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Abstract

Control design belongs to the most important and difficult tasks of control en-
gineering and has therefore been treated by many prominent researchers and in
many textbooks, the systems being generally described by their transfer matrices
or by Rosenbrock equations and more recently also as behaviors. Our approach
to controller design uses, in addition to the ideas of our predecessors on coprime
factorizations of transfer matrices and on the parametrization of stabilizing com-
pensators, a new mathematical technique which enables simpler design and also
new theorems in spite of the many outstanding results of the literature: (1) We use
an injective cogenerator signal module % over the polynomial algebra & = Fs]
(F an infinite field), a saturated multiplicatively closed set T' of stable polynomials
and its quotient ring P77 of stable rational functions. This enables the simultane-
ous treatment of continuous and discrete systems and of all notions of stability,
called T-stability. We investigate stabilizing control design by output feedback of
input/output (I10) behaviors and study the full feedback 10 behavior, especially its
autonomous part and not only its transfer matrix. (2) The new technique is char-
acterized by the permanent application of the injective cogenerator quotient signal
module g, %7 and of quotient behaviors %y of 4. -behaviors . (3) For the
control tasks of tracking, disturbance rejection, model matching and decoupling
and not necessarily proper plants we derive necessary and sufficient conditions for
the existence of proper stabilizing compensators with proper and stable closed loop
behaviors, parametrize all such compensators as IO behaviors and not only their
transfer matrices and give new algorithms for their construction. Moreover we
solve the problem of pole placement or spectral assignability for the complete feed-
back behavior. The properness of the full feedback behavior ensures the absence
of impulsive solutions in the continuous case, and that of the compensator enables
its realization by Kalman state space equations or elementary building blocks. We
note that every behavior admits an 10 decomposition with proper transfer matrix,
but that most of these decompositions do not have this property, and therefore we
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do not assume the properness of the plant. (4) The new technique can also be ap-
plied to more general control interconnections according to Willems, in particular
to two-parameter feedback compensators and to the recent tracking framework of
Fiaz/Takaba/Trentelman. In contrast to these authors, however, we pay special at-
tention to the properness of all constructed transfer matrices which requires more
subtle algorithms.

AMS-classification: 93B25, 93B52, 93B55, 93D15
Keywords: behavioral systems theory, quotient signal module, stabilization by out-
put feedback, proper, pole placement, control systems design, tracking

1 Introduction

The present paper is an elaboration of the MTNS 2010 paper [6].

Problems of control design have always been of central interest in systems theory and
have been investigated by many prominent researchers, among them Antsaklis and
Michel [1, Ch.7, Part 2, pp.589-634], Bengtsson, Blomberg and Ylinen [3], Bourles
[7], Callier and Desoer [8, Chs.7,9, pp.196-242], Chen [9, Ch.9, pp.458-534], Falb,
Feintuch and Saeks [10], Francis, Kailath [13, Sec.7.5, pp.532-538], Khargonekar,
Kucera [14], Murray, Pearson, Pernebo [19], Schneider, Vardulakis [26, Ch.7, pp.335-
354], Vidyasagar [27, Sec.5.7, Sec.7.5, pp.294-317], Wolovich [29, Ch.8, pp.269-323],
Wonham [30], Youla, Zames, their coauthors and many other contributors. We refer to
the quoted books for history, origin and development of the decisive ideas of control
design which is generally described in difficult advanced chapters of these books. Due
to the large number of researchers and original papers on control design we only refer
to the books where these papers are quoted, used, and elaborated and to some newer
papers on behavioral stabilization. We present a new technique for controller design
which enables both simpler proofs and new theorems in spite of the many outstanding
results of the literature, but we also use the ideas of our predecessors on coprime fac-
torizations of transfer matrices and parametrization of stabilizing compensators. For
observer constructions the corresponding work was done in [4] after Fuhrmann’s au-
thoritative survey article [12]. Our approach to the problems of the title is distinguished
by the following original features:

1. We use an injective cogenerator signal module .% over a polynomial algebra 2 =
F[s] (F an infinite field) of differential or difference operators with the action doy, d €
2,y € Z#, and define T-stability and T-stabilization with respect to a saturated mul-
tiplicatively closed subset or submonoid T C 2\ {0} of stable polynomials. This en-
ables the simultaneous discussion of discrete and continuous systems and of different
stability notions, in particular of all those discussed in [12]. An input/output (I0) be-
havior is T-stable if its autonomous part and its transfer matrix have this property. We
investigate stabilization by output feedback and control design for ¢.%-10 behaviors
instead of Rosenbrock systems or transfer matrices which are mostly used in the liter-
ature (see item 6) and pay special attention to the autonomous part of the IO feedback
behavior and not only to its transfer matrix. We note that an injective and faithful
(doF =0=d =0) signal module .% is called regular in [3, Def.3 on p.81]. The
signal module p(gF (s) is regular, but not a cogenerator. The duality between equation
modules and behaviors is valid for injective cogenerators, but not for regular signal
modules.

2. The signal module .7 gives rise to its quotient module Fr :={¥; ye F,t €T}
over the quotient ring Pr := {%; d€ 2,1 €T} (CF(s)) of stable rational functions



and to the direct sum decomposition .# = Fr @ty (F) where ¢, Fr is again an in-
Jjective cogenerator with its own behavioral systems theory and where t7 (%) is the
T-torsion submodule of T-small or T-negligible signals [18], [4]. Every behavior
P C F1 admits a corresponding direct sum decomposition Z = By @ ty(HA) into
the quotient ¢, .%r-behavior %r and its T-small (T-negligible, T-autonomous) part
t7(#). The consideration of the 4, .#7-behaviors Zr signifies to study 4.7 -behaviors
up to T-negligible ones. A transfer matrix H € 9" of T-stable rational functions
gives rise to the 10 operator Ho : 7' — ﬂﬁ, u+—y:= Hou, which plays an essential
part in our derivations. We note that the widely used subring . C Zr of proper and
T -stable rational functions also acts on .%7, but not on .%. The use of quotient mod-
ules and especially of the injective cogenerator quotient signal module ¢, Fr and the
quotient behaviors By enables relatively short and conceptual proofs of all results on
control design.

3. Like all IO behaviors every considered plant %) has a rational transfer matrix H;.
We do not assume that %, i.e., Hy, is proper and can therefore admit arbitrary de-
compositions of the variables of %, into input and output components. In contrast we
only consider proper 10 compensators 9B, such that the output feedback 10 behavior
tb(%B1,%,) is proper and T-stable. The properness of %, enables its realization by
Kalman equations or elementary building blocks while that of fb(%;,%,) ensures the
absence of impulsive solutions in the continuous case. For the control tasks of track-
ing, disturbance rejection, model matching and decoupling and not necessarily proper
plants we derive necessary and sufficient conditions for the existence of proper stabi-
lizing compensators with proper closed loop behaviors, parametrize all such compen-
sators as 10 behaviors and not only their transfer matrices and give new algorithms
for their construction. For a plant 4 in state space form we also obtain all possi-
ble T-stabilizing compensators and their feedback behavior in the same form. The
parametrization of all not necessarily proper controllers, but with stable and proper
feedback behavior is considerably simpler and derived in Thm. 3.12.

4. The generality of the monoid T also permits to solve the problem of spectral
assignability or pole placement for the considered control tasks constructively: Under
a necessary and sufficient condition on the plant % and the other data a least monoid
Tin can be constructed for which a Tpi,-stabilizing compensator %, for the intended
control task exists. This T, is finitely generated up to units. The finitely many roots
of the polynomials in T, are then unavoidable as possible poles of the closed loop be-
havior. Any finite or infinite set of complex numbers which contains these unavoidable
poles can be prescribed for the location of the closed loop poles.

5. New algorithms for the construction of all proper compensators %, as described
above are presented and exhibited in an example.

6. Comparison with the behavioral control interconnection literature: More general
regular interconnections of plant and controller have been discussed by several au-
thors from the behavioral point of view, for instance in [28],[2],[24],[21]. The latter
paper [21], for instance, parametrizes the set of all regularly implementing, partially
interconnected controllers for which the manifest controlled behavior is autonomous
and stable. Since an autonomous behavior has no transfer matrix such matrices, their
properness and use in control design as in [9], [8], [27] and in the present paper are, of
course, not discussed in [21]. While our full feedback behavior is proper and stable as
IO system which is necessary for the proper functioning of any machine realization the
stability of the full interconnected behavior is not a subject of [21]. The newest paper
[11] also treats control tasks in this framework. In Blumthaler’s forthcoming thesis



our new technique is also applied to other control configurations like those in [3, pp.
187-189], [27, §6.7] (two-parameter compensators), [20, §10.8], [21], [11]. In contrast
to the quoted references for the behavioral framework, appropriate transfer matrices
and their properness and stability still play an important part in these considerations.
Multidimensional proper stabilization was already treated in [18] and [25].

One reviewer has pointed out the importance of robustness and in particular the internal
model principle as discussed, for instance, in [30, Ch.8], [9], [27, §7.5], [7, §9.3]. We
agree, but have presently only limited insight into this problem and therefore postpone
its study to the future. This has to start with the definition of a metric in the set of
IO behaviors and especially in the set of compensators which realize different control
tasks.

The plan of the paper is the following: In Section 2 we introduce the main data and
explain the connection of the standard coprime factorizations and Bezout equations
with the also standard split module sequences according to [16]. In systems theory
this simple connection was observed by A. Quadrat [22], [23], for instance. Section 3
treats stabilization by output feedback with proper compensator and proper feedback
behavior, but not necessarily proper plant and develops the new technique of injec-
tive cogenerator quotient signal module as far as needed later on. The construction of
all proper compensators and the spectral assignability problem require extensive con-
siderations. The main results of this paper on tracking, disturbance rejection, model
matching and decoupling are contained in Sections 4 - 6. Section 7 contains the al-
gorithms that make the results constructive. The paper concludes with a worked-out
example in Section 8.

2 Preliminaries

The general situation which we consider is the same as in [5] and [4], and so are the
mathematical techniques we apply.

Let 2 denote the polynomial ring F[s] over some infinite field F, ¢ := quot(2) =
F(s) its quotient field, and let .%# be an injective cogenerator over &. Later Z will be
the ring of operators (differential or difference operators in the standard cases), and .#
the signal module. The standard choices are the following: F = R,C, .% = €°(R,F)
or .7 = 9'(R,F) (continuous standard cases) or .# = F" (discrete standard case).
The action of the indeterminate s on a signal in .% is defined as differentiation in the
continuous cases and as left shift in the discrete case.

Furthermore, let T be a multiplicatively closed subset or submonoid of 2\ {0}
which we always assume saturated. The elements of T are called T'-stable polynomials.
As usual 27 denotes the quotient ring of Z w.r.t. T (also referred to as the localization
of 2 w.rt. T or as the ring of T-stable rational functions), i.e.,

Ir = {feF(s);de@,teT}gF(s). (1)

More generally, for any Z-module M we consider the quotient module My = {Jt—‘, XEM,
te T} which is a Z7r-module in the natural fashion, compare [15, Sec.I1.3], [5, p.2424].
In particular we will need quotient modules Uz of row modules U C 2%/, the quo-
tient module .#7 of the signal module .% (which is an injective cogenerator over )
[4, Sec.1], and quotient modules By of % -behaviors £ [4, Thm.1.8, Cor.1.9]. We will
subsequently use the properties of %7 and %y derived in [4, Sec.1]. We briefly repeat
the terms 7 -autonomy and 7 -stability introduced in [5, Thm. and Def.2.15]:



Definition 2.1 (7-autonomy, 7-small signals, 7-stability). 1. A behavior
B = {WE ﬁé;Row:O}

where R € 2%*! is called T-autonomous if there exists r € T such that t 0 Z = 0.
This is equivalent to %7 = 0 or to the existence of a left inverse matrix of R in
9;“‘ (cf. [4, Thm.1.9.3]). Signals w € .Z¢ which are annihilated by some ¢ € T are
called T-small.

2. An input/output (I0) behavior [20, Sec.3.3], [17, Thm.2.69, p.37]
#B={() e FP" Poy=Qou},
(P, —Q) € 2P*(Ptm)_det(P) # 0, is called T-stable if its autonomous part Z° :=
{y € #P; Poy =0} is T-autonomous.

Example 2.2. 1. Assume that F = R, A C C such that A is equal to its complex con-
jugate A, and T := {t € R[s]\ {0}; Vc(¢) C A} where V¢ (¢) :={A € C;¢(A) =0}
denotes the vanishing set of ¢ in C.

