non-degenerate and induces the isomorphism
T" = Hom(Z",T!), @ — (1 — oM), (34)

where Hom(Z", T") is the group of homomorphisms or characters from Z" to T'. We
need various spaces of functions on Z", i.e, of multi-sequences, and of functions on T",
viz.

C” > .7z > L2z, 2'(T") > LA(T") > (1), (35)
with the following specifications: The space .#’(Z") consists of sequences v of slow
or at most polynomial growth [19, (VI 1;2)], i.e.,

SNL") = {v € CZ", 3M > 0,k € N with [v(u)| < M\mk} (36)

where || := ||+ - -+ |y|. The space L?(Z") is given as
LX(Z") = {v eC”; Y (< oo}. (37)
nezr

The notation is that of [2, Ch.II] which is in contrast to the widely used ¢,(Z"). This
is a Hilbert space with the hermitian scalar product < u,v >:= ¥, czn u(p)v(u) for
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u,v € L2(Z") and the 2-norm ||v||; := (pezn v(w)]?) /2 Here 7 denotes the complex
conjugate of z € C. The finite powers L?(Z")’ inherit the Hilbert space structure. The
spaces .7’ (Z") and L?(Z") are A-submodules of Wy = C%". Time autonomy enters the
subsequent considerations by means of the following lemma.

Lemma 4.1. (compare [9, Prop. 8]) If B is ta with B = By,w — (w(0),--- ,w(d —
1)) 7, then also

2 («5”’(2")4)N ~ %, (y”(zn)f)d, 2 (Lz(Zn)z)N ~ 3, (Lz(zn)f)d,
or, in other terms, if (38)
Sz
L2(Zm)*

y/(Zn)é

weERBandVt<d—1: w(t)e{ L2(z7)

thenVt € N: w(r) € {
(39)

Proof. 1t suffices to prove this for a ta behavior in the normal form of Thms. 2.2, 3.4:
N
B = {w € (Wf) ; Roow(0) =0, w(r) —E’ow(O)} =
B = {vve; Roov:O}7 w — w(0).

Since L*(Z") and .#'(Z") are A-submodules of Wy = CZ" and w(t) = E" o w(0) the
assertion follows. O

The space 2'(T") is the space of distributions on the smooth manifold T" = R" /Z"
which is the dual space of the Fréchet space Z(T") of smooth functions on T”. The
functions ¢ in this space are identified with the smooth functions ¢ on R" which are
Z"-periodic, i.e., satisfy @(x+ 1) = @(x), x € R", u € Z". The identification is given
by

a(xh___ ,xn) — (p(eZEiX)7 eZﬂ:ix = (827“')‘17. . ’627171'):,,)’ (P((D) — a(x) if 0 = eZﬂ:ix.
(40)
The partial derivatives d;¢, j = 1,---,n, of ¢ € Z(T") are defined by
(9;9)(e*™) := dp(e*™) /dx;, for instance d;* = (2mi)p; 0",

aeN" | =)+ 40y, % := M x---x 9%, 9% = (27i)1* u* wH.

(41)

In the same way the continuous functions f € C°(T”") are identified with Z"-periodic
continuous functions on R”. The unique Haar measure on T" with total mass 1 is
denoted by dw. For f € C°(T") it is given by

flo)do = (™) dx = / f(e¥™)dx, xo € R™. (42)
™ [0,1]" xo-+[0,1]"

The space of (Borel)-measurable functions is denoted by
LT := {f : T" — C; f (Borel)-measurable} . (43)

It has the subspace 7% of almost everywhere zero functions f, i.e., for which the mea-
sure of {® € T"; f(w) # 0} is zero and hence [ f(w)dw = 0. It gives rise to the
factor space

LY := 20T/ % > f:=f+% (44)
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where f is usually denoted by f again. The space LO(T") is a C-algebra with the
multiplication fi - f> := f1f>. An element f € LO(']I‘") is invertible if and only if the
zero set Vi (f) := {@ € T"; f(w) =0} has measure zero. The inverse g := ?_1 is

then given by the representative

g LT with g(o) := {g(w)_l ﬁﬁg; ig. 45)
There are the canonical inclusions
2(T") ¢ C%(T") c LY(T"). (46)
As usual one defines
L2(T") = {f e LO(T"); /T (o) do < oo} . @7)

The space L?>(T") is a Hilbert space with the hermitian scalar product < f,g >:=
Jon f(@)g(@)d®. The embeddings C°(T") C L2(T") C 2'(T") are the canonical ones,
ie.,

L)+ 2@, 1 (0 [ s@p@ldo= [ o)
o (48)
The space 2'(T") is a 2(T")-module via (¢F)(y) := F(@y) for ¢,y € 2(T")
and F € 2'(T") and the spaces L?(T") and C°(T") are 2(T")-submodules of 2’ (T")
with the standard multiplication of functions. Since T”" is a product of infinite subsets
of C" the canonical map

A=Cl[s,s"'| = 2(T"), f— (0 — f(®)), (49)

of a (Laurent) polynomial to its associated polynomial function is injective and there-
fore we may and do consider A as subalgebra of 2(T") C L%(T"). In particular,
2'(T") is also an A-module. The following lemma permits to consider the quotient
field C(s) := quot(A) as subfield of LO(T").

Lemmad4.2. If f € Cls,s '] is nonzero then the zero set Vn (f) := {@ € T"; f(w) =0}
has measure zero.

Proof. The main idea of this proof, viz. the use of the Fubini theorem, is due to our
colleagues Hell and Wagner. W.l.o.g. we assume 0 # f € C[s]. The proof proceeds
by induction on n. The beginning n = 1 is trivial since the univariate polynomial f has
only deg(f) roots. For n > 1 we write

o= (0,0,),do :=do, - do, 1, do =do'dw,, s= (s1,-+,5,) = (,52),
f=Jfa(s)su+- -+ fols') €A =Cls] = Cls')[su], 0 # fu € C[s].
Let cq denote the indicator function of a subset Q of T", i.e.,
(@) = {; 102 e
(@', @) = ey, (1) (0, @) = cy o) (@) With V(@) := Vp(f(@',s,)).
Define Q, := {@' € T""'; V(') has infinite cardinality }, T""' = Q/, w Qg
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If V(') has only finitely many elements then trivially (dw,)(V(@')) = [y (o) v (o) (@n)d @y =
0. For @' € Q/, the polynomial f(@’,s,) has infinitely many zeros and hence

f(@,s,) = fa(@)sd + -+ fo(@) =0 = fy(0) =0 = & € Vpu1(fy) =
Q, C Vi (fa)-

Now we use Fubini’s theorem and obtain
@@)Ver() = [ ctorto= [ ([ (@00, ) ao’ -
/T B < /TF cv(m/>(a),,)da),,) do = /T (do)(V(@)de = /Q (do)(V()do' <

153

/ ' 1de = (de') (Vw1 (f4)) =0
Vin—1(fa)

where the last equation follows by induction. O

Now let 0 # h = g € C(s) = quot(A), g # 0, be any rational function. According
to the preceding lemma the set {® € T"; g(®) # 0} has measure 1 and therefore g is a
unitin L°(T"), hence g = fg~! € L%(T") with the identification A € C°(T") C LO(T").

Lemma 4.3. 1. The rational field C(s) is a subfield of L°(T"), hence also C(s)P*" C
LO(Tn)pXm.
2. Let H € C(s)P*™ C LO(T")P*™, C(s) = quot(A), and let g € A be the least common
denominator in A of the entries H;; of H, i.e.,
_ Jis _
H;j = P fij:8ij €A, gij # 0, ged(fij. ij) = 1,
ij
g =1lcm;(gi;), Ag={g' € A; gH € AP},

Ifg(®) # 0 for all @ € T" then H € 9(T")P*™,

3. A matrix P € AP has a left inverse in L°(T")P** if and only if rank(P) = p. In
particular, v € LO(T")? and Pv = 0 then imply v = 0.

