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THE FAST FOURIER TRANSFORM*
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Abstract. Fast Fourier transforms (FFTs) are fast algorithms, i.e., of low complexity, for the
computation of the discrete Fourier transform (DFT) on a finite abelian group. They are among
the most important algorithms in applied and engineering mathematics and in computer science, in
particular for one- and multidimensional systems theory and signal processing. We give a relatively
short survey of the FFT for arbitrary finite abelian groups, cyclic or not, with complete and partially
novel proofs, the main distinction being explicit induction formulas for the FFT in all cases which
generalize the original FFT-algorithm due to Cooley and Tukey and, much earlier, to Gaufl. We
believe that our approach has didactic advantages over the usual ones. We also present the application
of the FFT to fast convolution algorithms, and the so-called number theoretic transforms over finite
coefficient rings. We do not treat those algorithms which decrease the multiplicative complexity at
the expense of many more rational linear combinations, which in this context are considered costless,
nor do we discuss the DFT for nonabelian finite groups.
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1. Introduction. Fast Fourier transforms (FFTs) are fast algorithms, i.e., of
low complexity, for the computation of the discrete Fourier transform (DFT) on a
finite abelian group which, in turn, is a special case of the Fourier transform on a
locally compact abelian group. The FFTs are among the most important algorithms
in applied and engineering mathematics and in computer science, in particular for one-
and multidimensional systems theory and signal processing as evidenced by references
[4], [11], [15], [19], [23], [26], [28], [34], [35], [40]. Various textbooks on the FFT are
mentioned at the end of this introduction.

The present article gives a relatively short survey of the FFT for arbitrary finite
abelian groups, cyclic or not, with complete and partially novel proofs which in our
opinion have didactic advantages over the usual ones. The main distinction consists
in explicit induction formulas for the FFT, proven and announced in 1988 [30], [31],
for all possible cases which generalize the FFT-algorithm on the group Z/Z2" due to
Cooley and Tukey [18] and, much earlier, to Gaufl. We also treat the applications of
the FFT to fast convolution algorithms. We do not discuss the algorithms with fewer
essential multiplications at the expense of many more rational linear combinations,
i.e., those with low multiplicative complezity, for instance, those of Winograd [43].
Nor do we treat the FFT for noncommutative finite groups [5], [13].

An algorithm is called fast if it has low complexity, where the complexity is the
number of elementary computation steps necessary to execute it. In this paper and
in most computer processors such a step is of the form ax + y with numbers a, z, y;
i.e., it consists of one multiplication together with one addition.

The following motivational remarks taken from [6] and [24] on the Fourier theory
for general locally compact abelian groups or harmonic analysis will not be used in
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any way in the rest of this article. For the group G = R" the Fourier transform of a
function a € L*(R") is the bounded, continuous function

er x) exp(—2miz e y)dr, y € R", where z oy :=z1y1 + - + 2, yr

is the standard scalar product. Under suitable assumptions, for instance, if @ is
absolutely integrable, too [22, p. 164], the Fourier inversion formula

= [ G(y) exp(+2miz o y)dy

holds almost everywhere. For fixed y the map x — (z,y) := exp(—2miz e y) is a char-
acter on R”, i.e., a continuous group homomorphism from R" into the circle group
S':={2€C; | z|=1}. Let Greons(R",S") denote the multiplicative group of all
characters with the multiplication of functions. Then, more precisely, the continuous,
symmetric, bimultiplicative form (—, —) is nondegenerate, i.e., induces the (topologi-
cal) isomorphism

R™ 2 Greon (R™,S"), y— (—,y),
and the Fourier inversion has the form

= Jpr a(z)(z,y)dz,
) = I]RT x’y>dya < x’y> - <x,y>*

= (z,y).

In general, the character group G = Grcont (G, S%) of a locally compact abelian group
G is not isomorphic to G, for instance, 7r = (SY)", but the form (—, —) : G x G-
S', (9,9) := §(g), is nondegenerate in the sense that the map G — Greons (6’, sh), g—
(g,—), is a (topological) isomorphism and the Fourier inversion has the form

a(ﬁ) = f (g)<g 9)dg, a € LY(G),
fG dg) <_ga§> = <g7/g\>_1 = <ga/g\>a
where dg, respectively, dg, are the suitably normalized Haar measures on G, respec-
tively, G.
We specialize the preceding considerations to the simple case of a finite abelian

group G of exponent d > 0, i.e., satisfying dG = 0. In various ways one can choose a
group G = G, for instance, G = G, and a biadditive form

e : G x G — Z/Zd such that
G =~ Hom(G,Z/Zd), §— (—) e, and G = Hom(G,Z/Zd), g — ge (—),

are isomorphisms, the latter signifying that the form e is nondegenerate. In the engi-
neering literature the groups G and G are called the time, respectively, the frequency
domain, in the standard one-dimensional case of time signals. We choose a primitive
dth root of one in C, for instance, ¢ := exp(— 27”) hence

Z/ng H= <C> = {LC) e acd_l} g SI;E’_) CE = Ck.
The nondegenerate form e thus induces the nondegenerate bimultiplicative form

(—,—):Gx G — t, (9,g) := ¢9°9, such that
G = Gr(G,p), g (~,9), and G = Gr(G, p), g (g,—)-
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Here Gr(G, 1) denotes the multiplicative abelian group of homomorphisms from the
additive abelian group G into the multiplicative abelian group pu. The canonical group
isomorphisms

G =~ Hom(G, Z)Zd) = Gr(G, p) = Gr(G, SY)

hold. In this article we use the chosen group G instead of the isomorphic character
group Gr(G, ) for the development of the theory. The standard choices for the one-
dimensional DFT are

d>0, G:= G= 7)7d, kel =kl, (k1) = exp (—2m'%) )

It is a well-known and simple, but for this paper essential, observation that the con-
travariant duality functor G — G = Gr(G,p) is exact on finite abelian groups of
exponent d. The Haar integral on C“ which is unique up to a multiplicative positive
constant is the map C¢ — C, a >_gec @(g). Therefore we define two DFTs

Fourg : C¢ — C@, a—a, a(g) :== deG a(g){g,g), and
Fourg : C¢ — C%, b b, b(g) := deé b(9)(9,9)-

The map Fourg is sometimes called the inverse discrete Fourier transform (IDFT).
The Fourier inversion formula has the form

N=1a(—g) = a(g), where a € CE, N := ord(G).

The form (—,—) and the Fourier transform can also be defined if C is replaced by
an arbitrary commutative ring K and if ¢ is a primitive dth root of one in K, and
we will do this in these notes. However, the Fourier inversion holds under additional
assumptions on ¢ only [29], [16], [20]. Interesting cases concern finite factor rings
K = ZJZM of Z, where the corresponding DFT is also called a number theoretic
transform (NTT), or rings of algebraic integers. In our opinion the change of the
coefficient ring does not justify a change of the terminology, so we will always talk of
the DFT.

Any filtration or increasing sequence of subgroups 0 =Gy C G; C--- C G, =G
of G gives rise to an FFT-algorithm for the computation of Fourg. That nontrivial
subgroups H of G and their factor groups G/H are significant for the construction
of an FFT for Fourg is one of the basic observations in this field since [18], and the
book [5], for instance, stresses this point of view. For groups of prime order there
are no FFTs in this sense, and different algorithms have been designed, the first one
by Rader [36]. Our description of the recursive FFT-algorithms gives simple explicit
recursion formulas and makes essential use of the exactness of the duality functor. For
the important case of cyclic groups similar formulas are contained in [8, pp. 188-191].

The central and novel sections of this survey paper are those on the FFT. The sec-
tions on duality theory, the DFT, and the complexity of linear maps contain necessary
preliminaries and are simple adaptions from the literature. The two short sections
on fast convolution algorithms derived from the FFT and on NTTs are included for
completeness’ sake and are also simple variants of the literature [29].

Since the FFT is so important in engineering applications there are very many
papers and books on this subject, too numerous to be available to and be read and
known by the author. Therefore the list of references at the end of this survey paper
contains only books and papers which are actually mentioned in the text, and omission
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of an article is no comment whatsoever on its historical or practical significance.
Standard textbooks on the FFT are those of Brigham [8], Nussbaumer [29], and Beth
[5] (in German), newer books are those of Clausen and Baum [13], Chu and George
[14], and Garg [20]. Besides the signal processing and systems textbooks quoted
above, the book [8] and especially that of Briggs and Henson [7] give surveys of the
many mathematical and technical applications of the DFT and thus of the FFT from
an engineering point of view, for instance, to the computation of Fourier integrals and
coeflicients, to trigonometric interpolation, and to digital filtering.

We shortly discuss the literature on the construction of FFT and convolution
algorithms which minimize the multiplicative complexity according to Winograd and
which are otherwise not treated in the present paper. The seminal papers in this
direction are those of Winograd, Auslander, and Tolimieri and their coworkers [42],
[43], [2], [1], [38]. In [32], [41], and the book [33], which unfortunately has not yet
appeared, we constructed the optimal fast Fourier and Hartley, respectively, Gelfand,
transforms on arbitrary finite abelian groups, respectively, finite-dimensional, commu-
tative, semisimple Q-algebras, i.e., algorithms for these transformations of minimal
multiplicative complexity, and computed the exact value of the latter with the help of
[3]. The recent paper [39] emphasizes the renewed interest in such algorithms.

The present paper presupposes the algebraic knowledge of a mathematics student
at the end of the second university year. Some results are recalled under the title
Reminder.

2. Duality.

Reminder 1 (see [25, p. 46]). Let G = (G, +) be a finite abelian group, written
additively. Then there are numbers d; > 0, --- ,d, > 0 and an isomorphism
(1) GXZ/Zdy x -+ x ZL]Zd,.

The least common multiple
(2) exp(G) :=lem(dy, - - ,d,) with Zexp(G) = {k € Z; kG = 0}

is called the exponent of G. If, in addition, d, divides dy4; for all o =1, --- ,r — 1,
then the d, are unique and are called the invariant factors of G and exp(G) = d,.
If d is a multiple of exp(G) or, in other terms, if dG = 0, we say that G is a group of
exponent d.

If G and H are additively written abelian groups, the group of all additive or
Z-linear homomorphisms from G to H is denoted by Hom(G, H) = Homgy(G, H) as
usual.

If r > 0 and K is a field, the map

o . K"XK'—> K, xey:=x1y1 + -+ 2y, for x = (x1, - ,x,),
is a nondegenerate symmetric bilinear form; i.e., the induced map
K" — Homg (K", K), y — (=) ey =y e (-),

is a K-isomorphism.

The following symmetric bilinear form is the analogue of the preceding one for
finite abelian groups.

THEOREM 2 (nondegenerate bilinear form). Let

G=17/Tdy % - X Z)Zdy > g=(G1, - ,Gr): 9o € Z,
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be the finite abelian group of exponent d > 0, i.e., dG = 0. Then the map
(3) o GxG—7/%d, geh:= Zgzlgghgﬁ

is well defined and is a nondegenerate, symmetric Z-bilinear form; i.e., the following
hold.

(1) The definition is independent of the representatives g, hy.

(2) geh=heg, ge(h+h')=geh+geh’ forall g,h,h in G.

(3) G =Hom(G,Z/Zd), h — (—) e h.

Proof. (1) The map is well defined: Let g = (g1, --- ,gr) = (g}, -+ ,gL); hence
9y = go +kody, ky € Z, for =1, --- ;7. But then

POy g'ghgd% =3 gghgd% + 201 9ohoked €374 gghg% + Zd, and hence
r d r d
ZQ=1 g;hgd—g = Zg=1 gghga =geh.

The independence of the representatives h, is shown in the same fashion.
(2) The symmetry and bilinearity follow trivially from the definition.
(3) It remains to show that G — Hom(G,Z/Zd), he(—) = (=) e h, is an isomor-
phism.
(i) Monomorphism: Assume that (—) e h = 0. For p = 1,---,r let §, :=

[
(0, --+,0,1,0, - - ,0) denote the analogue of the standard basis such that (g7, --- ,g7) =
> p—1 900, for all g € G. Then

0259°h=hg% € Z/Zd; hence for o =1, --- ,r
d | hyit ordy | hyand hy =0 in Z/Zd,, ie., h=0.

(ii) Epimorphism: Let ¢ : G — Z/Zd be any homomorphism. The equation

deb, = 0 implies d,p(6,) = 0 in Z/Zd; hence ¢(8,) = hgd% =0b,0h, hy€Z,
and for g € G+ 9(9) = p(3,1 9000) = 20 p=1 9o (00)
:Z;=1996@‘h:(22:19969)‘}1:9’}1311(190:(*>‘h- o

COROLLARY 3. With the data of the preceding theorem, let G1 and Gs be two
groups which are isomorphic to G and let ¢; : G; =2 G, i = 1,2, be two isomorphisms.
Then

(4) o : G x Gy — Z/Zd, g1 g2 := p1(g1) ® p2(g2),
is a nondegenerate bilinear form; i.e., the maps
G1 — Hom(G9,Z/Zd), g1 — g1 e (=), and Go — Hom(G1,Z/Zd), gs+— (=) ® ga,

are isomorphisms.

