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Introduction

In Section we explain the basic objects and goals of LTI (linear time-
invariant) systems theory for the continuous-time standard case over the com-
plex field in the behavioral language. In Section [1.9] we point out the other
LTI-theories treated in this book, in particular the discrete-time theory over
an arbitrary field, the module-behavior duality enabling the simultaneous treat-
ment of all these cases. In Section[I.IT]we mention various other systems theories
that are not discussed in this book and are often more general and difficult and
less developed.

All notions, models and theories of this book from systems theory and electrical
engineering have been taken from the engineering literature, mainly from the
textbooks [75], [39], [21], [19], [20], [73], [70], [72], [2], [66], [3], [13]. Further
textbooks on the subjects of this book are [30], [68], [77], [35], [32], [36]. Many
different mathematical subjects have been used in the original literature and
in the cited books and are also applied, but often in a different form, in the
present book. Among these fields are linear and polynomial algebra, module
theory, differential equations, topology, convolution, distributions, Fourier se-
ries and transform, Laplace transform, cf. [39, XVII].

The goal of this book is

1. to derive the systems theoretic and electrical engineering results, mainly
taken from or inspired by the quoted textbooks, by partly new mathematical
methods, in particular by module-behavior duality.

2. to give complete and exact proofs of all results from item 1. and also of all
used mathematical results that go beyond the first two years of university
mathematics. The latter will be recalled, but without proofs.

3. to accompany all important results by algorithms that can be implemented
in all computer algebra systems, for instance in MAPLE, and to demon-
strate such implementations in several nontrivial examples that are mainly
exposed in the later application Chapters 7, 9 and 11. The examples use and
demonstrate many of the results and algorithms of the preceding chapters.
The algorithms require, of course, an understanding of the meaning of the
quantities that appear in them, but not of all mathematical details of their
derivations. Application of the algorithms to various problems of the quoted
textbooks will further demonstrate their applicability and usefulness.

Except that mentioned in 2. we do not assume any previous knowledge, in par-
ticular of systems or control theory, in contrast to several of the cited books.
Like in most of these the exposition of the necessary mathematics requires sub-
stantial space in this book. This applies, in particular, to module-behavior

7



8 CHAPTER 0. INTRODUCTION

duality, quotient rings and modules and simplified versions of the last four anal-
ysis subjects from above. Of course, the study of this material can be omitted
if the reader knows it.

The book can be studied by everyone, who is interested in the treated sub-
jects, cf. the Contents and Chapter 1] and has the prerequisites mentioned in 2.
In addition a certain so-called mathematical maturity, i.e, an experience with
rigorous proofs and algorithms, is desirable. Knowledge of physics or engineer-
ing is not required, but of course an advantage. FElectrical and translational
mechanical networks are described from scratch, but other parts of mechatron-
ics like electromechanical systems are not touched at all. For these we refer
to the books on mechatronics, for instance [4], [38], [41]. From our study of
the quoted engineering textbooks and from our experience as mathematicians
we conclude that readers with either a mathematical or an engineering back-
ground will have no problems with the presupposed analysis, in particular with
a higher order ordinary linear differential equation with constant coefficients
and with elementary complex variables. The Laplace transform, in particular
of the Dirac distribution and its derivatives, is assumed as standard knowledge
of engineering students in most cited engineering textbooks, whereas it is not
discussed at all in the regular curriculum of the first two years in mathematics.
It is a difficult subject, cf. [67, Ch. VIII], [13 §12.3.4], and is therefore fully
developed in this book by a new rigorous method that resembles Heaviside’s
unproven original operational calculus. In contrast, the algebraic prerequisites
are standard knowledge of mathematicians, but, as far as we can infer from the
quoted textbooks, not of engineers. So readers with this background will have
to study some algebra that is recalled in the book, but without proofs, mainly
basic definitions and results on (noetherian) commutative rings and modules,
in particular Hom and exactness, principal ideal domains and the Smith form
of polynomial matrices.

We refer to the quoted books for the history of systems theory, for much larger
bibliographies than in the present book that also list the numerous original pa-
pers, for various introductions to the methods and results up to 1970 and the
validity of the used models and their technical boundaries. Very many out-
standing and well-known scientists contributed to the field, and their previous
ideas and important work are, of course, also the basis of this book. Due to
their large number we can only mention some of them. We refer to their home-
pages for bibliographical data. We do not quote the mathematical details of
the original papers since ours are different in general. Expert systems theorists
will, of course, recognize, how we adapted the ideas of our predecessors to our
framework. In general we do not discuss this transformation process. For many
results of the book we point, however, to corresponding results from the cited
books, and the reader can thus compare the results and methods of these books
with ours.

The Contents list the discussed subjects of the book. Chapter [I]is a detailed
comment on the content and a self-contained survey over larger and, according
to the cited textbooks and the engineering community, highly significant parts
of linear time-invariant systems theory and electrical engineering and the de-
cisive equations of these fields, on the basis of mathematical knowledge of two
university years. In this chapter we present the most important methods and
results of the book. We state the results and refer to the sections or theorems
where they are discussed, and also to corresponding results in the cited books.



Of course, the chapter contains no proofs and does not assume any knowledge
from the other chapters. Many advanced notions, methods and results have to
be explained. We have done this in a mathematical language that is known
after two years of studies in mathematics. All additional notions are introduced
in the chapter. As the title Survey of Chapter [1] indicates its content will be
discussed in detail in the later chapters and is, of course, not presupposed in
these. So a potential reader need not read Chapter [I] to understand the follow-
ing chapters. However, we recommend this.

Most of the book’s results are constructive and accompanied by partly new al-
gorithms, but the latter are not exposed in Chapter 1. They can be carried
out with all computer algebra systems. The most important tools are the com-
putations of the Smith form of polynomial matrices and of the complex roots
and complex partial fraction decomposition of rational polynomials. Over the
base fields of rational and Gaussian numbers as in all practical cases and over
finite fields the Smith form is given precisely. Over the real or complex num-
bers problems with numerical computations may arise, but are not discussed
in this book. As important applications we discuss electrical and translational
mechanical networks. From an application point of view the following sections
of this book are the most important ones:

4. The Sections 7.3 and 7.4 on electrical and mechanical networks, cf. their
survey in Section[I.7] They furnish comprehensive tools for the analysis and
synthesis of these networks, but we do not treat the vast field of synthesis
of networks with specific properties. Theorems 7.3.11, [7.3.18] 7.3.21, 7.3.23,
[7.3:32)7.3.40, 7.3.43 are the main results. Examples 7.3.17, 7.3.25, 7.3.33,
7.4.6, 7.4.7 demonstrate the algorithms and their implementation.

5. Section 9.2, cf. its survey in Section[1.8] on the construction and parametriza-
tion, for a stabilizable plant, of all stabilizing feedback compensators that per-
form the tasks of tracking and disturbance rejection, and on their robustness.
The main construction resp. robustness results are Theorems 9.2.8, 9.2.11,
9.2.17 resp. Theorems 9.2.32, 9.2.47, 9.2.50. Examples 9.1.17,9.1.22, 9.1.23
and 9.2.12 demonstrate the algorithms and their implementation.

6. In Section 11 we compute state space realizations of input/output behav-
iors by means of Grobner bases, cf. Section [1.2] This method gives more
general and more constructive results than in the literature. The Exam-
ples 11.3.11, 11.4.9, 11.4.11, 11.4.15 demonstrate the algorithms and their
implementation.

7. In Chapter 12 we extend the standard fractional calculus considerably and
solve complicated linear systems of generalized fractional integral /differential
equations constructively. Theorem 12.1.3 is the main result and Example
12.1.7 gives simple, but instructive examples.