4. Consider the input/output data (P,—Q) € AP+ with p = rank(P) = rank (P, —Q).
Hence there are the unique transfer matrix H € C(s)?*™ with PH = Q and, by 3.,
X € LY(T")P** with XP = id,, € LY(T")P*P. Then H = XQ € LO(T")P*™,

Proof. 2. Let G := gH € AP*™ C 9(T")P*™. The assumption on g implies g~ €
9(T") and hence H = g~ 'G € 9(T")P*™.

3. «<=: The rank condition signifies that P has a left inverse in C(s)?** c LO(T")P*,
= Let X € LY(T")7*¥ be such a left inverse. Then X (®)P(®) = id,, for almost all
o and in particular for one @y, hence p = rank(P(ay)) < rank(P) < p.

4. PH = Q € C(s)"" c LY(T")»" = H =id,H = XPH = XQ € LO(T")?*". [

The next lemma refines item 3. of Lemma 4.3.

Lemma 4.4. 1. A matrix P € 2(T")**P has a left inverse in 2(T")P*k if and only if
rank(P(®)) = p forall @ € T". In particular, v € 9'(T")P and Pv =0 then imply v = 0.
2. Ifin Lemma 4.3,4., the matrix P € A¥*P satisfies the condition of 1., i.e., rank(P(®)) =
pforall @ € T", then H € 2(T")P*™,
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Proof. 1. (Compare [2, §1.3.2, Remark]) The necessity is obvious. Assume, con-
versely, that rank(P(w)) = p for all @ € T".

@ p=1,P= (P, ---,P)": The rank condition signifies that the P; € Z(T") have no
common zero. Then Q;(®) := P(w) € 2(T") and

=~

k

flo):=Y [P(o)* =Y 0i(0)P(0)>0=
1

i=1 i=

(F'o)P=(f"01, . f 0P

™M=

fleg(M) =id=1=
i=1

({)k>p>1:Let Pyi=1,---,q denote the family of all p x p-submatrices of P and
d; := det(P;). For all ® € T" the rank condition rank(P(®)) = p signifies that there is
an i with d;(w) # 0. Thus the d; have no common zero in T" and by the first case there
is a representation 1 =Y | fid;, f; € Z(T"). Let P, oqj € 2(T")*P denote the adjoint
matrix of P; with P, 44jP; = d;id,. For notational simplicity assume that the rows of F;
are the first p rows of P, i.e.

P= (1) and thus XiP = djid, for X; i= (Paq;,0) € (")) —

q q q
fiXiP =Y fidiid, =id, => XP =id, with X := )" fiX;.
=1 =1 i=1

l

4

2. The matrix X in 1. is a left inverse of P in 2(T")P*k  L9(T")?*k. From Lemma
4.3,4., we infer H =XQ € 9(T")P*" since Z(T") is a subalgebra of LO(T"). O

The Fourier transform on Z" is the isomorphism [19, Thm. VIL.1.1]

T2 S (LN =D (T, vis 9, 7= Y v(p)o ™,
uezn

ve):= Y vu) | ol@o Hdo, pc2(T").
/4 Y

(50)

The convergence of this sum is, of course, that of distributions. Fourier’s cotransform
[2, Def. 11.1.3] is the isomorphism

T SN = D(T"), Fon(v)(0) = uénV(u)w“L- (51)

The Fourier transform and cotransform on the dual group T" of Z" are the isomor-
phisms
Fopn, Fn : D' (T") 2 S (L"), F — F := Fm(F), Fm(F),
o

- o (52)
F(n) = F(o"), Zpa(F)(n) := F (o).
Fourier’s inversion theorem [19, Thm. VIIL.1.1] says that the maps
Fgn 2 (I = D(T") : Fopn, v 30, v(u) = v(0*), (53)

are inverses of each other. The theorems [2, Thms. II.1.1, I1.1.2 ] show that the preced-
ing maps induce inverse isometries

Fpn LHZY) 2 LT : Fpn, v 5 0, v(1) = D(0M). (54)

The preceding isomorphisms are componentwise extended to signal vectors.
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Lemma 4.5. The Fourier isomorphism Fyn : ' (Z") =2 9'(T") is A-linear.
Proof. For
ve.s (2", ueZ, s* € A=Cls,s '] C 2(T"), @ € T" one has

stov=Y (sFon)Mo V=Y vu+vio ' = Y vv)eo VT = o5 =57,
vezr vezl vezZt

O
Corollary 4.6. Consider a C%"-behavior 2 = {v € (Czn)e; Rov= O} defined by
R € A*'. Then the Fourier transform induces inverse isomorphisms
Ty B(S (L) = B = {ae 2'(T"); Rv = o} T
Fgn : BOLHZ" = BOLHTY : T
Notice that R() € 2(T")**!, so R(®)v is defined in the preceding corollary.
Theorem 4.7. 1. Consider an 10 behavior
B = {(g;) e (€)™ poy= Qou} , (P,—Q) € A< (P4m),
rank(P) = rank(P,—Q) = p, with transfer matrix H € C(s)?*™, PH = Q,
with the associated inverse isomorphisms
Fyn %ﬂLZ(Z’Z)p*”’ ={() e L2(Z")Ptm, Poy = Qou} =
FO\LA(TP " = {(Z) € L2(T")P+™; py= Qﬁ} L T,
These data imply the inverse isomorphisms
BT = (@ e LA(T")"; Hi € LX(T")}, (2) i, y=Hi,
and then also the injective, but generally not surjective projection
%’ﬂL%Z”)”’” — LYz, (3) — u.
2. (i) If H is continuous, i.e., H € CO(T")?*™, then there are the canonical isomor-
phisms
B\L2(Z" )P = L2 2= B\LA(T" )P = LT, (1) ¢ u < (Z) o
(ii) If P has a left inverse in 2(T")?** and hence H € 2(T")P*™ (cf. Lemma 4.4) then
likewise

B (@)t = /(2" 2= B = 9 (T")".

In both cases the inverse isomorphisms are given by (y:) = (H#). Notice that
u u

L2(T") resp. 2'(T") are C°(T")- resp. 2(T")-modules so that H is well-defined in
both cases. .
3. A behavior Z C (CZ")" is autonomous if and only if ZNL*(Z")" = 0.

4.1 B=DM)C ((CZ")Z is any behavior with its largest controllable subbehavior

Beont = D(M/tor(M)) then Z(\L*(Z")" = Boon [ |L*(Z")".
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Proof. 1. According to Lemma 4.3, 3. and 4., there is a left inverse X € LO(']T")P xk of
P (XP =id,) and then H = XQ € LO(T")?*™. Assume
v > 2 (ren\ p+m ~_ 2 k
(L) € BOLAT"PH" —s Py = Qi € L2(T") —
y=XPy=XQu=HucLT")” = Hiu =y L*(T")".
This proves that the projection ( ) > I maps P NL?(T")P*™ into the given space on
the right and is injective. If, conversely, # € L?(T")" and y := Hu € L*(T")” then

() e L2y and P§ = PHE = Qi € L") (LA(T")* = LA(T")*.

Hence ( ) € % and the projection maps this onto i, i.e., the projection is surjective.

2. (i) If H is continuous and # € L?(T")" then always Hiu € L?(T")?. The iso-
morphism from 1. gets the simpler form % (\L? (T™)P+m = L2(T")™ which implies
%QLZ(Zn)P+"1 ~ Lz(Zn)m.

(ii) The proof is analogous, but uses Lemma 4.4 instead of Lemma 4.3,(3), for the can-
celation of P in Py = Qu = PHu.

3. An autonomous behavior & C Wg is an 10 behavior with

m=0,0=0cA"=0 H=0ecC(s)""=0.

Part 1. implies an embedding Z(\L?(Z")P*™ — L2(Z")" = 0, hence % (\L*(Z")'=0
Assume conversely that % is not autonomous, i.e., m > 0 in (1) for any 10 representa-
tion

n\ P+m
%’::{(g;)e(cz )p ;Poy:Qou},€:p+m,m>O (P,—Q) € AKX (PHm)
B(LA(2") = Z(L*(T")

Let H= g 'G with G € AP*™ and 0 # g € A C C(s)( 2(T"). Choose any nonzero
v e L2(T")" and pose it := gv € L2(T")". Then & = gv # 0 and

y::Hﬁ:Gg-lgv—GveLZ(T")P:»0¢( )e%ﬂLz (T = (L2 £0.