The proof is obvious. The corollary implies that the following assumptions can
be realized in various ways.

Assumption 4. Let d > 0. In what follows we consider finite abelian groups G
with dG' = 0. For each such G we choose a group G and a nondegenerate bilinear
form e : G x G — Z/Zd, hence the canonical isomorphisms

(5)
can: G = Hom(a, Z]Zd), g+— ge(—), and can: G Hom(G,Z/Zd), g+— (—) e 3.
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For the groups G = Z/Zdy x --- x Z/Zd, the canonical choices are G = G and the
symmetric form of (3). In the context of the FFT the groups G (resp., G) are often
called the time domain (resp., the frequency domain), and therefore it is advantageous
to make a notational distinction between G and G even if G = G.

If G is any finite abelian group the theory applies for d = exp(G).

Reminder 5 (see [25, pp. 76,77]). Hom(G, H) is an additive functor in its two
variables G and H. In particular, a homomorphism ¢ : G; — G of abelian groups
induces the homomorphism

Hom(p, Z/Zd) : Hom(G2, Z/Zd) — Hom(G1,Z/Zd), x2 — X2,
in the reverse direction. This assignment satisfies the relations

Hom(idg, Z/Zd) = iden(G,Z/Zd)7
Hom (1, Z/Zd) Hom(pa, Z/Zd) = Hom(pa1, Z/Zd) for Gy = Gy =2 Gs,
Hom(p~, Z/Zd) = Hom(, Z/Zd) ™" if ¢ : Gy = G.

COROLLARY 6. For each finite abelian group G of exponent d > 0 there is a
noncanonical isomorphism G = G.

Proof. Choose an isomorphism ¢ : H = Z/Zdy x --- x Z/Zd, — G and on H the
bilinear form from (3) which induces the isomorphism H = Hom(H,Z/Zd). Then

~ Hom(p,Z/Zd)
G =2 Hom(G,Z/Zd) & Hom(H,Z/7Zd) 2 H = G. 0

Remark 7. If K is a field, V a finite-dimensional K-vector space, and V* :=
Hompg (V, K) its dual space, the canonical Gelfand map

Gelf : V — V** v - Gelf(v), Gelf(v)(v*) := v*(v),

is a K-isomorphism. The following result is the analogue for finite abelian groups.
THEOREM 8. There is the unique canonical Gelfand isomorphism

(6) Gelfg : G = G with geg=_geGelfg(g) forallge G, g€ G.

Proof.
G =~ Hom(G,Z/Zd) = G, g — ge (=) = (=) ® Gelf¢(g) — Gelfa(g). O

LEMMA AND DEFINITION 9. 1. For each homomorphism ¢ : Gy — G2 there is a
unique homomorphism

(7) ©* é\g — é\l such that ©(g1) ® g2 = g1 ® ¢*(§2) for all g1 € G1, §3 € é\g

The map ©* is called the adjoint of .
2. The relations idg = idg and ©ies = (paep1)* for Gy 2L Gy 22 Gy hold.
Hence the assignment G +— CA}', @ — Y, is a contravariant functor on finite

abelian groups of exponent d > 0 and is called the duality functor in this article.
Observe that G = Hom(G,Z/Zd) can be chosen in various ways.
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Proof. 1. There is a unique homomorphism ¢* such that the following diagram
with vertical isomorphisms is commutative:

*

G R G
| cans } cany
. Hom (G, Z/Zd) " EA" Hom(G1,Z/Zd) .
2 - ©*(2)
_ ! R
X2 = (=) ® g - X2 = (=) 0 G2 = (—) ® v*(g2)

viz., ¢* := can] ' o Hom(p, Z/Zd) o cany. The commutativity signifies that

0(g1) @ 52 = g1 0 ¢*(§2) for all g1 € G, G € Ga.

2. The relations follow from the commutative diagram (8) and from Reminder 5. d
LEMMA 10. The Gelfand map is a natural transformation; i.e., for ¢ : G1 — G
the following diagram is commutative:

G1 £ Go
(9) | Gelfy | Gelf, |

G G
Proof. For all g1 € Gy and g5 € (/;\2 we have

g2 ® Gelfa(¢(g1)) = p(g1) ® g2 = g1 ® p*(g2)
= p*(g2) ® Gelf1(g1) = g2 ® ¢**(Gelf1(g1)); hence
Gelfa(p(g1)) = ¢ (Gelf1(g1)). O

Reminder 11 (exactness, [25, pp. 16, 77]). 1. Consider a sequence of abelian
groups and homomorphisms

(10) G1 5 Gy = Gs.

The sequence is called a complex if a1 = 0 or im(¢1) C ker(ps2).

2. The sequence (10) is called ezact if im(p1) = ker(p2).

3. A possibly infinite sequence
(11) Go: =G TG Gy — - i€ L,
is called a complex (resp., exact) if and only if all three member subsequences have
this property, i.e. B; := im(d;+1) C Z; := ker(d;) (resp., B; = Z;) for all i. The
groups H;(G,) := Z;/B; are called the homology groups of the complex and are all
zero if and only if G, is exact.

4. For a sequence

(12) 0— G1 —> Gg G3

the following properties are equivalent.
(a) The sequence is exact.
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(b) ker(y1) =0, i.e., ¢1 is a monomorphism, and im(p1) = ker(pz).
(c) The map ¢ induces an isomorphism @1 ing : G1 = ker(p2).
5. For a sequence

(13) G 25 Gy 25 Gy — 0

and the cokernel cok(yp;1) := G3/im(p;) the following properties are equivalent.

(a) The sequence is exact.

(b) im(¢p2) = G, i.e., 2 is an epimorphism, and im(p;1) = ker(pz).

(¢) The map 9 induces the isomorphism g jng : cok(p1) = Gs, 2 — w2(g2).

6. The Hom-functor is left exact. Moreover, the sequence (13) is exact if and
only if for all abelian groups X the derived sequence

Hom(g2.X)

(14)  Hom(Gy, X) "% Hom(Gy, X) Hom(G3, X) «— 0

is exact.

The next duality theorem states that the duality functor G — G preserves and
reflects exactness.

THEOREM 12 (duality theorem). A sequence

(15) G155 Gy 5 Gs

of finite abelian groups G of exponent d (dG = 0) is exact if and only if its dual
sequence

(16) é\l G2 <— G3

has this property.
Proof. = : 1. Assume first that the sequence

(17) G125 Gy 25 G35 — 0

is exact, i.e., o is surjective. Lemma 9 implies the commutative diagram
é\l it é\g Kz é\g — 0
| cany | cans | cangs
Hom(G1,Z/Zd) "™ Hom(Ga,z/zd) "D Hom(Gs,Z/Zd) — 0

with vertical isomorphisms whose lower row is exact according to part 6 of Re-
minder 11. The commutativity then implies that also the upper row is exact.
2. We prove that ¢* is an epimorphism if ¢ : G; — G4 is a monomorphism.
The sequence

can

0 — C := cok(p* )<—G1<—G2
is exact. Part 1 of this proof and Lemma 10 imply the commutative diagram

G = G
l Gelf1 l Ge1f2

* = *

0 - C Gl@—>é\2
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with exact row and vertical isomorphisms. Since ¢ is a monomorphism, so is ¢**, and
hence C' = 0. Since C' and C are isomorphic, we obtain C' = cok(¢*) = 0 or that ©*
is surjective.

3. The exact sequence (15) gives rise to the commutative diagram

G, 25 Gy B Ci=cok(p) — 0

L o2 L )
Gs = Gs

where ¥ (gz) = @a2(g2). Since C = G3/im(p1) = Ga/ker(ps), the homomorphism
theorem implies that i is a monomorphism. Dual to the preceding one is the com-
mutative diagram

Its first row is exact, and ¥* is an epimorphism according to parts 1 and 2 of the
proof. Since 3 = can* ¢)*, we conclude that im(¢}) = im(can*) = ker(¢7) and thus
the exactness of (16).

< : Assume that (16) is exact. There results the diagram

G1 =, Go £, G3
1 Gelfy 1 Gelfy | Gelfs .
G S @ B G

The exactness of (16) and the proof “=" imply the exactness of its lower row, and
Lemma 10 implies its commutativity. Since the Gelfand maps are isomorphisms, the
wanted exactness of the upper row follows. 0

3. The discrete Fourier transform. In this section we define and investigate
the DFT for K-valued functions on a finite abelian group where K denotes a suitable
coefficient field or even ring.

Assumption 13. The assumptions of section 2 remain in force, in particular d > 0.
We counsider finite additively written abelian groups G of exponent d (dG = 0) and the
nondegenerate bilinear forms e : G x G— Z/Zd. Let K be a commutative coefficient
ring. Then K¢ is the K-module of functions from G to K with its argumentwise
addition and scalar multiplication. The standard case for the FFT will be the coef-
ficient field C of complex numbers. However, since we are also going to discuss the
so-called arithmetic transforms with a finite coefficient ring or field, we consider the
more general situation from Assumption 13. Let U(K) denote the group of units
or invertible elements of K. For the definition of the DFT on K¢ we also need an
analogue of the circle group S' = {z € C; | z |= 1} € U(C) in the standard case of
complex Fourier transforms. Therefore we make the following additional assumption
for the ring K.

Assumption 14. Let ¢ € U(K) be a primitive dth root of one in K, i.e.

¢T=1, pi= () = {L,¢, -+ .¢*1} CU(K), ord(€) = ord(p) = d.

Ezxamples 15.



10 ULRICH OBERST
(1) Let
K:=C, ¢(:=exp(—2). Then p:= (¢) ={n € C; n? =1}

is the group of all dth roots of one in C and consists of the vertices of the
regular d-gon. These data are those of the standard complex DFT.

(2) Let d :== 2, K := R, ¢ := —1. These data are used for the discrete Walsh—
Fourier transform.

(3) Let K :=CxC, ¢:=((1,() = (eXp(—%), 1). This is a primitive dth root
of one, but it does not generate the finite group of all dth roots of one which
consists of the elements ({77, (T').

(4) Let K be a finite field of characteristic p and dimension [K : Z/Zp] = n,
hence with ¢ := p™ elements. The group U(K) = K \ {0} is cyclic and hence
generated by a primitive root of order d := g—1. For instance, U(Z/Z7) = (3),
whereas ord(2) = 3.

If G; and G5 are arbitrary abelian groups and one of them is multiplicatively
written, we denote the group of all homomorphisms from G; to G by Gr(G1,G3)
instead of Hom(G1, G2).

LEMMA 16. Consider the situation of Example 15(1) and a finite abelian group
G with dG = 0. Then Gr(G,u) = Gr(G,S*?) is the group of all complex characters
on G.

Proof. Let x : G — S! be any character, i.e., homomorphism. The relations
dg = 0 for g € G imply x(g)¢ = 1 and hence x(g) € u since p is the group of all roots
of 1. d

This result suggests that we consider the group Gr(G, 1) as a suitable analogue
of the character group for general coefficient rings, and we will do this; i.e, we call
this group the character group of G. Notice that, in general, this group depends on
the choice of { in contrast to the complex case.

COROLLARY AND DEFINITION 17. The maps

Z)7d = p=(C), ks ¢k = ¢*, hence also

(18)
Hom(G, Z/Zd) = Gr(G, p), ¢ — x, x(g) = ¢#9,

are isomorphisms. For each group G (finite abelian, dG = 0) the nondegenerate
bilinear form e : G x G — Z/Zd induces the nondegenerate bimultiplicative form

(19) (= =) Gx G —p=1(C), (9.9) = e,
(1) for all g1,92 € G and Gi, 5> € G
(91. 91 + 92) = (9, 91)(9, 92), (91 + 92,9) = (91,9)(92, ),
(2)
G =2 Gr(G,p), g+ (g.—), G=Gr(G,p), §— (—.3).

The proof of this corollary is obvious since it consists in just replacing the additive
group Z/Zd by the multiplicative group p = (¢).

Reminder 18. The K-module K of all functions a = (a(g))gec : G — K has
the standard basis 65, := (65,9)gec, h € G, and the basis representation is

a = (a(g))gec = dec a(g)dg-
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We also consider the function module K¢ with the corresponding structure.
LEMMA AND DEFINITION 19 (DFT). The data are as introduced above. The map

Fourg : K¢ — K%, aw— @, a(g) :== 3 e a(9)(9,9),

is K-linear and is called the discrete Fourier transform (DFT). The function a € K¢
is also called the Fourier transform of a. The analogous map

Fourg : K& — K%, b b, b(g) == 3,5 b(9)(9.9),

is called the Fourier transform on KC or inverse Fourier transform (IDFT). Notice

that Fours maps into K and not into KC.

The Fourier transform depends on the choice of the non-degenerate form e and
of the primitive dth root (. ‘

Ezamples 20. (1) Let d :=n > 0, K :=C, ¢ := exp(f%), and G = Z, =
Z)Zn = G with k e [ := kl € Z, and hence (k,1) = (% = exp(—2mikl).