2. In particular, if we choose A :={A € C; R(A) < 0} in the continuous standard case
resp. A := {A € C; |A| < 1} in the discrete standard case then a signal is T-small
if and only if it is polynomial-exponential and asymptotically zero for  — c. For
other examples compare, e.g., [5, Ex.2.16].

In the subsequent sections the following two lemmas will be basic tools:

Lemma 2.3. Let R be a commutative ring and A, € RP*, By € R™™ such that

0 — RUxP 2, gixt 2By glxm s g o)
is exact (especially £ = p+m). Then the following assertions hold:
1. There are a left inverse Ag e R™ of By, A(Z)Bl =id,,, and a right inverse Bg € RIxr
of Ay, AlB(Z) =1id,, such that
oBY ) 0AY
04— RD>P 2 RIXE 2 RIxm (3)

is exact too. Then OAg resp. OBg is called a section of oBy resp. a retraction of oAj,
and both sequences (2) and (3) are split exact.

2. There are canonical bijections

{UZQRIXE;RIXPAI@UZZRIXE} U,

I

{B, eR™P;A\B, =id, } B,
~ 1

{A; € R™'; A)By = idy } A
= !

R™*P X

with Uy = ker(oBy) = R'™A,, By = B — B1X, Ay = A) + XA;. Then

0 — R!*P 282 gixt 242 pixm (4)



is (split) exact too, and

Al _(id, 0 .
<A2> (32731) - < 0 ldm> —ldp+m-

Proof. Assertion 1 and the first two bijections of assertion 2 follow from [16, Prop.1.4.1-
1.4.3]. The last bijection in 2 follows from the equivalences

AB =id, =AB; & (4,-A)B =0 <&
& RVM(Ay—A9) Cker(oB)) =im(cA;) =RVPA; &
& X ER™P Ay -AY=XA;, ie, Ay=AY+XA.

O

The parameter X in the preceding lemma furnishes the parametrization of stabiliz-
ing compensators according to Kucera and Youla et al. The direct sum decompositions
were introduced by Quadrat [22], [23] in this context, but were also considered by
Rocha and Wood [24] in context with regular interconnections (according to Willems)
and set-controllability. Behavioral direct sum decompositions were also discussed by
Bisiacco, Bourles, Fliess, Lomadze, Valcher, Zerz et al.

Lemma 2.4 (Coprime factorizations, controllable realizations). Let R denote a prin-
cipal ideal domain with quotient field K := quot(R). Assume a matrix H € KP*™.

1. There exists an essentially unique (i.e., unique up to row equivalence over R) matrix
(P,—Q) € RP <(p4m) \which satisfies the following equivalent conditions with U =
RVP(P, —Q):

(a) The sequence

H
0 —s RIxp o(P.-0) RIx(p+m) O(idm> Klxm

is exact.
(b) i. PH=Q, ie, (P,—0Q)(;{ ) =0 and
ii. (P,—Q) has a right inverse in RpTm)xp o
rank (P, —Q) = dimg (KU) = p and U is a direct summand of R"™P+™) or

dimg (KU) = p and the elementary divisors of U (or (P, —Q)) are units in
R.

In this case R"*PP = {& € R™P; EH € R™™}, det(P) # 0, and H = P~'Q. The
representation H = P~'Q is called a left coprime factorization (l.c.f.) and (P, —Q)
the controllable realization of H over R.

2. Likewise, there is an essentially unique (i.e., unique up to column equivalence)
matrix () € RPHM>" sych that HD = N and (%) has a left inverse in R™*(P™),
Le.,

N, A
0 —s R" () gem W20 e

is exact. Then det(D) # 0 and H = ND~! is called a right coprime factorization
(r.c.f.) of H over R.



3. Let (P, —Q) € RP*Pm), det(P) # 0, () € RP™*m det(D) # 0, such that H =
P 'Q=ND"!. Then

°(5)

0 RI*P o(P,—0Q) RIx(p+m) RIxm

is exact (and thus Lemma 2.3 is applicable to it) if and only if H = P~'Q is a left
coprime factorization and H = ND~" is a right coprime factorization of H over R.

4. If (P, —Q) resp. (%) satisfies the conditions in 1 resp. 2 for the ring R this is also
the case for any overring R, RC R’ C K.
3 Feedback systems and stabilizing compensators

We consider two input/output (IO) behaviors [20, Sec.3.3], [17, Thm.2.69, p.37], [5,
p-2419]

P = {<y1> Engrm;Ployl:Qloul}»

{(Zz> €9P+m;ony2Q20u2}
2

where (P, —Q1) € 2P*P+m) det(Py) # 0, (—Qa, P) € 2" (PHm)det(Py) # 0, with
associated modules of equations

75

Uy =92 (P, —Q1), Uy=2""(~0s,P).

Recall that (Kalman) state space equations give rise to IO behaviors by elimination of
the state [20, Ch.6], [17, p.27].

Definition 3.1 (Feedback behavior). The feedback behavior (compare Figure 1) is
defined as

B =1b(B1,%,) = {(i) e Ftm+ptm). poy — Qou} where

R R ) _ (B -0 (0 O (p+m)x (p+m)
y.—(y2>,u.—<ul>,P.—<Q2 P2>,Q.—<Q2 O)ew v

with 2° := {y € .Z7; Poy = 0} and modules of equations U = 2'*(P+") (P —Q) and
U0 = 9" (ptmp — U, 4+ U,. The feedback system is well-posed if 2 is an input/output
behavior with input « and output y, i.e., if ° is autonomous or

rank(P) = p +m = rank(P, —Q1) +rank(—Q2, ) or U’=U; @ U>.
Theorem 3.2 (Characterization of T-stable feedback behaviors). For 2 =fb(%#),%,)
the following conditions are equivalent:
1. A is well-posed and T-stable or B is T-autonomous, i.e., %9 = 0.
2. Pisinvertible in Pr, i.e., det(P) € T.

3. (a) Br is controllable and



uj up+y2 yi
I l

Figure 1: The feedback behavior fb(%,%,).

(b) A is well-posed and H := P~'Q € @;’Hm)x(p”").

4 Uyr@Uyr = g;x(erm).

Note that condition 4 implies that My 1 = @;X“H_m)/ULT = Uy r and in particular
that M, 1 is free since Ua r is so. This is equivalent to right invertibility of (P1, —Q1)
over 9r or to controllability of %, r, compare [20, Thm.5.2.10], [17, Thms.7.21, 7.52,
7.53, p.141f, p.150ff].

Proof. The equivalence of 1, 2, and 3 has already been shown in [5, Thm. and Def.2.15].
The sum in 4. is direct since the feedback behavior is well-posed. Moreover, since lo-
calization preserves exactness,

UI,T ®U2,T _ (Ul @UZ)T _ U? _ (@lx(p+m)P)T _ @}X(P-‘rm)P.
This Z7-module is equal to @}X(p +m) if and only if P is invertible in Zr, i.e., if con-
dition 2. is satisfied. O

We will primarily use the direct sum characterization from item 4, having in mind
the parametrization of direct summands from Lemma 2.3.

Definition 3.3 (7'-stabilizing compensators, T'-stabilizable IO behaviors). If the equiv-
alent conditions of Thm. 3.2 are satisfied then % is called a T -stabilizing compensator
of %,. If fb(%, %) is in addition proper we call %, a properly T -stabilizing compen-
sator of 2. The behavior A is said to be T-stabilizable if there exists a T-stabilizing
compensator.

Remark 3.4. Assume that %, is a T-stabilizing compensator of Z). Interconnection
of A and %, via u; := y, and up := y; furnishes

BN = fb(%l,@z)o - tT(g)pHn

where t7 (%) denotes the set of all T-small signals in %. In Willems’ language a T-
small behavior, viz. %) N %,, can be achieved from % by regular interconnection,
compare [24]. Notice, however, that in contrast to [24] we do not specify the inter-
section % N %,, but only its T-smallness, and that t7 (% )P is not a subbehavior of
FFrm,



In the following we will first construct all T'-stabilizing compensators with proper
feedback behavior fb(%;,%,) and then, from Lemma 3.17 to Remark 3.28, those
which are additionally themselves proper.

In order to study problems related to properness, we introduce the usual rings

F(8)pr:= {f € F(s); deg (%) :=deg(f) —deg(g) < 0} resp. = DrNF(s)pr

of proper resp. of proper and T-stable rational functions, compare [8, p.169], [26,
Ch.5], [27, Ch.2]. We will always assume that the set T contains an element (s — )
where o € F. Otherwise (in the case F = C) the saturation of 7" would imply T =
F\{0}and .7 =C.
According to [5, Def. and Lem.2.14, Lem.3.11]) we obtain
1

. 7 — O with T — t .
o= _—, 9 :=Flo], & =PD; with T := {7(s—a)deg(f>’t € T} and

o)
Ir=To={ &€ TN} = Lporpero) 20y

The introduction of o and 6 = (s — &) ~! is due to Pernebo [19]. All these rings are
principal ideal domains with the following inclusions:

9=Flo] C Z:=5 C F(5)pr
gl N
9=Fls] C Dr=S C F(s)=F(c)=I.

Remark 3.5 (Computation of the Smith form w.r.t. ). Note that, if R € Z~ kxt jg
a rational matrix, then its Smith form w.r.t. & is also the Smith form with respect to
S =i, wrt. I = S, Wrt. F(s)py, and wrt. F(s).

In the following we will use the inclusions @ C ¥ C Pr and that these rings are
quotient rings of 2. We will replace the defining matrices of the behaviors by matrices
with entries in 2 or . which are row equivalent over 7 to the original matrices.
Recall that T'-stability depends on modules (or behaviors) over Zr only.

Assumption 3.6. In the sequel we assume that % 7 is controllable, i.e., that H; =
Pl_lQl is a left coprime factorization of H; over Zr (compare Lemma 2.4). According
to Theorem 3.2 this is a necessary condition for T-stabilizability of %;. Let

N

H =P '0=NDy!, R, := (ﬁl; _él) c gpxptm) (D1

) c @(p{—m)xm ©6)

denote a left resp. right coprime factorization of H; over Z. This implies that

S o(21)
0— @]Xp O(Pl’_Q1> @1><(p+m) <Dl @]Xm 50 (7)
is exact. According to Lemma 2.3 let Eg = (—Qg, ﬁg) € gm*(ptm) be a left inverse
5 »Ho ~ ~ ~
of (gl) and <g§) € 9P+tm*p 3 right inverse of (Pl, 7Q1> such that
1 2
o B3
)

51 > O(_@z}ﬁ?)
04— PP 2L pxlpam) (L 2120

glm (8)

is also exact.



Corollary 3.7. Assumption 3.6 is in force. Then

Ur= Q;Xp& = Q;Xpﬁl, hence
B = { <zi> e FEM Ploy =0 Oul} = { <l):> e FP Ployi =0 oul}

since B1.1 = Uf-T. Recall that Fr is an injective Dr-cogenerator and in particular a
Dr-module.

Proof. By assumption Hy = P 1Q1 is a left coprime factorization of H; over Zr.
H) = f’l_lél has this property over 2 and hence also over 77 D ./ D 7 (compare
Lemma 2.4.4). The essential uniqueness of these factorizations implies that @;Xp R =
2;"PR). O

Now assume that %, = {(}2) € FP™™; Pyoy, = Qs ouy} is a T-stabilizing com-
pensator of ) where R := (—Q», P,) € gm<(p+m) det(P,) #£0, Hy := P{lQQ, and
U, := 9V*™R,. Hence, Ur®Uyr= .@}X(‘Hm) and H, = P{l Q> is a left coprime fac-
torization of H, over Zr since Us r = :@}X’"Rz is a direct summand. Let H, = 132’l QZ,

ﬁz = (féz, 132) € @’"X(W”"), be a left coprime factorization of H, over 2. Asin
Corollary 3.7 we conclude that U, 7 = Q}XmRz = @}Xml/éz and

PBorr = { (?j) € FM Pyoy, = onuz} = { G;) c Frm, Poy, = ézouz} .

With the notation ¢ := p + m, we define the following matrices:

P < P —Q1> el Q.= <0 Q1> c P,

-0 B o 0 ©
5 P -0 Sixt A 0 0 Sixt
P.= ~ = (720N =1 = D,
(—Qz P, ) © ¢ (Qz 0> ©

Hence, with y:= (31) and u := (;2 ) we get fb(%1,%,) = {(}}) € F*'; Poy=Qou}
and fb(%1,%,)° = {y € ﬁf;Poy:O}.