4. Choose an epimorphism A'*? — tor(M) so that D(tor(M)) is an autonomous sub-
behavior of ((CZH)q. The exact module and induced dual behavior sequences

can can

0 — tor(M) - M — M /tor(M) — 0 and 0 — PBeont C B — D(tor(M)) — 0
induce the exact sequence
0 — Beont[ \L*(Z")" € B(L*(Z")" — D(tor(M))(\L*(Z")* =0=
'@com mLZ(Zn)E — B mLZ (Zn)é
O

Example 4.8. In contrast to Thm. 4.7,(3), the behavior {v € C%, (si—Lov= 0} =
C(-++,1,1,1,---) is autonomous and contained in .#’(Z), but not zero since s; — 1 is
not invertible in 2(T!).
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For a matrix
R=Ry(s)sd 4 -4 Ro(s) € B>' = A[s9]*** with associated behavior
B = {wve; Row:O} = {weWé; VieN: Rjow(t+d)+---+Ropow(t) :O}

the inverse Fourier isomorphisms induce B-isomorphisms
%ﬂ(%’ (zm* % { .@’ ") : VteN: RdW(t+d)+~~+R0W(t)O}

( ) g@ﬂ (LQ(T")’Z)N _
{we <L2 (") ) Vi€ N: Ryt +d) + - +Roi(t) = 0
(55)

Theorem 4.9. 1. Assume

(P,—Q) € A0 rank(P) = rank(P,—Q) = {, R := Psy — Q € B!,
H e C(s)™ c LT with PH = Q

and consider the behavior
B = {we Wy, Row:O} = {we Wi VteN: Pow(t+1)= Qow(t)}.

Assume in addition that (i) H is continuous resp. that (ii) P has a left inverse in
D(T")* and thus H is smooth (cf. Lemma 4.4). Then the projections

, wi= w(0),

(i) 2N L2z = 12 (2
ity B0 (72 — 72!

are bijective. The inverse isomorphisms are given by w(0) — w with v;(?) = H'w(0).
2. Under the assumptions of 1. there is the direct decomposition

{w € B, w(0) € LZ(Z")Z} = (@ﬂ (LZ(Z")f)N) @ {w € B; w(0) =0}.

Unless the autonomous behavior € := {v S ((Czn)[; Pov= 0} is zero or, equiva-
lently, P has a left inverse in AP*¥ the second summand {w € %; w(0) = 0} is infinite-

dimensional.

Proof. 1. We give the proof for L?(Z") and continuous H, the other case is analogous.
We use £ from (55) and the commutative diagram with vertical isomorphisms

20 (LZ(Z") O Bl 27t e w(0),
\I/ Z" ) 4 7, /g
ZOCAT)HY EL L2 e w(0),
Therefore it suffices to prove the bijectivity of the projection in the second row. Accord-
ing to Thm. 4.7, 1., the equation Pw(r + 1) = Qw(¢) is equivalent to w(t + 1) = Hw(z),
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hence w(r) = H'w(0) € L°(T")". This proves that the projection w + w(0) is injective.
Since H is assumed continuous so are all powers H'. Hence if w(0) € L>(T") then

Vi e N: () := H'w(0) € LA(T") and P + 1) = PH®(t) = Q(t) => w € B.

This shows that the projection is surjective as asserted.

2. Letw' € 4 satisfy w'(0) € L?(Z")" and, according to 1., let w € 2 (LZ(Z’Z)Z)N be
the unique trajectory with w(0) = w/(0). Then w —w € % with (W' —w)(0) = 0 and
w' = w+ (W —w) is the asserted sum representation. Assume w € %) (LZ(Z”)Z)N
and w(0) = 0. Then Pow(t+ 1) = Qow(t) and especially Pow(l) = Qo0 =0 or
w(1) € €. Since the autonomous behavior ¢ has no square summable trajectories by
Thm. 4.7, 3., we infer w(1) = 0. Inductively one proves w(r) = 0 for all € N. This
shows that the sum in 2. is direct.

Since (P,—Q) defines an IO behavior the equation Poy = Qou has a solution y €

((CZ”)€ for each u € ((CZ")K. One constructs trajectories w € % with w(0) = 0 induc-
tively by
Pow(t+1)=Qow(t) fort > 1, Pow(l)=0

where each w(r) is unique up to a summand in % only. If the latter is nonzero then
{w € #; w(0) = 0} is infinite-dimensional O

For the stability theory in Section 5 we apply Thm. 4.9 in the following special
situation. Consider a nonzero polynomial

f=fals)sd+---+ fols) € B=Also] with f;(®) # 0 for ® € T" and define

10000 0 1 0 - 0 0
p (01000 [0 0 T 0 0 ) gy (50
=looonie )@= s 5 50 5 1 )eAT
0000/ —fo =N —f2 - —fa—2 —fa1

It is obvious that P has a left inverse in 2(T")?*? and that

0 1 0 - 0 0
0 0 1 0
0

H:=P'0= < ) € (T4, (57)

0 0 w0
—fo/fa —filfa =f2/fa -+ —fa-2/fa —fa-1/fa
The polynomial f resp. the matrices (P, —Q) give rise to the behaviors
B:={weWp fow=0}={weWp VteN: frow(t+d)+-- -+ foow(t) =0}

By = {x e WS (Pso—Q)ox = 0} = {x EWg VieN: Pox(t+1) = Qox(t)}
(58)
and the standard isomorphisms

BBy, wsx, x(t) = (w(t),- ,w(t+d—1))", w(t) = x(t),
and also #(.7"(Z")" = %, (y’(zn)d)N, 22" = 2, (L2(Z")d)N
(59)
Corollary 4.10. For the data from (56)-(59) the projections
BOLE) = L@, wes (w(0), - wld 1),
BOS(@) = L(Z"), we (w(0),-- w(d = 1)) T,
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are bijective. The inverse isomorphism is given by
X(t) = H'X(0) where x(t) := (w(t), - ,w(t+d —1))",
$1) = (8(0),-++ wlt+d = 1)T, 5(0) = (w(0), -+ ,w(d — 1)) .

S Asymptotic stability

In this section we connect the first four sections whose assumptions remain in force.

In the sequel we have to consider complex matrices M € C/**, their spectrum spec (M) :=
{A € C; rank(Aidy —M) < £} and the spectral radius p(M) := max; cgpec(nr) |A|. We
use that the function M — p (M) is continuous [7, Cor. 4.2.2]. We also apply the discs
D! and ﬁl from (13).

Corollary 5.1. Data and assumptions from Thm. 4.9 with continuous H.

1. If the behavior % is Ay-stable (compare Def. 2.1 and (15)) then spec(H(w)) C
D! :={z € C; |z] < 1} for all ® € T". If, conversely, spec(H(®)) C D' for almost all
o € T" and hence spec(H(®)) C D' Sforall @ € T" then almost all elements of char(%)
belong to Ay.

2. If P has a left inverse in 2(T")"* or; equivalently, rank(P(®)) = ¢ for all @ € T"
then & is Ai-stable if and only if spec(H(®)) C D! for all ® € T". This is applicable
in Cor. 4.10.

Proof. We use Lemma 4.3, 3., viz. that

rank(P(®)) = rank(P) = ¢ for almost all @ € T" and
P(w)H(0) = Q(w), P(w)(Aid)—H(®)) = AP(®) — Q(®) = R(A, ®).