We identify

G=7Z,=1{0,---,n—1}={0, -+ ,n—1},
C¢=C¢=Clr=C"3a= (G(E))EEZH
= (a(0), - -+ ,a(n — 1) = (a(0), - -+ ,a(n — 1)), and hence
Fourg = Fourg : C" — C".

The Fourier transform of a = (a(0), --- ,a(n — 1)) is
a= (6(0), T 76(% - 1))7
a(l) = ez, alk) (k1) = X355 a(k)¢H = 355 alk) exp (~2rit})

(2) Let d :=2, K :=R, ( := —1,and G = Z} > g = (g1, - , gr) the finite-
dimensional Zs-vector space which is the typical finite group of exponent 2. We
choose

G:= G, geh:=gihy + -+ g.h,.,and hence (g, h) = (—1)9*".

The Fourier transform @ of a € RY is given by a(h) = > ogeG a(g)(—=1)9*". One also
talks about the Walsh—Fourier transform in this case.
LEMMA 21. For each g € G the Fourier transform of

6y € KC is 5; =(g,—) € Gr(@,p) c K€,

Proof. 85(9) = X peq bg(h)(h,9) = (9,9). O

The K-module K~ admits two structures as commutative K-algebras which are
both significant for the DFT.

LEMMA AND DEFINITION 22. With the argumentwise multiplication

(20) (a1a2)(g) = a1(g)az(g), a1,a2 € K%, g € G,

the K-module K€ is a commutative K-algebra whose identity 1 is the constant
function with value 1. The standard basis consists of complete orthogonal idempotents,
i.e.,

> gec 09 =1, 646n = bg,ndg.
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The proof is obvious.
LEMMA AND DEFINITION 23. With the convolution multiplication

(a1 % a2)(g) = 32, 1 gomg @1(91)a2(92) = Xpeq ar(g — haz(h)
= Zheg ai(h)az(g — h)
the K-module K€ is a commutative K-algebra with the identity &,. One writes

K[G] := (K%, *) and calls this algebra the group algebra of G with coefficients in
K. The map

(21)

is a group monomorphism, i.e., injective with
b0 =1, 8y, 4g, = bg, % by, hence 5, =6_,.

The proof is analogous to that for the polynomial algebra K[X] := K[N] and is
omitted.

The map 6 : G — U(K|[G]) has the following universal property. For two K-
algebras A and B let Alk (A, B) denote the set of K-algebra homomorphisms from A
to B.

THEOREM 24 (universal property). For each K -algebra B the map

(23) Alg (K[G], B) — Gr(G,U(B)), ¢ x = 9o,
is bijective. The inverse map is given by

X =@, pla) =Y cqalg)x(g), a e K°.
Proof. The map is injective since x := @ 06, x(g9) = ¢(é4), implies

(24) p(a) = ¢ (Xyec @(9)0g) =X jeq al9)p(6y) = X e alg)x(9)-

Let, conversely, x be given and define ¢ via the K-linear map (24), in particular,

©(6g) = x(9) and (1k(c)) = ¢(60) = x(0) = 1p.
Then

(g, *6g,) = P(6g,49,) = x(91 + 92) = X(91)x(92) = ©(6g,)(6g,)-

Therefore ¢ is multiplicative on the standard basis and therefore a K-algebra homo-
morphism by bilinear extension. 0
COROLLARY 25. For B := K there results the bijection

Al (K[G], K) =2 Gr(G,U(K)), ¢ +— @ob.

In particular, for every g € @, the group homomorphism (—,g) : G — u C U(K)
induces the K-algebra homomorphism

K[G] = (K% %) = K, a— ¥ alg)(g,7) = a(9)-

THEOREM 26 (convolution theorem). The K-linear Fourier transform
Fourg : K[G] — K¢ is an algebra homomorphism, i.e.,

~

bo = (0,—) = lxa, a1 * ax(q) = @1(9)az(9)-
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Proof. Since K¢ is supplied with the argumentwise multiplication, the theorem
is a direct consequence of the Corollary 25. ]

COROLLARY AND DEFINITION 27 (Antipode). The group automorphism g — —g
of G induces the algebra automorphism

Sa: K¢ =K, 6, 6y, Sc(a)(g) = a(—g),

with respect to both multiplications on K. This map is called the antipode on [fG

and is an involution, i.e., S?; =idge or SE;I =Sg . We likewise define Sz on K¢,
Proof. For the convolution multiplication this follows from the universal property

of K[G], and for the argumentwise multiplication directly from the definition. ]
LEMMA 28. The antipode commutes with the Fourier transform, i.e., the diagram

KG Fourg Ké
|l Sa 1 Sg is commmutative or Fourg Sg = Sz Fourg .
KG Fourg K@

Proof. Fourg Sg(é,) = Fourg(6—y) = (—g,—) = Sa({(g, —)) = Sg Fourg(éy). O

For the proof of the Fourier inversion theorem we need an additional assumption
on the root (.

Assumption 29 (see [16, Satz 2.8]). For the data of Assumption 14 we assume in
what follows that d is invertible in K and that for each divisor m > 1 of d and the
root 7 := (i of order ord(n) = m the relation

L+n+-+ngm1=0

holds. In Theorem 80 we will give several equivalent conditions for this assumption
as in [16, Satz 2.8].

Recall that all considered groups G are finite abelian of exponent d (dG = 0).
Let N := ord(G) denote the order of G.

COROLLARY 30. The preceding Assumption 29 is satisfied if K is a field.

Proof. The second property follows from the relation

O=n"—1=@n-DH™ '+ +n+1)

since ord(n) = m # 1; hence n # 1. Assume that the characteristic p of K divides d
or d =0 in K. Then p is prime and

d=pk = 0=C1—1=(CFP-1P=(¢F-1)P = (*=1 = ord(¢) <k < d,

a contradiction to ord({) = d. d

COROLLARY 31. Under Assumption 29 the order N := ord(G) of G is also
invertible in K.

Proof. If G 2 Z/Zdy X --- x Z/Zd, with d, | d, then N = dy * --- * d, divides d"
and therefore is invertible like d. 0

LEMMA 32. Under Assumption 29 any character x € Gr(G,u) of the group G
satisfies the relation

N ifx =1,

geax(o) = Novy = {0 AN
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Here 1: G — p, g+— 1, denotes the trivial character which is the neutral element of
the character group.

Proof. The assertion is obvious for x = 1. Assume therefore that y # 1 and that
the image im(x) has the order m # 1. Then im(y) is the unique subgroup of order

m of the cyclic group g = () and is generated by 7 := g%; hence im(y) = () =
{1,n, -+ ,n™ '}. Let n = x(g). The isomorphism

G/ker(x) = im(x) = (1), ig — x(ig) = x(9)' =",
implies that every element h € G has a unique representation

h=ig+k 0<i<m-—1,k € ker(x).

We infer
Shea X(h) = X {x(ig+k); 0 <i <m—1,k € ker(x)}
=>rx(g )= (21 -0 ni> =0,
where S " = 0 according to Assumption 29. O

THEOREM 33. The following equations hold for a € K&, b € Ké, geG, g€ G:

Na(0) = Y5 @(@), Nb(0) = 32,0 blg),
Noog =35e6(9:9), Noog =Y gec(9,9)-

~

Proof. Since 6, = (g, —) and (5§ = (—,9) only the first equation has to be shown.
With x := (g9, —) : G — p Lemma 32 implies deé(g,@ = Nobo,4; hence

S 0ea@86) = Ypetpeq 1(9)(9.9)
=Y, a(9)Y5(9.9) = ¥, al9)Ndo, = Na(0). O

THEOREM 34 (Fourier inversion theorem). Under Assumption 29 the Fourier
transform Fourg is an isomorphism and

Fourg o Fourg = N SAG or Fourg;1 = N:l Sg Fourg = N1 Foursz Ss or
a(g) = Na(—g) ora = N Sg(a).

Proof. All assertions follow from the last equation which has to be shown for the
standard basis vectors only, from the invertibility of N and of the antipode and the
same properties for Fourgs instead of Fourg. But for g,h € G

() = I )9) = peahs9)(9.9) = Sgealo +h.3)
= Nbo.gin = N6_n(g9) = NSq(6r)(g); hence &, = NSg(6,). O

Ezample 35. In the situation of Example 20(1), with d = N = n the Fourier
inversion has the form

a @, a(l) = Yp—g a(k)exp (—2mik) | a(k) == S (1) exp (+2mikl) .

THEOREM 36 (product theorem). The map N~ Fourg : K¢ — K[G) is an
algebra isomorphism; i.e.,

N-lagias = N71@3 « N71a3 or a1as = N71@y « a3 and N=11 =6y or 1 = Néy.
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Proof The Fourier inversion theorem (Theorem 34) and Lemma 28 imply that
NS¢ Fourg : KG - K[G] and S¢ : K[G] — K|[G] are algebra isomorphisms. The
same follows for N1 Fourg and then also for N ~1 Fourg. O

The action of the group G on itself by translation induces an action on K¢ by
K-algebra automorphisms, viz.,

(25) 0:Gx K (g,a) > goa:=bsxa, (goa)(h)=a(h—g).

Similarly G acts on KC. R
THEOREM 37 (shift theorem). For a € K%, g € G, and § € G the following
relations hold:

(26) Fourg(goa) = (g, —)a, Fourg((—,g)a) = (=g)oa.

Proof. The first equation follows from the convolution theorem since

o —

goa=by+a=byd=(g,—)a,
and the second from

Fourg((—, g1)a) (g2
= dec a(9)(9,91 + g2) =

) =2 4ecl9,91)al9)(g; =)
a(g1 +g2) = ((—=g1) ca)(g2). O

COROLLARY AND DEFINITION 38 (correlation). The correlation function aob €
K@ of two functions a,b € K is defined as

aob:=(Sga)x*b, ,
(@ob)(h) =3 yec(Sa a)( )b(h 9)
=2 gec a(=9)b(h —g) =3 ccalg)b(h + g).

Then
boa=Sg(aob) and Fourg(aob) = (Sg Zi)g.
Proof. Since S¢ is an involution and an algebra homomorphism, we infer
Sc(aob) =Sia* Sgb= Sgbxa=boa.

The second equation follows from the convolution theorem and from Sz Fourg =
FOllI‘G Sg. 0

For the coefficient field K := C the preceding considerations can be slightly
changed. For a function a € C% we define the complex conjugate function @ €
C% as a(g) := a(g) and likewise for a € CE. On C¢ and likewise on CC we define the
standard hermitian inner product

(27)
(a1,a2) =Y e a1(9)az(g) = X e (Sa)(—g)az(g) = (Sa1 * az)(0) = (a1 © a2)(0),
where S denotes elther Sg or Sa

LEMMA 39. @ = Sa, and hence Sa =a.
Proof.

a@) = >, a(9)(9,9) = >, a(9)(9,—7) = Sa(G). O
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THEOREM 40 (Plancherel). For ay,as € CC: N(ay,a2) = (a1, az).
Proof. Using (27), Theorem 33, Corollary 38, and finally the preceding lemma,
we get

=2 5ec((Sa)a2)(9) = X5eq(a1a2)(9) = (a1,a2). O
COROLLARY 41 (orthogonality relations). For two characters a; := {—,3;), 01,
g2 € G, on G one obtains the orthogonality relation

((11,(12) = N(ég},éﬁ) = N6

91,92°
Hence the characters (—,g) are an orthogonal basis of CZ.

Proof. This follows from the preceding theorem and (i%. = (—, g;) with the roles
of G and G interchanged. |

4. Linear complexity. The FFT is a fast algorithm for the computation of the

DFT. An algorithm is called fast if it has low complexity. In this section we define
the linear complezity [9, Chap. 13] of matrices and in particular of the DFT to make
this terminology precise. See [37] or the book [9] for a comprehensive treatment of
algebraic complexity theory.
_ Let K again denote a commutative ring and I, J finite sets, for instance, G and
G in the preceding section. We consider the free column module K7 := K7*! with
the column vectors & = (§;) e, the free row module K™Y with the row vectors
z = (zj);jes and the standard basis &;, j € J, and the free module K'*7 of I x J
matrices with coefficients in K. We identify

KT = Homg (K7, KT), A= (¢ — Af), in particular,

2
(28) K™/ = Homg (K7, K), z=(E—al=3c,78)

The following considerations will be applied mainly to Fourg € K GxG —

Hompg (K%, KY). In the complexity theoretic arguments below we will mostly assume
Ae Kmxn,

Motivation 42. For A € K>/ the complexity or cost of an algorithm for the
computation of A¢ for arbitrary £ will be the number of necessary elementary com-
putation steps whose cost is defined to be 1. Such a step could be an addition or a
multiplication, but we will use steps of the form (z,y) — az + y of one multiplication
and one addition for numbers a, z,y in K as realized in many standard computer pro-
cessors. If, more generally, a € K is a constant and v, w € K>/, ¢ € K7 are vectors,
then (av + w)€ = a(vf) + (wf); i.e., the result is obtained from the numbers v¢ and
wé with one elementary computation step. This motivates the following definitions
of an algorithm and its complexity.

