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Abstract

We present behavioral existence and parametrization results for input
observers of IO (input/output) behaviors and for pseudo state observers
of Rosenbrock equations, i.e., of systems given by polynomial matrix de-
scriptions. Our results significantly extend those of Wolovich from 1974.
Valcher and Willems started the behavioral theory of observers in 1999
and Fuhrmann treated all aspects of observers in a recent comprehensive
paper. We use the (behavioral) observers and associated error behaviors
of these authors, but in contrast to them require the observers to be 10
behaviors which are proper, but not necessarily consistent. Our results
are also applicable to their more general behaviors and, conversely, their
theorems are applicable to our situations. More recently Bisiacco, Valcher
and Willems also considered non-consistent dead-beat observers.We dis-
cuss the relation of our work to that of our predecessors in some detail.
The T in the title refers to a multiplicatively closed set of ordinary differ-
ential or shift operators in the standard cases, gives rise to T-autonomy, T-
stability and T-observers and enables the simultaneous study of tracking,
asymptotic, dead-beat, exact and other observers both in the continuous
and the discrete cases. We derive new algorithms for the construction of
proper T-observers and apply them in an instructive example, computed
with MAPLE. Our proofs rely on module-behavior duality and on linear
algebra over the ring of proper and T-stable rational functions.

Keywords : observer, Rosenbrock equations, polynomial matrix descriptions,
behavior, proper transfer matrix, asymptotic stability

AMS subject classification: 93B25, 93B40, 93B52, 93D20

1 Introduction

Since Luenberger’s [13] ingenious and seminal introduction of state observers
for Kalman state equations these observers have played a significant part for
the feedback stabilization of linear systems. The first treatment of pseudo state



observers of systems described by Rosenbrock equations ( = differential operator
representations = polynomial matrix descriptions) [18], [23, Ch.5], [11, Ch.§],
[20, Ch.2], [1, Ch.7] is due to Wolovich [23, §5.5, Ch.7] under the name Frequency
domain compensation. Wolovich’s theory is applicable to IO (input/output)
behaviors since these are defined by special Rosenbrock equations. Notice that
Wolovich’s theory precedes Willems’ introduction of behaviors by more than ten
years. Valcher and Willems [19] started the behavioral theory of observers in
1999 and Fuhrmann [9] wrote a very comprehensive recent paper on all aspects
of them. We use the (behavioral) observers and associated error behaviors of
these authors, but in contrast to them require the observers to be IO behaviors
which are proper, but not necessarily consistent as in [19] and [9]. In the more
recent paper [2] Bisiacco et al. also consider non-consistent dead-beat observers.

We significantly extend Wolovich’s theory and present existence and parame-
trization results for input observers [23, §5.5] of IO behaviors and pseudo state
observers [23, Thm.7.3.23] of Rosenbrock equations. Our results are also appli-
cable to the more general behaviors of [19] and [9]. Conversely, the theorems
of these papers are applicable to our situations. In Remarks 3.16 and 4.8 we
relate our results to those of Wolovich, Valcher/Willems and Fuhrmann in some
detail.

Our approach is characterized by the following features:

1. We discuss T-observers for an arbitrary multiplicatively closed subset of
the polynomial algebra F[s] (F a field) which in the standard cases is
the ring of ordinary differential or shift operators. This T' gives rise to
the notions of T-autonomy, T-stability and T-observers and enables the
simultaneous study of tracking, asymptotic, dead-beat, exact and other
observers following [19], [2] and [9] both in the continuous and the discrete
cases. For this purpose we use the quotient ring F'[s]r of T-stable rational
functions and the ring S of the proper functions in F[s]y. According to
one of the reviewers special quotient rings F[s|r were already used by
Morse in [14].

2. We constantly use the module-behavior duality which was derived in [15]
for multidimensional systems, and especially finitely generated modules
and matrices over the rings F[s]r and S. A predecessor of our duality
theory is Fuhrmann’s paper [6], a more complete version of which is [8].
Matrices, but not modules, and algorithms, especially the Smith form
algorithm, over special rings S play a prominent part in the books [21]
and [20] by Vidyasagar resp. Vardulakis. Our algorithms are distinct from
those in [21] and [20]. Our module theoretic proofs and algorithms are
different from those in the literature and have many advantages in our
opinion.

3. Essentially we only consider T-observers which are proper I0 behaviors
and can therefore be realized by Kalman state space equations. In our
opinion such observers suffice, the observers derived in [19] and [9] are
more general, however.

4. The IO structures and transfer matrices of the given equations and be-
haviors and of the observers play an important part in our assumptions
and derivations as already in Wolovich’s work [23].



5. The non-obvious algorithms for the construction of proper T-observers use
new techniques.

Our main observer results are Theorems 3.7 and 3.12 on proper input T-observers
for IO behaviors, Theorems 4.3 and 4.5 on proper T-observers of the pseudo state
of Rosenbrock equations and Theorem 4.4 on proper T-observers for internally
proper Rosenbrock equations. Following Wolovich [23, §5.5] we also include
Theorem 3.15 on output T-controllers. An important technical ingredient is
given by Theorem 2.13 on the existence and construction of left inverses of ma-
trices over principal ideal domains which is applied in all theorems listed above
to the rings F[s]r and S and which is implicitly also used by our predecessors
in particular cases. Theorem 2.15 resp. Corollary 2.18 characterize T-autonomy
and T-stability resp. T-observability. The algorithms are contained in Theo-
rems 3.12, 4.4 and 4.9 and are demonstrated by the instructive Example 4.10,
computed with MAPLE.

2 T-autonomy and T-observability

We first recall Willems’ one-dimensional behavior theory [22],[17], but in the
module theoretic language and with the results of [15], [16] where the corre-
sponding multidimensional theory was developed. See also Remark 2.2 for some
historical notes.

Let D := F[s] be the polynomial ring over a field F' with its quotient field
K := F(s) of rational functions and let F be an injective cogenerator signal
module over D with the scalar multiplication foy, f €D, y € F [15, p.29-30,
Thm.2.54]. A module F over the principal ideal domain D is injective if and
ounly if it is divisible. This signifies that each equation f oy = u with nonzero
f and given right side u € F has a solution y € F. The injective module F is a
cogenerator if Homp (M, F) is nonzero whenever M is nonzero. The standard
injective cogenerator signal spaces F are the following.

Example 2.1. 1. Continuous case: F = Ror F = C, F := C®(R,F) or
F :=D'(R, F) := {F-valued distributions} with the action by differentia-
tion, i.e., s oy = dy/dt.

2. Discrete case:
F:=F":={y:N— F} = {F-valued sequences} = F[[s™']]
y=(0),y(1),y(2),--) & > _y(t)s

teN

with the action by left shift, i.e., (s* o y)(t) := y(t + k).
Notice that the scalar multiplication f oy of the module F is the action by
the operator fo: F — F.

We consider F-behaviors which in the standard cases are solutions of linear
systems of differential or difference equations with constant coefficients and thus
of the form

B:={weF; Row=0}, ReD! (1)
The matrix R gives also rise to the modules

U:=DYkR C D! and M := D!/U, (2)



the latter being furnished with its canonical system of generators

— J

6 =0, +U€M, 6;=(0,---,0,1,0,---,0) € D> j=1,---,I. (3)

Then
B=U*:={weF Uow=0} and

Homp(M,F) =B, ¢ > w= (w1, - ,w;) , ©(d;) = wj,

is a canonical isomorphism (following Malgrange). The cogenerator property of
F implies [17, Thm.3.6.2], [15, Cor.2.48]

DV>FR=U =B+ :={¢ € D!, ¢ 0 B =01}, (5)

i.e., all equations satisfied by the trajectories w € B are linear combinations of
the given equations R o w = 0. Equation (5) especially implies

annp (M) :={f € D; fM =0} =annp(B) :={f €D; foB=0}. (6)

In the standard cases the signal module F is even a large injective cogenerator.
This signifies that each finitely generated module can be embedded into some
finite power F'. In the discrete case with F = FN = F[[s~!]] this was already
observed and essentially used in [4]. The injective cogenerator property of F
induces a categorical duality

M =D /U +— Homp(M, F) = B:= U+ (7)

between the categories of finitely generated D-modules and that of behaviors
[15, Thm.2.56]. In particular, for modules and behaviors

U; € DY M; .= DY /U; and B; = U;t, i = 1,2, the isomorphism

8
HOHID(MQ,Ml) = HOI’n(Bl,Bg) ( )

holds. Therefore each behavior morphism from By to By has the form
Po : By — By with P € D'2*" and Uy P C U;. (9)
This morphism is zero if and only if D'*2 P C U;.

Remark 2.2. The duality theory by means of injective cogenerators [15] has, of
course, various predecessors. The paper [15] was inspired by Willems’ work [22]
and essentially used the fundamental principle, i.e., the injectivity of various
multidimensional signal modules, proven in deep papers by Ehrenpreis, Mal-
grange and Palamodov in the beginning 1960s. The divisibility and therefore
injectivity of the standard one-dimensional signal modules were already used by
Hinrichsen /Prétzel-Wolters [10] and Blomberg/Ylinen [3]. Fuhrmann’s discrete
one-dimensional duality [4], [6], [8] between polynomial and rational models is
also an instance of the quoted categorical duality. Behavior morphisms were
already studied in [5] and again in [7].

The torsion submodule of M is defined as t(M) := {z € M; 30 # t €
D with tx = 0}. The module M is called torsionfree resp. a torsion module
if t(M) = 0 resp. t(M) = M. A torsionfree module over the principal ideal
domain D is free, see Corollary 2.6 below. In particular U is free, i.e., has a



basis. Therefore it is always possible, but not necessary to assume that the rows
of R are a basis of U or that k = dimp(U).
The matrix R is contained in X**! = F(5)**! and as such has the usual rank(R).
Derived from this are the ranks

p :=rank(U) := dimp (V) = dimx (KU) = rank(R) and

m = rank(B) := rank(M) := dimy (K'*!/KU) = | — rank(R). (10)

The behavior is autonomous if it satisfies the following equivalent properties
[4, Cor.3.3 and Lem.3.6], [17, §3.2],[15, Thm.2.69, p.159):

M is a torsion module <= 0 #t € D withtM =0ortoB =0 < (11)
rank(U) = rank(R) =1 <= rank(M) = 0.

The behavior is controllable if and only if its module is torsionfree and thus free
[17, 5.2.10], [15, Thms.7.21,7.52,7.53).