Compared to the existing literature and especially to the quoted textbooks
essential and, in our opinion, of course, favorable modifications are carried out
in the following subjects:

8. Behavior-module duality instead of time-frequency domain duality. In the
latter the transformation from the time-domain to the frequency-domain is,
in general, connected with a loss of information. This is avoided by the



10 CHAPTER 0. INTRODUCTION

categorical module-behavior duality. In particular, the fine properties of
autonomous and noncontrollable behaviors can thus be studied.

9. Behavior isomorphisms instead of system equivalences. The categorical
module-behavior duality enables this and simplifies the study of system
equivalences.

10. Algebraic definition of the rational transfer matrix without the impulse re-
sponse and without the Laplace transform. All standard properties of the
transfer matrix hold and are proven.

11. Stability theory by means of the characteristic variety and of quotient mod-
ules.

12. (Periodic) distributions, Laplace transform and Fourier series and construc-
tion of transfer operators (input/output maps) without impulse responses
and without integral operators. In its simplest and most important form the
inverse Laplace transform describes the bijection of the predefined rational
transfer matrices onto their (possibly distributional) impulse responses.

13. The input/output representation of an electrical or mechanical network by
means of the simple Gauf algorithm instead of the usual tree-cotree graph
theoretical methods and its study by means of the transfer matrix and op-
erator.

14. The construction of stabilizing compensators and the study of their robust-
ness by means of quotient signal modules.

15. State space realizations by means of Buchberger’s Grobner basis algorithm.
This method gives more precise results than usual and is fully constructive
since this algorithm is implemented in all computer algebra systems.

16. Generalized fractional calculus and behaviors via vector space-behavior du-
ality and constructive solution of multivariable linear systems of generalized
fractional integral/differential equations.

For the study of electrical networks in Section 7.3 most results of Chapters 2-
7 are needed except those of Chapter 6, Section 7.1 and those on state space
behaviors and on Rosenbrock equations in Sections 3.1.2-3.1.3, 5.3.2-5.3.5. In
Chapter 9 the Chapters 6 resp. 8 on (feedback) interconnections resp. on sta-
bility via quotient modules are essential additional tools. For the application of
the results to state space systems their previous study is, of course, required.
We use the standard notations N (Z, Q, R, C) for the natural numbers (inte-
gers, rational numbers, real numbers, complex numbers). The real resp. imagi-
nary part of a complex number z is denoted by R(z) resp. $(z). The number
of elements of a finite set S is #(S). Other more specific notations are listed in
the index of the book.

Acknowledgement:

1. We thank Christian Bargetz for a critical reading of the Sections 9.2.4, 9.2.5.

2. We thank two anonymous reviewers for their reviews, suggestions and con-
siderable work for our book.

3. We thank the editors for having accepted the book for the DAE series.



Chapter 1

A survey of the book’s
content

1.1 Modules and behaviors

In Chapter 1 we explain the problems and results of LTI systems theory in the
continuous-time case over the complex field C. The theory for the real field R,
that is predominant in the engineering literature, is amply treated in the book.
A complex polynomial in the indeterminate s has the form f = ZZ:O fust =:
ZZOZO fus*, d € N, where the f, belong to C and are zero for ;1 > d. The letter
s tor the indeterminate comes from the Laplace transform where s denotes a
complex number with sufficiently large real part. It also reminds of the shift
operator in discrete-time systems theory. The set C[s] of all polynomials with
the standard addition and multiplication is a principal ideal domain, and its
quotient field C(s) consists of the rational functions h(s) = f(s)g(s)™1, f,g €
C[s], g # 0.
Let F be a vector space of complex-valued functions y(t),t € R, on the real
line R. In systems theory and electrical engineering R resp. t are interpreted
as the time axis resp. a time instant, and the function y is called a signal.
The basic equations for the considered theories are differential and require
that F is closed under differentiation, i.e., y € F implies s oy := dy/dt € F.
The prototypical space with this property is the space C* := C*®(R,C) of
smooth complex-valued functions. This signal space is, however, too restricted
for engineering applications, since these require piecewise continuous signals
with jumps, for instance to describe the switching of electrical networks. The
smallest space that contains these signals and is closed under differentiation
is the space C™ := C~°(R,C) of distributions of finite order that consists
of all derivatives of (piecewise) continuous signals, cf. Sections and 7.2
for a detailed treatment. The derivative d/dt : C™>° — C~ is defined as a
C-linear derivation such that dy/dt¢ coincides with the standard derivative gy’
for continuously differentiable functions y (E Cl). In particular, C~°° contains
Dirac’s §-distribution

(1.1)

1 ift> if £ >
6::dY/dt:d2y/dt2,Y(t)::{ =0 ()—{t =0

0 ift<0’ T o ift<o

11



12 CHAPTER 1. SURVEY

Here Y is Heaviside’s step function and ¢ is interpreted as an impulse at ¢ = 0,
cf. m We define the scalar multiplication

foy:= Z oy W,y W = ary i, f = qus“ €Cls], ye F, (1.2)
n=0
that makes F a C[s]-module, i.e., addition and scalar multiplication satisfy the
associative, commutative and distributive laws like a vector space. So f acts on
y as differential operator. The column space F!, [ € N, is also a C[s]-module
with the componentwise structure. Consider a polynomial k£ x [-matrix

Saxk, 1xP>

©w

For a column vector w = (w17 ~wy) T € Fowe define

Row e FF, (Row)qy ZR(Xﬁow@—ZZRa@Mwﬁu, and then
B=1peN

B = {we]:l; Row:()} (1.4)

l
=dweFiYa=1,k: Y Y Raguwl’ =0
B=1 pneN

The equation R ow = x with given right side x € F* represents an inho-
mogeneous (x arbitrary) resp. homogeneous (x = 0) implicit system of linear
differential equations with constant coefficients Rng ,. The solution set B is a
Cls]-submodule of F!, i.e., closed under addition and scalar multiplication. Tts
elements are the trajectories of B. According to Willems [74] these solution
modules B are called behaviors in systems theory. In Algebraic Analysis, i.e.,
the algebraic theory of linear PDEs (partial differential equations), they were al-
ready extensively studied by Ehrenpreis, Malgrange, Palamodov [26], [49], [58],
[8] in the beginning 1960s, both for distributional and for smooth signals. This
theory was applied to multidimensional systems theory in [53]. The present
book describes, in particular, the much simpler one-dimensional version of this
theory. One-dimensional resp. multidimensional systems or behaviors are de-
scribed by linear systems of ordinary resp. of partial differential or difference
equations with constant coefficients.

Equation systems Row = x and their solution modules 5 occur naturally when
large systems are composed of many components, that are described by basic
and simple linear differential equations with constant coefficients. Such systems
arise from physics and engineering, economics, biology etc., also from more gen-
eral nonlinear systems by linearization. Our models have been taken from the
cited books. Prototypical examples are electrical and mechanical networks that
will be studied in detail in Sections 7.3 and 7.4. The primary interest of an
engineer is the behavior B and its trajectories that can be measured, controlled
etc. and show how the system behaves, hence the chosen terminology.