DEFINITION 43. Let I,.J be finite sets and let A € K'*7. A sequential algorithm
of complexity or cost M > 0 for A or, in more detail, for the computation of AE

for all € € K7 is a sequence vy, --- ,vpr of row vectors in K7 with the following
properties.

(1) Each row A;_, i € I, belongs to V :={6;; j € J}U{0}U{v1, --- ,om}.

(2) For each k=1, ---, M the vector vy is given in the form vy = av+w, where

a€ K andv,w e {6j; j € JJU{0}U{vy, --- ,vp_1}.



THE FAST FOURIER TRANSFORM 17

The data a,v,w depend on k, but do not get an index for notational simplic-
ity. The algorithm to compute A¢ for arbitrary £ computes the list of M values
v&, -+, o€ with M elementary computation steps vy = a(v€) + (wf) for values
v€ and w¢ computed earlier, and the (A¢); = A; ¢, i € I, are among these by con-
dition (1) of Definition 43. In contrast, the computation of 0¢ = 0 and 6, = &; is
costless. This signifies that the access time to the components of £ on a real computer
is neglected.

LEMMA 44. For the computation of A € K™*™ there is an algorithm of complexity
< mn.

Proof. The algorithm is the standard one for the matrix-vector product and is
given by the sequence of vectors

v = Aubr - vi,; = A58 Fvi -1 - Vin = A1- = A136n + V101
vi1 = Aabr - vi,j = A5 + Vi1 e Vin = Aic = Ainbn + Vin—1
Um,1 ‘= Am151 i Um,j = Amjlsj + Um,j—1 i Um,n = Amf = Amnén + VUm,n—1- 0

If in the preceding proof A;; = 0 and hence v; j = v; j—1, one of these vectors can
be omitted and hence the following corollary holds.

COROLLARY 45. If N is the number of nonzero components of a matric A €
K™*™ then there is an algorithm for A of complexity N.

DEFINITION AND COROLLARY 46. The linear complexity u(A) of a matriz A €
K™ s the minimal complexity of an algorithm for A. Then

(1) u(A) < N, where N is the number of non-zero components of A;

(2) u(A) =0 if and only if each row of A is either zero or a standard basis vector;

3) u(l,a9, -+ ,a,) <n-—1 forag, - ,a, € K.
More generally, if kW and gV are free K-modules of finite dimension, then n :=
W s K] (resp., mi= [V : K]), if w'= (wy, -+ ,wn) (resp., v = (v1, " ,v)) are
fized chosen bases of these modules, and if f : W — V, f(w) = vA, is a linear map
with the matriz A with respect to the chosen bases, then we define the complexity

p(f) = Nw,y(f) = p(A)

as that of the matriz A. Of course, basis transformations of V' do not have complexity
zero in general.

Proof. Concerning the last item the 1 X n matrix A := (1, a2, -+ ,a,) admits
the algorithm vy := 81 + ag0s, - -+ ,v, := A since the computation of 1&; = & is of
complexity zero. 0

COROLLARY 47. If Assumption 29 holds and G is a group of order N, the
complexity of the Fourier transform Fourg = (<g’-/g\>)§eé,g€G € KGXG s at most
N(N -1).

Proof. This follows like item 3 of Corollary 46 since for the column index g := 0
and any row index g the entry of Fourg is (0,9) = 1. d

DEFINITION AND COROLLARY 48. Ifa: I — J is any map between finite index

sets, the map
K*: K’ — K ¢ =(&)jes— Eoa= (Eaw))ier

is called an index transformation and is of complexity zero.
Proof. The computation of K%(£); = {,(;) just reads off one component of £, and
these operations are costless. 1]
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The following theorem is decisive for the computation of an upper bound of the
FFT.
THEOREM 49. If A€ K™*" and B € K™*?, then u(AB) < p(A) + p(B).
Proof. Let vy, -+- vy (resp., wy, - -+ ,wy be algorithms for A resp., B of minimal
complexity M := u(A) and N := u(B). We are going to show that wy,--- ,wy,v1B,
- ,upr B is an algorithm for AB; hence u(AB) < M + N = p(A) 4+ u(B). Let

VA = {527 z:l,,n}U{O}U{’Ul, 7UM}7
Ve i={8; j=1,...,p} U{0} U {wy, --- ,wn},
VAB = {517 j=17,p}U{0}U{w1, 7wN7U1B’ 7UMB}'

By definition Vg C V4p. We have to show that Vap satisfies properties (1) and (2)
from Definition 43.

(1) We use A;,— € Vi, B;_ € Vp and show that (AB),_ = A;_B € V3.

Case 1. A;_ =0 = A;_B=0¢€ Vyp.

Case 2. A;_ =6, = A;_B=06,B=DB_ € Vg CVup.

Case 3. A;_ =v, = A;_B=uv,B € Vyp.

(2) We have to show that each vector z in {wy, --- ,vp B} is obtained from vectors
in V4 p preceding x by an elementary computation step. For the vectors w; € Vg this
is obvious. Therefore consider a vector x = v B € Vap, where vy, = auy + ug with
a € K and vectors uy,us € V4 preceding vg. Then z = v B = a(u; B) + (u2B), and
we have to show that u1 B and usB precede = in Vap.

Case 1. u; =0 = u;B =0 € Vyp preceding z.

Case 2. u; = standard basis vector = u;B =row of B = u;B € Vg C Vap
preceding x = v B.

Case 3. u; =v;, | <k = u;B =B € Vyp preceding z = v;, 5.

Hence V45 has the properties of an algorithm. 0

COROLLARY 50. The complexity of block matrices satisfies

7 <<61 g)) < u(A)+ p(B), A, B € K*** of arbitrary size.

Proof. Theorem 49, (4 %) = (4 %) (¢ %), and the trivial relation p (4 %) =
u(A) yield the result. 0

Remark 51 (multiplicative complexity). Let (X —x1)*---* (X —z,) € Q[X] C
C[X] be a rational polynomial with n distinct rational roots x;, ¢ = 1,...,n. Then
Lagrange interpolation or the Chinese remainder theorem implies the canonical C-
isomorphism

@: ClX]<n =C", f = (f(21), -+, fn)),

where C[X],, is the space of polynomials of degree less than n. The domain (resp.,
the codomain) of ¢ has the basis 1, --- , X"~ (resp., the standard basis 61, - -+ ,8,).
For fixed j and f = a,—1 X" ' +--- 4 ap € C[X] euclidean division furnishes

f = g(X 7xj) +f(xj)7 g = bn—QXn72 -+ .. +b0 with
b2 =0an-1, bim1 =a; +zjb;, i=n—-2,...,1, f(z;) = ao+ z;bo.

This shows that f(z;) can be computed from f with n — 1 elementary computation
steps and hence p(p) < n(n—1). Observe, however, that the necessary multiplications
have the rational factor z;. In the multiplicative complexity theory due to Winograd
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[43] which is, for instance, also used in [29] or [20], these rational multiplications—at
least if the z; are small integers—and rational linear combinations are considered
costless, and therefore the complexity of ¢ is considered to be zero. This is not
justified for those computers where the elementary computation step consists of one
multiplication and one addition. The same cautionary remarks apply to almost all
fast algorithms which use the Chinese remainder theorem and which are not discussed
in this paper.

5. The fast Fourier transform (FFT). This is the central section of this
article. Assumptions 14 and 29 are in force, all groups are finite abelian of exponent
d> 0.

Reminder 52. If ¢ : G — H is a group epimorphism of additive groups, a map
o : H — @ is called a section of ¢ if po =idy. Then o is injective, and the elements
o(h), h € H, are a system of representatives of G/ker(p); i.e., the map

(29) H x ker(¢) — G, (h,k) — o(h) + k,

is bijective. The map (29) is an isomorphism, and especially G = o(H) @ ker(yp) if
and only if ¢ is a monomorphism, but, in general, these properties do not hold.

We construct the FFT algorithm by means of a given filtration or sequence of
subgroups

(30) Go=0CGiC- CG,=G.

A filtration (30) gives rise to the commutative exact diagrams (with exact rows and
columns) for i = 1,...,7:

0

!

0 Gi/Gi1

1 Jen

a;_1:=inj Ai—1:=can

0 —— G_1 G G/Gi-y, —— 0
(31) l,@i::inj H lui::can ,
0 — G g AT g —— 0
lm;:can l
G,/Gin 0
l
0

where inj (resp., can) are the canonical injections (resp., surjections). Moreover, Ag

and «, are isomorphisms, and the compatibility relations A\;_ja; = 7;u; hold. For

more flexibility we now make the following, formally more general assumption.
Assumption 53. Assume that Assumptions 14 and 29 are satisfied and that
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commutative exact diagrams (32) are given for i =1,...,r:
0
0 K;
l Vi
0 —— Giy o1 o Ai—1 Hi { — 0
e bk
0—— G —2-@ -2 H ——0
l#i

K; 0

l

~

such that the following additional properties hold:
(1) G and H, are zero or A\g and o, are isomorphisms.
(2) The compatibility relations \;_1a; = v;ui, 4 = 1,..., 7, hold.

(3) Sections 0; : K; — Gy, i = 1,...,r, with p;0; = idk, and 0;(0) = 0 are chosen
arbitrarily.

These diagrams, in turn, induce the filtration 0 C a1(G1) C -+ C a,.(G,) = G
and the isomorphisms

G/a;i(Gy) = Hy, g — Ni(g),
Gi/Bi(Gi-1) = i(Gi)/ai-1(Gi-1) = K;, §i — ai(gi) — pi(g:)-

In the situation of the preceding assumption we define
(33) N :=ord(G) and e, := ord(K,); hence N = ey *--- xe,.

Recall that every group admits a Jordan—Holder series, i.e., a filtration (30) or dia-
grams (31) or (32) with the property that the factors K, = G,/G,—1 are simple or
have prime order e,, and that these prime numbers are uniquely determined by G.

Application of the duality functor G — G to the preceding diagram yields further
commutative exact diagrams.

COROLLARY 54. Under Assumption 53 the following diagrams are commutative
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and exact:
0
|
0 K;
1 |
0 —— H —2.a-%“.8q ——0

— X al_,  ———
ijl — 0

S
T
I
I
QY ——

K; 0
0
forj=r,r—1, ... 1. Furthermore, they have the additional properties that

1. A\§ and o are isomorphisms,

2.a5N = u;'y/J*\, and/\

3. sections 0 : Kj — Hj_1 with ;7 = ida and ;(0) = 0 are chosen arbitrar-
ily.

Thus, up to the reverse numbering, the diagrams from (34) satisfy the same
properties as the diagrams (32) of Assumption 53, and the same arguments apply to
both of them.

LEMMA 55. Under Assumption 53 the map

ind . H::l Kz — G, k = (ki)izl,..‘,r = ll’ld(k) = Z::l OéiO'i(ki),
is bijective; i.e., every g € G admits a unique representation g =Y ._, a;o;(k;) with
k; € K;.

Proof. By induction on i = 0,...,r we show that g = «;(¢;) € a:(G;), gi € Gy,
admits a unique representation

9= Zj‘:o ajo;(k;), k; € Kj.

The assertion is trivial for ¢ = 0 and ag(Gg) = 0. For i > 0 the exact sequence

Bi P
0—>Gi,1—>Gi<:>K7;—>0

g;
with the section o; of u; and (29) imply the unique representation
9i = Bi(gi—1) + oi(ki), gi—1 € Gi—1, ki € K,
and

9=0a;(9;) = a;fBi(gi—1) + aioi(ki) = ai—1(gi—1) + a;04(k;).
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By induction there are unique k; € K;, j =0,...,i— 1 with

ai—1(gi—1) = Y i—g a;o(k;); hence g = ai(g:) = Yoo ejoy(k;). O

Application of the Lemma 55 to diagram (34) yields the corollary.
COROLLARY 56. Under Assumption 53 every g € G has a unique representation

g=>"1 N_10j(ky), kj € Kj,
or, in other terms, the map

ind : [Ty K; = G,k = (k;)j=1,.. 0 — ind () = X5y X5_155(ky),

Jj=1 yeees
is bijective.
COROLLARY AND DEFINITION 57 (index transformations). The maps

Ind := Kind : K¢ — KIli=1 Ki g — qg := aoind,
ao(kh ey kr) =a (Z;:l OéZ‘O'i(ki)) ki € K,

and
Ind := K . g6 — K=K b p, ::boi;l\d,
by(kiy .. k) =b (237:1 A;,laj(kj))
are K-isomorphisms and index transformations according to Definition 48, and hence
are of complexity zero.
The following easy considerations are central for the fast computation of the

Fourier transform @ of a function a € K¢ given by a(g) = gec @(9)(9,9). According
to Lemmas 55 and 56 we write g and g as

g =ind(k) = X1 awoi(ki), k = (k,
g =ind(k) = 354 Aj_105(k;), k = (

and compute the bimultiplicative form (g,g) as

)=7 aTeHz lK“
kj)j=1,. ,renj:1

gy 00 (S @ioke) X251 Xj183(Ry) ) = T, facts; (k, k), where
facty;j(k, k) := (ai0i(ki), \j_105(k;)) = (N\jo1c04(ki), 55(ky))-
For j > i the commutativity of the diagram (32) furnishes

Aj_1oa; =vj_10---0V;11 0 ) 0a; =0 since
A; o a; = 0; hence factlv,j(k,g) (0, oj(k ) =1.