An IO structure of B consists in the choice of p = rank(R) linearly independent
columns of R and gives rise, possibly after a permutation of the columns of R
and the entries of w, to an IO (input/output) representation of B of the form
[17, §3.3], [15, Thm.2.69]

B:= {w = <z> € FPT™: Poy= Qou} where R = (P, —Q) € phx(ptm)
= U(ld”) =DY* P, p = rank(R) = rank(P) or KU® = K>,

0

m =rank(M), PH =Q, H € KP*™.
(12)
The matrix H depends on B and the chosen IO structure only and is called the
transfer matriz of the IO behavior B. Since rank(P) = p the behavior

BY:= (Ut ={y e F¥; Poy =0} (13)

is autonomous and called the autonomous part of the IO behavior. For every
choice of u there is a trajectory (¥) in B and therefore u resp y are called the
input resp. the output of B.

For a general behavior the transfer matrix is replaced by the transfer space,
called signal flow space in [15, p.43].

Result 2.3 (Transfer space [15, Thm.2.91]).

1. For a behavior B = {w €F: Row= 0} , R € DF*! we define its trans-
fer space Bi as the solution space

B :={w € K'; Rio =0} CK', K=F(s),
of dimension dimg (Bx) =1 — rank(R) = rank(B).
2. If behaviors
Bi ={we Fl; Rjow=0},i=1,2,3, and matrices
Pyq

. . P
P, e D2Xb Py e DX gre given and if By = By =5 Bs

is well-defined and exact then so is the sequence of transfer spaces

Pjo Pso
Bl,IC — BQ’}C — Bg,;g.



3. IfB={(¥)e Frt™; Poy=Qou} is an IO behavior then

o= {(2) cxooms pim o) =en, (7) = (1) o

This signifies that the transfer space of the 10 behavior is the graph of the
transfer matriz.

In the sequel we will repeatedly need the Smith form of a matrix with respect
to a specified ring, especially with respect to the ring S of proper and stable
rational functions (see below). We recall the basic properties.

Reminder 2.4. Let R be any principal ideal domain, K = quot(R) its quotient
field and M € K**! a matrix with rank(M) =: p. The matrix M has a Smith
form or Smith-McMillan form

€1 0
(E 0) =UMYV where FE = < .. )
0 0 0

with respect to R which is defined by the following properties:
UeGl(R), VeGLR), 0#e € Kfori=1,...,p, and

eilea| ... |ep, ie., there are r; € R such that e;41 =7me;, 0 =1,...,p— 1.
R R R

The elements ey, ...,e, are called the elementary divisors and are unique up
to association, i.e., up to units in R. The element e;ankar) = €, is called the
highest elementary divisor of M.

Remark 2.5. 1. The Smith form of a matrix in F(s)¥*! with respect to
F[s] can be easily computed by means of any standard computer algebra
system.

2. The Smith form of a matrix in K**! with respect to R is also the Smith
form with respect to any principal ideal domain R’ with RC R’ C K.

Corollary 2.6. Assume M € R**! in Reminder 2.4. The Smith form induces
the module isomorphisms

R /RY™EM = R/Rey x --- x R/Re, x R'™P
=+ RYFM «— 7= (m + Rex, - ,np + Rep, pr1, -+, m1)
n=_¢V, E=nV!
and
t (R"™!/R" M) = R/Rey x --- x R/Re, =t (R/Re1 x -+ x R/Re, x R'"7)

In particular, the module R**!/R'*M is torsionfree and then free if and
only if all elementary divisors of M or, equivalently, its highest one are units
in R. For R = D = F|[s] the module is a torsion module if and only if its
F-dimension is finite. Also

annp(t(M)) = Dey N --- N Deyp = De,,. (14)



Definition and Lemma 2.7 (Universal left annihilators). Let R be a principal
ideal domain, K := quot(R) its quotient field and M a matriz in K**!. A
matriz L € R™** is called a universal left annihilator of M if the sequence

0 Rlxm oL Rlxk oM Kle

is exact or, in other words, if
ker (oM : R™* — KM} = {¢ € RV*;¢M =0} = RV L. (15)

A universal left annihilator of a matric M € RF*! can be computed in the
following fashion: If S = UMYV is the Smith form of M the matriz of the last
k —rank(M) rows of U is a universal left annihilator of M.

The injectivity of the signal module implies and is indeed equivalent to the
following result.

Result 2.8 (Images of behaviors [17, Thm.6.2.6], [15, Thm.2.34]). Consider a
behavior

By = {w; € F'; Ryow; =0}, Ry € D"'*I | and P € D>*h.
Then the tmage
PoB; = {wz S }"lz; there exists a wy € By such that wy = P o wl} .
s also a behavior, indeed
PoB = {wg Gfl2; Ry o wsy :0}
where (—X, R) is a universal left annihilator of ().

Example 2.9 (Elimination of the pseudo state of a Rosenbrock system [15,
Cor.2.41]). Consider Rosenbrock equations ( = differential operator representa-
tion in [23, p.135] = polynomial matriz description in [20, p.55])

Aox=Bowu, y=Cox+ D owu where

16
A c /Z)’VLXTL7 det(A) 7& 0’ B c anm) C c rZ)an7 D c DpXm. ( )
They give rise to two behaviors
By = {(i) e Frtm, Aoa:—Bou} and
(17)

¢ D m n o
By = (O idm)oBlz{(z>e}"p+ ; Jr e F W1th(16)}.

In this case Result 2.8 can be simplified and By can be computed as
By = {(g) € Frtm. Poy = (YB + PD) ou}

where (=Y, P) is a universal left annihilator of (4). Moreover By resp. B,
are IO behaviors with transfer matrices H; = A™'B resp. H, = D + CH, =
D+ CA™'B.



Result 2.10 (Unique controllable realization [4, Thm.6.1], [15, Thms.7.21,7.24]).
For any transfer matriz H € F(s)P*™ there is a unique controllable IO realiza-
tion of H, i.e., a controllable IO behavior

Beont = {(Z) € ]_-p—l-m; Peong oy = Qcont © u} s Peons € szxp’ PeontH = Qcont,

with transfer matriz H. The matrices (Peont, —Qcont) 7€8P. Peont satisfy

H
Dlxp(Pcontv _Qcont) = ker <O (d
1dm

D'PPegny = {€ € D'*P; ¢H € D™}

) . pixptm) F(s)lxm> and

Hence the matriz (Peont, —Qcont) can be computed as universal left annihilator
of (i(ﬁl) or of d-(ign) where d # 0 is a common denominator of all entries of
H,ie., dH € DP*™,

If B is any IO behavior with transfer matriz H the behavior By s the largest
controllable subbehavior of B. Its module Meon, = DY PT™) /BL  is canonically
isomorphic to M/ t(M) where M = D*®+m) /BL s the module of B.

According to Kalman and, for instance, Wolovich [23, §5.4] any IO behavior
B:={(¥) e FPt™; Poy = Qou} with transfer matrix H € F(s)P*™ admits a
unique (up to similarity) observable Kalman state space realization, i.e., there
are essentially unique matrices

A€ F™" BeF™™ C€Fr™ D e F[s]”™ such that

¢ D . - z n+m, : _ _ ~ .
(O idm>o.81.—{(u>€f ; (sidy, A)oa:—Bu}_B. (18)

(‘”) > <C“DO“> and H = D + C(sid,, —A) "' B.
u

u

The matrix D is constant too, i.e., D € FP*™ if and only if the IO behavior or,
equivalently by definition, its transfer matrix H are proper. This signifies that
the entries of H belong to the ring

F), o= {ri= L e Pl f1g € Pl des, () = dog, (1) - dex, o) <0
(19)
of proper rational functions. In the standard cases the behavior can then be
technically realized as interconnection of adders, multipliers and integrators
or delay elements. This is one of the important technical implications of the
properness of H.

Definition and Corollary 2.11 (Characteristic variety [15, Cor.7.78], [16,
Thm.2]). Let F := R, C be the real or complez field. For f € D = Fs] let Vc(f)
denote the set of complex roots of f. Let B C F' be any behavior, B+~ = D'**R
its module of equations with p := rank(R) = dimp(Bt), M = D*!/BL its
module and e, the highest elementary divisor of R. Corollary 2.6 furnishes
annp (t(M)) = De, . Then

ch(B) := ch(M) := Vc(ep) = {\ € C; rank(R()\)) < p =rank(R)}



is called the characteristic variety of M and B and is finite.

Hence B is controllable or M is free or t(M) = 0 if and only if ch(B) = 0 [17,
Thm.5.2.5 [,[15, Cor.7.71].

IfB={(Y)e Frt™; Poy=Qou} is an I0 behavior with transfer matriz H
and autonomous part B® = {y € FP; Poy = 0} the (finite) variety ch(B°)
contains ch(B) and the elements of the first resp. the second are the poles resp.
the uncontrollable poles of B in the usual language.

Result 2.12 ([17, Thm.3.2.5], [16, Thm.2,(38),(62),(69)]). In the situation of
the preceding definition assume F := D'(R,C) and that B C F' is autonomous,
i.e., rank(R) = 1. Then

dimp(B) = dimp(M) < oo and

20
B c @)\ech(B)(C[t]le/\t - COO(Rv(C)l - 'D/(R, C)l ( )

where ®xecCltleM = t(D'(R,C)) is the space of polynomial-exponential func-
tions. For the other standard F-signal spaces over F = R, C analogous results
hold [16]. Equation (20) describes the analytic significance of the characteristic
variety.

The following theorem will be applied whenever the existence of a left inverse
matrix of a given matrix M in a specified ring has to be checked. It also provides
all possible left inverses if there are any. Since full column rank of M is a
necessary condition for the existence of a left inverse we will assume this in the
theorem.

Theorem 2.13 (Compare [18, Thm.6.1]). Let R be a principal ideal domain,
K = quot(R) its quotient field and M a matriz in K**! with rank(M) = I,
hence M has a left inverse in K% Let

€1 0
<§>:UMV withE::( )
0 €]

be the Smith form of M with respect to R.
1. The following statements are equivalent:

(a) The matriz M has a left inverse M’ € R™F (not only in K'¥*!), i.e.,
satisfying M'M = id;.

(b) E~1 € R\¥L.
(c) e, € R.

2. If the conditions in (1) are satisfied the set of all left inverses of M in
RYF s the affine submodule

V(E™Y,0)U + R>* =Dy,
where Uy consists of the last (k — 1) rows of U.

3. If the entries of M and thus its highest elementary divisor e; belong to R
condition (c) of item 1. signifies that e; and then all e; are units of R.

Proof. 1. Tt is obvious that (1b) implies (1c) since e; * is an entry of E~1.