1. =>: For ® € T" and A € spec(H(w)) the last equation implies

rank(R(A, w)) <rank(1idy—H(w)) < { = (A, ®) € char(#) CA; = |A| < 1.
<=: For almost all ® € T" the relations
rank(P(®)) = ¢, hence rank(R(A, ®)) = rank(id, —H(®)), and spec(H(®)) C D'
hold. If for such o the pair (A, ®) is contained in char(Z) then A € spec(H(®)) and
thus |[A| < 1 and (A, ®) € A;. The continuity of p(H(®)) and the density of subsets of
measure 1 of T" imply p(H(®)) < 1 for all @ € T" and hence spec(H(®)) C D
2. In this case rank(R(A, ®)) = rank(A id; —H (®)) holds for all @ € T". O

Consider, more generally, any compact parameter space € and a continuous func-
tion E : Q — C™, ie., E € CO(Q)™!, for instance H from Cor. 5.1.
Let || — || denote any norm on C' and also the associated matrix norm on C**/:

1M]| = max cce s M| /|x]| with [[Mx]] < [|M]|lx]| and [|MiMz]| < [|My]][|Mz]]
(60)
The Jordan decomposition of a complex matrix shows that for any p; > p(M) there is
a constant @; > 1 such that [|M’| < a;p! for all # € N. Then for any matrix A € C***
the following inequality holds [7, §4.2.4, Ex. 9]:

I(M+AY | <ai(pr+ar]|Al), r €N (61)

The following lemma and corollary are the basic tool for the proof of asymptotic L2-
stability.
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Lemma 5.2. Let pp := maxgeq p(E(®)) be the maximum of the continuous function
® — p(E(®)) on the compact space Q and choose py < py arbitrarily. Then there is
ar > 1 such that for all 0 € Q andt € N: ||[E(o)|| < axps.

Proof. Choose
Po < p1 < pr= Vo e Qla(w) > 1Vt e N: ||[E(0)|| < a(w)p].

Since E : Q — C* is continuous there is, for each w € Q, an open set

U(w) C Q with w € U(w) and Yo' € U() : ||[E(0) — E(0)|| < a(0) ' (p2—p1)

— Yo' c U@ € N: |E(@)| = (E(0)+ () ~E(@)']| <

a(0) (p1 +a(0)||E(e) —E(a)])" <
a() (p1+a(@)a(@) ™ (p2—p1))' = a()py = [|E(a)']| < a(@)p}.

Since Q is compact there are points @;, i = 1,--- g, such that Q = JL_, U(w;). Let
a '= max;—_i.... ga(®;). The preceding inequality implies the asserted inequality

Vo' € QVt e N: ||E(@)| < axp}.

In the next lemma we use the 2-norm || — ||, on C* and C***.

Corollary 5.3. Assume in Lemma 5.2 that for all ® € Q the spectrum of E(®) is
contained in the open unit disc, i.e., p(E(®)) < 1, and hence py := maxgyecq p(E(®)) <
1. Then for any py with po < pa < 1 there is a constant ay > 1 such that |[E(®)"||2 <
arp} forall € Q andt € N. In particular, E(®)" converges to zero, uniformly in @ €
Q, and |E ()" |2 is uniformly bounded. For all w € L>(T")" this implies E'it € L*(T")
and lim;_,o, ||E"tt]|> = 0.

Proof. Only the last statement has to be shown. For w € T" we have
IE (@) d(w)|I7 < |E(0) |Z]a(e)|3 < a3p |a(e)]; =
£ = [ 1) (o) Bdo < dp} [ (i) |3do = apd |} — 0.
O

" N
Definition 5.4. A behavior 2 C (((CZ )’Z) is called L2-stable if lim; o |[w(r)[|2 = O
forallw € #N (LZ(Z")Z)N.

Lemma 5.5. (cf. [24, Sect. VII]) Under the assumptions of Thm. 4.9 with continuous
H or of Cor. 4.10 a Ay-stable behavior is 1.?-stable.

Proof. We consider the case of Thm. 4.9, that of Cor. 4.10 is then a direct conse-
quence. By assumption H € CO(T")***. Since 4 is A;-stable we infer from Cor. 5.1
that spec(H(®)) C D! for all ® € T". With the notations from Thm. 4.9 the trajec-
tories in w € 2 (L? (Z”)Z)N satisfy vj(t\) = H’W/(B). With Cor. 5.3 applied to H we
conclude lim;_, e H;(?) |2 = 0. Since Fzn : L>(Z") =2 L?(T") is an isometry we infer
limy e ||W(2)]|2 = 0.

O
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The following theorem establishes the first half of Thm. 2.3.

Theorem 5.6. Assume that the behavior 78 C (((CZn )¢ ) Yis A1-stable and time-autonomous
with B = By, wis w(0),--- ,w(d—1))" (¢f Cor 3.1). Assume in addition that
the behavior B, C (W/f )¢ admits an input/output (10) representation with continuous
transfer matrix (cf. Thm. 4.7, 2.), viz.

Ba={(2) = (w(0),++ ,w(d = 1))T € W™ Poy=Qou}, td=p-+m, .
(P, —Q) € APt | rank(P) = rank(P,—Q) = p, PH = Q, H € C*(T")"*™,
Ifwe B and w(0), - ,w(d—1) € L>(Z")* then w(t) € L*(Z")* for all t € N and
lim; .. |w(?)||2 = 0, in particular 2 is 1.2-stable. Moreover the projections
20N (LZ(Z")Z)N =~ %, (LZ(Z")f)d =~ 1 2(z)",
wis (w(0),-- wd—1)" =) —u

(63)

are bijective.

Proof. The isomorphisms (63) follow from Lemma 4.1 and Thm. 4.7,(2).
The properties of % are preserved under behavior isomorphisms. According to Cor.
3.3 and Thm. 3.4 we assume wlog that d = 1 and that £ is given as

2 AN
B = {W € ((CZ )‘) ; Row—0}7 R= (mifffE) , Ry € APY) E € A™! RyE = XR,.
Hence %4, = {v € ((CZH)Z; Roov= O} and any trajectory w € (Wlf)N belongs to

2N (LZ(Z")E)N if and only if w(0) € L2(Z")’, Ryow(0) = 0 and w(r) = E' o w(0).

Moreover (63) furnishes

2N (2) = {w e (L2@)') " Rob(0) = 0. (1) = E'(0)

—
1

—_— -

Z (AT = {ve L2(T"Y; Rov = o} L w o w(0) ¢ W ¢ w(0), with w(r) = E'w(0).
(64)

By assumption the behavior %8, has an 10 decomposition with continuous transfer
pxm

matrix H € (C(s)NC*(T™))""", ie.,
(= p+m, Ry=(P,—Q) € AP*™ rank(P) = rank(P,—Q) = p, PH = Q.
By Thm. 4.7,(2), this decomposition induces the inverse isomorphisms
LZ(Tn)m ~ f@l an(TH)p+m, 0o (I{?ﬁ) , and also CO(Tn)m ~ 5@1 ﬂCO(Tn)p-ﬁ-m'

Since %, = {v € W/f; Roov= 0} and RyE = XRy the matrix E € A™¢ C CO(T")*¢
maps f@l N CO(T™)P*™ into itself. The second preceding isomorphism gives rise to a
unique matrix
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E ey " withE (# ) = ({ VE' =
voeT: E() (1) = (1) E'(0) andvr e N: B () = () (B} =
vie LX(T")", Ve N: E' (i Yia= (¥ ) (E) @
We check the assumptions of Cor. 5.3 for E": Let @ € T, A € spec(E'(®)) and
0#v e C™ C CO(T")™ anonzero eigenvector, E'(@)v = Av. Hence also v/ := (Hiém) v
is nonzero. The preceding equations imply

E(0)Y = E(0) (”(“’>) v= (H<w>) E'(@)y =2 (”<‘°)) p=A =

id, idp, idy
Aid,—E(w))V =0 (id, —H()) 1 _
(id—E@)v =0= (3575))» Ro(0)=(P(),—0(@) =P(@) idp,H (@)

Ro(@) — Ro(@)
(Md(‘LE(w)) V= Oigrank (Md;’fﬂw)) <l{=> (A,w) € char(B) C Ay = |A| < 1.