For j =i we use the compatibility condition (2) from Assumption 53 and infer
fact; (k. k) = <Ai_1aiai<ki) :k) = (o i0i(k:), G (ks)
Thus

(36) fact;; (k, k) = (@ioi(ki), A5 (k) = {ikk)
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From (35) and (36) we infer
(9.9) = I1,<; facti; (k, k) = [Ti_; [Ti, fact; (k. k)
(37) - H::1 L)Oz(klv/k\jlv T ak\i)7 where @i - Ki X [/(\1 X X f(\l - K7
QDZ(]C“ kl, cee ,kz) = Hj’:l factij(lm ]C) = <Cti0'7;(ki), Zj‘:l )\;_16’](]{)])> .

The decisive property of the functions ¢; is that they depend on the first : components

k1, -+ ,k; of k only. In the same fashion (35) and (36) give rise to the representation
(9,9) = ITj—1 [Tiz; facts; (k. k) = TT5—y @j(ky, -+ kpsky)  with
(38) G K;jx-x K, xK; — K,

Bi(kys - ks hy) =TT, facty; (k. k) = <Z§:j aiai(ki),)\;_l/a\j(kj)>.

For fixed g = 1?1?1(%) € G Lemma 55 and (37) imply

A0) = e a(0)(98) = Srerp, s, alind())(ind(k), md()
=D keky. o koek, @k, k) T, %(ki;?ﬂ\h 7Ez’)7

where ap = aoind = Ind(a) according to Corollary 57. This formula for a(g) suggests
that we define, for o = 1,...,r, intermediate functions

(39)

agzl/(\1><~-~><l/(\g><Kg+1><---><KT—>K,
(40) ag(ky, - kg kor1, -+ kr)
= Yhrerr o kyer, @0k, k) TIEy @ilkiska, - k).
By definition resp. (39)
ao(ky, -+, k) = a(ind(k)) and a,(k1, - - , k) = a(ind(k)).

The next theorem is the most important result of this paper. Its main idea, viz., the
recursive computation of the DFT, is due to Cooley and Tukey [18] who developed
the algorithm for the group G = Z/Z2" on the basis of the filtration

Go:=0CGy:=22""Y)72" Cc---CG;:=722""%"/72" C--- C G, =G.

Later it turned out that the same idea had been used before, in particular, by Gauss.
See the introduction of [8] for a short historical survey. The “decimation in time”
and “decimation in frequency” terminology used below comes from the application
of the DFT to the computation of one-dimensional Fourier integrals or series where
R or Z are interpreted as time or frequency models, and has been adapted from [8,
pp. 188-191].

THEOREM 58 (Cooley—Tukey FFT or decimation in time). The following recur-
sive algorithm computes the Fourier transform a € K€ of a function a € K. By
induction on ¢ =0, --- ,r define functions

ay Ky x - xKyx Kpp1 x - x K, > K by
aog(kr, -+ k) = a (X, aioi(k;)) and for1 < p<r
ag(kla 7kgakg+1» akr)

o~

= ZkgeKQ agfl(gl’ e kgflakevkgﬂrlv vkr)@g(km%la e )7 where

. 7/]'{;\9
@g(kQQEla T 7%9) = <a909(k9)a 25:1 A§—18j(Ej)> .
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Then

o~ o~

(@) = ar(kr, -+ k) for g=ind(k) = X_, \i_15;(k)) € G k; € K;.
Proof. It remains to show that the functions a, defined in (40) satisfy these
recursive relations. But for o > 0
a@(/]‘\fla 7/];gvkg+1’ ak?”)
= Zk], v kg aO(kla e 7kr) Higzl @1(’%; kla e 7k1)
= ZkQGKg Sog(kgv k17 e 7]{9) Zkl, kg1 (lo(k17 .. )Hl 1 SD’L(kM k17 e 7ki)
= EerKg SOQ(kQ; kla o 7kg)ag—1(k17 o 7kg—17kga e 7kr)- O

The induction formula of the preceding theorem can be given another traditional
form. From the definition of ¢, in (37) and from (36) we infer

QDQ(kQ;/];lv j‘;g) = <O‘9‘79(k9) 25—1 Aj_10; (/]; )>
= <k9779\9> <0‘909( o)y ZQ 1>‘* 13j(7f\j)>

) 0okgi ki, -+ ko) = (kg k) To(kgi 1, -+, kp1) with
rakgi R+ Tigr) 1= {0,00(ke), 02 A1 (Ry) ) -

The elements 7, are roots of unity and hence nonzero and are usually called the
twiddle factors [8, p. 191], [5, p. 121]. With their help we define, for p = 1,...,r, the
isomorphisms

)

T .Kf(\lxmxfg,\lxKQxWxKr _)Kf<\1><m><7(\g><Kg+1><m><Kr
o

( )(kla o 7E9ak9+17 ;kr)
= ZerK (kh kg lakgv ?kT)SDQ(kQ;kla 7kg)
= FOHI'KQ[COC\h ak9717_ak9+1a 71{/’7")7-9(_;/];17 e 7/]%gfl>](7€\g)-

(42)

Here the argument of Fourg, is a function in K Ko which depends on the parameters

ki, - ,ko—1,kot1, - -+ ,kr. The map T, is an isomorphism since the multiplication
with 7, and the Fourier transform Fourg, are bijective.

THEOREM 59. In the situation of Theorem 58 the induction formula computing
a, from ap,—1 can be expressed as a, = Ty(ap—1),0=1,...,r; hence

1 R
Four¢ =Ind oT,0---0TyoInd: K¢ — KC.
With e, := ord(K,) and N :=e1 * - -- x e, = ord(G) the complexity satisfies
p(Fourg) < N(ey + -+ +e. —r).

Proof. The first assertion is obvious. Concerning the complexity recall the con-
dition 0,(0) = 0 from Assumption 53 and

Polkoikr, - ky) = (@ooalke). 51 X5 185(ky) ) hence o031, -+ ) = 1.



THE FAST FOURIER TRANSFORM 25

From this and equation (42) we infer p(T,) < N(e, — 1) as in Definition and 46(3).
Since index transformations are costless according to Definition and 48, we conclude
by means of Theorem 49 that

p(Fourg) <>, pu(Ty) < N(ep —1+--+e —1)=N(eg+---+e —7). IO

Remark 60 (butterfly diagrams). In the literature special cases of the induction
formula of Theorem 58 are often represented by means of a directed graph or so-called
butterfly diagram. Such a graph can be introduced in general; it is, however, useless
for the actual execution of the fast algorithm. Its graphical representation in the
plane is also of no practical significance and, moreover, is complicated except in the
simplest cases such as G = Z/Z8 where it is usually shown. Indeed, consider the
graph I' := (V| E) with vertex (resp., edge) sets V (resp., F), where

V::HZZOVQ,VQ::I/(:x---x[/(\nggH><-~~><KT, ECV XV,

with edges from (76\1, e ,74;\9_1, ko, -+ k) to (76\1, e ,EQ, kot1, -+, ky) or from V,_4
to V, only. For w = (k1, --- ,kp, kot1, -+ . kr) € V,, 0 > 1, there results the bijection

K, = {(v,w); (v,w) is an edge of T with endpoint w},

kQ'_}(’Ua )7U _(kla"' kQ 17k97"' k)eVQ 1

~

With the abbreviation a(v) := ag_l(zl, <o+ ko—1,kg, -+, k) the recursion formula
of Theorem 58 has the form

a(w) = Y a(v)p, (kg by, -+ &y,

where v = (El, e ,Eg,h ko, - -+, k) runs over all sources of edges with sink w.

The next theorem on the “decimation in frequency” FFT computes Fourg : K G
K¢ and is proved in the same fashion as Theorem 58 on the basis of (38) 1nstead of
(37). For the choice G=0Git yields a second fast algorithm for the computation of
Fourg (compare [8, p. 192]).

THEOREM 61 (Sande-Tukey FFT or decimation in frequency). Data from As-
sumptzon 53 and Corollary 54. The following algorithm computes the Fourier trans-
form be KG of a function b € KG. By recursion from o = r to 0 define functions

bgzl/(\lx-~-><l/{\g><Kg+1><-~-><KT—>K,g:r,...,0,
ey, - k) o= b (S5 Aj155(Ry) ) By € K, and forr = 0> 0
bgfl(ﬁl’ 7@971,]%7 k)
= ZEgef(\g b@(/k\la ’/k?g’klwla ak/’r)$9<k9a 7kT§%g)-

Then

~

b(g) = 25c6 0(9){9,9) = bo(ky, -+ k) for g =30, cioi(ks) € G, ki € K;.

Proof. According to (38) we have

blg) = 2kerrs, (md(’f))(ind k,ind(k))
= LhieR, o ke b’”(kla s k) Ty @5k, - B ).
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In analogy to (40) we define functions b,, r > ¢ > 0, by

by(kr, -, k) == b(ind(k)) and for o < r
b,g(kla 7k9ak{_)+1a akr)
= 2%94—16?94—1,“',%1«6?1« b?‘(kla 7k'f') H;:Q-I,-l @j(k‘.ja akrak])

and show that they satisfy the recursive relations from which the theorem follows
directly. But, indeed,

( T ,%971,769, k)
: ,kr;kg)Zgﬁlegﬁh.!@reg,
H;:g-ﬁ-l/\/\j(kj/’\ T ’kTA;kj)
= ZEQG?Q Dolkgs -+ sk ko)bo(ke, - kg kgyrs - s k). 0

o~

bT(Eh e akT)a

In analogy to (41) and (42) we also obtain, for o =r,..., 1,
Dolko, -+ kriky) = (ko  ko)To(kot1, - s ki ko),

(43) R ; ) e
TQ(kQ-‘rla e ke kg) = <Zi=g+1 a;oi(ki), Ag—lgg(k9)> )

and define the isomorphism

)

T\ .Kf(\l><~-~><l/(\g><KQ+1><m><KT ~ Kf(\l><~-><17,_,_\1><KQ><~-~><KT
o - -

(a1 o A
T,(c) :== Fourfe[c(kl, ko1, = Koty e ke )To(kogt, e L ke =)

THEOREM 62. In the situation of Theorem 61 and with the isomorphisms fg
from (44) and Ind,Ind from Corollary 57, we have

Fourg = Ind™! ofl 0---0 ZA“T oInd and
p(Fourg) < N(ey +---+e, —1),

where e, 1= ord(K,) and N :=eq - - - *x e, = ord(G).

Theorems 59 and 62 signify that the FFT-algorithms in Theorems 58 and 61 are
fast, i.e., of relatively low complexity N(e1 + --- + e, — r) instead of the N(N — 1)
of the direct computation of Fourg. Recall that the algorithms and their complexity
depend on the diagrams from Assumption 53.

The best FFT-algorithms according to the preceding theorems are obtained when
the diagrams from Assumption 53 are constructed by means of a Jordan—Hoélder series
of G which are characterized by the property that the numbers e, are prime numbers;
hence N = ej *---* e, is the prime factor decomposition of N = ord(G).

For the next theorem we introduce a logarithm type arithmetic function A. Let
N:={0,1,---} denote the additive monoid of natural numbers and Nyq := {1,2,--- }
the multiplicative monoid of positive numbers. Every N € Ny admits the unique
prime factor decomposition

N =T]lep p° () ord, (N) = 0 for almost all p,
where P = {2,3,5,---} is the set of prime numbers. The standard isomorphism

Nso 2 NP) .= {v € N?; v(p) = 0 for almost all p € P}, N — (ord,(N)),ep,
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follows and induces the composed epimorphism
(45) A :Nsg= NP =N, N — (ordy(N))per — AN) := > cp(p — 1) ord,(N);
hence A(1) =0, and A(M x N) = A(M) + A(N). The obvious inequality
1+(p—1)m<(1+p—1)™ =p™ for m > 2 implies A(N) < N —1 and
A(N)=N-1 & N=1or N is prime.
THEOREM 63. Let G be an abelian group of exponent d and order N. Then
pu(Fourg) < NA(N) < N(N —1).

The equality N(N — 1) = NA(N) holds if and only if G is simple or zero.

Proof. Choose a Jordan—Hélder series of G, the corresponding diagrams (31)
as those in (32), and the FFT-algorithms derived from these diagrams. Then the
numbers e, are exactly the prime factors of N =e; *---xe, and

Aleg) = e, —1, A(N) = Aley x---xe,) = Zg Ae,) = Eg(eg —1); hence
p(Fourg) < N(egy —14---+e. —1) = NA(N). 1]

Examples 64. Let G be a group of order N.
(1) The first standard case was that of Cooley and Tukey [18]:

N=2" A(N)=(2-1)xr=r, u(Fourg) < 2" «r = Nlogy(N).
(2)
N=675=33%5% A(N)=(3-1)*3+(5—1)*2=14 and
NA(N) = 675 % 14 = 9450 < N(N — 1) = 454950,

(3) G:=17/72" x Z)72'°, N = 22°. This group can be considered as a lattice
with approximately one million points and may, for instance, be used for
digital image processing. The direct computation of Fourg has complexity
N(N — 1) ~ 240 whereas that of the FFT is 20 * 220 = 1,25 % 224, The
improvement of the complexity is dramatic.