(1c) = (1b): The relationship e;11 = 7;e; leads to

S _
e, =e i for i=1,...1-1

Hence, ¢, !, = e; '7;_1 is an element of R since e; ' is so by

statement (1c), and so, inductively, e;l € Rfori=1,...,1.
Thus the matrix
et 0
E~ =
0 e

is in R™*! as well.
(1b) = (la): Computing

V(ETLOUM =V(ETL0U U @ vT=id

yields that M’ := V(E~Y0)U € R™* is one possible left
inverse of M.

(1a) = (1b): The equation M’'M = id;, implies MU 'UMV = V and
hence
V-IM'U! (E) =id;. Since M’ has entries in R so does

Z =V MU = (2, 2,) € R*F = RXHE=0) with

ZWE = (Z1, Z5) <E> =id;, hence Z; = E~' € RV

0
2. According to Definition and Lemma 2.7 the sequence
0 — RIx(k=D) &) R1xk gﬁg K1xl
is exact. If M’ is any matrix in R*F it is a left inverse of M if and only if
M'M =id, =V(E~',0)UM, ie., (M —V(E~,0U)M =0.

By the exactness of the preceding sequence this is equivalent to the exis-
tence of an

N € R™*=D such that M’ — V(E™',0)U = NUa, i.e.,
M’ =V(E™',00U + NU; or M’ € V(E~,0)U + R0,
O]

We are now going to define T-autonomy, T-stability and T-observability for
a multiplicatively closed set T of polynomials. For this purpose let T C D\ {0}
be such a set, i.e., satisfying (i) 1 € T and (ii) (¢t1,t2 € T = t1t2 € T), and
let

DT:{{EF(S);tGT}QK:F(S)

denote the quotient ring with respect to T, also called the ring of T-stable
rational functions. We may and do always assume that T is saturated, i.e., that

10



it contains all divisors of elements of T. If this is not the case we replace T by the
saturated multiplicatively closed set of all these divisors with the same quotient
ring. Saturation implies T = DNU(Dz) and U(Dy) = {t1t5*; t1,ts € T} where
U(Dr) denotes the group of units or invertible elements of Dr. The ring Dy
is also a principal ideal domain. A representative system of its prime elements,
up to units, are the monic irreducible polynomials f € D = F[s| which do not
belong to T'.

More generally we also consider the quotient module [12, §11.3] My for a D-
module M:

My = {% ze M, teT}
with the canonical map can: M — My, x — 1 and
tr (M) :=ker(can) = {x € M; 3t € T with tz = 0}.

The module t7(M) is called the T-torsion submodule of M and contained in
t(M). The module My is a Dr-module in the natural fashion, and the the
functor (assignment) M +— My is exact, i.e. it maps exact sequences of D-
modules onto exact sequences of Dp-modules.

For the construction of proper observers in Sections 3 and 4 we need Smith form
computations over the ring

S :=Dr N F(s) (22)

pr

of proper and T-stable rational functions. In [21, Ch.2] and [20, Ch.5] it is
shown that in many cases this ring is euclidean and therefore admits a Smith
form algorithm. Instead we derive a different algorithm which is implemented
in every standard computer algebra system. Assume that T' contains a linear
polynomial
1
s — « and pose 0 := ——, hence deg,(c) = -1, 0 € S,
s—a (23)

Flo] :F[ ] C Sand K = F(s) = F(o).

S —«

If f(s) =Y yai(s—a)" € F[s] = F[s — o] is any nonzero polynomial with
deg,(f) = n the rational function

flo) = fom = 4 = N S
Jo):=1o _m_an—kan*lsfa—k +a0(s—a)n_
an + ap_10+ -+ ago™ with degs(f) = degs(f) —n=0and f = fo(-:)
(24)

~

is a polynomial in o. Its o-degree deg,(f(o)) is equal to n = deg,(f) if and
only if f(a) =ag # 0.
Definition and Lemma 2.14. The subset

T, = -teT}gF[a]

~ t
= e

is multiplicatively closed and saturated in F[o] and contained in the group U(S)
of units of S. Its quotient ring is S = F[o]r, .

11



Hence S is a principal ideal domain. The Smith form of a rational matriz
R € F(s)"*! = F(o)**! with respect to S is the same as that with respect to
F[o] and can be easily computed with any standard computer algebra system.

Proof. The equation

t (5 — a)des®)
(s — a)des(®) t

= 1in S implies Ty C U(S) and Flo]r, C Sys) = S.

Conversely, if

0#£r=ft'eS=F(s), NDr, ie.,
t € T and deg(f) < deg(t) then r = ft=! =

(gdegmfdeg(f) fgdeg<f>> (tadegm)‘l — pder()=dex() F7-1 ¢ Flo]y

L.

Theorem and Definition 2.15 (7T-autonomy and T-stability).

1. The following properties are equivalent for a behavior B = {w € F?; Ro
w =0} with R € D**!, U := DY¥R and M := D> /U
(a) M =tp(M) or, equivalently, Mt = 0.
(b) There is at € T with tM =0 or, equivalently, t o B = 0.
(¢) The matriz R has a left inverse in DY,

(d) rank(R) =1, i.e., B is autonomous, and the highest elementary divi-
sor of R belongs to T'. If R is square (without loss of generality) this
also signifies that det(R) € T since this determinant is the product
of all elementary divisors of R.

Under these conditions B is called T-autonomous. Trajectories w that
satisfy tow = 0 for some t € T are called T-small or T-negligible. Hence
a behavior is T-autonomous if all its trajectories are T-small.

2. An IO behavior B = {(Y) € FP™™; Poy = Qou} is called T-stable if it
satisfies the following equivalent conditions:

(a) Its autonomous part B® := {y € FP; Poy = 0} is T-autonomous or,
equivalently, P has a left inverse in D?Xk or its highest elementary
divisor belongs to T.

(b) (i) H € DY*™ (ii) The highest elementary divisor of (P, —Q) belongs
to T. This condition holds in particular if B is controllable, i.e., if
this elementary divisor is even a nonzero constant in F.
Proof. 1. (b) = (a): obvious.
(a) = (b): Let x; := ¢; denote the canonical generators of M. By assumption

there are elements t; € T' with t;2; = 0. Then ¢ :=#; *--- xt; € T annihilates
M, ie. tM = 0. Moreover

tM =0 <= D! CU «= B=UC (D))" =
{weF, D) ow =D o(tow) =0} ={we F; tow=0} <
toB=0.

12



(a) <= (o):

0= My = (D"'/DV*R), =Dy /DR
D' = D" R <= 3X € D" with XR =id, .

(¢) <= (d): According to Theorem 2.13 the matrix R € D**! C Di*! has a
left inverse in DX* if and only if I = rank(R) and its highest elementary divisor
is invertible in Dy. But T'= D N U(Dr) since T is saturated.

2. We assume k = p without loss of generality.

(a) = (b): By assumption and 1.(d) P € Gl,(Dr) or, equivalently, det(P) €
DNUMDr) = T. Then (i) H = P7'Q € DY*™. (ii) Due to P € Gl,(Dr)
and H € DE*™ the matrices (id,,—H) and (P,—Q) = P(id,, —H) are row
equivalent in D‘;X (#*m) and have the same elementary divisors. But those of
(idp, —H) are one.

(b) = (a): Let X(P,—Q)Y = (E,0) be the Smith form of (P,—Q) with
respect to D. The conditions (i) and (ii) imply

E—l
H € Dy*™ and E € Gl,(Dr), hence X P ((idp, —H)Y( 0 )) = id, in DX,

This implies P € Gl,(Dr). O

Example 2.16. Let FF = R,C be the real or complex field and F one of the
standard continuous or discrete injective cogenerator signal modules.

1. T = {1}: This set is not saturated, its saturation is U(F[s]) = F \ {0}.
Only the zero behavior is T-autonomous. This set 7" is defined for all base
fields F.

2. T := D\ {0}, hence Dy = F(s): In this case each nonzero polynomial is
invertible in D7 and hence T-autonomy and autonomy coincide. This set
T is also defined for any base field F'.

3. Let F be one of the standard injective cogenerator signal modules and let

{AeC; R(\) <0} in the continuous case
{AeC; N <1} in the discrete case

(25)
be a non-trivial disjoint decomposition of the complex plane into a stable
region A; and an unstable region Ay. We assume that A; and hence As are
symmetric with respect to the real axis, i.e., A; = A; with the complex
conjugate \. Define

CI:Alh‘JAQ WlthAlg{

Ty :={t € Fls]; Vc(t) C Ay} resp. Dp, = {Jtc, feF[s),te TA}. (26)

The polynomials in T and rational functions in Dy, are called stable for
the chosen decomposition (25). These stable objects were also defined and
discussed in [21, Ch.2, p.14] and [20, Ch.5]. According to Theorem 2.15
and Result 2.12 T)-autonomy of a behavior B C D'(R,C)! signifies that
it is C-finite-dimensional and contained in @yep, C[t]'e*, and analogous
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properties hold for all other standard cases. In particular, all its trajec-
tories w satisfy lim; oo w(t) = 0. If (%) and (%2) are two trajectories
of a T-stable IO behavior with same input u the outputs y; and y- are
asymptotically equal, i.e. , limy_ o (y1(¢) — y2(¢t)) = 0.

4. The set T := {s*; k € N} is not saturated, its saturation is the set T =
{as®; 0# a € F, k € N}. Let B be T-autonomous in one of the standard
signal spaces. In the continuous case this signifies that all trajectories of
B are polynomial functions. In the discrete case all trajectories w € B are
finally zero, ie., there is a time instant ¢y such that w(t) = 0 for all ¢ > ;.
This set T is also defined for arbitrary base fields F'.

Corollary 2.17. Let T := Ty from item 3. of the preceding example and B a
behavior as in Theorem 2.15.

1. If B is autonomous it is T-autonomous if and only if ch(B) C A;.

2. If B is an IO behavior it is T-stable if and only if ch(B°) C A4, i.e., if all
poles of B belong to Ay, or, equivalently, if H € D™ and ch(B) C A;.

Proof. According to Definition and Corollary 2.11 the characteristic variety of
B resp. B° equals V¢ (e) where e is the highest elementary divisor of R resp. P,
and the inclusion Vg (e) C A; signifies e € T. The assertion thus follows from
items 1.d resp. 2.a of Theorem 2.15. O

Definition and Corollary 2.18 (T-observability). Consider a behavior
By ={weF"; Riow=0}, Ry € D""*"', and P € D'>*".

We call w € By resp. By T-observable from P ow resp. P o By if the behavior
! L. (B
ker(Po:Bl—>]:2) :{we]:l; (P) owz()}

is T-autonomous. According to Theorem 2.15 this signifies that there is a left
inverse matriz (Y, Z) € Df_,ix(kﬁl?) of (11231) or that for wy,w, € By with equal
image P owy; = P ow, the difference wy — wy is T-small.