The matrix R gives rise to its row-submodule

k k
IXkp . N . 1x1
S] R := ag_l C[S]Ra_ = { E faRa—a foz € C[S]} - C[S} ) (15)

a=1

Ra, = (Rala T 7Ral) S C[S]IXl7



1.1. MODULES AND BEHAVIORS 13

of the free module C[s]!*! of I-dimensional rows. The latter has the standard
C[s]-basis

dg :=(0,---,0,1,0,---,0), B=1,---,1, with
(1.6)

l
5 = (517 e 75[) = Zgﬂéﬂ € C[S]IXl'
B=1
The a-th row resp. [-th column of the matrix R are denoted by R,— = Rq,—

resp. by R_3 = R_ g . The submodule U, in turn, induces the finitely generated
factor module

!
M :=C[s|" /U = {£:=¢(+U; £€Cls)™} = ZC[S]% with

=t (1.7)
E+7:=E+n, f€:=fE &neCls]™, feCls),
and the distinguished list of generators 05 that satisfy the relations
l
0=TRa- =) Rapds, a=1,--- k. (1.8)

B=1

It was a simple, but important observation of Malgrange in 1962 that the map
solz(M) := Homepy (M, F) 5 B, ¢ — w, ws = ¢(3p), (1.9)

is well-defined and a C[s]-isomorphism, where Homg(s (M, M2) denotes the
C[s]-module of all C[s]-linear maps from a C[s]-module M; into another one
Ms;. The isomorphism is the first link between modules and behaviors.
Equation also was an early explicit appearance of solution modules that
were later called behaviors by Willems.

For many important signal modules F there is a one-one correspondence be-
tween B, U and M. This makes the old and well-established theory of polyno-
mial matrices and finitely generated polynomial modules available for systems
theory. The same algebraic theory was used by Kalman in the 1960s to derive
his state space theory [40], by Rosenbrock [63] and Wolovich [75] in the 1970s for
the polynomial matriz models or differential operator representations and also
by Willems in his theory of behaviors [74], [60]. Indeed, there is no approach to
LTI systems theory without univariate polynomial and rational matrices. In the
so-called frequency domain the latter appear as rational Laplace transforms. In
this book the frequency domain is replaced by the algebraic domain of finitely
generated polynomial modules. Allimportant algorithms of LTI systems theory
in engineering, in systems theory, in the quoted and in the present book rest on
algorithms from univariate polynomial algebra or, in the case of state space the-
ory, also from linear algebra over a field. This explains why algebra plays such
a dominant part in LTI systems theory. However, analysis is also an essential
ingredient of the theory, of the quoted books and also here. Sections 7.2 and
9.2.3- 9.2.5 introduce and discuss, with complete and exact proofs, indispensible
notions like distributions, in particular periodic ones, Laplace transform, convo-
lution, Fourier series and integral and normed linear spaces. Lebesgue’s theory,
i.e., measure, integral and convolution, is not needed or used in this book.
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We isolate two properties of F that imply the one-one correspondence M <
U > B. Since the rows of R generate U it is obvious that

B={weF; Row=0}=U":={weF VE€U: {ow=0}, (1.10)

i.e., B depends on U and M, but not on the special generating matrix R. The
number p := rank(R) is the rank of R as matrix with entries in the field C(s).
Since C[s] is a principal ideal domain, the C[s]-module U is free of dimension p,
i.e., has a basis of this length. In other words, there is a matrix R € C[s]P*! of

rank(R) = rank(R) = p such that U = C[s]"**R = C[s]'*?R = & _,C[s]Ra_.

In the sequel we may and do therefore assume that R = E; i.e., that p =k and
that the p rows of R are linearly independent and thus a C[s]-basis of U.

Since R has rank p, there are various choices of p linearly independent columns
of R. After such a choice and a possible permutation of the columns of R and
the components of w we may assume that R, w and B have the form

R=(P,—Q) € C[s]P*®+™) .= — p, rank(P) = p or det(P) # 0,
wz(ﬂ)efp+m,Bz{(g)e]ﬂﬂ'm;Poy:Qou} (1.11)
= H:=P7'Q e C(s)P*™.

Such a decomposition of R and B is called an IO (input/output) decomposition
or structure with v € F™ as input and y € FP as output, and B with this
structure is called an IO behavior. The number m is called the rank of M and of
B . In engineering the input u is also called the external excitation or cause and y
the response, reaction or effect. This interpretation and language is appropriate
only if the input u is free, i.e., if each u € F™ gives rise to an output y € FP?, i.e.,
a solution of Poy = Qowu. A (signal) module F is called injective if this holds,
i.e., if all equations P oy = Q o u with given u € F™, (P, —Q) € C[s]P*P+m)
and rank(P) = p have a solution y. Since C[s] is a principal ideal domain, it
suffices that this holds for p = m = 1. In particular, every C(s)-vector space is
an injective C[s]-module. We will study injectivity in detail in Section 2.2. In
the rest of Chapter we assume that . F is injective.

The following three important signal modules are injective, cf. Results 2.2.12,
7.2.28 and 4.3.10:

F =0 =C"®(R,C) > C™® = C*(R,C) D t(F)
t(F) = t(C™>) = t(C) = P Cltle™ = P P ctre. (1.12)

AeC AeC keN

The module t(F) is the torsion submodule of F of all signals y that satisfy a
differential equation foy = 0, 0 # f € C[s]. It consists of the polynomial-
exponential functions that are (finite) C-linear combinations of functions t*e*?,
cf. Section 4.3.3. The following inclusions hold:

C™>° 5 CYP¢ .= COPY(R,C) := {u : R — C piecewise continuous}

0 0 . (1.13)
D C":=C’(R,C) :={u: R — C continuous}.
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The C[s]-submodule C > of distributions with left bounded support is given by
the derivatives of continuous functions with such support, i.e.,

Ci*:=C"[R,C); := U s" o C. where
n>0 (1.14)
C:)L’(pc) .= C0(pc) (R,C)4 := {u e COP9): Tt < ¢y : u(t) = 0}.

For an obvious reason the signals in C > are called initially-at-rest. Since all
technical systems start at some time ¢(, mostly chosen as ¢y = 0, these signals are
important. The §-distribution according to is obviously contained in C_*°.
The C[s]-module C* is a C(s)-vector space by a, necessarily unique, extension
of the C[s]-scalar multiplication, cf. Theorem 7.2.37. If w is continuous and zero
for t <tgand 0 # f € C[s], d := deg,(f) := degree of f, then y := f~lowuis
the unique, d times continuously differentiable solution

y € CYR,C) of foy = u with y(“)(to) =0, p=0,--,d=1,= yY|(—o0,to) = 0.
A very important C(s)-subspace of C > and thus C[s]-injective is

Fo :=C[s] 06 @ t(F)Y, C[s] 06 = @penC®), 6% = s* 0§ = d*/dt*.

(1.15)

Signals Y, a € t(F), occur if a polynomial-exponential signal « is started at

t = 0. So F; consists of sums of such signals and C-linear combinations of the

derivatives of the Dirac distribution 6. All these injective signal modules will be

studied in Section 7.2.4.

The next property of F ensures that B = U~ contains as much information as

U. The behavior B = U+ C F! induces its orthogonal submodule

Utt =B+ :={¢eCs]" EoB=0} D U. (1.16)

The trivial case F = 0 and U++ = C[s]**! shows that U+ = U need not
hold. The injective signal module F is called a cogenerator, cf. Section 2.3, if
U+ = U holds for all submodules U C C[s]**!, | € N, i.e., if U is determined by
B. This condition obviously implies and is indeed equivalent to the equivalences

B=U'=0<=U=C[s]"! <= M =0. (1.17)

The modules F = C~°, C*, t(F) are injective cogenerators. A C(s)-vector
space, for instance Fa, is never a C[s]-cogenerator. The direct sum module

Fi=Fa P t(F) = Cls] 0 6P (®recCltle™) Y ) @recCltle™,  (1.18)

however, is injective and contains the cogenerator t(F), and is thus an injec-
tive cogenerator too. It consists of sums of signals in F5 and of polynomial-
exponential signals. All signals in F4 are described by finitely many complex
numbers and are especially suitable for computation. In electrical engineering
signals in F, and piecewise continuous periodic signals, see Section [1.4] are used
almost exclusively. Less important signal modules /7 and F3 will be introduced
in Section 7.2.4.

In the rest of this chapter we assume an injective cogemerator signal mod-
ule F and describe further important consequences of this assumption. With
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R,U, M, B from above the modules U resp. M are called the equation resp. the
system module of B.