6. The FFT in the standard cases. Assumption 29 remains in force. In this
section we derive the standard special cases of the FFT and start with that of a cyclic
group G = 7Z/Zn of exponent d > 0, i.e.,, with n | d. As usual in the engineering
literature we often identify

(46) Z)In={0,1,....n—1}, k=Fk, 0<k <n—1,

and emphasize that the necessary care has to be taken in context with this identifi-
cation. For G = Z/Zn we choose

(47) G:=G=17/Zn, (k1) ="/ & 1e7)In,

according to Theorem 2. A factorization n = nyns of n gives rise to the exact sequence
with a natural section o : Z/Zns — Z/Zn:

(48)
0 —— 7.]Zmn, =, Z.]7n =, 7] Ty —— 0
| | I, ’
{0,...,n; — 1} {0,...,n—1} {0,...,np — 1}
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wheriinj(la) = kino, can(k) := k, o(ky) := ko if 0 < ky < ny — 1. For k € Z/Zn
and ko € Z/Zns the equations

<Can(E)>k72>Z/Zn2 — <kk2d/n2 — Ck(kznl)d/n — <E7 1nJ(E)>Z/Zn

prove can*(ky) = inj(ks); hence

(49) (can : Z/Zn — 7/ Zno)* =inj : Z/Zns — Z/Zn and
(inj : Z/Zny — Z]/Zn)* = can : Z/Zn — Z]/Znq,

the second equality following from the first by means of inj* = (can*)* = can. Now
assume that a factorization of d is given from which we derive the following data:

d=ey*---%xe., di(i):=e1 x---*¢e;, 1 =0,...,7; hence
di(0) =1, di(i) =dy1(i — 1) % e,
do(j) :==d/di(j) = ejp1 % xep, j=1,...,0,
dao(r) =1, do(j — 1) = da(j) * €;.

(50)

From (50) and by means of (48) we construct commutative exact diagrams of the
type (53):

0

|

0 Z)Ze;
! s
0 —— Z/Zdy (i — 1) 227, 7774 2 Z)Zdo(i — 1) —— 0
(51) | gimin H [ r=an
0 ——  Z/Zdy (i) 2= 7/z2d 2= 7/Zdy()) —— 0

lui =can l

7/ Ze; 0

|

0

i—1=can

pi=can
with the natural sections o from (48) in Z/Zd,(i) < 7Z/Ze;. Application of the

g;=0

exact duality functor H — H = H to the cyclic groups of the preceding diagram and
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the identities (49) yield the dual commutative exact diagrams of the type (34):

0
|
0 Z/Zej
1 b=

A% =inj aj=can

0 ——  Z)Zdy(j) 21— 7Z/)2d ———— Z/Zd\(j) —— 0
(52) lu;:inj H lﬁ;:can
A%, =inj *_ =can
0 —— Z)Zds(j — 1) 22 72/2d 220 7/7dy(j — 1) —— 0

l'y; =can J/

Z/Zej 0

l

0

~y¥=can
with the natural sections ¢ from (48) in Z/Zdy(j —1) = Z/Ze;. According to
g;=0

Lemma 55 the diagram (51) gives rise to the index bijection

ind: [[;_, Z/Ze; = T[;_,{0, -+ ,e; — 1} ¥ Z/Zd = {0, --- ,d — 1},
(33 ind(ky, k) = Sy aioi(ki) = iy kid/d (i)
=S hida(i) = Y Kk eg g %% e

Likewise, the diagram (52) induces the bijection

ind : [T}, Z/Ze; = TT;_{0, -+ ,e; — 1} 2 Z/Zd = {0, --- ,d — 1},
(54) ind(ka, - k) = S5y A_5(ky) = Xy kid/da( — 1)

= Z;zlﬁj kepk-kejq.
COROLLARY 65. The unique representation

n=>  kixe1x-xe, 0<n<d, 0<k;<e;,i=1,...,m

according to (53) is obtained by recursion with respect to i as
Np =N, N :=n_1%xe; + ki 0k <e;,i=mr,..., 1.

Likewise, the unique representation

n:Z;:J{:\j*el*~~*eJ~_1, 0<n<d, 0§Ej <ej, j=1,...,7
according to (54) is obtained by induction with respect to j as

o :=n, ﬁjflzﬁj*ejﬁ-kj, ng‘j<6j,j:17...77‘.
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Proof. The proof is the same as that of the g-adic representation of a natural
number for ¢ > 1. For instance,

d>n=:n,:=n,_1%xe, + k., 0<k,. <e,, nr_1§£<£:el*-~*er_1,

d>n=ng=n1xe1 + ki, 0<k <e, Ny <eg*---xe,. 0

For vectors (ki;iﬁi\l, e ,75@) with components k;, Ei € Z/Ze; =10, --- ,e;—1} the
function ¢; according to (37) is defined by

(55)
pi(kisky, - ki) = <am(ki),Z}:1 )\§—13j(kj)>
= (i (i), Sy Ty da(j = 1)) = ¢ sbae R, swhere
eilkiiky, - ,E) =k keji ke ke k Z;l‘:l/];j sepx--kej_g, 0 <Kk, ki < e

Similarly the function @; from (38) has the form
(56)
Giky, -+ krik;) = CEilkss o keiks) 5 =1 ... r where
Ej(kj, -+ Jcr;zj) ::Ej*el *oeekejq *Z;:jki*eiﬂ xoxen, 0< Ky, ki < e
Theorem 58 applied to the preceding situation now implies the following theorem.

THEOREM 66 (FFT for cyclic groups [8, pp. 188-191]). Consider a number d > 0

with a factorization d = ey % - - - x e, the cyclic group G := Z/Zd, and the associated
DFT

Fourgzq : K2/%4 = {0 d=1} = gd K4 g1+,

a(l) =0 alk)cH, 0 <1 < d.

1. The following “decimation in time” algorithm computes a from a with complexity
d(er + -+ - + e, — 7). Inductively define functions

%ZH::1{07 7ei—1}T—>K'fo7“Q:()7.._’7~ by
Clo(k}17"',k7-) 5:a(zi:1ki*€i+1*"'*€7~), . .
aQ(k17 ’kﬁ”kQ"rla 7k7‘) = Zzz;é aQ—l(klv 7kg—1akg7 ;kT)CEQ(kQ;kl,m’kg)

with €, from (55). Then
a(l) = ap(ky, -+ kr) forlzzgzlgj*el*-n*ej,l, 0§l<d,0§7€\j <ej.

2. The following “decimation in frequency” algorithm also computes a with complexity
d(e; + -+ + e, — ). Recursively define functions

bQ:H;:l{Oa"'769_1}_’Kf07"Q:7",...,0 by

by (ky, - ):za(Z;ﬁ%j*el*n-*ej,l),

: 77€\r
bo1(k1, -+ kg1, kg, -+ k) = %;;(1) bo(kr, -+ kg kgr1, -+ s ky)CFelher = Rrike)
with €, from (56). Then

a(k) =bo(k1, -+ k) fork =3 kixei1x-xe,,0<k<d 0<k; <e,.
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Ezxample 67. In the situation of the preceding theorem we choose

K::(C, d:6:2>{<3, (}':Z/Z6:{O7 ’5}7
¢ :=exp(2mi/6) = 1/2+iV3/2, (® =1,
a(l) =Yg a(k)CM, 0 < k,1 < 5.

The FFT-algorithm of the preceding theorem computes @ from a = (a(0), - - ,a(5))
with 6 % (2 + 3 — 2) = 18 elementary computation steps. The root ( satisfies the
cyclotomic equation ¢g(¢) =¢%—(+1=0or (2 =( — 1, hence the group table

k0|1 2 3 4 )
¢lafefe—1]-1]-¢[-¢+1

The index functions are

ind(kl,kg) :k1*62+k2 :3k1+k2 and
1;1\(1(?6\1,76\2) =k +horer =k +2/k\2, 0< k’ljﬁ'\l <1,0< /f27E2 <2

The values of ind and ind are given in the following table:

(k1,k2) [(0,0) [(0,1) [(0,2) [ (1,0) [ (1,1) | (1,2)
ind(k‘l,kg) 0 1 2 3 4 5
ind(ki, ko) | 0 2 4 1 3 5

The value table of ag := a o ind is

(k1,k2) (an) (07 1) (072) (170) (151) (172)
ag(k1, ko) || a(0) | a(l) | a(2) | a(3) | a(4) | a(5)

For the computation of a; we need the exponent €1, where

El(kl;/k\il) = k‘l *7{1\1 * €9 = 3](51/]%1, 81(0;/]{?1) = 0, 51(1;76\1) = 3/]51,
a1(/€1, k‘g) = ao(O, kg) + ao(l, k2)<3k1.

In detail we get

a1(0,0) = ap(0,0) + ap(1,0) = a(0) + a(3),
a1<07 1) = aO(Oa 1) + aO(la ]-) = a‘(l) + a‘(4)7
a1(0,2) = a0(0,2) 4+ ao(1,2) = a(2) + a(b),
al(lao) = a0(070) + aO(l’O)C3 = a(O) - CL(?))’
al(la 1) = aO(Oa 1) - ao(l, I)CS = a(l) - a’(4)a
a1(1,2) = a(0,2) — ap(1,2)¢3 = a(2) — a(b).

For the computation of as we need &5, where

52(]62;7{\1;/]52) = k%(/];l i 276\2), ~ ~
az(k1, k2) = a1 (k1,0) + ay(ki, 1)¢M 2k + aq (ky, 2)¢2R+2he),
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In detail, we obtain

@(0) = a2(0,0) = a1(0,0) + a1(0,1) + a1(0,2)
a(0) + a(3) + a(1) + a(4) + a(2) + a(5) = Y7_ a(i)¢™*°,
a1(0,0) + a1(0,1)¢? + a1 (0,2)¢*
a(0) + a(3) + (a(1) + a(4))¢? + (a(2) + a(5))(—¢)
= a(0) + a(1)¢? + a(2)(—¢) + a(3) + a(4)¢? + a(5)(—C)
Yoo a(i)g,

a(2) = a2(0,1)

a(4) = a2(0,2) = a1(0,0) + a1(0,1)¢* + a1(0,2)¢?
= (a(0) +a(3)) + (a(1) + a(4))(=¢) + (a(2) + a(5))¢?
= a(0) + a(1)(=¢) + a(2)¢* + a(3) + a(4)(=¢) + a(5)¢?
= Yoo ali)¢™,

a(1) = a2(1,0) = a4

(1,0) + a1 (1, 1)¢t +a1(1,2)¢?

= (a(0) — a(3)) + (a(1) — a(4))¢ + (a(2) — a(5))¢?

= a(0) + a(1)¢ + a(2)¢* + a(3)(~1) + a(4)(=C) + a(5)(=¢?)
= >0 ali)g,

a3) = as(1,1) = as(1, 0) Fai(1,1)¢3 + ay(1,2)¢°
= (a(0) —a(3)) + (a(1) — a(4))(=1) + (a(2) — a(5))
=a(0) +a(1)(-1) + a(2) + a(3)(-1) + a(4) + a(5)(-1)

= Y0 gali)¢™,

a(b) =a2(1,2) = a1 (1, O)+a1(1 )¢5 + aq(1,2)¢0
= (a(0) — a(3)) + (a(1) — a(4))(=¢*) + (a(2) - a(5))(=C)
= a(0) +a(1)(=¢*) + a(2)(=¢) + a(3)(-1) + a(4)¢* + a(5)¢

a
= 0o ali)¢e.

In the following corollary we assume that d in Theorem 66 is a power of a number
q; i.e.,
(57) d=q", ¢>1,r>1 e1=-=e =q, di(i) =¢', dao(i) =¢" "
The associated index functions according to (53) and (54) are
(58) ind(ky, - k) =30 kigm Tt = > kry1-5¢771,0 < k; < g,
i;la(/k\la e 7/]%7") = Z;:l quj_l, 0 S /k?j <q,

and they give the g-adic representation of a natural number. The map

1 _—
ind oind:indfloind:{o, g =1 = {0, - g —1}",

59
( ) (kl,"'7kr)'_’(k7“"“’k1)’

is usually called the bit reversal map for an obvious reason. The functions ¢; and &;
from (55) and (56) are
(60)

eilkiky, o ki) = Zé_zl kil = Bk, e ks k) = i, ik~
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COROLLARY 68. Consider natural numbers ¢ > 1, r > 1, and d := q", the cyclic
group G :=7Z/Zq", and the DFT

Foury 7, K¢ = K? - K%, aw—a, a(l) = ZZ;_Ol a(k)¢F, 0< 1< q".