Corollary 3.8. Assume the data from (9). Then @}X[(P, -Q)= @}XZ (1’37 —é) For
the quotient behaviors this implies that

fb(ggl,ﬂg)]" = fb(L%)lﬁT,c%’z)T) = { (i) S 52.7‘“4; Poy= Qou}

{()errrrmon)

The assumption that the behavior %, is a T -stabilizing compensator of B is equiva-
lent to fb(%1,%,)% =0, i.e., P € Gly(Zr) or P € Gly(Zr). The transfer matrix of the
feedback behavioris H=P~'Q = ﬁ_lQ.

Proof. By Corollary 3.7, there are (unique) matrices A; € Gl,(Zr) and A, € Gl,,(Zr)
such that A|R| = ﬁ, and AoR, = 1?2, hence A := (’%‘ fz) € Gly(Zr) and AP = ﬁ,
AQ = 0. We deduce that Q}XZ(P, Q)= ;@}XZ(IA’, —é)

O
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Theorem 3.9 (Characterization of properly T-stabilizing compensators). For the 10
behavior %, and its T-stabilizing compensator %, and the data from above the fol-
lowing conditions are equivalent:

1. He #" ie, H is also proper (recall . := D N F(s)pr)-
2. ylx[ﬁ:ylxpk\l@ylxmk\z:ylxé.
3. PeGl(.Y).

Under these conditions %, is a properly T-stabilizing compensator of 9B, according
to Definition 3.3.

Proof. The equivalence of 2 and 3 is obvious. Remember that the sum in 2 is direct

since the feedback behavior is assumed to be well-posed. Condition 3 trivially implies
id, 0 0 0

1 since H = P~'Q. Now assume 1 and define M := (igp 'do’” ic?p '%’”) € Glprmspim(F).
0 idy 0 0

Then (P' o 0 Q)M: ( A -0 0 *Q1> = (i’\, —Q), whence the isomorphism
0 0 -0 P -0, b -0y O

yle/ylxp (‘817 _Ql) > yle/ylxm (_Q\Z, 132) ~ ylx%/ylxéa”ﬁ) _Q\) (10)
where (E,E) is mapped to (&;,&,)M. But R = (131, —Ql) and R, = (—Qz, 132> are
right invertible over 2 and thus over. 2 9 by construction and hence .7’ ¢ / 7 1xP R
and .71*¢ /. #1*"MR, are free. The preceding isomorphism implies the same property
for 12/ 71*!(P, —Q) and thus the existence of Z € 7>/ with id; = (P, —-Q)Z =
P((ids, —H)Z). Since H € " by 1, the matrix (idy, —H)Z is an inverse of P in
¢ and hence P € Gl,(.7). O

We next construct all properly T-stabilizing compensators of %) under the (nec-
essary) condition of controllability of %, 7. From the preceding theorem we infer

that direct summands of .%!*PR; in .&#!*¢ play a part. These have been classified in
Lemma 2.3.

Lemma 3.10. We use the data from above, in particular from Assumption 3.6 and
equations (6)-(8).

1. There are bijections

{nglxé;ylxpﬁl@vzyle}

o~

~

\%
~ 1
Dy (p+m)xp. p D, . D>
~ Ri|~)=id ~
{(M)ey ()=, S
= I

{Az (-Qz,f’z) € ymxprm); Ry <§1> :idm} R> = (—Qz,ﬁz)

1
=~ 0
Fmp X

11



)

where V = ker (o (

)= (2) = () - ()

Ry = (—Qz,ﬁz) Z@-FXﬁb ) Z@—XQL 0, = Qg—Xﬁl-

=z

Moreover,
M
(5,)
0 — o WL e AU gy gn
o(éz) o
0 « .gxp N pixt O(in’Pz) plxm

(1)

are split exact sequences and
P -0\ (D2 N\ _.
~ ~ ~ ~ = ldp+m .
-0 P Ny Dy

2. Almost all ﬁz from I have non-zero determinant (in the sense specified in the proof
and the next remark).

Proof. 1. The sequences

o o M
1x O(Pl’_Ql) 1x4 <D1> 1xm
0 — % ——% — ¥ — 0 and
(%)
0 +— .olxp Ny pixt 0(—Q8,13§) plxm

. . DY . ~ .
with the retraction o <1V‘2)> and the section o (—Qg, ﬁg) are exact since they can be
2

obtained from (7) and (8) by applying (—)z and localization preserves exactness. Re-
member that . = ;. Application of Lemma 2.3 to these exact sequences yields the
assertion.

2. Let E = (E;j)1<i<m,1<j<p be a matrix of indeterminates and consider the polyno-
mial R
¢(E) 1= det (ﬁ; - :Ql) .
Then, for X € &"*P, g(X) = det (1320 —X@l) = det (f’z) We have to show g # 0.

Since .# = F[0]z is an infinite integral domain this implies that also the polynomial
function (g|.#™*? : /™P — &) is non-zero, indeed {X € .9"*P; g(X) # 0} is an

open dense subset of .”""*? (in the Zariski topology). The matrix (0, 51’1) is obvi-

ously a left inverse of ( g‘ ) in oz (P+m) Part 1 of the present lemma applied to % =
1

F(s) = quot(.¥) instead of . yields the existence of X € .#™*P such that (0, ﬁf) =

(*Q\g, 1’520) +X (1/51, fél). Hence g(X) = det (1320 fXQI) = det(ﬁl)_l #0.

O
Remark 3.11. If k is an infinite field a property of vectors X € k" is called generically
or almost always true if it holds on a non-empty Zariski open set or, equivalently,

on a special open set {X ckV; g(X) # 0} where g is a non-zero polynomial. In the
preceding lemma this language is extended to the infinite integral domain . = F[0].

12



Theorem 3.12 (Constructive parametrization of properly T'-stabilizing compensators).

1. Assume that %, 1 is controllable or, equivalently, that Ry is right invertible over
Pr and the ensuing data from (6) - (8).

(a) Choose X € .™*P such that 1?2 = (—Q27 Pz> = R2 +XR1 from Lemma 3.10

satisfies det(P,) # 0, and define Hp := P{ Qz. Let R) cont = (—Q2.cont; P2,cont)
be the controllable realization of Hy over 9, i.e., let Hy = (P27com)’lQ2_com be
a left coprime factorization of Hy over 9. Furthermore choose an arbitrary
A € 9™ with det(A) € T and define Ry := (—Q2, P») := AR} cont-

Then %, :={(3}) € FPT™"; Pyoy, = Qrouy} is a properly T-stabilizing com-
pensator of B, and all such compensators arise in this fashion.

(b) The pairs (X,A) € P x ™" with det(P) —XQ1) # 0 and det(A) € T
parametrize the set of all properly T-stabilizing compensators 9B, of 91 where
B, is constructed from (X, A) according to 1a. Two pairs (X,A) and (X', A)
give rise to the same compensator %, if and only if X = X' and A is row equiv-
alent to A’ over 9.

2. The following conditions are equivalent for an 10 behavior H,:

(a) B is T-stabilizable, i.e., there exists a T -stabilizing compensator % of AB.
(b) There exists a properly T -stabilizing compensator 9B, of B.
(c) P\ r is controllable.

Proof. 1. (a) 1i. By construction

FVPR @ S VMRy = 1 hence also
DRI ® D" Ry = D1 Ry & DRy = D3

because Y = .¥5. Since le’”ﬁz = glxm (féz, 132> is a direct summand of .1 *¢,

the factorization H, = 132*] Qz is left coprime over . and thus over 7. Also H, =
(P27com)_1Q2,C(,m is left coprime over 2 and hence over 7. The essential uniqueness

of these factorizations implies .@}X’”RQ,COm = @}X"’ﬁg. By assumption det(A) € T,
hence A € Gl,,(27) which implies

D} "Ry = Dy "Rocom = 24 "Ry  and - 21" = 977 PRy & 21" R,.

Accordlng to Theorem 3.2 %, is a T-stabilizing compensator of %1 Now let R; :=

(— Q2, Pg) € gmx(p+m) be the controllable realization of H, over 2 and hence also over
. Therefore Hy = P Qz P Q2 are two left coprime factorizations of H, over
- which implies row equivalence of R2 and R2 over .¢, i.e., . IX’”RZ =9 lmez,
and hence lel’ﬁl @ FIxmR, = F1xL, According to Theorem 3.9 %, is indeed a
properly T-stabilizing compensator of %;. Notice that the matrix R from Theorem 3.9
is denoted by R, here. The matrices R, € @mx(p+m) and R, € .#mx(ptm) of the present
proof are row equivalent over ., but not identical.

ii. Let, conversely,

Py = { <Z§> € FPM Poy, = onuz} , Ry := (=02, Py) € 2™PH™) det(Py) #£0

13



be any properly T-stabilizing compensator of % with transfer matrix H, := P, '0s.
Then Q}X’”Rz is a direct summand by Theorem 3.2, and consequently H, = P ! [0
is a left coprime factorization of H, over Yr, compare Lemma 2.4. Let R) con :=
(—02.conts Prcont) € gm*(p+m) pe the controllable realization of H, over %. This im-
plies a factorization Ry = ARy cont for some A € 2™ with det(A) # 0. Note that
Hy =P, Closz,com is a left coprime factorization of H, over & and hence also over Zr.
Since the left coprime factorization is unique up to row equivalence we deduce that
@}X”’Rz = _@}X’"Rzmm and consequently that A € Gl,,(%r), i.e., det(A) € T. Define
ﬁz = (—0», I~’2) € gm*(ptm) aqin 1(a)i, i.e., H, = IA’VZ*]QZ is a left coprime factoriza-
tion of H, over & and hence also over 27 O 2. This implies @}X”’ﬁz = .@}X’”Rg.
Theorem 3.9 furnishes .7 *PR, @ . 1*mR, = .7 1xL, From Lemma 3.10 we obtain a
unique Ry = (—Qz, f’z) =R)+XR, € .7 (Pm) with R, (g' ) —id,, and .Z MR, =
1

S1XMR,, hence also 2R, = 2;°™R, and Hy = P, ' 0.

(b) From la we conclude that all properly 7'-stabilizing compensators of %, are ob-
tained from parameters (X, A) with the asserted properties. Assume that (X, A) and
(X', A") give rise to the same compensator %, with transfer matrix H,. For the cor-
responding R, = (—Q\z,ﬁz) = ﬁg—#Xﬁl and I?z = (—Q’z, 132') = @+X'§], the left
coprime factorizations Hy = (Py)~1(Q2) = (B})1(Q}) of H, over .# imply the exis-
tence of B € Gl,,, () with 1?’2 = BR,, hence B = Bid,, = BR, (g‘ ) = ﬁ'z (g] ) =1id,,,

1 1

and consequently R, = R} and X = X’. The row equivalence of A and A’ follows from
glxmAszcom — @lme2 — glmel2 — glxmA/RZ,cont-

2. The controllabiliy of %) r is a necessary condition for T-stabilizability by Theo-
rem 3.2 and sufficient — even for the existence of properly T-stabilizing compensators
— due to the construction in 1. Recall that almost all 132 in Lemma 3.10 have non-zero
determinant and can be chosen in the construction in 1.

O

Remark 3.13. Computer calculations of the data in the preceding theorem require the
following possibilities only:

1. The Smith form algorithm over the polynomial algebra & = F[s], hence also over
9 =Flo]=F[1].a€F.

2. A decision method for the inclusionz € T'.

For F = Q as in all practical examples the computations of 1 are exact, no numerical
approximation is required. Note however that the Smith form transformation matrices
that are also required usually get very complicated.

Theorem 3.14 (Computation of the transfer matrix of fb(%,%,)). Assume that %,
is T-stabilizable, the data from (6) - (8), and a compensator %, constructed according

~ AO ~
to Theorem 3.12. Let (%) = (gé) - (gl ) X € .S PtmXp denote the right inverse of
2 2 1

ﬁl corresponding to I/éz = (—éz, [A’z) = 1/3\(2) +X§1. Let P, Q, 13 Q denote the matrices
from (9). Then

H ::P—IQ:P\—IQ\: (]XIQ} 9291) = <Hy1,u2 Hyl,ul) .
D1@> MO H

Y2,U2 HyZa”I
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Moreover, A
. D>P, NP
H +ldp+m == /\2/\1 /\1 /\2 .