Here we used the Aj-stability of %. We have thus shown that for all @ € T" the
spectrum spec(E’(®)) is contained in the open unit disc and conclude with Cor. 5.3
that lim, .. ||(E")'#]|2 = 0 for all # € L?(T")™. Since H is continuous this implies the
L“-convergence

lim E' (i) &= lim (') (E")'i = (iq;, ) lim (") = (;§,) 0=0.

t—voo oo

This convergence and the isomorphisms

.H = N
L2(T")™ (“L") 21 (LA (TPt ™ 2 (LA(Z")7 ™, @ (M) = w(0) — w(0),
imply
. ¢ _ 2 (rpn\ p+m
lim E" 0 w(0) = 0 for all w(0) € % (L*(z")
and by means of (64) also the Lz-stability of A, 1i.e.,

limw(t) =0 forallw € ,@ﬂ (LZ(Z")£>N

f—voo

O

Corollary 5.7. In the preceding theorem and its proof consider the controllable part
%l,cont of 4, given by

B cont := D(M; /tor(M)) = {v € Wf; Rocont 0V = 0} where
Ro cont € Ak“’““X[7 tor(M;) :Ale°°“‘Ro7cont/A1X£R0 C M, :AIXZ/AM]‘RO7 hence
Ro = YR cont for some'Y.
Then the behavior

B {w €W Row= O} with R = (Ay(ﬁ%;"ft5>

is ta with BB = B con and contained in 9B, hence anng(AB) C anng(#') and char(A') C
char(#). The input/output decompositions of %1 and 1 con: and the associated trans-
fer matrices coincide. If B' instead of P satisfies the assumptions of Thm. 5.6 then %'
and 2 are L*-stable. Hence one may assume wlog that 9, is controllable.
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Proof. The A-linear map
oE : My = AV JAVKRy — My, E + AV¥Ry — EE+AYFRy, RyE = XRy,

maps tor(M)) into itself and therefore there is a matrix X’ with Ro contE = X'Ro cont-
This signifies that %’ is indeed ta with %] = % conr. Thm. 4.7,(4), and the ta of &
and %' furnish

2 (L2(Z”)£)N =~ 2 (LA(Z") = By com [ \LHZY = BN (Lz(zn)‘f)N, hence
*@m (LZ(Zn)Z>N _ gg/m (LZ(Zn)Z)N
But %' is L?-stable by Thm. 5.6 and hence so is 2. O

Corollary 5.8. Assume as in Thm. 5.6 that the behavior B is Ai-stable and ta with
B = B,. Assume in addition that

1. A is square-autonomous [9, Thm. 10] or that

2. By, is strictly controllable or, equivalently, its module M is A-free.
Ifwe B and w(t) € LH(Z") for t <d —1 then w(t) € L2(Z")" for all t € N and
lim; o ||W(2)||2 = 0. In particular, B is 1.>-stable.
Proof. 1. Square-autonomy signifies that % = {W € (((CZ")N)K; Row = 0} with a

square matrix R € B and f := det(R) # 0. Let M := B"**/B"*'R be the module of
. The characteristic variety of % or M is

char(%) = {(A, ) € Ay: rank(R(A, ®)) < £} = Vi, (det(R)) = Va, (f) C A

The behavior B := {w € (Czn)N; fow= O} has the characteristic variety Vi, (f)

and is thus A-stable too.
Since % is ta Thm. 3.2,(4), furnishes a monic (in sg) polynomial g = sf)l +ga-1 (s)sgfl +
-4 go(s) € B which annihilates % and M, hence

gM = 0= gB"* C B"'R — 3X with gid; = XR = g" = det(X) det(R) = det(X) .

Since g’ is monic in s the leading coefficient of f is a unit in A = C[s,s~'], i.e., of the
form as*, 0 #£ a € C, u € Z" and hence f has the form from (56). From Lemma 5.5
we infer that % is L2-stable.

With the adjoint matrix R,g; of R one gets

fld/ :det(R)ld[ :Rade:>fBl><£ gleZR:>

Since %y is L2-stable so is Z. If w € % and w(0),--- ,w(d — 1) € L*(Z")" then w €

(L*(zmN )é by Lemma 4.1 and hence lim, . [|w(t)||2 = 0 due to the L2-stability.
2. The assumption in 2. signifies that with the notations of the proof of Thm. 5.6 there
is a matrix X € A"*! such that

¢ AV = My =AUy E s ¢(E) = EX + Uy, and hence Xo : B = Wit



5 ASYMPTOTIC STABILITY 25

Let E' € A™™ be the unique matrix with ¢ (oE’) = (oE)ing¢ and hence XEov =E'X ov
for v € %4,. Define the behavior

A = {w e W (soidn—E') o =0} =
{(Wj‘")N; VeeN: w(t+1) :E’ow’(t)}7 hence =2 B wsw', w(t) =X ow(t).

Since the isomorphic behaviors % and %’ are A;-stable and ta and since %’ is obvi-
ously square-autonomous the L?-stability of the two behaviors follows from part 1. [

Although the Fourier transform is an isometry only on the L?-spaces special forms
of convergence to zero can also be shown for the signal space .#/(Z"). For this
purpose one has to sharpen Cor. 5.3. As usual we define the differential opera-
tors A = (a)719%: Z(T") — 2(T"), & € N". These are extended to matri-
ces componentwise. For @,y € Z(T") the Leibniz formula furnishes A(® (@y) =
YB+y—a APB) ()AY () which is also valid for matrix functions ¢,¥ € 2(T")**‘. For

matrix functions E, ¢1,---, ¢, € 2(T")**, t > 1, induction yields the equation
Oprrwg)= Y APIG)xxAB(0), By = (Bjre- B,
BittPi=at ©5)
and A (E") = Z A(ﬁl)(E)*...*A(ﬁt>(E),
Bit-t pr=a

Lemma 5.9. 1. Assume E € 2(T")"* and that spec(E(®)) C D! for all ® € T",
Then all derivatives 0* (E(®)"), a € N", or, equivalently, all its entries converge to 0
uniformly in @ € T". In other words: E' converges to 0 in the topology of .@(']T")EXZ.

2. Ifwe (y’(Z")f)N satisfies w( )=E'w (0) then lim;_ow(t,1t) = 0 for all p € 7.
In general, this convergence is not uniform in L € 7.

Proof. 1. According to Lemma 5.2 we choose a; > 1 and p; with 0 < p, < p3 < 1 such
that ||E(®)"|| < azpj for all ¢ € N. Define a3 := 1 +maxg<, maxgpen |AB)(E) ()]
where B < « is the componentwise order. Consider one summand ¢ := AP (E) %«

AB)(E) in the second sum of (65). Let 1 < jj < --- < j, < be the set of indices j <t
with f8; # 0. Then this summand has the form

¢ = EN s AP)(E)« ERN TV ARV E) s Bl =1 AB)(E) w B —

Jq—Jg—1—1 q+1 g

llo]] gazpé.l*l*ayk kAP, * a3 *azp; =a, a3p£ 4. Moreover

BitotB=a= B+t B = o] =g < |o| =
H¢H<a\‘x\+1a\0‘\p£ \O‘|
||A(a)(Et)||<a|a\+l Ia\ - Ia‘ﬁ{ﬁ (Bi,---.B): Bi+--+B =a}.

But the number of elements of the last set is
1
p@):=8{B=B1,-.B); i+ +B=0a}= H(a’ﬂ ) .

JA@) (£ < p(t)a‘z“'“a‘g“'pé*‘“'-

Since p(r) is a polynomial function, since A(*) = a!~' 9% and since p, < p3 < 1 there
is a constant as(cot) > 1 such that || 0*(E")(w)|| < as(o)p} for all @ € T" and this
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proves the assertion.
2. By assumption

w(t) = E'w(0), hence Vj =1, £z wi(t) = Y (E") juwm(0) and

m=

Vi1V € D) w)(9) = 3 5ul0) (E)0)

—_

Since the (E');j» converge to 0 in Z(T") by part 1. so do the (E);,¢. Since the
wim(0) € 2'(T") are continuous on Z(T") we infer limy . w;(t)(¢) = 0. For ¢ :=
ot ueZ", weobtainw;(r)(@) =w;(t)(1) =w;(t, ) and hence lim; .. w(r)(u) =0.

O

Definition 5.10. The autonomous behavior Z C Wy = (Wf(Z )Wis called pointwise stable
if
n n. 1 —
vWe,@ﬂ( (z") ) VHEZ": limw(t,p) =0
This limit is not uniform in the u € Z" in general.