For the Rosenbrock equations from Example 2.9 the behavior By is T-observable

rom Bo if and only if (2) has a left inverse in DX ince
f f yif (& T
A -B
ker Ao%ker C D |o, z+— 7).
C . 0
0 1id,,

Example 2.19. In the situation of the Definition 2.18 and Example 2.16 dif-
ferent choices of T furnish the following special cases of T-observability and
T-observers (see the following sections):

1. T = {1}: In this case the morphism Po is injective on By and B is
called observable from P o By [15, Def.7.62, Thm.7.63], [17, Def.5.3.2], [19,
Def.3.1], [9, Defs.3.1,4.1]. If (Y, Z) € Dh*(F1Hl2) ig a left inverse of (%1 ),
ie, YR, + ZP = id;, and if w € By then R; ow = 0 and therefore
w = id;; ow = Z o (P ow). Thus w can be computed from P o w, but
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only by means of the operator Zo, i.e., in general and the standard cases,
by higher derivatives or shifts which are unsuitable from the engineering
point of view. Proper asymptotic observers [13] were introduced to avoid
these higher derivatives.

2. T = {s*; k € N}: By is reconstructible from P o By [9, Defs.3.1,4.1]. In
the discrete case a T-observer is called a dead-beat observer [2].

3. T'=Ta: By is A-detectable from P o By [17, Def.5.3.16], [19, Def.3.1]. The
associated observers are called A-asymptotic [9, Defs.3.1,4.1].

4. T =D\ {0}: By is trackable from P o B; [9, Def.3.1].

In the following sections we will define T-observers of a desired component
of a trajectory as suitable IO behaviors and discuss their existence and con-
struction.

3 Input T-observers and output T-controllers

This section can be considered as a behavioral extension of Wolovich’s work in
[23, Sect.5.5] where he treated input function observability and output function
controllability. Concerning the behavioral definitions, especially of observers and
their error behaviors, we follow Valcher/Willems [19] and Fuhrmann [9]. Also
in our theory Result 2.8 on image behaviors and elimination plays an important
part, compare [9, Rem. on p.104].

Definition 3.1. In this section we start with two IO behaviors

B, = {(?ﬁ) € FPT™. Proy; :Qlou}, P, € DP*P | det(Py) # 0,
By = {(32) € Fme, P2Oy2Q2Oyl}a Py € D™, det(Py) # 0
1

with transfer matrices H; = Plel resp. Hy = P2_1Q2 which can be connected
in series. We define the serial interconnection behavior B and the error behavior
Berr as

Y2
B = { |y | eFmrrtm <y2> € By and <y1> € B
u 4 Y
Y2 . Y2
_ n | € Frteim, Py =Qy 0 ) vl =0b and
0 P -

u u

Y2
Borr = y—ueF™" Iy | €8

u

= (idy,0,—id;,) o B=:{e € F™; Py oe =0}

where P,;, exists according to Result 2.8. Then Bs is called an input T-observer
of By or By an output T-controller of By if By, is T-autonomous (compare [23,
p.164]).

15



Remark 3.2. 1. The serial behavior B in Definition 3.1 has the representation

Y2
P —Q Y2 0
m+p+m. 2 2 _
o ’<0 Pl)o<y1)(Q1)ou

u

B

which shows that it is an IO behavior with input u and output (¥?). The
following picture is a visualization of B:

eFm Y € FP yo € F™

u

2. In the standard cases of T := T from Example 2.16,(3), the T-autonomy
of B,y implies that all trajectories in B, tend to zero for t — oo, i.e., that all
trajectories (?@3) € B satisfy lim;_ o (y2(¢) — u(t)) = 0. If an input T-observer
By of a given plant B; is used in serial connection the output of the intercon-
nected system is asymptotically equal to the input u of the plant B;. Therefore
an input T-observer is called an asymptotic input observer in this case.
Likewise, if an output T-controller B; of a given plant B is used in serial con-
nection the output yo of the interconnected system y, is asymptotically equal
to a desired output w which is taken as input of the controller.

3. According to Theorem 2.15 B is T-stable if and only if det(P) = det(Py) det(F2)
belongs to T'. Since T is saturated this signifies that both B; and B, are T-stable.

For the proof of the theorems in this section we need some lemmas.
Lemma 3.3. For two 10 systems By and Bs as in Definition 3.1 let (X,Y) €
DFX(m+p) pe o universal left annihilator of <_%1 ;32) Then the matriz
P..r of equations of Berr 18 Pepy = X Ps.

Proof. 1t follows from the basic Result 2.8 on image behaviors that P, can be
computed by means of a universal left annihilator (X, Y, —P,,,) of the matrix

P, —Qq 0
0 P -
id,, 0 —id,,

This annihilator satisfies the three conditions

XPQZPcrrv XQQZY-Pl and YQIZPCH or
XP2:YQ17 XQQZYP1 andPerr:XPg

which, in turn, are equivalent to

Py —Q2\ _ _
(X,Y) <_Q1 P > — 0 and Py = XPs.

We conclude that (X,Y") is a universal left annihilator of ( ]Z; _g 2) and
=G 1

Py = XPs. O
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Lemma 3.4. In the situation of Lemma 3.3 assume that the transfer matriz
H, is a left inverse of Hy, i.e. HoHy =id,,. Then:

1. rank(X,Y) = m. Therefore we can and do assume that (X,Y) € D> (m+p),

2. Poyy = X Py € D™*™ has rank(Peyr) = m, i.e€., Beyr 15 autonomous, and

X,Y) = P (Pt HoP7Y).
2 1

P 0 id,, —H>

0 P)\-H id,

P 0 id,, —Ho> 0 0

o p)\o id, ) \-H id,)’
the last equality following from HsH; = id,,. The first matrix in the last
product has rank p + m, the second one as well, and the third one has
rank p. This implies rank < P _Q2> = p. Since (X,Y) is a universal

-1 P
left annihilator of this matrix we infer

Proof. 1.

<P2 —Q2>
-@Q1 P

rank(X,Y) = (m + p) — rank (_%1 _]3?2) =(p+m)—p=m.

2. We define the matrices X! and Y'!:
P, —Q2
0 = (X,Y
( )<—Q1 Py >

P, 0 id,, —Ho 0 0
(*£.Y) (0 Pl) ( 0 id, ) (Hl idp)

=:(X1,Y?1)

with X! = XP, = P, and rank(X!,Y!) = rank(X,Y) = m. The
equation

0 0
0=(xLY"h (Hl idp) = (=Y'Hy, V")

implies Y! = 0 and thus rank(X') = m, hence rank(P.,,) = rank(X?!) =
m. We finally rewrite the matrix (X,Y) as

_ Ly (idm H2\ (P50
_ Pyt HoPrt
- (Perr70) ( 0 Pl_l

= Po(Py ' HoPTh).
O

Lemma 3.5. If in the situation of Lemma 3.3 Hs is a left inverse of Hy, i.e.,
HyH, = id,,, and if, in addition, P{l e D™ and Hng1 € D}P then the
behavior Berr is T-autonomous.
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Proof. The equation

_ _ P, - .
(Py Y HyPTY) (_51 1532) = (idy, —HoHy, —Hoy + Hy) =0

shows that

(Py ', HyPy ')y € DI U™ P) i a left annihilator of ( % _PQQ) :
—C 1

According to Lemma 3.3 (X,Y) € D™*("+P) is a universal left annihilator of
this matrix with respect to D and hence also with respect to Dr because the
functor (assignment) M +— My preserves exactness. By definition of a universal
annihilator there exists a matrix X? € DJ'*™ such that

(Py ' HoPUY) = X2(X,Y).
On the other hand Lemma 3.4 yields
(X,Y) = P (Py ', HoP1TY).
Combining these two equations implies
(X,Y) = P, X*(X,Y), hence P...X? =id,, since rank(X,Y) =m and
1 = det(Pyy,) det(X?), det(X?) € Dy, thus det(P.,) € DNU(Dy) =T.
According to Theorem 2.15 this signifies that Be,, is T-autonomous. O

Lemma 3.6. Let By, By, B and Be,, be the behaviors from Definition 8.1. If
Berr s T-autonomous then

1. H2H1 = ldm and
2. By is T'-stable.
Proof. 1. For u € K™, K := quot(D) = F(s), we obtain

- - HyHu
Hiu HoHq -
( 5 ) (S BlICa ( ;{15 ) S BQ}C, H&U € By and
Hngﬂ —u € Berr}C

where Bix etc. denote the transfer spaces according to Result 2.3 and
where we have also used the exactnes of the functor (assignment) B +— Bi.

But B = 0 because B, is T-autonomous and thus autonomous. Hence

HoyHyu=uforal we K™, ie HyH,=id,,.

2. The equation HyH; = id,, and Lemma 3.4 imply P, = X P, € D™*™,
By assumption we have det(Pe.,;) = det(X)det(P,) € T. From the satu-
ration of T' we conclude that also det(P2) € T. This signifies that Bs is a
T-stable IO behavior.

O
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We finally prove our main result on input T-observers.

Theorem 3.7 (Input T-observers). Let
Bl = {(gj) G.Fp+m; P10y1 Qlou}, P1 GDPXP, det(Pl)#O,

be an IO behavior with transfer matrix Hy = Plel.
A. Existence of a T-observer By of By: The following three statements are equiv-
alent:

1. There exists an input T-observer Bs of By.
2. There is a matriz Hy € D" such that
(a) Hng = ldm and
(b) HoP ' € DIP.

3. The matriz Q1 has a left inverse Z € DY or, equivalently according
to Definition and Corollary 2.18, u is T-observable from yi, and then
Hy = Z P, satisfies (A2).

If these conditions are satisfied each input T-observer By is automatically T-
stable. The unique controllable realization By of Ho is the unique controllable
T-input observer of By with transfer matriz Hy and, of course, also T-stable.
Condition (A8) can be constructively checked by means of Theorem 2.13.

B. Parametrization: If the equivalent conditions of item A. hold all input T-
observers of By are obtained by the following algorithmic steps:

1. Compute one and then all left inverses Z of Q1 in D" P according to
Theorem 2.13. Define Hy := Z Py for a chosen Z.

2. Compute the unique controllable realization of Ho = ZP; by means of
Result 2.10:

Bcont = { <y2) S ]:m+p; Pcont Y2 = Qcont o yl} .