For the behavior B from and an arbitrary matrix 7' € C[s]"2*! the injec-
tivity of F implies that also the image T o B is a behavior, cf. Theorem 2.2.20.
An important case of this is Willems’ elimination of latent variables [60, Ch. 6].
Assume, more generally, two behaviors

By =U+ C Fli, U, C Cls]"*Y, M; :==C[s]"™ /U, i =1,2. (1.19)

A C-linear map ¢ : By — Bs is called a behavior morphism if there is a matrix
T € CJs)'2*!1 such that ¢(w;) = Tow; for all wy € By, i.e., that ¢ is a differential
operator. The set Hom(B1, Bz) of all these morphisms is a proper (cf. Example
2.3.17) Cl[s]-submodule of Homg(4 (B, B2). The injective cogenerator property
of F implies the canonical C[s]-isomorphism, cf. Theorem 2.3.18,

Homgyy (Ms, M) = Hom(By,B), F +» ¢, T € C[s]>*",

. (1.20)
F(& +Uz) = &T 4 Uy, ¢(wr) =T owy, & € Cls]| ™2, wy € By.

This isomorphism implies that the bijective correspondence M <« B is very
strong. It is called a categorical duality and is discussed in Section 2.3.3. In
particular, ¢ is injective (surjective, bijective) if and only if F is surjective
(injective, bijective). In this book behavioral isomorphisms ¢ : B; =5 B,
and the dual isomorphisms F' replace the various system equivalences in the
literature, for instance Rosenbrock’s and Fuhrmann’s, cf. [39, pp. 561-566],
[72] §2.2,82.3]. If ¢ is injective, the implication ¢(w1) = ¢(w1) = w1 = Wy
suggested the language that wy is observable from ¢(wp). If there is a sur-
jective ¢ : Fi1 — By, By := 0+ = Fh, the behavior B, is called control-
lable and ¢ is an image representation of By. The term controllable is justi-
fied by Kalman’s Theorem 3.3.10 and Willems’ Theorem 3.3.4. If in this case
¢(w1) = we Pommaret calls wy a potential of wo, a terminology suggested by
an analogue for partial differential equations. The surjection ¢ implies the in-
jection F': My — My = C[s]'*!1 /0 = C[s]*!* and thus that My as submodule
of a free C[s]-module is itself free of dimension ms := rank(Bz). Hence there
is even a bijective image representation F"2 = By. Thus a behavior B is con-
trollable if and only if its module M is free. Observability and controllability
are studied in Chapter 3. The main application of controllability in this book is
for the construction and parametrization of stabilizing compensators in Chapter
9. Observability is a necessary and sufficient condition for the construction and
parametrization of functional observers in Chapter 10.

LTI systems theory has three primary tasks and goals, cf. [21], §1-1]:

(i) Modelling: The theory of this book applies if a real world system can be
described (approximately) by equations Row = x as in (1.4). Our models
have been taken from the cited books.

(ii) Analysis, both qualitative and quantitative, i.e., to determine the properties
of a given B by means of the properties of R, U and M and to compute
numerical solutions.

(iii) Synthesis or design, i.e., to construct a behavior B with chosen properties,
mainly of its transfer matrix H and its transfer operator, see Section [1.2
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In this book, synthesis is mainly treated in Chapter 9 where we discuss the
construction of stabilizing compensators with special properties, mainly track-
ing and disturbance rejection. Kalman’s realization theorem of proper transfer
matrices, see below, is also a synthesis result, cf. [21, §6.1]. The analy-
sis, but not the synthesis of electrical and mechanical networks, for instance of
filters, is treated in Section 7.3.

1.2 The transfer matrix and transfer operator

The assumptions of the preceding section are in force.
The IO behavior (1.11)) implies the behavior isomorphism

BY:={y e FP; Poy=0} = B(|(F x {0}) = {({) € B u=0}, y s (}),

= Homgq)(M°, F) = B® with M := C[s]"*?/U°, U" := C[s]"*PP.
(1.21)
A behavior ([1.4) or (1.11)) is called autonomous if it has no free components u
or if the following equivalent properties hold, cf. Section 3.2:

rank(B) =m =0 <= rank(R) =p=1+= P=R+= B" =B
= M =t(M) <= B =t(B) <= dimc(M) < 0o <= dim¢(B) < oo (1.22)
—> dimg (M) = dime(B) and B C t(F)? = @aecC[tPeM

where dimg¢ (V) denotes the C-dimension of a C-vector space. Since P € C[s]P*?
and rank(P) = p the behavior B° = {y € FP; Poy = 0} is autonomous and
called the autonomous or zero-input part of B. It depends on B and its 10
structure, but not on the special choice of the defining matrices. Its dimension
is

n := dime(BY) = dime(M°) = deg, (det(P)), (1.23)

cf. Theorem 3.2.14. If y;, yo are two outputs to the same input u, then Po (y; —
y1) = Qou— Qowu =0 implies yo — 1 €Borys, =y +2, 2B

The rational matrix H := P~'Q from depends on U or B and the
chosen 10 decomposition, but again not on the special choice of the matrix
R = (P,—Q), cf. Theorem and Definition 5.2.2. It is called the transfer matriz
of B and, for p = m = 1, the transfer function , and B is called an 10 realization
of H. A given rational matrix H € C(s)P*™ trivially admits various represen-
tations H = P~'Q with (P, —Q) € C[s]?*®*+™) and rank(P) = p, for instance
H = (fid,)"'(fH) where f is a common denominator of the entries of H.
Hence there are many IO behavior realizations of H, but only one controllable
realization, cf. Corollary 5.2.3, that furnishes the, essentially unique, so-called
left coprime factorization H = P~'Q of H.
Recall that C > is a C(s)-vector space, and hence

Ho: (C3™)" = (C3>)", u Hou = <Z H,, ouﬂ> . (1.29)

=1 v=1,p

is defined. This is the transfer operator or I0 map induced by H. Note that
the equation Poy = @ ou does not define a linear map u — y since, for general
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u € (C7°)™, y always exists, but is unique only up to a summand in B°. The
map, cf. Theorem and Definition 7.2.41,

(& )or (C7) ™ 2B (C3%)7 s (Fov), (1.25)

is a C(s)-isomorphism, and shows that the transfer matrix determines and is
determined by the initially-at-rest-part of the I0 behavior B. If in this situation
y is any other output to u, then

Yss := Houresp. z:=vy — yss € B° (1.26)

are often called the steady or stationary state resp. the transient of y. This
language is appropriate only if B° is asymptotically stable, i.e.,

i = 0 f. ion [T 1.2
tll)rgo 2(t) =0, z€ B%,  (cf. Section [L.6) (1.27)
so that y and yss = H o u can be identified for large ¢, written as y ~ yss.
Mainly in electrical engineering the linear equation

m
Y=yYss =Houory, =yss, = E HVMOUW v=1,---,p,
p=1

then establishes the superposition principle, experimentally due to Helmholtz:
The partial effects H,,, o u, of the different input components u, are added
(=superposed) to form the total effect of all input components on the output
component ¥, ~ Yss,. Notice that this principle does not apply to arbitrary
equations Poy = Qow. In the engineering literature [70], [66] the superposition
principle is essentially used and experimentally or heuristically proved, but, in
general, not with all necessary mathematical details.