NP DB,

Proof. The definitions of the involved matrices in (6) - (8) and Lemma 3.10 imply that

Ii —A@ éz 1Y1 —id ie éz 1271 _p-!
-0 P N, Dy pem =\, Dy '
The assertion on H follows directly by computing H = P! Q The claimed form of
H +idp,, is a consequence of the equation

(9 0)pip_ (BA-BG DOUNE) (DA NE)
0 idy NP —D1Qy —N201+D1 P NP DiP

O

Next we discuss the question of pole placement or spectral assignability. Consider
the following data:

Ri=(P,—Q1) € 2P0 det(P) #0, Hi:=P'Q,
Uy = 2"PR,, Mlizglx(p+m>/U1’

By =Uj = {(ii) € FPM Proy; =0 O“l}a

and the Smith form  X,RY; = (E,0), X1 €Gl,(2), Y1 €GlLun(2), (12)

el 0
E= ( ) € PP withe1|...|e, # 0. Then

0 ep
Dep,=anng(t(My)) ={d € Z;d-t(M;) =0} where
(M) = {& e My;3d € 2\ {0} withd& =0}

is the torsion module of M;. Let &2 denote the representative system of primes in
2 = F[s] containing all monic irreducible polynomials, & € F, and define

ni=(-ae, P={s—atu{qe Piqle,}={qe P;qln}, and
T {ﬁ 11 qﬂ@;ﬁeF\{0}7u<q>>0}={re@\{0}ﬂu:flff} "

=

which is the saturated monoid generated by 7;. For all Z-modules M the quotient
modules M;, and My, coincide, especially

D z{jLeF(S);d€@7u>0}=@n CE(s).
|

By construction #; and thus its divisors e, and ¢;, 1 <i < p, are invertible in Zr,,
hence E € Gl,(Zr, ). This implies that

id, = (E,0) (E,") =XiRiY1 (£,") and thus
iy =R (5,1) X, 1 ()31 € 940

Therefore R is right invertible over 97y, .

15



Theorem 3.15 (Pole placement). Consider the behavior %) and the accompanying
data from (12) and the saturated monoid Ty from (13). Let T C & be any other satu-
rated monoid with (s — o) € T.

1. By definition the monoid Ty is the least saturated one which contains (s — o) and
for which Ry is right invertible over 9y, or, in other words, for which %, is T-
stabilizable.

2. The behavior A, is T-stabilizable if and only if the monoid T\ from (13) is con-
tained in T or, in other words, if the finitely many irreducible factors of e, belong
toT.

3. If, in particular, t, € F|[s] is any multiple of ty = (s — &)e, and T is the saturated
monoid of all divisors of powers of t, i.e.,

D= {ﬁ qu(q); B € F\ {0}, m(q) >0, q irreducible factor oftz}
q

then this T, contains Ty, 9B is Tr-stabilizable and all properly T,-stabilizing com-
pensators can be constructed according to Thm. 3.12 applied to T5.

4. Ifinitem 3 F =R and 2 = R][s], then the T>-stabilizability of B resp. the Tr-
stability of the feedback behavior tb(%,,%>) signify that the uncontrollable poles
of B resp. the poles of the feedback behavior fb(%,,9%,) are zeros of t.
This is the generalization of the standard pole placement result via state feedback
for stabilizable state space systems.

Proof. Assertions 1, 3, and 4 are clear.

2. The T-stabilizability of %, is equivalent to controllablity of % r, i.e., to the ex-
istence of a right inverse of R; with entries in Zr. This signifies that the greatest
elementary divisor e, of Ry (w.r.t. Z) is invertible in Zr, i.e., contained in 7'. Since
T is saturated and (s — ot) € T by assumption, this is equivalent tor; = (s—at)e, € T
orT1 CT.

O

Remark 3.16. Computer calculations of the 7;-stabilizing compensators in Theorem
3.15.3 require the Smith form algorithm over F[s] (and F[c]) only. A non-zero ¢ € F|s]

belongs to 75 if and only if 7 | tgeg(t) and this is trivially checked. For F = Q these
computations can be executed exactly with all computer algebra systems.

Our next aim is the study of T-stabilizing compensators such that both %, and
fb(%,%,) are proper. We start with further results regarding the rings F(s),; and .7

Lemma 3.17 (The map v,). Let R be a principal ideal domain with quotient field K
and q a prime of R. Then q induces the saturated monoid T (q) := R\ Rq, the discrete

valuation ring Ry, = {g €kK;f,geR,q *g}, i.e., a principal ideal domain with

the unique prime q (up to association), and the residue field k(q) := R/Rq with the
canonical map can: R — k(q), f — f+Rq.
The canonical map can be uniquely extended to the ring epimorphism

f

Vg : Ry — k(q), r= < >V, (r) := can(g) "' can(f) = can(gf)

where g'g=1 modg.
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Then ker(v,) = Ry(q)q and hence Ry(y) /Rr(4)q = k(q) = R/Rq.

Proof. Obviously v,(¢) = 0 and hence Ry, C ker (Vg : Ry(y) — k(g)). If, con-
versely, V,(r) = can(g) !can(f) = 0 in k(g), then can(f) =0 and f € Rq, hence
r= é S RT(q)q- O

Application of the preceding lemma to the ring R = 9 =F [0] and the prime ©
yields

Vo @T(U) —>§/§G=F, f= 7
where T(0):=2\ %06 = {§€ 2:3(0) # O}.

~

Lemma 3.18 (The ring F(s),r as quotient ring of 2).

F(s)or=P1(0) CF(s)=F(0), 0=——.

In particular, F(s)p is a discrete valuation ring with the unique prime G, up to associ-
ation. The prime factor decomposition of a non-zero rational function r = 5, f,8€ 9,

has the form r = uc”\") where v(r) := —deg(r) = deg(g) — deg(f) is the standard val-
uation of r and where u is a unit in F (s)py, i.e., with v(u) = 0.

Proof. Let0+#r=1 € F(s)=F(0). }.g € Flo]. ged(F,8) = 1. f = an0™ + ... +a,
am #£0,g=0b,6"+...+by, b, #0, g(0) = by. Then, for any number N > m,n,

(0 OV tag(cTHY =an(s— )N "+t ag(s—a)V,
(YN 4bo(c YN =bu(s— )N 4.+ bo(s — ),

B foN Cap(s—a)N+ . A ap(s— o)V
g0 N by(s—a)N 4 ...+ by(s— )N

fo

go =

Q

r =

)~y &

IfgeT(o),ie,o fgorby=g(0)#0, then deg (r) <N—N =0, hence r € F(s)p.
Assume, conversely, by = g(0) = 0. Then ap = f(0) # 0 since ged(f,2) = 1 and hence
deg (r) > N— (N —1) =1 and consequently r ¢ F(s)p. O

Remark 3.19. In systems theory, compare [26, Ch.3], [27, Ch.2], and also in one-
dimensional projective algebraic geometry, Z¢ is called the place or prime at infinity
and the following notation is used:

r(e0) = Vo(r) = 8(0) ' £ (0)
for r=g'fe¢ F(8)pr = @T(G)» ie. f.8€9, 8(0) #0.

IfF=RorF=Candr=g 'fwhere f,g € Z = F|[s] and g # 0, this implies

L L f(@)
r(e0) = llgg r(t) = ;ILHEQ POk

Corollary 3.20 (Direct sum decomposition of 9,.%,and F (8)pr)-
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F~9/96 %25 ]596 % Dr0))Dr(0)0 = F(5)p/F(s)pO.

Therefore all these residue fields will be identified, especially r(eo) = vs(r) for
r € F(s)pr, Vo(f) = f(0) for f € 2.

D=Fo96C.S =F&B.SGCF(s)=FBF(s)G 3 r=V(r)+(r—vo(r)).

Proof. 1. The canonical maps F =2 @/90 — Y/YG — 9T /.@T yo are field

homomorphisms and thus injective. The isomorphism 9 / Do = _@T )/ QT )0 from
Lemma 3.17 yields the assertion.

2. The injection F — ér(a), k — k, is a right inverse of

vG:@T( —>9T /.@T yo =F, hence
Tr(0) =F ®ker(Ve) = F ® Dp(5)0 3 1 = Vo (r) + (r— v (r)).

The same argument applies to the other rings.
O

Remark 3.21. The ideal F(s)spr := F(s)pr0 of F(s), is the ideal of strictly proper
rational functions and F(s)pr = F @ F(s)p0 is a subdecomposition of the standard
decomposition

F(s) =F[s]®F(5)prO > 1= rpol + repr

of a rational function into its polynomial and strictly proper part.

Corollary 3.22. For all k,{ € N5 we get the decompositions

@kx( _ Fkxé@ékxéc C ykxf Fkxé@ykxfc C F( )kx/ FkX[EBF( )kxﬁ
SX =vo(X)+ (X =vo(X)), Vo(X):=(Vs(Xij));,, va(¥) =Y (0)if ¥ € T,

Corollary 3.23 (Invertible elements of F(s)p). 1. Since F(s)p = @T((,) is a discrete
valuation ring with the unique prime & (up to association) an element r € F(s)p; is
invertible in F(s)p, i.e., r € U (F(s)pr) if and only if 6 does not divide r in F(s)p

or vg(r) #£0. For f e 9 this implies f € U(F(8)pr) © Vo (f) = f(O) #0.

2. LetP € F(s)h”. Then Pisinvertible in F(s)h ", i.e., PEU( ( Yo 7) =Gl (F(s)pr)
if and only if vs(P) = (VG(PU))I.J. € Gl,(F). Especially, P € 9P*P is contained in
Gl,(F(s)pr) if and only if P(0) € Gl,(F).

Proof. We only have to prove the second assertion. But P € Gl,(F(s)p) if and only

if det(P) € U(F(s)pr), and this is the case if and only if v;(det(P)) = det(vs(P)) # 0,
ie., if vs(P) € Gl,(F). O
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Lemma 3.24. Assume a T-stabilizable behavior %, and the usual data from (6) - (8).
The split exact sequences

s oV
00— @lxp o(P.—01) @1><(p+m) <D1> lem 0,
(14)

(%)
0+ @1><p N @lx(p-&-m) 0(7@2)’13?) élxm « 0

—~, 5 ~ —~ "o
from (7), (8) with (ng, ﬁg) (g') —id,, and (Pl, —Q1> <§g> = id,, induce the split
1 2
exact sequences

. . O(&I@))
0 pler o(P1(0),~01(0)) Flxpim) DO pin

O<f>8<o>)
N9 (0)

0(_F1><p F1><(p+m)

15)

— - -

. - N . = -~ Dy(o . .
with (—QS(O), ﬁg(O)) (giigi) =1id,, and (P1 (0), —Ql(O)) (@320;) =id. In partic-

ular; rank (P1(0), ~01(0)) = p.

Proof. Application of the functor (—) ®; 9)%6 = (-) ®g F to (14) furnishes (15)
which is again exact since additive functors preserve split exact sequences. Recall that
the tensor product is only right exact in general. O

Lemma 3.25 (Characterization of compensators with proper transfer matrix). As-
sume that 9\ r is controllable and the ensuing data from (6) - (8). Let (—Qz, ﬁz) =

(—Q(Z), ﬁg) +X (f’l, —Ql) e < (Ptm) ywhere X € .™<P. According to Thm. 3.12

(—éz, 132) gives rise to a properly T-stabilizing compensator if and only if det(ﬁz) #0.
The following assertions are equivalent:

1. det(ﬁz) #%0and Hy .= 132—1Q2 is proper.
2. Vo(Py) € Gl (F), i.e., det(vo(Py)) # 0 or; equivalently, P € Gl (F(s)p).

Recall thatfo’”fagé 9 and 8(0) # 0 the rational function grlf,-s proper; Vg (?lf) _
2(0)"1£(0) and vg(ﬁz) — (Vc ((ﬁz)u)) .

3

The condition 2 thus characterizes the situation where both the compensator and the
feedback behavior are proper.

Proof. Tt is obvious that the second statement implies the first one. For the other im-
plication, apply the functor (—) ® & ./ 0 = (—) ® &+ F to the split exact sequences
from (11). This furnishes the split exact sequences

~ ~ o Ny(0)
o(Py(0),— 0 D
0 . F1><}7 ( 1( ) QI( )) lee <D1(0)> lem SN 0 and
o Vo(éz) R R
0 «—— Flxp ¢ <VG(N2)> Fl xl O(ivg(QZ)’vG(&)) Flxm «— 0
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and especially rank (fvg(éz)7 Vo (132)) =m.