Y1
3. Choose a matriz P, € D™ ™ with det(ﬁg) € T and define
(P2a _Q2) = ﬁQ(Pconta _Qcont)-

The IO behaviors By := {(}?) € F™P; Pyoys = Qa0y1} are exactly the input
T-observers of By. In other words: The inverses Z € D" of Q1 parametrize

all controllable input T-observers and the pairs (Z, ]52) all input T-observers.
According to Lemma 3.3 the error behavior of this observer is

Berr = {e € F™; XPyoe =0} with a universal left annihilator (X,Y) of

(_% _1522> or Xg(Pconta _Qcont) = X(PQa _QQ) = Y(Qh _Pl)'
1 1

C. Properness:
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1. If (Z, ]52) is chosen as in item B. the associated observer By and especially
its transfer matric Ho = Z P are T-stable, hence Hy € D?Xp. If Hy is
also proper the input T-observer is proper by definition. The existence and
construction of such Z and Hs will be discussed in Theorem 3.12.

2. If By is T-stable, i.e., det(P1) € T, and if Hy is any left inverse of H;
in S™*P then Z = HoP; ' € D7*P and thus all conditions in A. are
satisfied. The corresponding input T-observer according to B. is proper,
and all proper input T-observers are obtained in this fashion.

Theorem 2.13 again enables to check the existence of such a left inverse
Hy of Hy and to construct all of them if there is one.

Proof. A. 1. = 2.: Let B, Bey, X, and Y denote the same behaviors resp.
matrices as in Definition 3.1 and Lemma 3.3. The assumption that B is an
input T-observer of B; implies by definition that B, is T-autonomous. By
means of Lemma 3.6 we conclude

P, € Gl,,(Dr), hence Hy = Py *Qy € DV*P, and HyHy = id,, .
Now we apply Lemma 3.4 and use the equation
(X,Y) = P (Py ', HoPUY).

The T-autonomy of Be,, implies P, € Gl,,,(Dr) and then

err

HoP[ ' =Py € DIV,

2. = 1.: Let By be the unique controllable realization of Hy according to Result
2.10:

BQ = {(z?) S ]:m—&-p; P20y2 = QQOyl}, P2 S Dmxm7 det(Pg) 750
Since B is controllable the elementary divisors of (Pa, —Q2) are units in D and
therefore in Dp. With Hy € Dy *P according to condition 2. we conclude from
Theorem 2.15, 2., that By is a T-stable I0 behavior and thus P» € Gl,,,(Dr)
and Py ' e D<M

The conditions 2. and Lemma 3.5 finally imply that B, is T-autonomous,
i.e., that By is really a (T-stable) input T-observer of Bj.
2. = 3.: Define Z := HyP; . Then 2. implies

ZeDy*P and ZQy = HyPy'Qy = HyHy =id,, .
3. = 2.: Define Hy := ZP; € D" since Z € D}*? by condition 3. Then

HyHy = ZPuHy = ZQy = idy, and HoPr ' =7 € DRP.

B. All input T-observers are obtained by these three steps: If Bs is such an ob-
server with transfer matrix Hs the conditions from part A. are satisfied. There-
fore Hy and Z = H,P; are obtained as in step 1. If Beont is the unique con-
trollable realization of Hj according to step 2. Result 2.10 implies the inclusion
Beont € B and thus the existence of some P, € D™*™ with

(PQ; _QZ) = ﬁQ(Pcon‘m _Qcont); hence
Py = PyPeon; and det(Py) = det(Py) det(Peont) € T
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Since T is saturated this implies det(P) € T as in step 3.
All constructed By are indeed input T-observers: The assumptions imply

ZQ1 =idy,, Z € DF*P, Hy := ZPy, hence Hy, HoP;' € DJ*P.

From part A. of the proof we know that B.oy; is a T-stable input T-observer,
hence Peony € Gl (Dr) and then also Po = PyP.ony € Gl (D) by the choice
of f’; This signifies that Bo is T-stable. Again like in part A. of the proof
we conclude from Lemma 3.5 that B, is T-stable and that By is an input
T-observer too. O]

Example 3.8. We consider the case p = m = 1, i.e., P; and ()1 are polynomials,

P #0, and H = %11 = % with gcd(Pr cont, @1,cont) = 1 is a rational

function. We want to check whether
B = {(%) eF 't Poy =Q10U}

admits a proper input T-observer Bs. By Theorem 3.7 this is equivalent to the
existence of Z € Dy with

Z@Qi=1lor Q; €T and

P P con .
Hy=ZP = 22 = 21" ¢ p(s) e, deg(P1) < deg(Qy).

Ql B Ql,cont

If this is the case all input T-observers have the form

By = { (zj) e Fith ﬁQQl,cont SEDES ]Szpl,cont ° yl} , P eT.

Notice that for ]32 = 1 the matrix
1
f

defines the unique controllable T-input observer By of B; where % is a ratio-

(Ql,cont; _P17cont) = (Qh _Pl) with f = ng(P17 Ql)

nal function, but not a polynomial in general, compare [19, Thm.3.4] and [9,
Thm.4.1].

We are now going to discuss the construction of proper input T-observers
in general, i.e., without the assumption of T-stability of B; as in Theorem 3.7,
item (C2). We assume that an input T-observer exists, and that Z° € D7
is one left inverse of @)1 € DP*™ according to Theorem 3.7, part A, hence
rank(Q) = m. Let L € DP~™)*P be a universal left annihilator of Q;. Then

rank(L) = p —m, D>P=m [ = {¢ e DVP; €Q1 =0},

DX fe e D €, o). @

According to Theorem 2.13 all left inverses Z of Q1 in D7 P are of the form

Z =24+ XL, X°eppxtr=m), (28)
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We study when Hy := ZP; is proper. From rank(P;) = p we infer rank(LP;) =
p —m. We need the Smith form of LP; with respect to S, compare Reminder
24, 1i.e.,

UYLP)V' = (E,0) € F(s)P~™)>P B = diag(e1, - ,€p_m) € Gly_m(F(s)),
U' € Gl,_n(S), V! € GL,(S), hence H =Y + X(F,0) with
H:=7ZPV'eDPIP Y .= 2PV € DI*P and
X =Xt e D,

(29)
Notice that E, H, Y and X are rational matrices. But
H=Y+X(E,0) <
. — Yij +Xije; for1<i<m, 1<j<p—-m (30)
Yy for1<i<m,p-—m+1<j<p.

The inclusions U, V! € Gl4(S) C Glo(Dr) imply the equivalences

H=27ZPV' e8P < Hy=2P, € 8",

X e D;lx(p—m) — XO _ XUl c D;nX(P_m).
Corollary 3.9. Assume that the equivalent conditions A. of Theorem 3.7 are
satisfied, that Z° € D is one left inverse of Q1 and the additional data from

equations (27)-(30). The T-stability of By is not assumed. Then By admits a
proper input T-observer if and only if

Y, € Drej + S forléziém,lﬁj§p—ﬁ't (31)
N for1<i<m,p-m+1<j<p.
If this is the case and if
Yij = —Xie;+ Hijj € Dpej +S for1<i<m, 1 <j<p—m, (32)
32

Xij €Dr, Hij €8, X = (Xj5)i5 € D;}X(pﬂn)7

the matriz Z := Z° + XU'L € D}J? is a left inverse of Q1 with proper Hy =
Z Py and gives rise to a proper input T-observer of By according to Theorem
3.7, part B.

We have yet to compute Dre; + S to make the preceding corollary construc-
tive.

Lemma 3.10. Let S be any principal ideal domain with quotient field KC, o a
prime element of S and f,g € S two nonzero coprime elements. Consider the
quotient ring

S, = {:kelC; hes, k:ZO}: USU_k. Then

k=0
S, =S, f +Sg.
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Proof. The coprimeness of f and g implies S = Sf + Sg and S, = S, f + So 9.
The only S-submodules of

So/S=|)SoF, SoF =8o7"/8 = 85/So*,
k=0
are S, /S and the So=%/S, k > 0, as is easily seen. This is indeed a standard
result, and S, /S is the unique minimal injective cogenerator over the local ring
Ss\so- Therefore the only S-submodules of S, containing S are S, and the
So~k, k> 0. But S, f + Sg is such a submodule. Assume

Sof+8Sg=807" = Vl: o7'feSoF = fe ]S =0
k=0
This is a contradiction to f # 0, and therefore S, f + Sg = S, .
O

The preceding lemma is applicable to the ring S of proper T-stable rational
functions (compare Definition and Lemma 2.14)

1

S —«

S:F[J]Tl,lez{ 'tGT} with o :=

(S _ a)deg(t) )

The indeterminate o is a prime element of F[o] and not contained in 77 and
therefore also a prime element of the quotient ring S. Moreover

Lemma 3.11. Dr =S, = ;2 S0 % = Upe S(s — a)*.
Proof. O: Both S and s — « are contained in Dr.

Cr=ft'eDr = r=f(ts— oz)deg(f))71 (s — a)de8ll) € S(s — a)deslf),
O

Theorem 3.12 (Proper input T-observer). Assume that the equivalent condi-
tions 1. of Theorem 8.7 are satisfied, i.e., that By admits an input T-observer
and that Z° € D}*? is one left inverse of Q1. Consider the additional data
from equations (27)-(30). The T-stability of By is not assumed. Let

_ filo)
g;(o)

be the reduced representations of the elementary divisors e;. Then By admits a
proper input T-observer if and only if

7 7fj7gj€F[U]7 ng(fjagj):laj:L'"vp_m

Drgit 1<i< 1<ji<p—
Yije{ rg;  for1<i<m, 1<j<p-m (33)

S for1<i<m,p—m+4+1<j<p.

All proper input T-observers are then constructed according to Theorem 3.7 and
Corollary 3.9.

Proof. Since the polynomials f;, g; are nonzero and coprime in F'[o] they have
the same property with respect to the overring S O F[o]. By means of Lemmas
3.10 and 3.11 we infer

i

1 1 1
Dre; +85=8>+8=— (ngj +ng) =—8,=—Dr.
j 9j 9j 9j
The theorem now follows from Corollary 3.9. O
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There is still the need to find explicit representations in (32).