Any 10 behavior admits a state space representation as follows, cf. [40], Theorem
and Definition 5.3.8 and Chapter 11: There are matrices

AeCv™ BeC"™™, CeCP*" and D € C[s|P*™ such that
(G2 )o: By:={(%)eF*"™; sox = Az + Bu} (1.28)
= {(1) € FY (sidu—A) 0w = Bu} =B, (1) = (i),
is a behavior isomorphism. The matrices A, B,C are unique up to similarity,
and D is unique. This means that if two quadrupels (A4;, B;,C;, D;), i = 1,2,

of dimensions n;, i = 1,2, satisfy (1.28) then ny = ny =: n, and there is an
invertible matrix

T € Gl1,(C) such that (Ay, By, Co, Dy) = (TA T, TB,,C1T~*, Dy). (1.29)

The behavior By is an IO behavior since the characteristic polynomial x4 =
det(sidy, —A) of A has degree n and is nonzero. The transfer matrices of B
resp. B, cf. Theorem and Definition 5.3.1, are

H, = (sid, —A)'Bresp. H=P'Q=D+CH, =D + C(sid,, —A)"'B.
(1.30)
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If u is a piecewise continuous input, the vector x is continuous, and z and y
have the standard form

t
x(t) = e(t_tU)Ax(to) +/ e(t_T)ABu(T)dT7 t,to € R,
to

. (1.31)
y(t) = Dou+ Ce' )4z (ty) + C’/ e ABu(r)dr.
to

The outputs x of B and y of B for ¢ > ty are thus determined by the input
U|[ty,00) fOr t > to and the initial vector x(tg) at ¢t = to. Therefore x € F" is
called the state of Bs and of B and z(ty) € C™ the state at time ¢y . The iso-
morphism is called a state space representation or realization of B and of
H. Its existence is a slight variant of Kalman’s famous realization theorem. The
injectivity of defines the observability of the equations s oz = Az + Bu
and y = Cx + D o u. The isomorphism is used, in particular, to (i) sim-
ulate, for D € CP*™  the trajectories of B by those of Bs and (ii) to derive the
properties of the general 10 behavior B from those of the state behavior B, for
instance in [3 pp. 560-], [21, Ch. 6] and [36, Ch. 7, p. 283]. In this book these
applications do not play a dominant role. As in electrical engineering the most
important results on IO behaviors, for instance of electrical and mechanical net-
works, with the equations P oy = @ o u will be derived directly form (P, —Q)
and not from the state space representation of the IO behavior.

The algorithmic computation of A, B,C, D is difficult, cf. [39, Ch. 6], [21]
Ch. 6]. We compute four state space realizations of an IO behavior, usually
called the observability, observer, controllability resp. controller realization, by
means of the Grébner basis algorithm in Chapter 11. These realizations depend
only on the behavior, its IO structure and a chosen term order for the Grébner
theory, and are therefore called canonical. They give rise to the observability
and controllability indices in connection with , cf. Theorem [39.
§6.4.6]. The ensuing algorithms are stronger and more general than those of
[39, §6.4, §7.1], are directly implementable and are demonstrated in Examples
11.3.11, 11.4.9, 11.4.11, 11.4.15. The most important consequence of the ob-
server realization is the so-called pole shifting algorithm, cf. Theorem 11.4.12,
Corollary 11.4.14: If observability holds, i.e., if the map is injective, and
f € C[s] is any monic polynomial of degree n, then the algorithm furnishes a
matrix L € C"*? such that det (sid,, —(4 — LC)) = f.

If D is a nonconstant polynomial matrix, the vector D o u may be distribu-
tional, for instance s oY = §. Kalman avoided this in the following fashion:
If h = fg~! is rational, one defines the s-degree of h as deg(h) := deg,(h) :=
deg,(f) — deg,(g), for instance deg(s~1) = —1, deg(0) := —oo. Then h is called
proper resp. strictly proper if deg(h) < 0 resp. deg(h) < —1. Euclidean division
of f by g furnishes a unique decomposition h = hpo1 4 hspy into a polynomial Ayl
and a strictly proper hgp,, for instance (s> +1)(s+1)"' = (s —1)+2(s+1)~1.
Then h is proper (strictly proper) if and only if hpot € € (hpor = 0). The de-
gree of H = (Hy,), , € C(s)P*™ is deg(H) := deg,(H) := max,,, deg,(Hyp).
The ’proper’-language and the decomposition H = Hpo + Hepe are extended
to matrices componentwise. Cramer’s rule implies that (sid, —A)~! is strictly
proper. Hence so is H,, and H = D + C(sid, —A)~!B is the decomposition
H = Hp,o1 + Hgpy. We infer that D € CP*™ if and only if H is proper. Equation
and its term Dow then imply that H is proper if and only if for all trajec-
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tories (%) € B the piecewise continuity of u implies that of y, or, equivalently,
m p
ifu € (Ci’pc) implies Hou € (C&pc) , cf. Theorem 5.3.1. Thus a proper

m P
transfer matrix induces the transfer operator Ho : (C&pc) — (C&PC) . The

property of the input u can be chosen whereas that of y is determined by the
behavior. Components of the behavior, that are distributions and not piecewise
continuous, generally imply destruction or malfunctioning of a real system that
is modelled by the behavior. In electrical engineering they say that the network
burns out or saturates. Therefore, behaviors with nonproper transfer matrix
have to be redesigned, for instance by choosing a different IO structure and
ensuing transfer matrix, cf. [I3], §2.5.3].

For proper H the behavior B, the operator (g idDm) and thus H can be re-
alized by interconnection of elementary building blocks, cf. Section 6.2. In
this context one talks about the synthesis and simulation of H by means of
sox = Ax + Bu, y = Cx + Du.

Rosenbrock’s equations generalize Kalman’s state space equations in the form

Aox=Bowu, y=Cox+ Dowu with

1.32
A€ Cls™*™, rank(4) = n, B e Cls™™, € e Clsp, D e clsprm,

cf. Theorem 5.3.1. These equations give rise to the behaviors

(2)e F**™; Aox = Bou}, H = A"'B,
gi(fn)o&:{(z)e]-'p*m; Poy:Qou} where

(P,—Q) € C[s]P*®*+™) rank(P) =p, Hy := P'Q=D+ CA™'B.
(1.33)
It is obvious that By is an IO behavior with input u and transfer matrix Hy
and that By is a behavior as an image of B;. It turns out that By is also
an IO behavior with input v and the indicated transfer matrix, and that the
matrix (P, —Q) can be computed from A, B,C, D. Here z is called the pseudo-
state. In Willems’ language the behavior Bs is obtained by eliminating the

latent variable x from {(%) € Frtptm. Aox = Bou, yZC’oa:+Dou} o~

51::{
BQ::(

By, (%) — (%). Rosenbrock equations are the basic equations in [63], [75], [19],

[72] and are intensively studied in [39], [21], [3], [I3]. They appear at various
places in this book, but are not predominant.

For the discussion below we also need the set of poles of H. Let V¢(g) C
C denote the finite set of roots or zeros of a nonzero polynomial g. If h =
fg~! is a rational function with coprime f and g, i.e. with greatest common
divisor ged(f,g) = 1, we define the set of poles resp. the domain of h by
pole(h) := V¢(g) resp. dom(h) := C \ pole(h). For A € dom(h) the value
h(A) := f(A\)g(A\)~! € C is defined, sometimes h(\) := oo for A € pole(h) is
used. The set of poles of the rational matrix H is pole(H) := (U4, pole(Hga),
its complement is dom(H). For all A € dom(H) the matrix H(A) € CP*™ ig
defined. The set pole(H) plays an important part in stability theory, see Section
11,6l
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1.3 Distributions of finite order, impulse response
and Laplace transform