Since H, is proper by assumption Vg (H,) € FP*™ is well-defined, and 132H2 = Qz
implies Vg (132)vcy (Hy) = vo(ﬁsz) = Vc(éz), and consequently (—vg(ég), Vo (132)) =
Vo (P,) (—Vo(Ha), id,,). From the fact that rank (—Va(éz), vg(ﬁz)) = m, we deduce

that rank (vg (13)) =m, i.e., that det (vg (132)) #0o0r P e Gl (F(8)pr)-
O

Lemma 3.26. Let %\ 1 be controllable and assume the usual data from (6) - (8). Then
the polynomial

8(2) 1= det (B(0) ~201(0)) € FE

where E = (E;j)1<i<m,1<j<p IS non-zero. Note that, since F is an infinite field, this
signifies that g(Xo) # 0 for almost all Xy € F™*P.

Proof. 1. Recall from Lemma 2.3 and Assumption 3.6 that

) _
P = ( éo 13%1> € Glpym(2) CGlyym() € Glypm(F(s)pr) and hence
£ N

o (G 8) <o

~0:(0) _ 1% (p+m) —01(0) _ plxm
rank(ﬁg(o))—morF <ﬁg(0)>—F .

2. Consider, more generally, any matrix (g) e Flptmxm \yith rank (g) =m. By
induction on rank(C) =: r we transform (£) into (5,) with det(C 4+ AB) # 0 by at
most m —rank(C) elementary row operations, the case = m being obvious. For r < m
we assume without loss of generality that the last row of C is linearly dependent of the
preceding rows, i.e.,

m—1
B
1 _ , Ix(p+ _ ol
Flxme — j)::l FC], CF X (p+m) (C> — plxm

Then there exists i < p such that B;_ is linearly independent of all rows of C, i.e.,

CI_
m—1
lenglemC@FBi—: FCj—EBF(Cm——FB,;):lem .
= (m—1)—
=l Cn—+B;—
Obviously the last matrix has rank r+ 1, and it can be obtained from C as C+AB where
A is the matrix with A,,,; = 1 and O at all other entries.

O

Theorem 3.27 (Constructive parametrization of proper and properly 7-stabilizing com-
pensators). Assume that ) ={(3}) € FP™, Pioy, = Q1 ou, } is T-stabilizable and
the derived data from (6) - (8). Then

1. The determinant det (1320(0) —Xo0, (0)) is non-zero for almost all Xy € F"™*P.
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2. The triples (Xo, Y, A) € F™<P x S™<P 5 G5 it det (1320(0) ~ X0 (0)) £0
and det(A) € T parametrize the set of all proper and properly T-stabilizing com-
pensators B, ={(2) € FPT™, Pyoy, = Oy oup} of B by the following construc-
tion:

@ XimXoar € 50, (<D B) = (<00 8) 4 (B 1) € e
Then det(Py) # 0 and Hy := P;' 0y € F(s)p".

(b) Let Hy = PZT clomQLcont be a left coprime factorization of Hy over & and define
(_QZa PZ) =A (_Qlconta P2,cont)~

Two such triples (Xo,Y,A) and (X}, Y', A") give rise to the same compensator if
and only if Xo = X\, Y =Y', and A and A’ are row equivalent over 9.

3. The transfer matrix Hy is proper if and only if Py (0) € Gl,(F). In this case Xo :=
Qg(O)[A’l (0)~! satisfies the inequality of item 1 and gives rise to exactly those com-
pensators with strictly proper H, (compare [27, Lemma 5.2.25]).

4. If the transfer matrix Hy is strictly proper and hence Q1(0) = P;(0)vs(H;) = 0
then Xy € F™*P can be chosen arbitrarily and hence all properly T-stabilizing
compensators are proper (compare [27, Cor. 5.2.20])

Proof. 1. This is a consequence of the previous lemma.

2. By the results derived above, any X € #"™*P with det (1320(0) —vs(X)0 (0)) #0
gives rise to a transfer matrix H, of a proper and properly T -stabilizing compensator
B> of %, and all such transfer matrices are obtained in this fashion. Recall the de-
composition .S P = F"™P @ S P55 X = Ve (X)+ (X — V(X)) =: Xo + oY from
Corollary 3.22. R

3. The equivalence of the properness of H; with P;(0) € Gl,(F) follows as in Lemma

3.25 where det(P;) # 0 by assumption. The inclusion

( P0) -0 (0>> _
Lemma 3.26 —Q(Z)(O) ﬁzo(O)

(8 6) Cotor ) (V08
0 idy) \~03(0) idn)\ 0 P0)—0

(
det (P9(0) — X001 (0) ) = det (P9(0) — 03(0)

Glpm(F)

and hence the condition of item 1. The equations
PoHy = 05, hence vg (132) Vo (Ha) = vg (QZ) = 09(0) — XoP, (0) and ve (Py) € Gly(F)
show that H, is strictly proper, i.e., vs(Hz) = 0, if and only if
Vo (Qz) = 09(0) — XoP1(0) =0, i.e., Xo = 09(0)P1(0)".
4. By construction the determinant det (}/’\20 (0) — X0, (0)) = det (13;0 (O)) is not zero

for all X, and otherwise does not depend on the parameter Xy, hence is non-zero for all
Xo. O
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Remark 3.28 (Pole placement). The results on pole placement in Thm. 3.15 also hold
mutatis mutandis for the 7-stabilizing compensators of Thm. 3.27.

Remark 3.29 (State space realizations). Let the plant %, be proper and let %, be a
compensator constructed according to Theorem 3.27. Assume that state space (Kalman)
realizations

sox; =Aix;+Biu;, yi = Cix; + Diuj, x; € F", y1,up € F, yr,u1 € F"

of %;, i =1,2, are given or constructed. Recall that every input/output behavior admits
an essentially unique observable state space representation [29, Ch.5.2]. On the other
hand every state space system gives rise to a unique 1O behavior by elimination of the
state (compare, for example, [20, Ch.6], [17, Cor. and Def.2.41, p.27]).

In order that the assumptions of Theorem 3.27 are satisfied we need that the plant
Kalman equations are T-stabilizable and T-observable (=T-detectable), i.e., that for
B ={(ul) € FMM sox; =Ax) + Bju; } the quotient behavior %]  is controllable
and that <C0‘ ﬁ:ﬂ) : #) r = P11 is an isomorphism. We may and do assume that the

Kalman equations of the compensator %, are the essentially unique observable ones.
The constant matrix D; is the constant part of the proper transfer matrix H;. Then
the proper and T-stable IO behavior fb(%,%,) has the T-stable and T-observable
Kalman realization (compare [28, §10.5])

sox=Ax+Bu,y=Cx+Du with

xi= () egmntn y= (M e FmP y= M) e grim,
X2 uz y2

id, -D;\'_(id,+D\D;'D, D\D;"
=Dy id - Da]DQ Da] ’

A (A 0N (0 BY(id —Di oo
N0 A B, 0 -D, id, 0o G/’
s (Bl 0, (0 B\(id -D T
=\o B)"\8B o)\-D id, 0 D)

c._ (i —Di\ (G 0\ . _(id, -D\"' (D 0
= \-Dy id, 0 &) “T\-D, id, 0 D,)°

In particular, if % is strictly proper and hence D = 0, this yields

Dy :=id,, —D,D; € Gl,,(F), (

A= A +B1DC; B1(G, B— B, BiD»
B>C, Ay )’ 0 B, )’

e 0 (0 O

= (ot ) 2= (3 1)

Corollary 3.30 (State space realizations). Data of Remark 3.29. Assume a T-observ-
able (=T -detectable) state space realization of the proper and T -stabilizable plant A .
Then every observable T -stabilizing compensator in state space form is the observable
state space realization of a compensator %, of %, constructed according to Theo-
rem 3.27. The equations of the compensator are contained in the preceding Remark
3.28. The condition for T-stability of the feedback behavior is det(sid,, 1, —A) € T.
The same arguments apply to the later compensators for various control tasks. Notice
that the theorems in [9, §7.5] and [28, §10.5], for instance, construct some, but not all
stabilizing compensators in state space form.
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4 Tracking and disturbance rejection

Assumption 4.1. In the remainder of this paper we always consider IO behaviors
B = {(Zi) € FPM Proy; = Q) OM1}7 (P, —Q1) € 2P P det(Py) #0,

P = {(;2) € FPM Pyoy, = onuz}, (=Qs, Py) € @"<pim), det(Py) # 0

such that %, is a proper T'-stabilizing compensator of the plant %, for which the feed-
back behavior fb(%,%,) is proper and, of course, T-stable. These %, have been
parametrized in Thm. 3.27. We use the data from Assumption 3.6, Lemma 3.10 and
Thm. 3.27. Furthermore, we assume a signal generator behavior

By :={we FP;Row=0}, Rec PP

The trajectories of %3 are the reference signals that shall be tracked resp. the distur-
bances that shall be rejected in the following.

Definition 4.2 (T-tracking and T-rejecting compensators). The compensator %, is

called a T-tracking compensator resp. T-(disturbance) rejecting compensator of %
i

for signals uy in %5 if uy € %3, u; =0, and <ﬁ§> € tb(A),%,) imply that ey :=y; +up
0
resp. y1 is T-small, compare Figure 2 for an interconnection diagram. This signifies

that for zero input u; = 0O the output y; T-tracks any signal —u, € %3 resp. that any
disturbance input u; € %3 has no significant effect on the output y;.

Y1
1

+
' -
u2€933

Figure 2: Tracking resp. disturbance rejection interconnection.

Corollary 4.3. Assume that %, is a T-disturbance rejecting compensator of %, let
uy € $Bs be a disturbance signal and let uy € F™ be arbitrary. Furthermore, assume

yry _ o 0 o Y1 — oo™
pon)meea) e o) -ee (i)

i.e., (31) is an output of tb(%B,%,) to the input (uol ), and (g) is an output to the

disturbed input (;). Then Po (ii}l _il) =Qo <"62> , and hence y1 —y; is T-small.
2—Y2

Consequently, the difference between the disturbed output y| and the undisturbed out-

put yy is T-negligible.
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Example 4.4. A standard choice for the behavior %3, in particular for its use via the
internal model principle, is R = ¢ id, where ¢ € & = F[s] is a non-zero polynomial
whose roots determine the frequencies and growth of the tracking resp. disturbance
signals.

In the following considerations we derive necessary and sufficient conditions for
the existence of T-tracking resp. T-rejecting compensators of a given T -stabilizable
10 behavior B, and parametrize all such compensators.

Theorem 4.5 (Characterization of T-tracking and T-rejecting compensators). As-
sumption 4.1 is in force.

1. The behavior %, is a T-tracking compensator of 9B, for signals uy € B3 if and
only if there is a matrix Z, € 9~ “k such that

NiQ>+id, =Ni(Q9 —XPr) +id, = ZR.
In this case rank(R) = p and 9Bj is thus autonomous.

2. The behavior %, is a T-rejecting compensator of 9B, for signals u, € $Bs if and
only if there is a matrix Zy € D% “k such that

Ni1Q» = N1 (03— XPy) = Z4R.

Proof We prove 1, the proof of 2 is analogous. Recall from Theorem 3.14 that Hy,
N1Q2 andH)1Lt2+1dp* ezuszZPI

12 —

1. The feedback behavior is proper and T-stable by definition and hence especially

P€Glyy(Zr)and H=P'Q € @}Hm)x(”m). Recall that @7 acts on .#r. The
following equivalences hold: %, is a T-tracking compensator of A, for u, € %3 <

& {y1+u2Gfp;yhuzefgzpﬂo"z:o’ gyzey’";Po@;) :Qo(lg>}

is T-autonomous

& {yl—I—quﬂT Vi, ugeﬁT,Rouz O,Hyzef}”:PoG;):Qo('g)}

y1+u2€JT,u2€§T,Rou2 0, (il) :HO(u2>}:0
2

0
y1+us GJT,LQG/T,ROLQ—O y1 =Hy,, uzoug} =0

= {N1Q2+ld ouzeg‘\ﬁ;ugeng,Rom:O}ZO
& |

uzeyT,ROuz O}g{uzey”; (ﬁ]éz-i-idp)ouz:()}
& 3Ze 2P suchthat NyQs+id, = ZR.