Algorithm 3.13. Let f(0),g9(c) € F[o] be coprime polynomials and let f =
o fi(o) be the decomposition with f1(0) # 0 or ged(o, fi) = 1. Compute a
representation 1 = a1(0) f(0) + az(0)g(o) by means of the euclidean algorithm.
Let v := h(s)t(s)~! be any element in Dr. The following algorithm computes a
representation

r=af+bg, aeDr, beS (34)

as needed in Corollary 3.9. As in Definition and Lemma 2.14 write r in the
form

= (5 — )5 45(0 (5 — ) 9061 (1 — ) 426 o
o"h(0)i(o)~", n = deg(t) — deg(h), T € Ty C Flo].
L.case deg(h) < deg(t) or n > 0: Then r belongs to S = F(s)  NDr and the
desired representation (34) is given by r =rl = (ra1)f + (raz)g.
2.case n < 0: Since o~ ™ and f1 are coprime the euclidean algorithm for F|o]
furnishes a representation
h=asfi + a0 = 0"h=azo" fi +as = azo" " f + agar f + asasg =
(aga"_é + a4a1) f +asazg € Flo,07'|f + Flolg =
r=o"ht = ((agonfe + a4a1) ?71) f+ (a4a2tA71) g€ S, f+Sg=Drf+Sg.
Corollary 3.14. Assume the situation of the preceding algorithm, and let

(a®,0°) € Dr x S satisfy
r=a'f +0'g.
Then all other pairs (a,b) satifying (34) can be constructed as
= a’—co g, and
b = O 4co'f

where ¢ is an arbitrary element of S and f is again decomposed as f(o) =

Uefl(U); f1(0) # 0.
Algorithm 8.18 with the choices of the present corollary furnishes all proper
input T-observers.

Proof. Equation (34) implies that
F=bg inS,/Sof, 9:=9+Ssf, Dr=3S,.
Since ged(f, g) = 1 the element g is invertible in S, /S, f and hence
b=7(9)"" inS,/S,f,

i.e., b is uniquely determined modulo f. In other words, each b satisfying (34)
is of the form
b=0b"+¢éf for some éc S,.

By (34) b has to be an element of S and therefore é € S, must be choosen such
that éf € S. Again ¢ € S, can be written as ¢ = c;o~* for some ¢; € S with
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c1(0) # 0 and k € N. Remember that f(o) = o’fi(c), f1(0) # 0. With this
notation, ¢f € S is equivalent to

k —L

cioF.olfieSork<loré=cio"ecSo

Therefore any admissible ¢ has the form

—L

¢=co for some arbitrary ¢ € S.

The asserted form of b follows now directly and (34) implies the equation for
a. O

The next theorem furnishes conditions for the existence of output T-controllers
for T-stable IO behaviors.

Theorem 3.15. Let

By := {(32) € F"HP Pyoyy —ony1}, Py € D™, det(P) # 0,
1

be an 10 behavior with transfer matriz Hy = P{ng. Then the following state-
ments are equivalent:

1. There exists a T-stable resp. proper T-stable output T-controller By of Bs.

2. By is T-stable and its transfer matriz Ho has a right inverse Hy in ngn
resp. SP*,

If Hy is a right inverse of Hy in Df}xm resp. SP*™ the controllable realization
B1 of Hy is one T-stable resp. proper T-stable output T-controller of Bs.
Condition 2. of this theorem can be constructively checked by means of Theorem
2.13, applied to H, , and Theorem 2.15.

Proof. Let B and B, be the behaviors introduced in Definition 3.1. We show
the equivalence of the statements for proper output T-controllers By, for non-
proper ones the proof is analogous.

1. = 2.: By assumption the behavior B, is T-autonomous. Hence Lemma 3.6
yields that By is T-stable and HoH; = id,,. Since B; is assumed to be proper
and T-stable its transfer matrix H;, = Pl_lQl belongs to SP*™.

2. = 1.: Let Hy € SP*™ be a right inverse of Hy and

312{(%) € FrHm; P10y1=Q10u}

the controllable realization of H;. The condition H; € Dgwxm, the controllability
of B; and Theorem 2.15,(2), yield that By is T-stable, i.e., P, € Gl,(Dr). This
and the T-stability of By imply

Pyt e D™ and Hy Pyt € DY,

With Lemma 3.5 we conclude that B, is T-autonomous and that B; is a proper
T-stable output T-controller of Bs. O

Remark 3.16 (Relation to [23], [19], [9]).
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1. For T = F[s] \ {0} autonomy and T-autonomy coincide. In this case the
equivalence A, 1. < 2., of Theorem 3.7 and the corresponding equivalence
in Theorem 3.15 were already proven by Wolovich in [23, Thm.5.5.7], but
in a different language and under additional conditions [23, (5.5.6)]. It is
implicitly used that a behavior is autonomous if and only if its trajectories
are determined by the initial conditions. The input T-observer Bs is called
a left inverse system to By since Hs is a left inverse of H; whereas the
output controller is called a right inverse system. In the Remarks 1-4 in
[23, pp.171-174] controllability and stability properties of the left and right
inverse systems are also discussed.

2. Consider the special case T = Ty, A1 := {z € C; R(z) < 0}. Valcher
and Willems discuss proper T-observers in [19, §IV]. Here we apply their
results to our situation with our notations, their admissible plants are
more general. The translation of their notations into ours is given by

VI [ Ry | Ro | Q| P |wn |ws | W |
BO||P|Qi|P|Qa|wn| u|[H|

The condition rank(H;) = rank(Q;) = rank(Rz) = m is assumed. After
elementary row transformations we assume their normal form [19, (5),(6)]

(P1,—Q1) = (gi OD?) e DmFE=m)X(pEm) - qet(Dy) £0.  (35)

Properness refers to the transfer matrix W= H,, hence their observer is
also an IO behavior in this case. The transfer matrix H; does not ap-
pear in [19] because their general plant is not assumed IO. The equation
(Py, —Q2) = T(Q1,—P1) [19, Thm.3.4, p.2302] shows that they consider
consistent 10 observers only which are only part of those parametrized
in Theorem 3.7. According to Definition 2.18 condition (A3) from The-
orem 3.7 signifies that w is T-observable or detectable from y; or that
det(D3) € T, hence (Al) < (A3) for this special T follows from [19,
Prop.2.2,3.2]. Theorem 4.3 of [19] characterizes the existence of a proper
input T-observer and constructs one if it exists. The proof and algorithm
are quite distinct from our existence and parametrization Theorems 3.7
and 3.12. The proper pseudo state T-observers of Section 4 are applicable
to the general plants of [19] and [9], see Remark 4.8.

Fuhrmann discusses consistent proper observers in [9, Prop.4.4]. In the
normal form (35) he chooses an 10 structure for Dy o y; = 0 and from
that and Dy o u = N7 o yp derives a transfer matrix whose properness is
sufficient for the existence of a proper input T-observer.

4 Pseudo state T-observers

In this section we treat the existence and construction of proper pseudo state
T-observers of Rosenbrock systems with the data from FExample 2.9. We al-
ways assume that the two transfer matrices Hy, = A™'B and Hy, = D + CH,
are proper. The significance of Rosenbrock systems and their observers is, for
instance, discussed in [23, Ch.5, Ch.7], [11, Ch.8] and [1, Ch.7, Part 2]. In
Remark 4.8 we relate our results to those of our predecessors.
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A T-observer B,ps of the pseudo state x is an 10 system with input y and u
and output Z such that (Z — ) is T-small, i.e., that = and T are asymptotically
equal in the standard cases. With such an observer one can thus estimate
the pseudo state. Principally we discuss proper T-observers since these can be
realized by standard Kalman state equations. The situation is visualized in the
following picture:

Definition 4.1. For the given data from Example 2.9 and an IO behavior Bgps
of the form

Bobs = S fn+p+m; Pobs o = Qobs o <z> ) Qobs = (an Qu)a

S B)

Poys € ann,det(Pobs) 7£ 0, Qy c ’D”Xl’7 Qu € 'DnXm’

we define the derived behaviors

v Aox = Bou,
B = :17 e Frintptm, y = Cox+ Dou, ,
’ PopsoT = Qyoy+Quou
z
By = <Ix>e}""+m,3 “len
u Y
u

id, —-id, 0 0
= (0 0 0 idm>o[3, and

Borr = T—zrzeF™ 3

- (idn 0) o 83 .

Then Bgys is called a T-observer of the pseudo state x if Bey is T-autonomous.
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Remark 4.2. The behavior B describes the entire system shown in the picture
above. Later we will see that B is an IO system with input u and output 7,
x, and y and that B3 is an IO system with input v and output Z — 2. In the
standard cases lim;_, . (Z(¢) — (t)) = 0 this suggests to call Bo,s an asymptotic
observer.

Recall from Definition and Corollary 2.18 that the Rosenbrock equations are
T-observable if and only if (4 ) has a left inverse with entries in Dr.

Theorem 4.3. We consider the Rosenbrock system and derived data from above.
Let (X,Y) € DE*™ x 8" be a left inverse of (8), i.e., XA+YC =id,. Let

~ Yy
Bobs = € f-n+p+m; Pobs 0T = Qops © (U> »

SIS

P € ann, det(Pobs) 75 0

be the unique controllable realization of the transfer matriz (Y, XB — YD) €
S"*P x D™, Then Bobs is a proper, controllable and T-stable T-observer of
the given Rosenbrock system.

Proof. 1. Let (Peont, —Qcont) € D™*("+(4P)) denote the matrix of the unique
controllable realization of the transfer matrix (X,Y) € D" x S"*P, i.e.,

Dlxnpcont = {f € Dlxn; g(X, Y) S an(ner)} aPcont(Xa Y) = Qcont-

Since (X,Y") is T-stable this IO realization is also T-stable according to
Theorem 2.15,(2b), hence det(Peont) € T. We infer

Pooni (Y, XB — YD) € D"+ Since
D" Pops = {5 e D" (Y, XB-YD) e Dlx(p+m)}
according to Result 2.10 there is a matrix

P c D"*" with PP,y = P.ont, hence
det(P) det(Pops) = det(Peont) € T and det(Pops) € T.

This signifies that B,y is T-stable.
2. We are going to show that
Berr - {wEJ:na Pcontowzo}

and hence that B, is T-autonomous: Let

Z—2 € Bor, y € F™, u € FP such that ( )EB.

ISAS RS

Then by definition of B the following equations are satisfied:

Aox = Bou,
y = Coxz+ Dou,
PpsoZT = PypsYoy+ Pops(XB—YD)ouw
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Multiplication of the last line with P and substitution of the first two lines
into the third one leads to

Peont 02 = PeontYC oz + PeongYDou+ PegngXAox — PeoneYDou =

= Peont( XA+ YC)ox = Peopy 0 x since (X,Y) (é) =id, .

Notice here that P.o,i = PP, and
Pys(XB—-YD) € D™ but P.oyyX € D"*" and P Y € D™*P.
We infer
Peons o (T —x) =0 for T — x € Beyr and Beyy € {w € F; Peony 0w = 0}
as asserted.

3. We finally show that the transfer matrix (Y, XB — Y D) of B,ps and thus
Bobs itself are proper. For Y this holds by assumption. Moreover

XA+YC=id, = H,+YD=id,Hi+YD =
(XA+YC)A™'B+YD=XB+Y (CA™'B+D) =
XB+YHy = XB-YD=H, —YH,.