We discuss the choice of the function space F again. The basic equations of LTI
systems theory are the differential systems P oy = Q ou from where u, y
have components in F. The entries of P, Q) are polynomials of arbitrarily high
degree. This leads to the requirement that F be closed under differentiation or
a C[s]-module. Input signals u = oY, « € t(F)™, with a jump at ¢t = 0 play an
important part in electrical engineering, but have, in general, no derivative at
t = 0 in the standard sense. This suggests to introduce a larger space F that
includes all these and all continuous signals and their derivatives. This is similar
to the extensions N C Z C Q C R C C. The famous solution of this problem
is Schwartz’ distribution theory [67], [37] and space D’ of distributions. Let
Cg° := CP (R, C) (C C™) denote the space of smooth functions ¢ with compact
support, i.e., with p(t) = 0, [t| > r, for some r > 0. With a suitable topology
this is a topological vector space. Then D’ C Homg¢(Cg,C) is the space of
continuous C-linear functions from CE° to C. The space C°P¢ is embedded into
D’ via the monomorphism

COP = D', urs (p > u(p)), ulp) = / u(t)p(t)dt = C* ¢ D'

identification

(1.34)
Schwartz’ theory in [67] is difficult, and so is Hérmander’s very elegant form of
it [37]. Since these theories do not belong to the mathematical knowledge of the
first two university years, neither in mathematics nor in engineering, we proceed
with a less elegant, but simpler method, cf. Section 7.2. We do not discuss the
vector space topologies and replace by the C-monomorphism

— 00

CYP¢ — D* := Homc (CF, C), u > (¢ — u(p)), u(p) = / u(t)p(t)dt.
B (1.35)
Again we identify COP¢ C D* via u = (¢ — u(p)). We make D* a C[s]-module

by means of
(sou)(p) = u(~(s09)), ue D", peCy, (1.36)

The —-sign is chosen in order that sou = v’ for a function u € C'. In particular,

§:=dY/dt, 6(p) = —/Oo Y ()¢ (t)dt
> (1.37)

- _/0 ¢’ (t)dt = —(p(00) — ¢(0)) = ¢(0).

Let u, > 0 be a sequence of continuous functions with wu,,(t) = 0 for |t| > n~!

and fi{?ﬂ up(t)dt = 1 and hence lim,,_, o u,(0) = co. Then

() = ¢(0) = lim un (), (1.38)
cf. Theorem 7.2.10, and this suggested to call § an impulse at time t = 0. Such
an impulse is, of course, a mathematical idealization, as are all distributions
that are not functions. Due to ([1.38) a real system can be destroyed if certain
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components are distributions. This has to be avoided by a better design. In
many engineering books J is suggestively introduced as § > 0, §(¢) := 0 for
t # 0and [7_§(t)p(t)dt := ¢(0). The distribution theory gives this defini-
tion a well-defined sense. Higher order derivatives of  are needed, but are not
introduced in the quoted textbooks. Distributions cannot be avoided by omit-
ting the discontinuities of the signals [19, §3.2.1], for instance s oY = 4, but
s0Y|g\goy = 0. If u is a Lebesgue absolutely integrable function on R, triv-
ially foof u(t)dt = fooi u(t)dt. In particular, the Laplace transforms £, and £_,
defined by L (u)(s) = [;; u(t)e™*'dt and L_(u)(s) = [, u(t)e™*dt for s € C
with R(s) > 0 coincide for such an u. These two integrals can differ only if w is
a distribution with support in [0, 00) and the integral is properly redefined by
means of distribution theory, cf. [39] §1.2], [13, pp. 381, 395].

The space D* contains many elements that are of no analytic interest. There-
fore, we only consider the C[s]-submodule of D*, generated by C°, i.e.,

C>:=C""R,C)=]s"oC"cD cD". (1.39)

n=0

This is the, now well-defined, C[s]-module of all derivatives of all continuous
functions, and is called the space of distributions of finite order [37, Thm. 4.4.7].
Many properties of F := C~°° are first introduced for D* by purely algebraic
means and then carried over to C~>°. We emphasize that this algebraic intro-
duction of distributions works only in dimension one, i.e., for functions of one
variable t. The C(s)-vector spaces CL > and F; and the injective cogenerator
Fy follow according to (1.14), (L.15), (L.18]).

Since C;* is a C(s)-vector space the map C(s) — C{*°, H +— h:= HoJd, is
injective. Since ¢ is interpreted as an impulse, h is called the impulse response
of H. The partial fraction decomposition of H, cf. Section 4.5.2, then implies
the C(s)-isomorphism, cf. Theorem and Definition 7.2.47,

L7 C(s) =2 F=C[s]o 5@ (®recC[t]e™) Y, H — H o4, with

Wh>0: L7N(sF) =0W, vk >1, A e C: L7 (s = \)7F) = e

Aty
(1.40)

The map £7! (an image £7(H)) is called the inverse Laplace transform (of

H), and its inverse £ (image L£(h)) the Laplace transform (of h). There results

the bijective correspondence
Fooh=LYH)=Hod+— H=L(h) € C(s). (1.41)

The constructive form of £ follows directly from . In electrical engineer-
ing tables are in use to compute £7'(H) and L£(h) in special cases, c.f. [2,
pp. 253-256]. The constructive partial fraction decomposition furnishes these
computations for all H and h. There are the additional equivalences

h:=Hod=aY, a € t(F) < H = L(h) strictly proper or deg,(H) < —1,

h = H o ¢ continuous <= sH strictly proper or deg,(H) < —2 <= «a(0) =
(1.42)

The maps £ and £~! are extended to matrices componentwise such that ([1.40)

and (|1.42) hold likewise for matrices. Assume the IO behavior from (1.11)) with
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its transfer matrix H and its impulse response h := Hod = L7 (H), L(h) = H.
Notice that we derived the transfer matrix H of an IO behavior by module-
behavior duality, whereas in almost all engineering books H is defined by the
equation H = L(h). This definition depends on the special matrices, defining
the behavior, and requires, of course, that £ and h have been defined before. For
this approach, that is mostly not carried out with all exact mathematical details,
we refer to the quoted textbooks, especially [70, §6.6] in electrical engineering,
and to (| - - ) below.

Consider any input signal u = Hy 0§ = L™(H,), Hy € C(s)™. These signals,
in particular u = Hy 0§ = aY, « € t(F)™, for strictly proper Ho, are by far the
most important ones with left bounded support in electrical engineering, cf. [2]
§5.2]. They occur if a electrical network is switched on at time ¢ = 0. Then all
outputs of B to the input u have the form, cf. Theorem 7.2.53,

Y =Yss + 2, Yss ;= HHy 06 = L™H(HH,), z € B® C t(F)?
:>P0yss:PHH205:QH20(5:QO(H205):QO’LL, (143)
Pﬁ(yss) = PHH2 = QH2 = Q‘C(u)a ‘C(yss) = H,C(U)

Here y45 can be easily computed with the partial fraction decomposition of H H.
If B is asymptotically stable, cf. Section Yss Tesp. z are again called the
steady or stationary state resp. the transient of y.

In Theorem 7.2.53 we assume that HH, is strictly proper with HHs 0 § =
BY, B € t(F)P, to compute the unique solution of the initial value problem, cf.
[70, §6.6],

Poy=Qo(Hyod) with given y,(c”) (0+4) := hm y(“ (t) € C for

t—0,t
(kyp) € TP = {(k,p);1 < k < p, 0< p < dP(k) —1} as (L4)
i 1.44
y = BY + CPet4 ’ (y,g“) (0+) — ﬁ,i“) (0)) where
(k,p)€LP

A € FU7TT oob g ppxIT ook = 6 180, if dP (i) > 0.

The observability indices d°®(k) > 0, k = 1,--- ,p, and the matrices A°®, C°P
of the canonical observability realization of B are introduced and computed in
Section 11.3. For instance [39, p. 11, Ex. 1.2-1]],

Y +2y =0 or (s+2)oy = 104, y(0+) :=2, (s+2) 'od = e™2'Y, y = e 2 (Y +1).

According to (T.44) the transient z = y — 3Y can be determined precisely if and

only if the 1n1t1a1 values y,i“ )(O+) are known precisely from exact measurements.