The second equivalence holds by [4, Thm.1.9] and since (—)r is an exact functor on

behaviors, cf. [4, Cor.1.10], the third one since P € Glp+m(@r) and H = P’IQ S

+m)Xx(p+m . . . .
@;‘D )x(p ) The last equwalence 18 true since 93 1S a Cogenerator over @T, com-

pare [4, Thm.1.6].
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2. Since Kh Qz +id, = Hy, 4, +id, = lA)zfA’l is non-singular, the equation
/D\zlf)\] = ]/\}1 Qz +id, =ZR

implies that id, = 131*152* 1Z:R, hence rank(R) = p. But this signifies that %; is au-
tonomous.

O

Corollary 4.6 (Dimension relations for tracking). Let 9B, be a plant and consider
the behavior B3 = {w € FP;Row =0}, R € k<P, containing tracking signals as
above. Let ay | ... | a5 denote the invariant factors of the module .@;Xp/@}XkR, Le.,
the elementary divisors of R w.r.t. 9 which are non-units of Dr.

1. If a T-tracking compensator 9B, of B, for signals uy € PBs exists then s < m.

2. For R = ¢id, where ¢ € P\ T is non-zero (compare Example 4.4) this signifies
p<m|[8 Thm.31 on p.201], [26, Cor.7.6].

Proof. From Thm. 4.5 we infer rank(R) = p. If s = 0 the behavior ;3 is T-autonomous
and the assertion is trivial, hence assume s > 0. Let URV = (’5 ) be the Smith form of
R w.rt. 9r with E = diag(1,...,1,ay,...,as). Let g be a prime of 2 which divides
a; and hence all g; with its associated canonical map (compare Lemma 3.17)

Ve Dr 2 Dr)Drq=:k(q).
By Thm. 4.5.1 the equation Ny Qg +id, = ZR holds for some Z; € 9;”", hence

p = rank(id,) = rank(v,(id,)) = rank (vy(Z:) v (R) = v4(N1)v4(Q2))

~ (16)
< rank(v,(R)) +rank(v,(Ny)) < rank(v4(R))+m

0 9
v,(E) = diag(1,...,1,0,...,0) since gla;, i = 1,...,s. We deduce that rank(v,(R)) =

rank(v,(E)) =rank (diag(lf”'él’o’”“o)) = p—ssince v, (U) and v, (V) are invertible over

because N; € ZP*™. The Smith form of R implies that Vo(U)Vg(R)Vy(V) = (V‘I(E))

k(g). Substituting this in (16), we get p < (p —s) +m, i.e., s < m as asserted. O

Remark 4.7 (Signals with left bounded support, compare [8, Def.35 on p.113]). Con-
sider the complex continuous standard situation with the signal module .% = 2'(R,C),
and denote by Y : R — C the Heaviside function. Let %, be a T-tracking resp. T-
rejecting compensator of % for signals uy € %3. Assume that the input to the feedback

behavior fb(%1,%,) is of the form (;,2) =Y (%) where u; € 3N€~(R,C)?, and let

(31) € F P be the uniquely determined output with left bounded support correspond-
ing to this input. Then it can be shown that y; + u, resp. y; is of the form YV for some
T-small signal v'in the case of tracking resp. disturbance rejection. In other words, the
errors occuring by tracking resp. disturbance rejection are “truncated” T-small signals.
This signifies that any 7-tracking resp. T-rejecting compensator does also track resp.
reject signals of the form Yu, where uy € € (R,C)? is a signal in #3. Properness of
the feedback behavior fb(%,%,) (or, more precisely, of the submatrix Hy, ,, of the
transfer matrix H of fb(%, %)) is essential for this result.

In the following we assume that the given IO behavior %) is T-stabilizable. We
use the same notations as in Section 3, (6) - (8) in Assumption 3.6. We first treat the
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existence of a T-tracking resp. a T-rejecting compensator %, for signals uy € %3 and
then parametrize all such compensators.

By Theorem 4.5 and Theorem 3.27 there exists a T-tracking resp. T-rejecting compen-
sator if and only if the equation

M =N,XP, +ZR an
where M := N Q(z) +id, in the case of tr'ackmg o
N 10, in the case of disturbance rejection

has a solution (X, Z) € .7 x ZP* such that

(0.):=(-08) sx (7. -0)

has the correct IO structure and proper transfer matrix, i.e.,

det (Vo (P)) = det (P(0) ~ vo(X)01(0) ) #0.

This condition can be checked algorithmically due to the following considerations:
Assume that (17) has a solution (X°, Z0) € .7™*P x @;Xk. Note that (17) is an
inhomogeneous linear equation in the entries of X and Z, i.e., it can be rewritten as

an equation of the form (x, z) (%) = m where x € .71*("P) resp. z € 9 (k) contains

the entries of X € .%"*P resp. of Z € @}’Xk etc. Consequently, Algorithm 7.1 and
Algorithm 7.2 allow to check solvability of (17) first in 27 x Z2**, then in .7™*P x

(724 ¥ and to compute such a matrix (X°, Z°).
Now consider the associated homogeneous equation

NiXP,+ZR=0 (18)

and its solution module over &

=

{(X,Z)e@’”xl’x.@”k;(l&} Z D(xM, ). (19)

Again, since (18) is a linear equation in the entries of X and Z, Algorithm 7.1 (over
the ring R = ) can be applied in order to compute the matrices (X1, Z) € m<r x
gk appearing in (19).

Equation (19) implies that

7x"

Mt

2= {X € Gmxp. 3z ¢ Gk . (18)}
1

and, since localization preserves exactness, that
k a i
Dy — {Xe%"”’;ﬂZe@;X :(18)} =Y Zrxi (20)
i=1

By means of Algorithm 7.4, again after arranging the entries of the matrices X" €
2"*P as rows x € P17 m0) | we determine BV, ... BYY) € 2"*P such that

D XN GP = @@B (21)
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Note that the BY) € @’"Xp are computed by means of ﬁl, [A’l ,and R, i.e., the BU) depend
on A and %3, butnoton T. R R

Equation (20) and application of (—)z (where 7 = . and (Z5)7 = Zr) to (21)
imply

v
{xesmrazeapt. ag)l =gratnsmr - P, @)
j=1

Consequently, considering again the inhomogeneous equation (17) with its solution
(X0, 29) € .7mxP x G2 we get the result

1%
{xesmrazeapt: any =x"+ (202700 ) = X"+ @7 BY.
j=1

(23)

Letnow X :=X°+YY_ n;BY), n = (n1,...,ny) € 7" arbitrarily, be any element

of X0+ (27 27" N.#™*P). Then the matrix (—Qz, 132) = (—ég, ]3\20) +X (ﬁl, —Ql)
defines a T'-tracking resp. T-rejecting compensator if and only if det (Vo-(ﬁz)) #0,

ie.,

det (vg(ﬁz)> — det (1320(0) Ve (X)0 (0))

— det <ﬁ£’<o> — |Vo(X0) + ¥ vo(1;)BY(0)| O <o>> £0.
=1
Remember that v, (f) = f(0) for f € 2, and Vo (r) = Vo (Jg) = g—gg for r € F(s)pr,

f.8 € 2,3(0) # 0. Define the polynomial

8(E) := det (1320(0) -

Vo (X0) + i z;8Y) (0)] 0 (0)) € F[E] (24)

J=1

in the indeterminates £ = (Zy,...,E,). Notice that the polynomial g depends on X°
and the BY) which in turn depend on %, and %3, but not on T'. This will be important
for the discussion of spectral assignability.

We summarize the preceding considerations in the following theorems:

Theorem 4.8 (Existence of T-tracking and T'-rejecting compensators). For a plant
Py and a signal generator B3 with the notations from above the following conditions
are equivalent:

1. There exists a T-tracking resp. T-rejecting compensator 9B, of % for signals in
Bs.

2. (a) 9 is T-stabilizable, i.e., (Pi, —Q1) has a right inverse matrix in @;pﬂ")xm

(b) the equation (17)

s

M =N, XP, +ZR (25)
A0 . . .
where M — ]Xl Q% +id, m the case oftr.ackmg o
N0, in the case of disturbance rejection

has a solution (X°, Z°) € .7/™*P x @;Xk, and

27



(c) the polynomial g from (24) is non-zero.

Proof. The assertion follows directly from Section 3, Theorem 4.5, and the considera-
tions from above. O

Theorem 4.9 (Constructive parametrization of T-tracking and T-rejecting compen-
sators). Assume that the conditions of the previous theorem are satisfied. Then all
T-tracking resp. T-rejecting compensators are obtained in the following fashion:

1. Let& = (&,...,&)) € FY be a non-zero of the polynomial g, i.e., g(&1,...,&,) #0.
Note that, since g # 0 and F is an infinite field, almost all & € FV satisfy this
condition.

2. Choose arbitrary §1,...,5, € 7 and define

\%
n=&+0g, j=1,..,v, X:=X"+Y n;8Y, and
j=1

(-Qz,f’z) = (-Q& ﬁzo) +X (1317 —Q1> :
Then det (vo(ﬁg)) =g(&,...,&) #0, hence P Gl (F (8)pr) and

Hy:=Py' 0y € F(s)P.

3. Let H, = sz Clong.COm be a left coprime factorization of Hy over 9, choose A €
D™ with det(A) € T, and define (—Q2, P2) := A(—Q2.cont, P2cont). Then %, :=
{(53) € FPt™; Pyoy, = Qroup} is a T-tracking resp. T-rejecting compensator of
B for uy € B3, and all such compensators can be obtained in this fashion.

In other terms: The T-tracking resp. T-rejecting compensators are parametrized by
the triples (§,8,A) € F¥ x Y x """ with g(&) # 0 and det(A) € T.

Proof. Follows directly from the above considerations. O

Corollary 4.10. Theorem 3.27.4 implies that the requirement that g is non-zero resp.
that & is a non-zero of g in Theorem 4.8 resp. 4.9 is automatically satisfied if the plant
9 is strictly proper.

In the following we treat the problem of pole placement or spectral assignability
for tracking and disturbance rejection.

Theorem 4.11 (Pole placement for tracking and disturbance rejection). Consider a
plant %\ and the signal generator 93 with the notations from above. Choose o € F
and define o := (s — a)~! and 9 := F[0] as always. Let e, € I = F|s] be the greatest
elementary divisor of Ry = (P1, —Q1) w.r.t. 2 as in (13).

1. Assume that (17) has a solution in F(s)p P x F(s)P*¥; this can be checked by
means of Algorithms 7.1 and 7.2 with T = F[s]\ {0}. Then Algorithm 7.1.2 yields a
“minimal” polynomial t € 9 = F[s] such that (17) has a solution in .@,’;XP X 9,12”](.
Let toin := (s — Ot)eptz, Tin the saturated monoid of all divisors of powers of tiin,
ie.

Tin = {ﬁ qu(q) € F[s]; 0£ B € F, m(q) > 0, q an irreducible factor oflmin} ,
q
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and S in := Dr,,, F (8)pr. Algorithm 7.2 furnishes a solution (X°, Z°) € /7P x
@ﬁ:: of (17). Define the polynomial g from (24) with this X°. Then 9, admits a
Tin-tracking resp. Tin-rejecting compensator if and only if g # 0.

2. If T C 2\ {0} is any saturated monoid containing (s — &) then 9 admits a
T-tracking resp. T-rejecting compensator if and only if (17) has a solution in
F(s)pr ¥ x F(s)P*k, the polynomial g from item 1 is non-zero, and Tyin C T. In par-
ticular, Ty is the least saturated monoid T containing (s — o) with a T-tracking
resp. rejecting compensator for 2. All such compensators can be constructed via
Thm. 4.9 with X° and g from item 1.

3. If (17) has a solution in F(s)gerp x F(s)P*k, the polynomial g from item I is non-
zero, 13 € F|s] is any multiple of (s — @)e,ts, and hence the saturated monoid T
of all divisors of powers of t3 contains Ty, then there are Tz-tracking resp. Txz-
rejecting compensators of 9B\ and all such compensators can be constructed via
Thm. 4.9 applied to T3 with the data from item 1.

4. For F =R and 2 = R[s] in item 3 the poles of all feedback behaviors with the
compensators from item 3 are contained in the finite set of complex numbers

Ve(13) 2 Ve(tmin) = {a} UVe(e,) UVe(n2) = {o} Uch(%1) UV (n).

Proof. 1. follows directly from Theorem 4.8 applied to %, %3, and Tpip.