1. The following “decimation in time” algorithm computes a from a with com-
plezity q"(q — 1)r. Inductively define functions

CLQI{O, 7q_l}r—>[(forg:()’...,?“ by
ao(ki, -+ ke) = a (X1, kig"™") - -
ag(kr, -+ kg kgr1, - s k) i= ZZ;O ag_1(k1, - kg1, kg, - Ky )CTe(Raikn ko)

with €, from (60). Then
a(l) = aT(Elv e 77;7‘) fO’f’l = Z;:l/k\jqj_la 0< I < qr’ 0< /k\] <gq.

2. The following “decimation in frequency” algorithm also computes @ with com-
plexity ¢" (¢ — 1)r. Recursively define functions

bo:{0,---,q—1}" = K foro=r,...,0 by
br(Eh e 72;7') =a (Z;:l /k\;]qul) 5
bg—l(kh akg—lakm akr) = Z%;:lo bg(kla 7k93k9+17 akr)cgg(kg’m’kng)

with €, from (60). Then
a(k) =bo(ky, -+ k) for k= 22:1 k" 0<k<q,0<k <q.

COROLLARY 69. (see [18]) In the situation of Corollary 68 assume that ¢ = 2 and
G = ZJ/Z2". The FFT-algorithms reduce to the following algorithms. The functions
a,a and a,,b, belong to K2 (resp., K101}"),

1. The following “decimation in time” algorithm computes a from a with com-
plexity v * 2". Inductively define functions

ap:{0,1} — K forp=0,...,r by
G,()(kl, ce ,kr) =a (22:1 kZ'QTi’L),
ag(klv akgvkg+17 7kr)

o~ o~

= agfl(if\h e 7kgfla 07 kg+17 T 7k7“) + agfl(/k\h e 7k9717 17 kg+17 e 7]{77”)(89(1;%1,”. )Ee)

with 59(1;74\1, ,EQ) =30 %23‘*1”*9. Then

a(l) = ap(kr, - k) for 1= k271 0<1<2,0<k; < 1.

2. The following “decimation in frequency” algorithm also computes a with com-
plexity r x 2". Recursively define functions

by :{0,1}" = K forpo=r,...,0 by
b’r(/k\la T aET‘) =a (Z;:l E]2]_1> ’
bg—l(/k\'la 7/159—1,]697 7k7“)
= bg(kla T 7kg—1707kg+17 ,]{?7«) +bg(k17 7k9—151ak9+17 akT)Cé\g(kQ’m’kr;l)
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with €,(ky, -+ k3 1) 1= ZZ:Q k;2e71+7=i  Then

&(k) = bo(kl, s ,]fr) for k= Z;:l ki2rii, 0<k< 2" 0< k; <1.

Observe that the computation of a@(El, ,/];g7k9+17 <o, k) (resp., of
bo—1(k1, -+ s ko—1,kgy -+ L k) from ap—1 (resp., b,) requires just one elementary

computation step o+ A\j3.

For the next application of Theorem 58 we assume that a direct decomposition
of the group G, i.e., an isomorphism

(61) o: 1., K; 2 G,
is given. For every subset I of {1, --- ,r} we define
(62)  G(I):=]l,c; K, especially G; := G({1, --- ,i}), Hy :== G({i +1, -~ ,r}).

For J C I there results the exact sequence

0— G(J) 25 G(I1) 29 g1\ J) — 0,
.. l; ified
(63) IIlJ((lj)jEJ) = (ki)iela where kl = {O fiel \ J’
proj((ki)ier) := (ki)ier\J,

where, moreover, inj : G(I \ J) — G(I) is a homomorphic section of the canonical

.

projection proj. The groups K; and the forms (—, —) g, being given arbitrarily, we
now choose

(64) G(I) = [ies Koo ((ki)ier, (kiier) = ey ki ki) e,

It is then easily seen that

5) (inj : G(J) — G(I))* = proj : E(j - (J/(AJ\)

(proj : G(I) — G(J)))* =inj : G(J) — G(I).

The isomorphism ¢ from (61) and the exact sequences (63) and (65) now imply the
exact sequences

- .1
poinj proj oy
0— G G H; —0,

(66) —_ (*)710in' -~ jop* —~
0— H; L L G 2ele G; — 0.
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Finally we use these data to construct the diagrams (32) and (34) in the form

%

—
2
I
)

—1

0 aj_1:=poinj e Ai—1:=proj oy Hi_l 0
(67) lﬁl =inj H lVﬁ:PFOj
i:=oinj ii= jop ™1
0 G, aj:=poinj G Aii=projop H, 0
|
K; 0

[
l

0
0 K
J{ lp;::lllj
0 H\] )\;::(Lp*)_loinj ~  aj:=projoyp”* G] 0
(68) u;::inj H lﬁ; =proj
0 —— Hj_, S e D NP S Gi-, —— 0
Y i=Proj l
K; 0
0

with the canonical homomorphic sections
(69) o; :=inj: K; — G; = szl Kj and 0, := inj : I/(\J — fT]: = H;;:jf{\k'

These diagrams induce the index transformations ind and ind from Corollaries 55
and 56; indeed

ind((ki)izlw', )= Zz 1 ozlcrz(kl) = (Z: 11nj oinj(k;))
=@ (Z:ﬂ(o ,0, kwo ) ) (( ) i=1, '-‘,T)a
and hence

(70) ind =¢: [[[_, K; = G and likewise ind = ()T, K 2 G.

j=1
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Also, with the notation from (35), we have

faCtij(kvk) = <O/‘\i0i(k’1)a — 1‘77 )>
= (pinj(ks), (")~ inj(k;)) = (o~ pinj(ks), inj(k;)
~ ki, ki if i =
(0, 0,k 0y 00, (0, -, 0,85,0, - 0)) = 4 Kok TE= 0 hence
1 ifi # 7,
Polkoiki, -+ kp) = (ko ko), 0=1, -+ 1.
Theorem 58 now implies the following theorem.

THEOREM 70. Assume that a group isomorphism ¢ : [[\_; K; = G is given.
Then the following recursive algorithm computes the Fourier transform a € K of
a function a € K& with complexity N(ey + --- + e, — r) where N := ord(G) and
e; = ord(K;). Inductively define functions

ang/(\l X oo XI/{\Q X Kop1 X x K, = K foro=0,...,7 by ag:=aop and
aQ(klv e akQ’ kQJrlv T ’kr) = ZerKg agfl(kla to 7k9*1’ ka to akr)<k9a k9> or
a/g(/k\lh e 7/159—17 ) kg-‘rh T 7k7’) = FOUI'KQ (a/g—l(/k\:la o 7EQ—1a ) kg-‘rla e 7k’r)) .
Then a = a, o Y*.
If, in particular, G :=[[,_, K; and ¢ =id, then ag = a and @ = a,.

Ezample 71 (Walsh-Fourier FFT). We apply the preceding theorem to d := 2,

the group

G::é:: (z/722)" ={0,1}" > k= (k1, -~ , k), 0< k; <1,

of exponent 2 with the form kel :=>""_, k;l; € Z/Z2, and a ring K in which 2 is
invertible so that Assumption 29 is satisfied for ¢ := —1. The Walsh—Fourier DFT is
given by

Fourg : K¢ = K9, Fourg(a)(k) := a(k1, -, k) = Y peq alk)(~1)FF
and inductively computed with complexity r % 2" by means of the algorithm

ag:=aand for 1 <p<r
ag(kh 7k97k9+17 7k’r‘)
= a‘g—l(kh 7kg—170akg+la akT‘) +a/g—1(kl7 akg—hlakg-i-l? akT)(_l)kga

a=a,.

The next example contains the prime factor algorithm according to Good.

Ezample 72 (the Good FFT or the prime factor algorithm [21]). In the situa-
tion of Theorem 66 assume that the numbers e; are relatively prime. The euclidean
algorithm and the Chinese remainder theorem yield representations

1:Ti*€i+5i*d/61':ai+bi7 b,;:zs,;*d/ei,

and the group isomorphism
A:G=2/7d=T],_ K; :=11\_, Z/Ze;, 1 — (1, -~ ,1).
The inverse map of A is

o =AY TI_,Z/Ze; 2 Z)7d, o(k1, -+ k) =D i_, kibi.
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For the application of Theorem 70 we compute ¢*. The equations

<(,0(E, tet 7147), l> = CZ:":l kib;l
- CZZ:I ki(sll)d/ei = HT 1<ki; 87,'l>Ki = <Ea (871l7 e ;Srl)>

1=

imply

W(Z) = (Sll’ 75Tl) = (?1’ 757T)A(Z) € H::l Z/Zei'

Application of Theorem 70 to the preceding data now shows that the following algo-
rithm computes @ € K¢ from a € K¢ with complexity d(e; +- - -+e, —). Inductively
define functions

ap: [[i=1{0, -+ ,e; =1} = K for p=0,...,r by
aolhn, -+ o) = a (S Fibi)

aglky, - kg kgats -+ ke) = Y Ty agoa(kry o kg1, kg, -+ ky)CReRed/ee Then
a(l) = ay(s1l, -+ ,s.1), 1€7ZJ7Zd.
Consider, in particular, the case of Example 67, i.e., d = 6 = ejeo = 2 % 3. Then
1=(-1)*2+1%6/2=2%6/3+ (—1)*3; hence s1 =1, by =3, s9 =2, by =4.
The maps
o, (p*)"1:2)72 x 7)73 = {0,1} x {0,1,2} — Z/76 = {0,1,2,3,4,5}

have the value table

(kth) (070) (071) (0’2) (170) (171) (1’2)
o(k1, ko) 0 4 2 3 1 5
(¢*) Y(k1,ka) || O 2 4 3 5 1

Since the maps ¢ and (p*)~! differ from the index maps ind and ind from Example 67,
the FFT-algorithms from Theorem 66 and Example 72 applied to the same case
d = ey * - - - x e, with relatively prime e; differ, too.

7. Fast convolution. The assumptions of section 3 are in force; in particular,
the Fourier transform is invertible.

The FFT also induces a fast convolution algorithm for the group algebra K[G] and
the polynomial algebra K|[z1, --- , z:]. Let, more generally, A be a commmutative K-
algebra with a fixed chosen basis of length N, for instance, K[G] with the standard
basis. The multiplication A x A — A is K-bilinear, but not linear, and therefore
requires the notion of a bilinear or multiplicative complexity. Several papers and
books deal with it and construct fast algorithms of small multiplicative complexity
[43], 3], [1], [37], [9, Def. 14.7], [33], [20]. In the present paper we do not treat these
algorithms and use only the complexity of linear maps as introduced in section 4. For
fixed a € A the map A — A, b — ab, is K-linear and therefore its linear complexity
(with respect to the chosen basis),

(71) pala) := u(A — A, b ab) < N? and then ju;,(A) := maxpea pa(h) < N2,
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is defined according to Definition 46. It is obvious that K¢ with the argumentwise
multiplication and the standard basis has the complexity

(72) win(K¢) < N := ord(G)

since the corresponding matrices are diagonal matrices with at most N nonzero entries.

THEOREM 73 (fast convolution). The data are as in Theorem 63. Let a € K[G]|
be an arbitrarily chosen but fized function and consider the linear map f : K[G] —
K[G], b— axb. Then f is the composition of the maps

~a =~ ~! Four~
£ KGR g6 00 e N 1% pa S, pea

and hence its complexity satisfies

nic(@) == p(f) < N(1+2A(N)), thus also juin(K[G]) < N(1+ 2A(N)).

Proof. Let ¢ := a * b; hence ¢ := ab by the convolution theorem. The Fourier
inversion theorem implies

F(b) = ¢ = SG(N~! Fourg)(@) = Sa(N~! Fourg)(ab),

and f is indeed the asserted composition. According to Theorem 49 its complexity
is at most the sum of the complexities of its factors. The two Fourier transforms
have complexity at most NA(N) according to Theorem 63 and the argumentwise
multiplication with @ at most N. The complexity of the antipode is zero since it is
an index transformation; see Definition and Corollary 48. The algorithm for Fourg
from Theorem 61 can be adapted to the computation of N~* Fourg by replacing

o~

Q/O\r(kralk\;r) = faCtrr(krakr) = <kr37f\r>

in the recursion step ¢, — c¢,_1 by N=Y{k,, Eﬁ This implies that also N ™! Fourg has
complexity at most NA(N), and therefore the complexity of b — a *b and of K[G] is
indeed at most N (14 2A(N)). |

ALGORITHM 74 (fast convolution). The fast algorithm for the convolution a * b

in the group algebra K[G|] consists of the following steps:

1. Precompute the Fourier transform a € K. This computation and its com-
plexity are not counted because @ is assumed known when f is applied.

2. Compute b with the decimation in time FFT according to Theorems 58 and 63
with complexity NA(N).

3. Compute € := ab, (aZ) (9) = 6(@\)3@) with complexity at most N.

4. Compute N=1Z with the slight modification of the decimation in frequency
FFT from Theorem 61 with complexity NA(N) and then apply the antipode
to the result to obtain ¢ = a * b.