Measuring devices for high order derivatives of signals do not exist in general.
Hence, in general, the transient is not known precisely, but the matrix CobetA™
in determines the general form of its decay. This remark applies to most
transients discussed in this book. For low order derivatives such measuring
devices exist, for instance speedometers and accelerometers, and only for such
cases examples can be found in the quoted textbooks.

For most practical signals u, is the best method to compute H o u. For
certain proofs, however, the representation as convolution is needed, cf. Section
7.2.5. The convolution of two continuous functions u1 and ug with w;(t) = 0 for
t <t;, i=1,2,is the continuous function (u * ug)( f_ up (t — 7)ua(T)dr.
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This integral is indeed a finite Riemann integral, no Lebesgue theory is needed or
used. The convolution is commutative and associative, and is uniquely extended
to all derivatives of continuous functions with left bounded support, i.e., to the
convolution product C;* x C1* — C[*°, (u1,u) + uy * up. This makes
C;* a commutative C-algebra with the 1-element 0, i.e., § ¥u = u, and the rule
H o (uy xug) = (H ouy) xuz, H € C(s). As usual, the convolution is extended
to matrices componentwise. We infer

Hou=Ho(dxu)=(Hod)*u=hx*u, h:= Hod, where

H— P—lQ c C(S)pXm he FPXm (Cfoo)PXm we (Cfoo) (1.45)
’ 2 + , +

m

Due to Poh = Qo d and Po (h*u) = @ owu the impulse response matrix
h = H 0§ is also called the fundamental solution of Poy = Qow [37, p. 80]. If

d oo\
H = Hpol + Hspr, Hpol = Z Hksk S C[S]pxm, Hspr od=aY, ue <C+,pC)
k=0
with Hj, € CP*™, « € t(F)P*™, then
d t
Hou:Hpolou—i—HSprou:ZHkskou—i—/ a(t — 7)u(r)dr
k=0 >
(1.46)
where the integral is Riemann, finite and continuous in ¢, cf. [19, p. 95]. If

p
H,o = Hy or H is proper, then Hou = Hyu+ Hgprou € (Ci’pc) . The equation
HyHy08 = HyHz0(6%6) = (Hy06)*(Hz00) implies that Fo = C[s]od®t(F)Y is
a subalgebra of C°° and that the Laplace transform and its inverse are algebra

isomorphisms. Since C(s) is a field, so is F.
By reduction to the case

H2 = (SiA)ila A6(:7 kZ 17 HQO(S: %6)\ty
one shows

Hy(s) = L(Hz00)(s) = L(aY)(s) = /000 a(t)e *'dt for s € {z € C; R(2) > o}

if deg,(Hz) < —1, Hyod =aY, a € t(F)™, o > max {R(\); X € pole(Hz)}.
(1.47)
This is the standard engineering definition of the Laplace transform of oY and
suggested to extend the definition of £ to more general distributions in the
following fashion, cf. Theorem 7.2.87 in Section 7.2.7 and Theorem 9.2.51: A
function u € Ci’pc is called Laplace transformable if there is ¢ > 0 such that
lu(t)le=?t, t € R, is bounded. Then the function u(t)e %! for s € C, R(s) > o,
is absolutely integrable on R and

L(u)(s) :== /OO u(t)e 'dt,s € {z € C; R(2) > o}, (1.48)

— 00

is a holomorphic function of s in the open half-plane {z € C; £(z) > ¢}. The
higher derivatives s™ ov, n > 0, of Laplace transformable functions v are called
Laplace transformable distributions. They form the subset 2, C C[*. For
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such an v = s™ ov € A, one defines the Laplace transform L(u) of u as the
holomorphic function L(u)(s) := s"L(v)(s), R(s) > 0. As usual L is extended
to matrices componentwise. Then 2, and £ have the following properties: The
set A, is a C(s)-subspace of C; > and L is C(s)-linear on 24, i.e.,

L(Hou)(s)=H(s)L(u)(s), He C(s), ueA;, se{ze€C; R(z) >0},

(1.49)
for some o > 0, depending on H and u. The C(s)-subspace F» = CJ[s] o
@ ®recClt]leM C C1* is contained in Ay and L extends £ from Theorem
7.247,i.e., L(H 00) = H. The map L is injective, i.e., £(u) = 0 implies u = 0.
If u € CY is Laplace tranformable with o > 0, if p > ¢ and if L(u)(p + jw)
is absolutely integrable as function of w, then the following inversion formula
holds, f. |39, §1.2, (2),(4)], [70, (6.114)], [20, p. 485,(12)], [I3, p. 398, (12.56):

ptjoo
u(t) = (27rj)_1/ L(u)(s)etds, j :=v/—1. (1.50)
p—joo
Finally 20, satisfies the exchange theorem, i.e., 2, is a unital subalgebra of the

convolution algebra (C1*°,*) with one-element §, £(§) = 1 and £ is multiplica-
tive on A, i.e.,

L(ug *uz)(s) = L(ur)(s)L(uz)(s), ui,uz € A4, s€ {z€C; N(z) >0o} (1.51)

for some o > 0, depending on u; and uy. If, in particular, u € A7 C (Clm)m is
a Laplace transformable input of the IO behavior B from (1.11)), then the unique
output y := Hou € (C;>°)” with Poy = Qo is also Laplace transformable
and

L(y)(s) = H(s)L(u)(s), P(s)L(y)(s) = Q(s)L(u)(s), s € {z € C; RN(z) >(0} )
1.52
for some o > 0. The latter equation holds without the usually required zero
initial conditions [39, p. 551], [19, p. 94, (21)], [72] p. 55|, [13, Thm. 24 on
p. 37] or relazedness assumptions [21, p. 82]. The equations — are
not proven in detail in the quoted textbooks, but are there essential for the
definition of the transfer matrix H. Our proof in Theorem 7.2.89 is short and
elementary and, in particular, does not use the Fourier transform of temperate
distributions, cf. [13], §12.3.4]. In the present book the Laplace transform on Fs
from and from Theorem 7.2.47 suffices for all considered applications.
For a Laplace transformable distribution u with support in [0, co) its Laplace
transform, as already mentioned, is often defined [39, p. 10], [20, (5) on p. 482],
[13, §12.3.4, (12.48)] as

L(u)(s) = /Oio u(t)e™stdt.

Unless u is a Laplace transformable function, this expression and its further
use require a precise distributional explanation. For a smooth function u the
equation (uY) = 'Y 4+ u(0)d implies L(v'Y) = sL(uY) — u(0) [13] p. 396]. It
is often written as L(u') = sL(u) —u(0) [20, p. 185], [3, p. 155] and then seems
to contradict the rule £(sou) = sL(u).

Many authors, e.g. [60, §2.3.2|, use the space Li

loc

(R, C) as the basic signal space
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and a different notion of weak solution of a differential equation. In our opinion
these are inappropriate for the following reasons: This space is a factor space

Ll.=LL./Lo. A function w in L} . is a Lebesgue measurable function whose

Lebesgue integrals f; |w(t)|dt, a,b € R,a < b, are finite whereas a function in
Ly is measurable and zero almost everywhere. An element of L] _ is a residue
class W := w + Lo, w € L}, and hence w(t), t € R, is not defined, i.e.,
w has no functional values. In contrast to piecewise continuous signals such
signals can neither be measured nor generated, a basic requirement for signals

in electrical engineering. If £} _instead of L] _ is used, then the basic implication
(f(f |w(t)|dt =0 = wljp = 0) does not hold. For wy,ws € L the following
implications hold, cf. [67, Thm. III, p. 54]:

oo oo

sow; =wy in C”F <= Vp € Cf° : —/ wy(z)¢' (x)dx = / wa(z)p(r)dx

¢
= Jc € C with w; = / wo(z)dr +c € L.
0

(1.53)
Moreover w; is then continuous and its usual derivative wj(t) exists almost
everywhere and coincides with ws in L} . The converse implication in the
second line holds if w; is differentiable almost everywhere in the usual sense

and wy = w} € L, but not in general. So a weak solution of dw;/dt = wo

according to [60, Def. 2.3.7], i.e., w; = fot wo(x)dx 4 ¢ € L], does not imply
sow; = wsy in C~*°. Also all piecewise continuous functions belong to Ll , for

instance Y, but their derivatives like 6 = s oY do not.