Theorem 5.11. Lemma 5.4, Thm. 5.6 and Corollary 5.8 remain valid for pointwise
stability if in the relevant 10 representations (P,—Q) the matrix P has a left inverse
with entries in 9(T") and hence the transfer matrix H is smooth.

Proof. By means of Lemma 5.9 the proofs are analogous to those for L>-stability. []

The next results consider the problem whether the converse of Lemma 5.5 holds,
i.e., whether under the assumptions of Thms. 4.9 or Cor. 4.10 L2-stability implies
Aj-stability.

Theorem 5.12. (c¢f. [24, Sect. VII]) (i) In the situation of Thm. 4.9 assume that B
is L2-stable. Then for almost all @ € T" the spectrum spec(H(®)) is contained in the

open disc D'. By Cor. 5.1 spec(H(w)) is then contained in the closed disc D' Sor all
o € T" and almost all (A, ®) € char(#) belong 1o A;.

(ii) If in (i) £ = 1 and thus H € C°(T") the necessary condition for L*-stability of % in
(i) is also sufficient.

Proof. (i) From Thm. 4.9 we know w( )=H'w (0) for w € 2, w(0) € L>(Z")". Since
Fzn is an isometry on the L?-spaces and lim; . ||[w(t)||> = O we infer

fim [ (D)3 =0 — ¥(0) € LAZ") lim [ |[H(@)w(0)(@)|3do =0.

t—o0

Letg,, m=1,---,¢, denote the standard basis of C’ and & := (Sou)uezr € CZ". Then

—_—

w(0) 1= Sogm € LA(Z")!, w(0) = Soem = £, w(t) = H'w(0) = (H')_p

11m||w )3 = lim ) jmlPdo = 0 =
t—roo f—eo ’JI‘" j
Vjm=1,.: lim | |(H(e ®)") jm|?do =0,

JTn
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i.e., the entries (H(®)");n of H' converge to zero in L>(T"). A non-trivial standard
result of probability theory states the following: An L?-convergent (more generally:
LP-convergent, p > 1) sequence of random variables has an almost sure convergent
subsequence. More precisely, let (Q,.o/,P) be a probability space. Given random
variables

Fofisforee € LR,/ ), with Jim [ |(0) = fi(@)PdP(w) =0 then
*©JQ
3Q; € @31 <t(1) <t(2) < --- such that P(Q;) =1 and Vo € Q; : ]}imf,(k)(a)) = f(w).
—»00

We apply this consecutively to all sequences (H(®)") j, and obtain a subset Q; C T" of
measure 1 and an increasing sequence 1 <#(1) <7(2) < --- such that limy_,o.(H(®)'®)) ;,, =
0 for all j,m and ® € Q; and hence also lim; .. H(®)"®) = 0 for @ € Q. For each

® € Q let A(w) be one eigenvalue with |A(®)| = p(H(w)) and 0 # v(w) € C’ a
corresponding eigenvector. Then

Vo € Q; : 0= lim H(0)“v(0) = lim (o) Pv(0) =
k—yo0 k—yo0

lim A(0)'® = 0= p(H(w)) = |A(0)] < 1.

k—roo

(ii) Let (V' € T") signify (for all @ € T" up to a set of measure zero). If £ =1 and
thus H € C°(T") we obviously have |H(®)| = p(H(w)) = |H(®)|. By assumption

VoeT": Hw)|<landVo e T": |H(w)| <1=
VoeT: tli_)mH(a))zt:Oand

—

Vo e T": [w(r)(@)]* = [H(0)*w(0)(0)* < [w(0)(@) >

With Lebesgues’ dominated convergence theorem we conclude
. NI EET T 2 50
lim (D)3 = fim [ w(0)(@)Pdo =0.

O

Example 5.13. The following two examples show that under the assumptions of Thm.
4.9 L2-stability does not imply A-stability in contrast to the assertion in [9, Thm. 10]
and that the necessary condition of Thm. 5.12,(i), for Lz—stability is not sufficient for
£> 1. In Thm. 4.9 choose n = 1.

() Let£:=1, p(s):=1, g(s1) = 2(s1 + 1), hence h = p~!g = g and consider

B = {WG ((CZ>N; (so—q(s1))ow=0orw(+1)= %(sl + l)ow(t)}.
We infer
1 2mi i
spec(h(w)) = {q(w)} = {2(w+1)}, o= ecT . But

(@) = %(aﬂr D(@+1) = %(1 +cos(27x)) —>

VoeT!': |g(w) <land (Jg(0) =1 <= o=1).
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By Thm. 5.12,(ii), this behavior is L2-stable, but not A -stable since
spec(h(1)) = {1} = (1,1) € char(£) \ A;.
(i) With the notations from Thm. 4.9 and from (i) choose

k=0=2,P:=idy, Q:= (g;),H::P’lQ:Q:>

B = {w € (((CZ)Z)N; (id2so— Q) ow=0orw(r+1) = Q<Sl)ow(f)}’

t—1

-1
0 = <%’ tqq’ ) (0(@)),, 2 =2|g(@)) =7 (;(1 —|—cos(27tx))> .

It is obvious that spec(H (®)) = spec(Q(®)) = {g(®)}. With (i) this implies that
satisfies the necessary condition of Thm. 5.12,(i), for L2-stabi1ity. Now consider the
function

fx):= %(1 +co0s(27x)) — (1 — mtx) with £(0) =0, f'(x) = —&sin(27x) + 7 >0

4 1
— Vawith0 <x <! :|g(e?™)> = 5(1 +cos(2mx)) > 1—7mx > 0=
Vxwith0 <x < w7 > 1: g™ > (1—mx) ' >0 =
1 !
dminyt) |2 2 -1 21 -1
> — — = o0,

/0 QX)) Pdx > 1 /0 (- m) e =) =t
According to the proof of Thm. 5.12,(i), L?-stability of 8 implies L>-convergence to
0 of all entries of H(®)" = Q(w)". The preceding calculation shows that this does not
hold for the entry (Q(®)")12, hence 4 is not L2-stable.

This example also shows that the the analogue of Willems’ conjecture in [24, Sect. VII,
(13)] for the continuous case does not hold in the discrete case.

Example 5.14. We construct a whole family of examples for Thm. 2.3 in the case
n =2 and ¢ = 2 where the behavior Z is not square-autonomous in contrast to [9,
Thm. 10]. Consider nonzero Laurent polynomials P,Q € A = (C[sl,sl_17sz,s2_1] such
that P(®) # 0 for @ € T?, hence P! € 9(T?), for instance P =s; —2 and Q = 55 — 1.
Define Ry := (P,—Q) € A'*2. The ring A is factorial, so the greatest common divisor
g:=gcd(P,Q) € A of P and Q in A exists. The factoriality of A also implies that

ker ((P,—Q)o:A> = A) =A (g '(Q,P)) . (66)
This enables to determine all matrices E € A2*? as needed in Thm. 3.4, viz.

{E € A*?% Ja € Awith R)E =aRy} =

ot e0p ©7)
{E(a,b,c) = (“:Pffl ui%igfl) ; a,b,c EA}.
According to Thm. 3.4 any E = E(a,b,c) as in (67) gives rise to the matrix
— — (P-0) 3%x2
Ri=R(@b.e)i= ("0, ) € B> (68)

and the time-autonomous behavior
B = {w € Wg; Row= 0}, Wy = CZZ, Wp = WAN, with
P =im (2 — Wi, w—w(0)) = {(}) € Wi; Poy=Qou} (69)
and transfer function H(®) = P(®) ' Q(®) € 2(T?).
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The three 2 x 2-subdeterminants of R are

. P -0 P 1
di = det (SO*athg’l fL‘Qg’l) = Qdet (SO*a*ng" *Cg’]) -
Q(so—a— (bQ—i—cP)g_l) ,

.f P -0 _ 1 -0 _ 70
dy 1= det (—ng" so—a—cPg~! ) = Pdet (—bg" so—a—cPg~! ) - (70)

P(so—a—(bQ+cP)g "),
d; ;= det (S() idy —E).