-~

1t suffices to compute b,.(k) only in the first FFT-algorithm (see Theorem 58) and to
start the second FFT-algorithm with Cr(jﬂ\) = aT(E)bT (%), i.e., the computation of the
elements § = ind(k) = > =1 Nj_10; (k;) is superfluous.

Remark 75. If in the preceding algorithm for a * b the complexity of computing @
is also counted, then the total complexity of the algorithm is N(1 + 3A(N)). Recall,
however, that in this article we gave only a formal definition for the complexity of a

linear, but not of a bilinear, map like a * b with variable ¢ and b. Our complexity
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counts all necessary elementary computation steps for the computation of ¢ = a*b and

not only the essential multiplications which enter into the multiplicative complexity.
The fast convolution also induces a fast algorithm for the multiplication of mul-

tivariate polynomials in K[z] = K|[z1, - - - , ). For this purpose we consider the case

(73)
G=G=12/Zd, x - x Z)Zd,
- I(d) ::{07"'adl_l}x"'x{07"'adT_l}BM:(Mlv"'7:uT)7

identification
pev:i=>y"_, ,uiljid% € Z/Zd, {u,v) = (H".
The group algebra K[G] has the K-basis 6,, p € G. With

x = (21, -, ), T3 = 0(0,... 0,1,0,--,0)» 1 at the ith place, i =1,...,r, we get
0, = x# andx‘iii—lz().

LEMMA AND DEFINITION 76. The substitution homomorphism K[z] — KI[G],
z; & x;, induces an isomorphism

(74) K[2]/(z{" =1, -+ 2t = 1) 2 K[G], 2F = 6, = a, [ f(a).
In what follows we therefore identify these two algebras, i.e., for

f= ZMENT fuz € Klz] : f=flx)= ZNENT Juzh = ZNENT fubp-
In particular, we get the K-linear isomorphism

Kzl :=={f € K[z]; foralli=1,...,r: deg, (f) <d; —1}
= Ouera) K2 = K[G], 2/ — 6, = a2t

In other words, one can reproduce f from f(x) if the degree bounds deg, (f) < d; —1
are observed.
Proof. Induction by means of the canonical isomorphism

K[z]/<zfl -1, 727(}". - 1>
= (Klz1, -z /(20 =1, 207 = D))/ (2 = 1)
shows that this algebra has the K-basis z#, u € I(d). The induced map (74) maps
this K-basis onto the basis z*, p € I(d) o G of K[G], and is thus an isomor-
aent.

phism. 0
Now let m,n,d be vectors in N” with the property

(75)  mi+n; <di+1,i=1,...,7, such that K[z];n) x K[2]7n) muly K[2]1(a)

is well defined.
COROLLARY 77 (fast multiplication of polynomials). The multiplication

mult

K[2|rom) x K[2]1m) — Kl2]1(a), (P,Q) — PQ,
(76) P = Eue[(m) CLMZH, Q = Zuel(n) bVZV’
PQ = Z)\Ef(d) Z;L,y, p+y=)\{aﬂbV7 Hj < mj — L, vy < n; — 1}2)\
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equals the composition of the maps

(77)
K[2)1(m) < K21y =" K[2lr(a) x K[2]1a) = K[G] x K[G] = K[G] = K[2]y(a)-

If the product PQ is computed according to the algorithm in (76), the complexity is

[Lizy mans.

If, on the other hand, (77) is used with the fast convolution algorithm, Algorithm 74,
then the algorithm has the complexity

N(1+43A(N)), where N = ord(G) :=dy * -+ - x d,..

Note that this algorithm depends on the choice of dyi,--- ,d,.

Proof. The proof is obvious since in (77) all maps except the convolution have
complexity zero. See Remark 75 for the applied complexity notion. 1]

In applications of the preceding algorithm (77) the degrees m; and n; are given in
general, whereas the numbers d; > m; +n; — 2 may be suitably chosen. We illustrate
the case

r=1, my=n1=m, 2x(m—1)<d=N.

Examples 78.
(1) The standard choice is

N =2°%¢e>2 A(2°) =e,m < 2°!; hence
N(1+3A(N)) =2%(1+ 3e). But
2¢72 <1+ 3e for 2 < e < 6; hence
m? < 221 < 2¢(1 + 3e) = N(1 + 3A(N)) for N =2°,2<e <6.

This signifies that for the convolution of polynomials of degree at most 31 the
direct computation of complexity m? = 1024 is faster than the algorithm of
(77) with N = 2% and complexity 2 * (1 + 3 x 6) = 1216.

(2)

m =36, Ny :=72=23%32 < Ny =128 =2,
A(N1)=3%1+42%2="T7=A(Nz). Again
m? = 1296 < N1(1 + 3A(N7)) = 1584 < Na(1 + 3A(N2) = 2816.

Also in this case the direct computation of the product is better than the two
algorithms (77) for Ny (resp., Na).

m =70, N; =144 = 2% % 32, N, := 28,
Ni(1+4 3A(N1)) = 3600 < m? = 4900 < No(1 + 3A(N3)) = 6400.

The algorithm for N; is faster than the direct computation, while that for the
smallest power-of-two, 28, which exceeds 269 is slower. This example shows
that the standard choice of the power-of-two Cooley—Tukey FFT may not
work at all or may give bad results for the fast multiplication of polynomials.
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(4) This example is a multivariate one with
r>1, butm =---=m,=n;=---=n, =2.

The polynomials P and @ are of degree at most one in each indeterminate
z; or contain only square-free monomials. The direct computation of P@Q has
the total complexity H§:1 m;n; = 4". The optimal choice for the d; is

dy=---=d, =3; hence N =3", A(N) = 2r.
The algorithm (77) for these data has the complexity
N(1+43A(N)) =3"(1+67) < 4" for r > 16.

The best applicable power-of-two FFT is that with d; = --- = d, = 4 and
the ensuing multiplication complexity 4”(1 + 6r) which is much slower than
the direct multiplication.

8. Number theoretic transforms (NTT). The following considerations give
interesting examples of the DFT with coefficient rings instead of fields. They are
simple variants or special cases of those in [29, Chap. 8], [16], [20, Chap. 7|, where
also the technical significance of these transforms is discussed. We adapt our notation
to that of [29] and consider N > 0, a commutative ring K, and a primitive Nth root
of one ¢ € K. Consider the groups

G:=G:=7ZJZN = {0, N -1} with kel :=Fl € Z/ZN, (k1) := (*,

M= <C> = {7707 a1 = Civ Ly IN=—1 = CN_l}'

The Fourier transform Four := Fourg on G is given as (see Example 20)

a, @ := Fouryzn(a) € KV, a(l) = kN:_Ol ¢"*a(k), or

a(0) 1 T - 1 a(0)

a(l) _ "o mo o TN-1 a(l)
a(N —1) ot oyt ) \e(W 1)

The determinant of this Vandermonde matrix is

(78) det := H0§i<j§N—1(77j =) = H0§i<j§N—1 (¢ =),

whose factors are the units ¢* and the n — 1, 1 # 1 € p.

Reminder 79 (see [25, pp. 203-207]). Let z := exp(2%*) denote a complex prim-
itive Nth root of one and v := (z) the cyclic group of all complex Nth roots of one.
If d > 1 is a divisor of N, the set vy := {z%k;l <k <d-1,gcd(k,d) = 1} consists
exactly of the ¢(d) := ord(U(Z/Zd)) primitive dth roots of one, and the dth cyclo-
tomic polynomial ®q = [[,, (X — ) is the (irreducible) minimal polynomial of all
its roots in Q[X] and has coefficients in Z, the latter property being derived from the
obvious product representation

(79) XN —1= HmEu(X - x) = Hd|N erud(X - x) = Hd|N Dg.

Since ®4 € Z[X] the value ®4(x) is defined for every element z of any ring.
THEOREM 80 (see [29, Thms. 8.3, 8.4], [16, Satz 2.8]). The following assertions
are equivalent.
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(1) Assumption 29 is satisfied, and hence the Fourier inversion theorem, Theo-
rem 34, holds for all finite abelian groups of exponent N, i.e., (i) N € U(K)
and (ii)

foralld>1,d| N, n:=C¢a: 14+n+---+n¥1=0.

(2) The Fourier transform Fourz,zn ts an isomorphism.

(3) Forallm # 1 in p=(C) the element n — 1 is a unit in K.

(4) () N € U(K). (i) &x(C) = 0.

Proof. (1) = (2): This is a special case.

(2) & (3): The Fourier transform is an isomorphism if and only if its (Van-
dermonde) determinant (78) is a unit, and this is the case if and only if all factors
n—1, 1 #n € pu, of this determinant are units, the ¢’ being units by assumption.

(3) = (1): As just shown, Fourz 7y is an isomorphism. Let d > 1 be a divisor of
N and 7 := (7 the root of order ord(n) = d; hence

O=n'=1=(n-1)n""+--+1).
But

D <N od(()=N = n#1 s n—1€UK) = n¢t+.-.-41=0,

and this is the second condition of Assumption 29. The proof of Theorem 34 then
implies that Four%/ZN = NSyz/zn. Since Fourz,zny and Sz,zn are isomorphisms, N
is invertible in K.

(1),(2),(3) = (4): Equation (79) implies

0=¢N —1=on()[Lin, 1<a<n PalC)-
But @4 | X¢ — 1 and condition (3) imply that
for all d with d | N, 1 < d < N : ®4(¢) € U(K);

hence ®n(¢) = 0.
(4) = (1): Let 1 < d be a divisor of N and let

Y :=X4; hence XN —1=Y?—1=(Y —1)(Y4 1 4...41).

The polynomial @y is irreducible in Z[X] and divides X — 1, but not X7 —1 since
d > 1; hence ®y divides Y41 + ... + 1. But then

Dn(¢) =0, n:=Y(¢)=C7, and thus n® 1 + ... 41 =0.

This is exactly the second condition of Assumption 29. O
Reminder 81 (see [25, Exercise 7, p. 73]). Let

p = odd prime, m > 1, K := Z/Zp™, can: K — Z/Zp, k — k. The group
U(K)={n=k¢€ K; ged(p,k) =1 or can(n) # 0 or can(n) € U(Z/Zp)}

is cyclic of order p(p™) = p™~1(p—1). More precisely, one obtains an exact sequence

1 1+p) S UK) = UZ/Zp) — 1,
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where (1 + p) is cyclic of order p™~! and where o is the unique section of can which
satisfies the condition o(AP) = o(A)?; indeed, o is the well-defined map

o:U(Z)Zp) — U(K), ks kP™ ",
is a monomorphism and induces the isomorphism
U(Z/Zp) x (1 +p) = U(K), (A\,n) — a(A)n.

Since U(Z/Zp) is cyclic of order p—1 and ged(p™~*, p—1) = 1, the Chinese remainder
theorem implies that U(K) is cyclic, too, and is generated by o(A)(1 + D), where X is
a primitive (p — 1)st root of one in Z/Zp. If p = 2 and m > 3, the group U(Z/Z2™)
is not cyclic and is uninteresting for the DFT as will be shown instantly.

LEMMA 82. Let p be prime,m > 1, K := Z/Zp™, and ( € K a primitive Nth
root of one which satisfies the equivalent conditions of Theorem 80. Then N divides
p — 1. In particular, if p =2, then N =1 and { = 1, and therefore the case p = 2 is
uninteresting in context with the DFT.

Proof. Assume p — 1 < N. By Theorem 80, (?~! — 1 is a unit in K and hence so
is can(¢P~! —1) = can(¢)?~! — 1 = 0 in Z/Zp, which is a contradiction. On the other
hand, N divides the order ¢(p™) = p™ 1(p — 1) of U(K), and thus N is a divisor of
p—1. 0

THEOREM 83 (see [29, Thm. 8.6], [16, Satz 2.2]). Let M > 2 be an odd number,
M = pi"* * - % p its prime factor decomposition, K = Z/ZM, and N > 0. Then
K contains an Nth root of one satisfying the equivalent conditions of Theorem 80 if
and only if N divides ged(pr — 1, - -+ ,ps — 1).

Proof. The Chinese remainder theorem furnishes the isomorphism

A:K=7)ZM =Ky x - x Kg:=7Z]Ipy" x ---x L]Zp™, k — A(k) = (k, -+ , k).
Assume ( € K satisfies the assumptions of Theorem 80 and let

A(¢) = (¢, -+ ,Cs); hence N = ord(¢) = lem(Ny, -+, Ns), N; :=ord({;), and
A" -1 =(¢" -1, -, " —1).

The latter element is a unit if m := N; < N, but CZN —1=0; hence N=N; =---=
Nsand N |p;—1,i=1,...,s, by Lemma 82.

If, conversely, this is the case, if A; is a generator of U(Z/Zp;) and if
0; : U(Z/Zp;) — U(K;) is the section according to Reminder 81, then

o (n () m ()

is the asserted root of one. O

We refer the reader to [29] and [20] for the discussion of special cases of the
preceding theorem, in particular, those of Mersenne and Fermat number transforms
with M =2" — 1 (resp., M = 2" +1).
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