2.=-: Assume that a T-tracking resp. rejecting compensator of %, exists. In partic-
ular, equation (17) has a solution in (Zr N F (s)pr)"™? x DL C F(s)p? x F(s)P*k,
This implies that the data Trin, (X°, Z%) € (21, NF(s)pr)™ P X @;X,k, and g from
item 1 can be constructed. Since the monoid T;,;, is the least saturated one such that
(s — &) € Tin, B is Thin-stabilizable, and (17) has a solution in @;’Zﬂ Tn” X @7’3;:‘ we
conclude that Tyin € 7. Also (X%, Z°) € (27 NF(s)p)™P x @;’Xk. Hence the data
(XO, Z0 ) and g can be used both for Ty;, and for T in Theorem 4.8. The existence of a
T -tracking resp. rejecting compensator and Theorem 4.8 then imply g # 0.
<: According to item 1 there is a Tyip-tracking resp. rejecting compensator. Because
of Thyin C T this is also a T-tracking resp. rejecting compensator.

3. The assertions in item 3 and 4 follow directly from item 2.
O

Finally, we study the problem of simultaneously T-tracking signals in one behavior
%, and T-rejecting signals in another behavior %,;. We also admit disturbances at the
input u; of the plant.

Corollary 4.12 (Simultaneous tracking and disturbance rejection). Assume that A, is
T -stabilizable and three behaviors

,@Ld = {ul S ynl§R1,dou1 :O}v
%’2701: {uz S 9P;R2’dou2 20}, and
%2_’, = {u2 Eﬁp;RzJouz ZO}.
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Then there is a T-stabilizing compensator which simultaneously rejects disturbances
uy € B q at the input and uy € %, 4 at the output and tracks signals up € %»; if and
only if the inhomogeneous linear system

138@1 = NiX0, +Z1 4R 4,
ﬁ1@8 = NiXP, +7Z5 4R 4,
ﬁgﬁ = NiXP, +2Z2,Ry,
is solvable such that X € ."™*P and the Z;. have entries in Dt and the ensuing polyno-

mial corresponding to g from (24) is non-zero. All preceding results and proofs of this
section are applicable to this more general situation.

S Model matching

Consider three 10 behaviors
B = {(Zl) € FPtM Ploy = Q1Ou1}7
1

By = {(;2) € .FPM Poy, = onuz}, and
2

u

gm:{< m> €§p+p;Pmoym:Qmou2}aHm ::PrZIQWl'

Definition 5.1 (Model matching T-compensators). Under Assumption 4.1 we call

P> a model matching T-compensator of %) for the model behavior %, if y; — y,, is
Y1

T-small whenever (ig) € fb(B,%,) and () € By
0

Theorem 5.2 (Characterization of model matching T-compensators). Under assump-
tion 4.1 the compensator %, is a model matching T-compensator of B for By, if and
only if %y, is T-stable and H,, = H,, ,,.

Proof. 1. Assume that %, is such a compensator. For any y,, € %,0,, the equations
Po(3)=00o(3) and P, oyu = Qo0 imply that y, = y, — 0 is T-small. But this
signifies that %, is T-stable, i.e., P, € Gl,(Zr) and H,, = P,,'Q,, € 27°F.

2. We now show the equivalence of the two conditions under the assumption that ),
is T-stable, i.e., P, € Gl,(Zr). By definition %, is a model matching 7-compensator
of %, for %, if and only if

{y1 —Vm € FPy1,ym € FP, Jup € FP Iy, € F™ with

Po (i;) = Qo (“02) PO Y =Qm0bt2}

{y1 —VYm € <9\7[3;))1,)),,1 S ﬁ}e, Juy € f; dy, € y}n with

(1) -0 (5) o on)
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Since P € Gl,n(%r) and P, € Gl,(Zr), we can rewrite this as
ZP. gp. (Y1) _ u _ _
{yl —Ym € Fp;dup € Fr ()’2) =Ho (0) y Ym —HmOMZ} =0,
or, equivalently, as
{yi—ym€ F:3u, € L y1 =Hy up o2, ym = Hpour } =0, ie.,
(Hy, uy —Hp)oup =0 for up € FF.
Since .Z7 is an injective cogenerator over 2y this is equivalent to Hy, ,, = Hy,. O

Theorem 5.3 (Existence of model matching 7-compensators). For given IO behaviors
B and By, the following two conditions are equivalent:

1. There exists a model matching T-compensator 9B, of 9B, for the model behavior
By

2. (a) The matrix (P1, —Q1) has a right inverse matrix in .@;Hm)x[’, ie, B isT-
stabilizable,

(b) By is T-stable, i.e., P, € Gl,(Zr),
(c) with the notations from Assumption 3.6 the equation
N0} —Hy = MiXP, (26)

has a solution X° € ."™<P, and

(d) the polynomial
8(2) i=det ((0) ~ [vo(X") + U (0)Z] 01(0)) € F[2] @7

in the indeterminates & = (E;j)1<i<m—r1<j<p IS non-zero where r := rank (N} )
and U € 2""=") denotes a universal right annihilator ofﬁl (cf. [5, Def. and
Lem.2.7]).

Proof. By Thm. 5.2 we assume the necessary conditions 2a and 2b and have to look
for compensators %, with Hy, ,, = H,, among those parametrized in Theorem 3.27,
i.e., with

1,42

(-2 B2) = (-03. B) +X (P, ~01) , x € 77,
Hy = Hy, i, = N102 = N1 05 — N\ X Py, det (Vo(ﬁz)) = det (1320(0) —ve(X)01 (O)) £0.

These equations and inequalities are solvable if and only if conditions 2¢ and 2d are
satisfied. Since det(P;) # O all solutions of (26) are of the form

X =X"4US, S .7 %P hence v (X) = ve(X°) +U(0)vs(S).
O

Theorem 5.4 (Constructive parametrization of model matching 7-compensators). As-
sume that the conditions of Thm. 5.3 are satisfied and use X° and g from that theorem.
Then all model matching T -compensators are obtained in the following fashion:
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1. Let& = (&ij)i<icm—ri<j<p € Fm=1)%P be q non-zero of the polynomial g from (27).
Note that, since g # 0 and F is an infinite field, almost all & € FU=1%P satisfy this
condition.

2. Choose an arbitrary matrix { € M=% and define
S:=&+olesm P x =X 1 US and
(7Q\27 }/52) = (7587 ﬁg) +X (ﬁla 7@1) . Then

det (vc(ﬁz)) £0, P € Gly(F(s)pr), and Hy := By 0 € F(s)P.

3. Let Ry cont = (—Q2,cont; Pa,cont) be the controllable realization of Hy over 9, choose
an arbitrary matrix A € 2™ with det(A) € T, and define Ry :== (—Q», P5) :=
ARy cont. Then %, = {(}2) € FP"; Pyoy, = Qrouy} is a model matching T-
compensator of B, for the model behavior $,,, and all such compensators can be
obtained in this fashion.

In other terms: The model matching T-compensators are parametrized by the triples

(E,8,A) € Flm=nxp 5 pm=r)xp s gymxm yith o(E) # 0 and det(A) € T.
Proof. The assertions follow directly from Thm. 5.3. O

Remark 5.5. The two previous theorems are constructive: The conditions 2a and 2c¢ in
Theorem 5.3 can be checked by means of Algorithm 7.1 (by transposing the occuring
equations, in the case of (26) after multiplying with ﬁl’l from the right), the universal
right annihilator U can be computed as described in [5, Def. and Lem.2.7] (again by
transposing).

Finally, we treat the question of pole placement or spectral assignability for model
matching. The following result is an analogue of Theorem 4.11.

Theorem 5.6 (Pole placement for model matching). Consider the plant and model
Br={(4) e FP" Proy; =Qiou} and Bu={(n) € FP*P,Pyoyny=0mous}.

Choose a € F and define ¢ := (s — «)~! and 9 = F[o] as always. Let e, be the
greatest elementary divisor of Ry = (P, — Q1) w.rt. 2 as in (13) and e;” € 9 the
greatest elementary divisor of Py, i.e., minimally such that %, is (e;]")—stable.

mxp

1. Assume that (26) has a solution in F(s)pr . Then Algorithm 7.1.2 yields a “min-
imal” polynomial ty € 9 = Fs] such that (26) has a solution in .@,’gx‘p. Define
fmin == (s — (x)e,l,e;’ftg, Tin as the saturated monoid of all divisors of powers of

tmin and Sin := D1, VF(8)pr. Then Algorithms 7.1 and 7.2 furnish a solution

X0 e . S5P of (26) which gives rise to the polynomial g from (27).

min
2. Let T be any saturated monoid containing (s — o). Then 9, admits a model match-
ing T-compensator if and only if (26) has a solution in F (s)gerp , the polynomial
g from item 1 is non-zero, and Ty, C T. In particular, Ty, is the least saturated
monoid T which contains (s — &) with a model matching T-compensator.

32



3. Assume that (26) has a solution in F(s)p; ’, the polynomial g from item 1 is non-
zero, t3 is any multiple of tmin and T3 is the saturated monoid of all divisors of
powers of tz and hence Tz O Tyin. Then there are T3-model matching compensators
of B for the model B, and all these can be constructed via Thm. 5.4 applied to
T3 with X° and g from item 1.

4. Ifinitem 3 F =R and 2 = R|s), then all poles of feedback behaviors constructed
with the T3-model matching compensators are zeros of t3.

Proof. The proof proceeds parallel to that of Theorem 4.11. O

6 Decoupling

We consider 10 behaviors %) and %, as in Assumption 4.1.

Definition 6.1 (Decoupling T-compensators). The compensator %, is called a decou-
pling T-compensator of %, if Hy, ,, is diagonal. Recall H,, ,, = N1Q> from Theo-
rem 3.14.

1,42

Obviously, there exists a decoupling T-compensator %, of a given T-stabilizable
behavior 4 if and only if there is a matrix X € ."™*? such that N} Qg — N XP is

a diagonal matrix and (—Qz, 132) = (—Qg, 1372)) +X (131, —Q) has the correct 10
structure and proper transfer matrix, i.e., det( Vs (132)) # 0. Diagonality of Ni Qg -
N1 X P signifies that NyQ9 — N\ X P, = diag(Z,, ..., Z,) for some (Z1,...,Z,) € 247

The problem of decoupling can hence be treated completely along the lines of the

theory on tracking and disturbance rejection displayed in Section 4: Substitute Equa-
tion (17) by

N\0) = Ni1XP, + diag(Z) (28)
where X € /"*P and Z = (Zy,...,Z)) € @}Xp. Since (28) is again an inhomoge-
neous linear equation in the entries of X and Zi,...,Z,, the existence of solutions

(X,Z) € S™*P x Q}Xp of (28) can be checked and one such solution (X°, Z°) can
be computed by means of Algorithm 7.1 and Algorithm 7.2. Analogously to the
derivations in Section 4, a parametrization of all X € ./"*? satisfying (28) for some
diag(Z,...,Z,) € @;Xp can be obtained, leading to the appropriate definition of a
polynomial g(&) € FIE], E = (Ey,...,Ey).

The characterization of the existence of T-tracking resp. T-rejecting compensators
in Theorem 4.8 and the constructive parametrization of all such compensators in The-
orem 4.9 hold mutatis mutandis for the case of decoupling 7T-compensators. Also the

results on pole placement remain valid.

7 Algorithms

Algorithm 7.1. 1. We cite from [4, Alg.3.1] (cf. also [27, p.152, Lem.4]): Let R be
a principal ideal domain with quot(R) =: K and let A € K¢, M € K*¢. The
following algorithm determines whether there exists a matrix X € R°*% such that
XA = M and, if this is the case, parametrizes all such matrices. Let

0
E 0 °
(o 0>_UAV, E_<0.,_
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be the Smith form of A with respect to R. Then the following equivalences hold:
IJXER™: XA=M
& JXeER: XU 'UAV = MV
N~
:;)? (E 0) =CM
00

v cxXa . S(E O Y
< JdXER : X<0 0 =M

v cxa. gy )?ijej for 1<j<ur < i<
& IX eR: M,,_{O for rej<q \Sise
& Vie{l,...,c}Vje{l,....;r}: Mye;'€R,

Vie{l,...,c}Vje{r+1,....d}: M;=0.

If this is the case, define X' € R°% by

1<i<ec.

o Mije;I for 1<j<r
" 0 for r<j<a,

Then X' :=X'U € R4 satisfies

X'A=Mand {X € R XA=M} =X"+ Ry,
where U =: (g;) e RUrta=r))xa o U, is a universal left annihilator of A.