Since Hy, H2,Y are proper sois XB — Y D.
O

Theorem 4.4 (T-observers of internally proper Rosenbrock equations, compare
[23, Thm.7.3.23], [9, Prop.3.3]). Assume that the Rosenbrock equations are
internally proper [20, Ch.4.5], i.e., not only Hy = A™'B and Hy = D + CH,,
but also A~' and CA~' are proper. This holds, for instance, for Kalman state
equations. Let

A E
U(C>V = <0>’ E =diag(er, - ,en), U € Glyp(S), V € GL,(S),

be the Smith form of (&) with respect to S and L € SP*("*P) the matriz of the
last p rows of U which is a universal left annihilator of (4). Then the following
statements are equivalent:

1. The Rosenbrock equations are T-observable, i.e., by Definition and Corol-
lary 2.18, the matriz (é) has a left inverse with entries in Drp.

2. The matriz (£) has a left inverse with entries in S.
3. e les.

If these equivalent conditions are satisfied all left inverses of (&) with entries in
S are given as V(E~1,0)0U+ZL, Z € S"*P. Each such left inverse (X,Y) gives
rise to a unique proper controllable T-observer with transfer matriz (Y, XB —
Y D) which is also T-stable.

For Kalman state equations and special T the equivalence 1. < 2. is essentially
the same as [9, Prop.3.3, (a) < (b)].
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Proof. The equivalence follows easily from Theorem 2.13.
Since (A™1,0) € F(s)"*("*7) is a left inverse of () that theorem implies
el e F(s),,, hence e;' € Dr <= e,' €S =F(s),, NDr.

The equivalence and the construction of all inverses is now also a special case
of that theorem. O

The next result is the converse of Theorem 4.3 for Rosenbrock equations as
in Example 2.9.
Theorem 4.5. 1. Assume that
x
Y

~ Y
Bobs = S fn+p+m; Pobs or = Qobs © <U) ’

<

Pobs c ann’ det(Pobs) 75 0, Qobs = (anQu) c an(p+m)7

is any controllable and proper T-observer of the pseudo state of the given Rosen-
brock system with transfer matriz

Hons = (Hy, Hay) = Poi(Qy, Qu) € F(s)nX @),
Since the observer is controllable it is the unique controllable realization of its
transfer matriz.
Then Bovs is T-stable, especially Hons = (Hy, Hy) € S+t m) and there exists
a matriz X € D™ such that

A
c

In other words, with Y := H,, the pair (X,Y) satisfies the conditions of The-
orem 4.3 and Bops is the unique controllable realization of (Y, XB — YD) =
(Hy, H,) = Hops, t.e., Bobs is constructed from (X,Y') as in Theorem 4.3.

2. Parametrization: According to item 1. the left inverses (X,Y) € D" xS"*P
of (é) parametrize the set of all controllable proper T-observers of the Rosen-
brock system. Two such inverses (X;,Y;), i = 1,2, give rise to the same observer

if and only if

XA+ H,C = (X, Hy)< ) =id, and H, = XB — H,D. (36)

Yl = YQ and (Xl — XQ)B =0.

Proof. 1. The transfer matric H of B: We show that the behavior B from
Definition 4.1 is an IO behavior and compute its transfer matrix:

z Aox = Bou,
B _ c fn+n+p+m; y = C ox + D o u,

z Pobso/x\ = Qyoy—i-Quou
z %
2 Pobs 0 _Qy z Qu

= g Frontrtm g A 0 |olz]|=|B|ou
4 0 —C id, y D
u ——

=:P =:Q
= {(Z) e Flrtntp)tm, Poonu}.
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Elementary transformations show that P is really invertible and lead to

H, + H,H,
H=P Q= H,
H,

2. The transfer matriz Hs of Bs:

id, —id, 0 0
By = <0 0 0 idm>OB

(%3 J >oB with C = (id, —id, 0)

=: {(Z) €F"™M Pyoe= Q30 u} .

Since the behavior Bz is derived from the Rosenbrock equations
Pow=Qou, e=C30w, (37)

as in Example 2.9 it is itself an IO behavior with P; € D™*" det(Ps;) # 0 and

transfer matrix
H3203H:Hu+HyH2—H1. (38)

Since Be,r is T-autonomous it has the form
Berr = (idn O) oBs=:{e € F"; Pyroe=0}, Poy € D", det(Per) € T.

In particular, a vector e will belong to Be,; whenever ({ ) € Bs for some u € F™.
In other words, Psoe = @3 o u implies P, o e = 0. Rewriting this relation as

(P3,—Q3) o (Z) =0 = (Puy,0) 0 (Z) =0,

we infer that there is an

X € D™*" such that (Pey,0) = X(Ps, —Q3), ie.,
Pyy = XP3 and XQ3 =0 =
det(Pyyy) = det(X) det(P3) € T = det(X) #0 — (39)

Q3 :0 — Hu+HyH2 _Hl (;) H3 = P371Q3 = O.

Since T is saturated we also get det(Ps) € T

3. The exact equations of Bs: Let (=K, L) € D"*((2n4p)+n) he 3 universal
left annihilator of (6133), hence KP = LCj53. According to Example 2.9 the
Rosenbrock equations

Pow=Qou, e=Csow, C5:= (id,, —id,,0) imply
By = {(Z) e]—‘"“”;Lo.e:KQou}7 hence

szLandO:ngKQ.
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Here we used Q3 = 0 from part 2. of the proof. With K = (K, K2 K3) €
Drx(n+n4p) and Cy = (id,, —id,, 0) the equation K P = LC3 yields

Pobs 0 _Qy
(K', K*, K| 0 A 0 |=(L -L, 0)
0 -C id,

or, equivalently,

K'Pyps=1L, —-K?A+KC=L and K®=K'Q,.
With L = P; and det(Ps) € T according to part 2. of the proof this gives
Py=L=K'"Pys=-K*A+K'Q,C. (40)

4. Equations (36): With P; € Gl,(Dr) equation (40) furnishes

id, = —P; 'K?A+ Py 'K'Q,C = (-Py 'K*) A+ (P;lQ,)0 = XA+ YC

with X := —Py'K? € D}*" and Y := H, := P,;'Q, € D}*".
Moreover
XA+YC=id, = H =A"'B=(XA+YC)A™'B=
XB+YCH,=XB-YD+Y(D+CA'B)=XB-YD+ H,H, =
XB-YD=H, - HH, = H,.
(39)

5. Since Bgps is controllable it is the unique controllable realization of its transfer
matrix (Hy, H,) = (Y, XB—Y D) and therefore constructed from (X,Y") accord-
ing to Theorem 4.3. This signifies that the left inverses (X,Y) € D2*" x S"*?
of (#) indeed parametrize the set of proper controllable T-observers of the
given Rosenbrock system. Also recall from Result 2.10 that two controllable
T-observers B; coincide if and only if their transfer matrices (Y;, X;B — Y;D)
do. O

Corollary 4.6 (Non-proper and non-controllable T-observers).

1. Theorems 4.3 and 4.5 remain true if the properness of Hy = A™'B, Hy =
D+ CH; and Hons = (Hy, Hy,) is dropped. In this case the (X,Y) are left

inverses of (&) in D;X(nﬂ)) and parametrize all controllable T-observers
of x.

2. Any, not necessarily controllable, T-observer B of x is T-stable. Its con-
trollable part Bops := Beony 45 also a T-observer and thus satisfies the
conditions of Theorem 4.5. With the notations of this theorem B has the
form

B = ) PPObSOE:P(QmQu)O (y) , PeD" ", det(P) eT.
u

S w 8

(41)
In other words, the tripels (X,Y, P) with

(X,Y) e D" ) XA+ YC =id,, PeD™™, det(P) €T,

parametrize all T-observers of x. If H) = A™'B and Hy = D + CH, are
proper the tripels with proper Y parametrize the proper T-observers.
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Proof. The proofs of Theorems 4.3 and 4.5 remain valid, in particular, B is
T-stable. Any IO behavior and its controllable subbehavior are related by an
equation (41) with some matrix P € D"*™ and det(P) # 0. The T-stability of
B implies det(P) € T. O

Example 4.7. We consider any IO behavior
By = {(m) e F"t™ Aoz =DBo u} , Ae D™ det(A) # 0, (42)
U

with transfer matrix H; = A~!B. For application of Theorems 4.3 and 4.5 we
define special Rosenbrock equations with trivial C' and D, viz.

Aox=Bou, Ae¢D"", BeD"™" p:=0,C:=0, D:=0, (43)

and assume that these are T-observable, i.e., that A is (left) invertible in D}*"
or det(A) € T. Let (P1,—Q1) denote the matrix of the unique controllable real-
ization of Hy, hence By cont = {(%); Prox =Qiou}. Since (Y, XB—-YD) =
(0, A='B) = H; Theorem 4.3 shows that B cons is the unique controllable 7-
observer of x. All other such observers have the form

Bobs := {(m) € Fvt™m. PP oT = PQ ou} , Pe D" det(P)eT.
u

These observers are proper if and only if B; is proper.

For p > 0, C := 0 € DP*™ and D := 0 all matrices (A~1,Y), Y € Dgx("ﬂ)),
are left inverses of (&), but the observers are essentially the same as those for
p = 0 since the output y = 0 is superfluous for the estimation.

Remark 4.8 (Connection with [23], [21], [9] and [19]). We relate our results to
those of our predecessors and also discuss various remarks of colleagues after the
talk of the first author at the recent MTNS conference 2008 where some of our
results were presented. We do not yet comment unpublished work of Trumpf
and Willems of which the first author learned at the same conference.

1. Theorem 4.4 generalizes Theorem 7.3.23 in [23] with the following trans-
lation of our notation into that of [23]:
Wolovich | P |id, |R|0 | K |H| Q@ | F |Q'K|Q 'H |
BO Al B[C[D|Qu[Qy[Fors [ida] Hao [ H, [

In contrast to [23] we consider the case F' = id,, only, i.e., observers of
x and not of F o x. In comparison to the simple derivation of Theorem
4.4 the proof of [23, 7.3.23] is rather involved and therefore omitted in [1,
p.611].

2. In [21, §5.6] asymptotic observers appear in context with two parameter
compensators. The IO systems are, however, given by their transfer matrix
and correspond to controllable IO behaviors according to Result 2.10. The
autonomous part of the behavior is not discussed.

3. In the special case of Kalman state systems

(sid, —F)ox = Gu, y = Hz + Ju (44)
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the equivalence 1. < 2. of Theorem 4.4 is derived in [9, Prop.3.3, (a) &
(b)], but differently. Notice the proof economy of our results due to the
use of an arbitrary multiplicatively closed set T" and the simplicity of the
proof of Theorem 4.4.