Hence the characteristic variety of % is

char(#) = {(1,0) € Ay; rank(R(A,m)) <2} =

{(A,0) € Ay; Vi=1,2,3: di(A, ) =0}. 1)

To check the A;-stability condition char(8) (YA = @ choose (A, ®) € char(%) (N (C x T?).
The conditions d;(A,®) = 0 for i = 1,2 and the assumption P(®) # 0 imply

A =a+(bQ+cP)g ! witha = a(w),b := b(®),... and

d3(A, ®) = det (’L*fl;f’g%(' ljff;,.) (72)
cP —1 *CQ —1 N P —1 7Q -1 o
det(—blfg’l ngg’l ) _deet<—1§g’1 Qgg’1 ) =0
We conclude that
char(#)((Cx T?) =
{(a(@)+b(@)(Q/g)(@) +c(w)(P/g)(®),®); ® € T*}. )

Hence char(%)ﬂAz =0 < p:=pla,b,c) =
max e (|a(@) +b(0)(Q/g)(@) +c(w)(P/g)(@)]) < 1.
Thus the time-autonomous system % from (69) is A;-stable if and only if p < 1. If
this is the case and since P(®) # 0 on T? Thm. 2.3 furnishes the L*- and pointwise
stability of %, and moreover the following canonical isomorphisms
B (L2222 = 2 (LA(Z")? = L2(Z") resp.
2N(# (2 = 27 (@) = 7' (2"
ww(0)= () < u, wit) =E ow(0), y=H(0)u,
H() = P(0) 'Q(w).

(74)

Since d3(A,w) = det(Aid; —E(®)) = 0 the value A = a+b(Q/g) +c(P/g) with a :=
a(®) etc is one eigenvalue of E(®). The second eigenvalue A’ of E(w) satisfies

A+A =a+b

=2a+b(Q/g)+c

0/g)+c(P/g) +A' = trace(E(w)

) (75)
P/g), hence A’ = a, indeed d3(a, ®) = 0.

(
(
If p(a,b,c) > 1 for the chosen (a,b,c) any r > p(a,b,c) gives rise to the vector
r~(a,b,c) with
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p (r (a,b,c)) < 1 and thus to the matrix

- P—
R:=R(r l(avbac)) = (Soidz —(Iitr’Ql)(a,b,c))>

(76)

whose associated time-autonomous behavior % from (69) is A;-, L>- and pointwise
stable. A special example is obtained by

P:=s51-2,0:=50—1,g=gcd(P,Q) =1,
r:=5/2<a:=3,b:=c:=1,
p=maxycp (|3+ (@ —1)+ (0 —2)) =2<r<a, (77)

2 s1—2 _(32_1>
E=2(%2%29271) R.= (s —(2/5)(s242) —(2/5)(s2-1) > -
5 (s1—2 SH—l) 0_(2/5)(512_2) sO—(2/5)(§1+1)

The spectrum of the corresponding E (®) is

spec(E(w)) = {A,A'} with
A=02/5)(mm+w), A <1, A =a/r=6/5>1.

Thus no E(®) is asymptotically stable and the time-autonomous behavior
N2\ N
B = we(((CZ) ) ; (soidy—E)ow =0 =
72\? "
we (((C ) ) ; w(t) =E ow(0)

is neither A;-, nor L>-nor pointwise stable whereas its time-autonomous subbehavior
2 has all these properties.
Assume that g = gcd(P, Q) = 1. Then the sequence

(%)

o(P,— .
0 A EZ@ g2 1P 45 exact,

(78)

(79)

hence the system module M; :=A'*% /A(P,—Q) of the Wy-behavior % is contained in
A (up to isomorphism). This implies that M is torsionfree or, equivalently, that % is
controllable.

The A-module M| is projective and thus free (Theorem of Quillen-Suslin for Laurent
polynomials) and hence % is strictly controllable if and only if the matrix (P, —Q) has
a right inverse or, equivalently, A = AP + AQ, i.e., if P and Q are coprime. If M; is
not free or, equivalently, % is not strictly controllable, for instance for P = s; — 2 and
O = 52+ 1, then Cor. 5.8,(2), is not applicable.

A computer calculation according to Cor. 3.5 shows that the behavior 2 defined by the
data in (77) is not square-autonomous and that hence Cor. 5.8,(1), (cf. [9]) is neither
applicable.

6 Constructions

All properties in context with time-autonomy can be checked constructively as will be
shown below.



6 CONSTRUCTIONS 31

Result 6.1. ([18, Sect. 6]) Consider Ay = Ay WA, from (14), ideals a C A = Cl[s,s™ ],
b C B = Also| and the data from Thm. 2.3, i.e., the f.g. torsion B-module M with its
nonzero annihilator by := anng(M) and associated behavior B. The time-autonomy
of the behavior B can be decided by means of [12, Cor. 3.8]. One can decide con-
structively whether Vi, (b) A2 = 0 and whether Vc\ oy (a) NT" = 0. This implies
that the A -stability of 98, i.e. the condition Vy, (by)(A2 = 0, and the condition
rank(P(®)) = p for @ € T" with its ensuing smoothness of H can also be checked.
Whether the more general continuity of H on T" in condition (i) of Thm. 5.6 can be
tested is presently open. Square-autonomy of % can be checked via Cor. 3.5 and
the strict controllability of By, i.e., the freeness of My, by standard methods. These
computations also furnish a different constructive version of [9, Thm. 10, Sect. 5].

In the remainder we are going to discuss a constructive version of Thm. 2.2 and
have to use the Grobner basis algorithm for polynomial modules for this purpose as
already in [12, Thms. 3.6, 3.7]. In deviation from the data of Section 3 we first use the
following data:

A:=Cl[s] =Cls1,---,sn] CB=A[so] = Clso,-- , 0], Wy :=CV', W = W = CV",

(80)
Below we will extend the considerations to the data of Section 3. We need the following
standard results concerning Grobner bases (GB) [12, Sect. 3]. Let

REBkXE, rank(R) = ¢, U := BleR, M:BIXZ/U, B-=U+ C W,f,

and [¢] :={1,--- ¢}, [{] x N" = [€] x {0} xN" C [f] x Nx N" = [(] x N'*"" 5

(i, to, ) = (i, Moy M5+ 5 ) (i Hos i) + (Vo, V) := (i, Ho + Vo, L + V).
(81)
We use an arbitrary term (well-)order on [¢] x N" and the induced lexicographic term
order on [¢] x N x N" defined by

(i, to, 1) < (J, Vo, V) :<=> Ho < Vg or tp = vp and (i, 1) < (J, V). (82)
These term orders induce a degree function
deg : B\ {0} — [/ x N x N" with deg(sh’s" &;) = (i, o, 1t),
deg(£) = (i,deg,, (&), 1) and deg(U) = {deg(§); 0# & € U} = deg(U) + N

(83)
With I'p := ([¢] x N x N")\ deg(U) one obtains the direct decompositions
B =& wyer, Fs0’s* 8 & U and 84)
B> /U = (i g p)ers F 55 M 8, 55054 8; 1= 50 s &+ U.