2. Inpart I consider 9 = F[s| C & = F(s) and the Smith form of A w.r.t. 9. Assume
that XA = M has a solution in =9, i.e.,

Mij:Oforl§i§c7r<j§d.F0r1§i§c, 1< j<rwrite

o fii
Mije; = gi € F(s), fij,gij € F[s], ged(fij, gij) = 1, and define tr :=lem; j gi;.
ij

Then there is a solution of XA =M in 9{;“, and the saturated monoid T, of all
divisors of powers of (s — Q)ty (compare (13)) is the least saturated monoid T
containing s — & for which there is a solution X € 27" of XA = M.

Proof. Compare Algorithm 3.1 in [4]. O

Algorithm 7.2. Consider the ring Pr for a multiplicatively closed saturated set T C
2\ {0}. Assume that T contains an element of the form (s — @) for some a. € F,
define ¢ := (s — )~ and 9 = F[o]. Let A€ F(s)™ B € F(s)" M € F(s)*4
and assume that the equation

XA+ZB=M (29)

has a solution (X',7Z') € .@;X<a+b). Then, by Algorithm 7.1, the set of all solutions
(X,2) € @;X(‘H_b) of (29) is given by (X', Z') + 25°5(C, D) where s :=a+b—
rank (4) and (C,D) € 2<(@+b) denotes a universal left annihilator of (4) wrt. 17
and hence also w.r.t. 9. Hence,

{xeopazeay: @y} =x'+ 75 c.
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1. The existence of Y € 27 such that X' 4-YC is proper, i.e., contained in ./** =
(Zr NF(8)pr)*¢, can be checked as follows (compare [5, Cor.3.9 - Cor.3.14], [4,
Alg.3.2]): Let

E 0 “
(0 O)_UCV, E_<O.,

be the Smith form of C with respect to 9. From

0

) , r=rank(C),

er

U € Gly(2) CGly(Zr) and V € Glu(2) C Glu(.7)
we conclude the following equivalences:

Y € 25 withX' +YC € 7 &
W =YU ' € 28 withX'V+YCV =X'V+Y (§9) € 77 &
S+ Dre; for 1<j<r )

Iy .. TE; <Jj< <<
(XV)”G{Y for r<j<a’ stsee
(XIV)ijEy for 1<i<c,r<j<a
where the last equivalence holds by Lemma 3.10 in [5] or Algorithm 7.3 below.

Note that in the next to last line of item 1 in Algorithm 3.2 in [4] it is incorrectly
asserted that (X'V);; = 0 instead of (X'V);j € & forr < j.

If this condition is satisfied Algorithm 7.3 below yields representations
(XIV)U :Xvi(}—z'jej' c Y—i—@rejfor 1<i<ce,1<j<r
Enlarge the set of entries )?8 andY; j to matrices X0 e s andy e 27 by

(X0);j:= (X'V)ijand Y;j :=0for 1 <i<c, r < j. Then
X0=X'V+Y(59) and X" =XV ' =X'+YC e S withY =YU € 2§*.

2. Assume that (29) has a solution in ¥ <*@tY) let T5 be constructed as in Algorithm
7.1.2, and let (X', Z") be a solution of (29) in CX(Hb). Then (29) has also a
solution (X, Z) € (P71, NF(8)pr) "¢ x QLZXh if and Only if there exists a matrix Y in
F(s)°S such that X' +YC is proper, i.e., that in part 1 (X'V);; is proper for 1 <
i <c r<j<a MoreoverT, is then also the least saturated monoid T containing
s — o such that (29) has a solution (X,Z) € (Zr ﬂF(s)pr)Cxa x 95X

Algorithm 7.3. Let r € 97 and 0 # e € 9 = F[o]. The following algorithm yields
xefandyeQTsuchthatr—x+ye€Y+97e R L R

Find representanons r=hi'o "€ Pr=Sy= (Z:)6. h€ 2,T€T C 2,1(0) #
0,neN, and e =e;ol € @, el € @, e1(0) #0, £ € N. Since gcd(c”,e1) =1 by
construction, there exist a,b € 9 such that 1 = ac™ + be|. Hence

r=1-ht ‘o =aht o™ +bﬁ?_lc_”el —aht "+ bt o e € S+ Dre.
Defining x :=aht ' € .@f =Sandy:=bhi ' e ( #)o = Dr yields the asserted

representation of r.
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Algorithm 7.4. Assume a matrix R € 2% The following algorithm determines a
matrix R' € ™" such that 2L*RN 9! = $"*"R and rank(R') = r. Localization

wrt. T (with _@f =%, compare (5)) then yields
glkamyle lerR/
Let

(g 8) =XRY be the Smith form of R w.r.t. @,

el 0
E—( . )7 r=rank(R), e, €9, ei|...|er

0 er

e;=:¢i-0" a; €N, eﬁe@\@c,
e 0

E' = ., R:=(E, 0y L
0 e

Then R' € 27! and @”’%ﬂ@lxe VR

Proof. We study the modules Z1*KR and 2'*"R':

-
.@éXkR = @éXk (g 8) Y71 = @.@Gei(yil)i,

== @.@0-6“’6 @.@Ge j77
@erR/ glxr E/ @@e i—-

It is obvious that Z'*"R' C @éXkRﬂ 78

On the other hand, let & = Y1 niel(Y 1), € PL*RN P n; € Dy Since & €
2L andY € Glg(_@) we deduce that £Y € 21%¢, £y = Y., niei&; where §; € F'*¢,
(5) = 9;;. Consequently n;e; € P for 1 <i<r, and hence n; € @g ﬂ@ - @G

/\

@\@c = J since e € @\ 96 by construction. It follows that & € 9”"R’. O

8 Example

We conclude this paper with an example illustrating the application of the techniques
described in the preceding sections.

Example 8.1. We consider the continuous standard case, i.e., F =R, 2 =R]s|, & =
¢~ (R,R) with T := {t € R[s]; V() C A} where A:={A € C; R(A) <0}, i.e., asig-
nal in .% is T-small if and only if it is polynomial exponential and converges to zero for
t tending to infinity. Assume the behaviors % := {(i}) € F'"2; Pioy; = Qi0u; },
B ={we F'Riow=0},and B, :={we F';Rjow =0} where

Pri=(s—4), Qi=(-(s+2 —(s+2), R=(s), Ra=(s+1).
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Our goal is to construct a T-stabilizing compensator that simultaneously 7-tracks sig-
nals up € %, and T-rejects signals up € %,. This signifies that any constant signal is
admissible as tracking signal whereas any signal of the form u,(7) = asin(t) + bcos(t)
(for arbitrary constants a and b) is considered as disturbance and shall not have any
significant influence onto the output y; of the full feedback behavior. Of course we
require both the feedback behavior and the compensator to be proper.

Note that 2 is not T-stable since the greatest elementary divisor (s> —4) of P; has
zeroes 2 and -2 and is consequently not contained in 7. % is also not controllable, but
T-stabilizable since the greatest elementary divisor of R| = (P, —Q) is (s +2) with
zero —2 € A. Note moreover that the transfer matrix

_ 2

is not proper. It is convenient to choose & := —2 for the definition of ¢ := (s — &)~

and 9 :=R[c]. Then
—(_ 1 (o-1)
H, = (40—17 é(ZG)l) )

Now we can construct the matrices introduced in Section 3, Assumption 3.6: a left
coprime factorization H; = Pl’l Q1 of H; over & can be obtained via the controllable

realization (1/51, —Ql) of H; over :@, i.e., via the computation of a universal left an-
nihilator of (ﬁ;) compare e.g. [5, Res.2.10, Def. and Lem.2.7]. A right coprime
factorization H; = N lﬁfl over @ can be computed in a similar fashion. In our case we
get:

| = (~1606% +40), 01 = (40, —166%+160—4),

- ~ —406%+46—-1 —4o+1
Ny = (0, —1), D1:< - 0 )

A left inverse R) = (—Qg, ﬁ20) e ¥ (1H2) of <g1> computed by Algorithm 7.1 is

1

s (-1 —4o0+4 ~ (—4o0+1
PZ(() 0 >7 Q2< 1 .

According to Corollary 4.12 we have to solve the equation

N 1 Qg +id, N 1 -~ Z 0 R,
=2 =~ | XP+ . 30
( MY NP0 Za) \Ra G0
This can be achieved by means of Algorithm 7.1 after rearranging the entries of the
occuring matrices, compare the considerations after Remark 4.7. Here we obtain

p .
{xe 233z, e 737,325 € 27" : B0} =X+ ) 7 XM
i=1
0
with X0=( s(278:-29) | = > 0 .7
T 20(5+2)° — % (20 —1)(5850 —278)

_ n1_ (1 2 _ (e _ 0
p=2 X —<o)’ X —((ﬁg)?)—((zo1)(5624o+1))'
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with the notations from after Remark 4.7. The smallest saturated monoid 7> such that
(30) has solutions (X, Z;, Z;) with entries in %7, according to Algorithm 7.1.2 is the

saturated monoid
7= {Bls+2)" B € F\ {0}, k > 0}

generated by 7, := (s +2).
It is easily seen that Algorithm 7.4 yields BU) .= x"i ¢ 2> for j =1,2. Hence,
we get

2
{(Xxe s> 3z, € 2", 32, € 271 30)} =x°+ Y #BY).
j=1
For X = X" +Z§:1 njB(j> with 1; € ., the matrix
(_Q\27 1:';2) = (_éga ﬁg) +X (ﬁla _Q\l)

gives rise to a proper 7'-stabilizing compensator if and only if it has the right IO struc-
ture and proper transfer matrix, i.e., det(ve(Ps)) # 0. Writing n; =: §;+06§;, & € F,
{; € .7, and defining the polynomial g(Z) from (24),

8(8) := det (1320(0) -

2
V(;(XO) + Z EjB(]> (0)‘| O (O)) =45, € F[El,Ez],
=

this is the case iff g(&,&;) # 0. This signifies that & # 0. We could just choose
n := 0, 2 := 1. However, the resulting compensator gets simpler if we make an
ansatz for 1y, 1 as polynomials in F[c] = 2 C .¥ with indetermined coefficients and

assign the coefficients such that the degrees (w.r.t. o) of the entries of (—Qz, IA’2> get
as low as possible. One possible solution is the following:

R . _ 19 117
Mm:=0, Mm:=—15—%0-

This yields

2
_ X0 Bl — 0
X=X +J;'7JB (210(201)(35038)>

and, by (—Qz,ﬁz) = (—Qg,ﬁg) +X (131, —@),

~ -1 4044 N 4041
P = (—%(26—1)(356—38) —%(26—1)3(356—38)) » = (—%(5662—586—5)(562—46+1)) '

It can easily be checked by means of Algorithm 7.1 that there really exist Z; resp. Z; in
@}Xl satisfying N1 Q> +1id; = ZR; resp. N1 Q» = Z,R,.
Now we compute the transfer matrix Hy = l?{l 0Oy:

28003 —51462+2835—58 _ 585%+655%+785+80
H, = (20—-1)(350—-38) s(s+2)(38s+41)
2 5 5(s+2)>
(20-1)(350-38) ~5(385141)

Note that H; is by construction proper. A left coprime factorization Hy = P, 10, over
9 = F|s] is given by

P — —s—2 4s+4 0, = s—2
27\ -38s2—-795—6 12 )7 2T \58s2+7s+74)"
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The matrices obtained from the algorithm described above are somewhat more com-
plicated, some elementary row operations yield the (row equivalent) matrices stated
here.

The behavior %, = {(}2) € #'72; Pyoy, = Qy0uy } is by construction a T-stabi-
lizing compensator of % that T-tracks signals uy € %, and T-rejects signals u, € %,.
Moreover, both %, and fb(%,, %, ) are proper, i.e., have proper transfer matrices.

We can check these properties by computing the feedback behavior fb(%), %, ) and
the error behaviors

I
RBeorry = {y1 +uy € FPiyi€ FPoup € By, Iy, € FM: <L§> € fb(%’l,ﬂg)}
0

V1

resp.  PBemd = {yl € Fl;uy € ByIy, € F" - (ii) € fb(e@hﬁz)}
0

describing the deviation of —y; from the tracking signal u, € %; resp. the error y;
caused by a disturbance input uy € %,;. These computations are not carried out in
detail here, but we find that fb(%),%,) is really proper and T-stable and Py, and
PBerrq are really T-autonomous. More precisely:

ch(fb(B1,%,)°) = {2}, ch(Bews) ={-2}, and  ch(Bera) = {2}

in accordance with Theorem 4.11.
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