It is not possible to reduce our theorems to the Kalman case. To see this
consider the general situation of our theorems. Then there are Kalman
equations (44) (compare (18)) such that

/
(H .J>oz{($>;sox’:Fx'—i—Gu}NBl::{(x>;on:Bou}
0 1id,, u u

is a behavior isomorphism. The corresponding Rosenbrock equations for
x',u,y are

(sidy —F)ox’ = Gu, y = Co(Ha'+Ju)+Dou = (CH)oz'+(CJ+D)ou.

The matrices CH and CJ 4+ D are not constant, so these equations are
not of the type (44).

. Valcher/Willems [19] and Fuhrmann [9] consider special sets T' and be-
haviors

Bsys = { (Z?) S ]:"+m; Roowy=Ryo0 wl} (45)

with the estimated resp. measured components ws resp. w; and observers

or estimators .
Best{<w2);QOﬂ}2POwl}- (46)
w1

In [19, Prop.3.2] and [9, Prop.4.2,(1)] they show that the existence of an
observer implies that Ry has full column rank n and that By has a normal
form (compare (35))

Biys = {(ZQ)» Ds 0wy = Nyowy, Dy 0w1=0} -
1

Bl = {<w2) e _Fn+m’ D2 o wWo = Nl Ow1}7 D2 S ann, det(DQ) # O,

w1
(47)
which they use for their further considerations. The behavior

Bl == {<1£2> E.F"+m; D20w2 :Nlowl}
1

is an 10 behavior as in Example 4.7 and has the T-observers derived there.
Their T-observers are consistent and described by equations [19, Thm.3.4],
[9, Thm.4.1]

0 -D
YDy oty = (YN +XDy)owy, Y € D™, det(Y) € T.

Q oWy = Pow, with (Q,—P) = (Y, X) <D2 _N1> or )

For (?) € Bsys with Dy owy = 0 this furnishes the observer equations
Y D5 o Wy = Y N; o wy whereas the, possibly not consistent, T-observer
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equations of B; according to Example 4.7 are PP o Wy = PQ1 o w;
where (Py, —Q;) defines the controllable realization of D, ' N; and where
P € D"*™ with det(P) € T is arbitrary. This implies the existence of
Z € D™ with (D2, —Ny) = Z(P1,—Q1) and thus that Example 4.7
furnishes more effective observers than those considered in [19] and [9].
The component X D; of P in (48) is practically uneffective and therefore
superfluous.

5. Conversely, the general Rosenbrock equations of this section can be written
in the form (45), viz.

s (@)= (4, )o () wmrm= ()

where R, = (4) and rank(Ry) = rank(A) = n, and therefore the results
of [19] and [9] can be applied to our situation. However, transformation of
these equations into their normal form (47) changes the IO structures and
their associated transfer matrices which are the basis of our approach.

We finally describe an algorithm for the computation of all (X,Y) from

Theorem 4.3. By means of Theorem 2.13 we check whether (4) has a left

inverse in D;X(nﬂ’) and compute a special such left inverse (X, YY) if there is

one. The goal is to then find all such left inverses (X!, V') with Y! € S"*P.
The algorithm is similar to that of Theorem 3.12. Since (&) € D(ntp)xn gnd
rank (4) = n we can compute a universal left annihilator of (4) of the form

A
L= (L%, LY) € DP*("*P) hence also D}PL = {5 € pLx(nto), g(c> _ O} .
(49)

According to Theorem 2.13 each left inverse of (&) with entries in Dy has the
form

(XLYYH =(X%Y%) +2°(LX, L), 2° e D7,

50
Xl — XO 4 ZOLX c D;’L—'XTL7 Yl — YO 4 ZOLY c D;XP. ( )

We have to check when Y is proper. For this purpose we compute the Smith
form of LY with respect to F[o] = F[-2-] and thus with respect to S:

ULYV - <§ 8) ’ U,V S GIP(S)a E = diag(elv"' ae?”)7 ri= rank(LY)7 hence
YWW=Y+Z (g 8) with Y :=Y'V e DP, Z:= Z°U~' € DIP or
. e i <5<
vy = Yot Msisr o
Yi; ifr+1<7<p

(51)

Theorem 4.9 (Algorithm for Theorem 4.5). For the given Rosenbrock system

from Ezample 2.9 assume that (2) has a left inverse (X°,Y?) € D;X("ﬂ’)
which has been comnstructed via Theorem 2.13. Consider the derived data from
equations (49)-(51). Let

fi

€5 = ;7 f]7gj GF[J]v ng(f]agJ): 1a ]:17 5T
J
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be the reduced representations of the e; as rational functions in F(o) = F(s),
hence

Dre; +8 = gj_l(DTfj +Sg;) = gj_lDT forj=1,---,r (52)

as in Theorem 3.12.
Then (4) has a left inverse (X', Y1) € D™ x 8"*P as needed in Theorem 4.3
if and only if

1<i<n. (53)

Drg:t if1<j<r
}/Zje Tg] f 7‘77 )
S fr+1<j<p

If these conditions are satisfied and if
Yij =95 (= Zijfi + si9;) = —Zijej + sij, Zij € Dr, si; €S, 1< j <r, (54)

also choose arbitrary Z;; € Dy for 1 <i<n,r+1<j <p, hence Z € D}.*".
Then the matriz

(XHLYh = (X" YY) + ZUL € D*" x 8™ (55)

is a left inverse of (&) as needed in Theorem 4.3, and all such inverses are
obtained by this construction.

Proof. With the data from above (X',Y!) is a left inverse of (&) with entries
in Dp. Moreover the following equivalences hold:

Y1eS§P — YV =YV 4+ 20! (E 0) =Y+Z (E 0) € §mXP

0 O 0 O
T if1<j<
PN Yij + Zije; €S ?flfjfv'" 1<i<n e
(51) YijES ifr+1<j<p

—Zijej—i—sijGDTej +S f1<j<r

. . , 1<i<n.
sij €S ifr+1<j<p

Eisij € S with )/ij = {
These equivalences finally imply the asserted equivalence
1 1 nxn n X . 1 1 A :
XYY e DR x S™P with (X7, Y) o =id, <=

1 <7< n.

DT€j+S 1f1§]§r
Yije . . )
S ifr+1<j<p

The remaining assertions follow by reading backwards the equations (49)-(54)
O

Example 4.10. As an example for the described algorithms we consider the
complex continuous case, the stable region A; := {A € C; R(\) <0}, 0 := lerl
and the Rosenbrock system given by the following matrices:

A 1—s? 45%+6s+2 B s+1 1
T3 —s? 2534+3s24+3s5+2)° T s s2—4)’

C::(—szfs 252+25), and D::(l 75).
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Computation of the transfer matrices H; = A~'B and Hy = D + CH; shows
that they are proper as required. As a next step we determine whether the
matrix (&) has a left inverse in Dy: The Smith form of this matrix (with
respect to Dr) is

s+1 0
0 2+3s+s%|,
0 0

the inverse of the greatest elementary divisor 2 + 3s + s = (s + 1)(s + 2) is
contained in Dp. Hence, by Theorem 2.13, the matrix does indeed permit left
inverse matrices with entries in Dp. Applying part (2) of that theorem yields
that any such left inverse (X', Y!) is of the form

(XL yh = (X% Y% + 2%0%, 1Y) (56)

for some Z° € D7 where (X°,Y?) is one particular left inverse and (LX, LY)
a universal left annihilator of (£). In our case we get that

1 _ 2(s®+3s+1) 5% (25+5)
XO — 2+i]’)- s+s2 , YO — 2+3 S;—S2 ,

0 o5es P rEy—
L¥= (s —2s), and LY =(2s2—-s+1).

Here the matrix LY € D'*! is equal to its Smith form (£9) = ULYV (ie.,
U=V =1¢e D). Consequently, £ = diag(er, .., erank(Ly)) = €1 = LY,

Y = Y% and Z = Z° in the notation of (51). Considering e; as a rational
function in ¢ = 5 yields

2
1— 1— 402 -5 2
61:2< 0>_ 0, 405042 _ fi
2
o o g g1

By Theorem 4.9 the matrix (&) has a left inverse (X1,Y!) € D32 x S2*1 if
and only if

s?(2s+5)

Vii=-—2""2 ¢ p 1)2 =Drg;' and

D JE PR r(s+1) T4 A
S

Yoyy=—5—F—5 € D 1)? = Drg; "

T T2 35+ 82 r(s+1)°=Drg,

This condition is obviously fulfilled. Now we have to find representations
Yii = —Zjer + s = g1 (= Zifr + sug1) € 91 '(Prf1+ Sq1) = g7 Dr.
One possible choice computed with Algorithm 3.13 is
% (25+5) (2547)
_ 4 (s+1)3 (24+3 s+s2
Z—< ( s()28(+7) )>'
4 (s+1)3 (243 s+s2)

By Corollary 3.14 any other possible choice of Z could be obtained by adding
ci(s+1)%; = ci(s +1)72, ¢; € S arbitrary, to Z;; for i = 1,2.
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By means of the constructed matrix Z we can now compute a left inverse
(X1, YY) € DF? x 821 of (4) by (56) (note that Z = Z° in our case). With
our data we get

21s%+645%2+36s+8 1782 +52s2 +24s+4

X! — 4(s+123(2+3s+s2) 2(s+1)2(24+3s+s?)
- 52 (2s47) s2—6s5—2 ’

4(s+1P3(2+3s+52) 2(s+1)3(2+ 35+ 2)
s2(25+5) (175 —3)

1 _ 4(s+1)%(2+3s+ s?)
Y= s(17s—3)

A(s+1)3(2+ 35+ s2)

Checking the properties of these matrices shows that they are really contained
in D72 resp. S?*! and that (X1, Y?!)(4) = idy is indeed fulfilled.

At last we compute the transfer matrix Hops := (Y1, X!B — Y!D) and
its controllable realization Byps = {(;) € F2H142 Phcod = (Qy,Qu) 0 (g)}
(using Result 2.10) and get that ’

—(s+1) —1T(s+1)s(2s+5)
Pobs = ;
0 (" +6sT+ 1453+ 1652+ 95+ 2)
Q, - 0 and
v \§ (-17s2+35) )
—1(s?+5+1) T (s —s—5)
Qu =

(25" + 75 +3657+5) £ (25 —35%4+225% — 485 — 16)

Checking properness of Hops, T-stability of Bo,s and T-autonomy of Be,, (after
computing Be,,) yields that B,ps really is a proper T-stable T-observer of the
pseudo state of the given Rosenbrock system.
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