Result 6.2. ([12, Thm. 3.6]) The behavior A is ta if and only if the set deg(U) contains
an element (j,d(j),0) for every j=1,--- ¢, or, equivalently,
deg(U) D Wiy {j} x (d(j)+N) x N, d :=max;d(j) =

IpC [ x{0,---,d—1} xN" ﬁBM: Y Asy8;+U=BY"'+U, My=M,
J:Ho<d

where we use the notations from (25)-(28). Hence ta can be checked by a simple appli-
cation of the GB algorithm for polynomial modules.
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We now assume that ta of % has been constructively established. Via (30) we re-
place Z by the isomorphic behavior By = ¢(#) with the notations from (29) and
(30). The equations of the image behavior B can be computed by standard pro-
cedures. For notational simplicity we now assume that already %), = % and M| =
AV /Uy = B! /U where B| = A and U; = A'*‘(U. Let G be the reduced GB with re-
spect to the term order from (82). Again standard arguments furnish G := GA'*! =
{g € G; deg, (¢) = 0} and that G is a reduced GB of U; w.r.t the chosen term order
on [¢] x N", hence Uy = ¥ 4c, AS-

Lemma 6.3. Assume the data from (80)-(84) and that A is a time-autonomous behav-
ior with 8= 98,. Forevery j=1,---  there is a unique g; € G with deg(g;) = (j,1,0)
and G = Go ¥ {gj; j=1,-- ,E}. The g; are of the form g; = s00; — Ej_ where
E € A" Thus G gives rise to the matrices and representations

R
Ro := (8)gea € A% and R := (8)gec = (xoidffE> € B9

U= Y Ag=A"%Ry, U= Y Bg=B"CR,
8€Gy geG

B=U+= {wEWé; Row:O} ~ B =Ui = {VEWX; Roov:O}, w = w(0).
Proof. We apply (84) to U; and U. Define

T4 := ([(] x {0} x N")\ deg(U;) C ' := ([¢] x Nx N")\ deg(U). The isomorphism

@(j,O,u)eFAFsuéj =M =M= EB(]'7“O7”)€FBFS50S“5/, S“Sj — S“Sj7

implies Ty = Ig. Let g = st°s#8; +--- € G\ Gy, i.e., o > 0. Then (j,uo— 1, 1) €
I'p =T4 and hence gy — 1 =0, iy = 1. Since L is ta there is a g’ € G with deg(g’) =
(j,d(j),0) where d(j) < 1 as just shown, hence deg(g) € deg(g’) +N'*". For reduced
GB this implies g = g’ and deg(g) = (j,1,0). This proves the unique existence of
the g; € G with deg(g;) = (j,1,0). All other g € G have deg(g) = (/,0,u) and thus
belong to Gy, hence G = Gy & {gj; j=1,-- ,E}. Since s00; is the leading term of g;
the representation g; = s00; — E;— with deg (E;—) =0orE;_ € A s obvious.
The asserted representations for U, Uy, Z =U L and B, = Ull are direct consequences
of the just derived special form of the GB G. O

We now return to the data from Section 3 with its Laurent polynomial algebras
A = C[Z"] = C[s,s"'] and B = A[so] and corresponding signal spaces Wy = CZ" and
Wp = Wj\] . The following reduction to the polynomial case originated in Zerz’ PhD-
thesis and was also used in [12, Sections 2,3]. With an additional list s’ = (s},--- ,s),)
of indeterminates we define the polynomial algebras and algebra surjections

A :=C[N*] = C|N" x N"] = CJs,s'] € B' := A'[so] = C]so,s,5],

Q:A —A, s,s' 5,570, ¢ :B' — B, so,s5,5 b—>so,s,s71, (85)

with kernelsker(¢) = ) A'(sis; — 1), ker(¢) = B'ker(¢) = ) B (sis; — 1).
i=1 i=1

The corresponding signal spaces with their canonical actions are

Wy = (A')* = CVN" and Wy = Wl = CION (86)
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The injective dual maps of ¢ and ¢ are

D(@) =" : FZ" 5 FN"N' s il (1, v) = u(u —v), (u,v) € N = N" x N",

D(¢) : FM# — RN Sy ! W/ () (1, v) = w(t) (= v), 1 €N,
(87)
The componentwise extensions of ¢ and ¢ to f.g. free modules and of D(¢@) and D(¢)
to finite products are denoted by the same letters. For d,¢ > 0 and the notations from
(25) there result the commutative diagrams

(B/)lxz L Blxt Wg/ M Wg 3 w

U U and Lpof 4 proj !
Byt _®, pixt t\a Do) Nd T
(B}) — By W) — (Wp® > (w(0), -, w(d—1))

(88)
where the horizontal maps ¢, ¢ are surjective and their duals D(¢) = ¢*,D(@) = ¢*
are injective. Now consider the matrix, modules and behavior

Re B! rank(R)=¢, U :=B"*R, M =B /U, % :=U". (89)

By multiplying R with a suitable s*, u € N, we assume wlog that R € Cls, s]**¢ C
(B')**¢. The preceding commutative diagrams induce modules, behaviors and maps

U'=¢'(U)=B)""R+ Y {B'(sisj—1)851 <i<n, 1< j< 1},

LJ
Us=U\BY ", Uy =U'((BY"" =o' (Ua),

G M = (B)X U = M = B! U, o : My = (B! Uy = My = B} Uy
(90)
and the commutative diagram with horizontal isomorphims and vertical surjections

S
s

B = D(¢)(#) = (U)*- & B=Ut

| proj’ | proj . 1)

B, = (U)* =proj (#) <(—q)) By =Uj = proj(B)

[

>}

All data in the preceding diagrams can be computed from those of % via Grobner
bases.

Corollary 6.4. The behavior B is time-autonomous with B = B, if and only if B' is
time-autonomous with %' = 98/, and this latter property can be constructively checked
with Result 6.2.

Proof. According to diagram (91) the surjective projection proj : 8 — %, is also in-
jective if and only if this holds for the projection proj’ : %' — 28, The injectivity of
these projections signifies ta. O

We now assume that time-autonomy of % has been verified by the preceding corol-
lary. After application of Cor. 3.3 we assume wlog that Z is ta with 8 = %, w —
w(0), and then also %' = %]. The structure of ] is known from Lemma 6.3 which
implies the following

Theorem 6.5. Consider the data from (85)-(91) and assume that the time-autonomy of
B with 8= By, w— w(0), and hence ' = K|, w — w'(0), has been established.
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Let G' C (B')'*! be the reduced Grobner basis of U' from Lemma 6.3 applied to the
polynomial algebra B' = Clsy, s, s'], thus

G/ = be{g;7 .]: 17 76}7 G6 = {gl € G,’ degso(gl) :0}7
g =s08;—E , E' € (A")"". Then

.%’lef‘:{veW/f;Roov:O},%:UL:{WGng;Row:O:O} where

Ry := ((p(gl))g/€G6 GAG()XE? R= (¢(g/))g’EG' = (soi(lii,OfE> € B’ ><€’ E:= (p(E/)

These are the representations of 94 from Thms. 2.2 and 3.4 which are used in Thms.
5.6and5.11.

Proof. The result follows directly from the explicit form of U] = (B')'*¢ R’ according
to Lemma 6.3 since

U=9¢0"'(U)=¢(U")=((B)*R)=B"9R, R=¢(R).

7 Added in proof on June 26, 2013

We show that the assumptions on the IO decomposition of %, in Thm. and Def. 2.3
are not necessary for asymptotic stability. We need the characteristic variety or variety
of rank singularities of a non-autonomous behavior [10, Cor. and Def. 7.71, Remark
7.72]. For the data from (7) and (10) it is given as

char(#) .= {(A,®) € Ay; rank(R(A,®)) < rank(R)} . (92)

Notice that rank(R) < £ unless 4 is autonomous and that the last two equalities of (12)
only hold for autonomous %. Analogously the characteristic variety of a Wy-behavior

By = {vve; Roov:o}, Ro € A is
char(%)) := {w € (C\ {0})"; rank(Ro(®)) < rank(Ry)} .

93)

Then char(%) = 0 if and only if the module A'*!/A'*Ry is projective [10, Cor. and
Def. 7.71] and thus free (Quillen-Suslin), i.e., if %, is strictly controllable.

Theorem 7.1. A spectrally stable and time-autonomous behavior 8 C Wé with proj :
B = By is L~ and pointwise stable if (i) char(Z;)NT" = 0 or if (ii) B has the ta
normal form from Thm. 2.2 with k = 1:

N
B = {WG (W/f) ; Roow(0) =0, Ve € N: w(r) —E’ow(O)} &
94
B, = {vew/f; Roov:o}, 04Rye A, EeA™!,

The proof is a variant of that of Thm. 2.3. Notice that Ry is assumed as just one row
in (94). The condition char(%,;)T" = @ generalizes the condition rank(P(®)) = p
for w € T" of Thm. 2.3 which therefore is not necessary for asymptotic stability.
Neither is condition (i) since in case (ii) char(%;)NT" = {w € T"; Ro(w) =0}. We
conjecture that in general asymptotic stability of a time-autonomous behavior requires
some additional condition besides spectral stability.
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