1.4 Periodic signals and Fourier series

Another important class of signals are the periodic ones, and Fourier series
are an essential technical tool for these, cf. [2 Ch. 3] and Section 7.2.8. We
assume the IO behavior from with transfer matrix H. Let T" > 0 and
w = 27771, A piecewise continuous signal u is called T-periodic if u(t) =
u(t +T) for all t € R, the sinusoidal or harmonic functions e/*“t y € Z, j :=
v/—1, being the standard examples. Let PV (P%P¢) be the space of (piecewise)
continuous, T-periodic signals. The space PP¢ has the inner product (uy, us) :=
T-1 fOT uy (t)ug(t)dt and the induced norm ||ul|y := (u,u)'/? with ||[1]| = 1. The
eitwt € 7, form the standard orthonormal family of functions. For u € POp¢
ones defines the sequence of Fourier coefficients

T
F(u) € CZ by F(u)(p) := (et u) = T_l/ e IHty(t)dt. Then
N (1.54)
w="Y F(u)(p)e™', ie, lim Ju— > Fu)(p)e™ |, =0.
pu=—N

N—o0
HEZ

The map F becomes a bijective transformation in the following fashion, cf. [67,
§VIL.1]. Like C~>° we define the subspace P~ (C C~>°) of periodic distribu-
tions as the space of derivatives s” ou, u € P°, n > 0. Again, no topological
vector spaces are used. We define the sequence space s =>° C C? of all sequences
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4 € C? that grow at most polynomially, i.e., for which there are M > 0 and
k € Z such that |[@(u)| < M(1+ p?)* for all u € Z. Let C(s)per denote the sub-
algebra of C(s) of all rational functions H without poles in Zjw, i.e., for which
H(juw) € C is defined for all 1 € Z. The space s~ becomes a C(s)pe,-module
with the scalar multiplication H o @, defined by

(Hou)(p) :=H(juw)u(p), H € C(8)per, uES >, p€Z. (1.55)
With these data the map F can be uniquely extended to a C(s)pe,-isomorphism
F: P72 s~ (cf. Theorem 7.2.99). (1.56)

With respect to a suitable topology on P~ [67, (VII,1;3)] that we, however,
do not discuss, one obtains the convergent series u = > F(u)(u)e?mt for
u € P~ Ifu € PP and if > ouez [F(u) ()] < oo, thenw =37 ) F(u)(p)e?"*
is uniformly convergent and thus continuous.

As usual, F is extended to matrices componentwise. Assume the IO behavior

from (1.11) and H € C(s)ps™. Then
Ho: (P~°)" = (P™°)", urs Hou=TF"'(HoF(u)), (1.57)

WEZ

is another well-defined transfer operator such that for all u € (P~>°)™ the
trajectory (H°v) is periodic and belongs to B. If, in addition, P~ € C(s)BXP
or Ve (det(P)) € C\ Zjw, then H induces the C(s)per-isomorphism, c.f. (1.25),

)= B (P wes (Hon). (1.58)

The obvious equations Ci NP% = 0 and Ci* NP~ = 0 show that the
maps Ho from and are independent of each other, but both satisfy
Po(Hou)=Qou,lie., (Hv) e B.

Assume additionally that H = Hy + H,p, is proper, ie., Hy € CP*™, and
u € (Po’pc)m. Then the output signal yss := H o w is, cf. Theorem

Yoo = Hou= 3" H(jpeo)F(u)(1)e" = Hou+ 3" Hope(jpuoo)F () ()"
HEZ WEZ
(1.59)
where the second sum Y is uniformly convergent and thus continuous. Equa-
tion is the most general form of the superposition principle for periodic
signals, and an important tool for the analysis of electrical networks [70] §5.5.2],
2, §3.3.1]. If w is a sinusoidal or harmonic input of the simple form v =

u(0)ed¥t, u(0) € C™, w > 0, then (1.59) simplifies to
Yss = H ou = H(jw)u = H(jw)u(0)e". (1.60)

If (P, —Q) € R[s]P*P*+™) and thus H € R(s)P*™ are real, we obtain

R(u) = R(u(0)) cos(wt) — I(u(0)) sin(wt),
S(u) = S(u(0)) cos(wt) + R(u(0)) sin(wt),
R(yss) = H o R(u) = R(H ou) = R ((H(jw)u(0))e’*") (1.61)
(0)) = S(H (jw))3(u(0))) cos(wt)
)
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The simplicity of compared to suggested the complex method for
real harmonic voltages and currents in electrical engineering.

Notice again that for (¥) € (Po’pc)p+m the basic equation Poy = Qou makes, in
general, no sense without the space P~° of periodic distributions that contains
all derivatives of functions in P%P¢. If B is asymptotically stable, cf. (L.102),
and y is any output to u, i.e., solves P oy = Q o u, then y,, resp. y — yss € B°
are again called the steady or stationary state resp. the transient of y.

All practical signals in P%P¢ are derived from polynomial-exponential functions,
for instance the T-periodic signals

271 ifo<t<T/2
2T~ YT —t) HT/2<t<T’

(1.62)
For these signals, can be constructively improved, cf. Theorems 7.2.107
and 7.2.110.

ui(t) =277, —T/2 <t < T/2, or us(t) := {

1.5 Generalized fractional calculus and behaviors

With the same methods as for the general Laplace transform in Section [1.3] we
study fractional or symbolic calculus, cf. [67, §VI,5], [Wikipedia; https://en.
wikipedia.org/wiki/Fractional calculus, 4 September 2019], [43] and fractional
behaviors in the last Chapter 12 , but we do not discuss the role of these in
applications that are comprehensively treated in [43]. A suitable vector space-
behavior duality is again the key to compute the trajectories of fractional be-
haviors, c¢f. Theorem 12.1.3. The partial fraction decomposition of rational
matrices enables the constructive solution of very general linear systems of frac-
tional integral /differential equations.

If f is a piecewise continuous, complex valued function on the open interval
(0, 00) we extend this to a function fg : R — C by

YVt >0: fr(t):= f(t), Vi<0: fr(t) :=0. (1.63)

Obviously fgr is piecewise continuous on R\ {0}. If f(0+) := lim; 0, >0 f(1)
exists, then fr has the jump fr(0+) — fr(0—) = f(0+) at ¢ = 0 and is also
piecewise continuous. If for some a > 0 the Riemann integral

[ fr()ldt = / Folde = Jim / F)dt < o0

is finite, then fr is called locally integrable. The corresponding distribution is
defined by

fr(p) == /_OO R@®)e(t)dt = lim /OC f@®)p)dt, p € C5°,= Yu € Ci’pc :

e—0, e>0
t—e

(fr*u)(t) = /_ ft —2)u(z)de = lim fit —x)u(z)dz.

e—0,e>0 oo
(1.64)
If fg is locally integrable and u € Ci’pc, then frs*u is continuous, i.e., frxu € CY.
Since fg = (soY)* fr = so (Y x fg) is the derivative of the continuous function
Y * fr, fr is a distribution of finite order and belongs to C*°.
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Let I'(m), m € C, denote the meromorphic Gamma function with I'(m+1) = m!
for m € N. According to [67, §VI,5] one defines the fractional integral operators

VmeC: I : C>* — C{ ™, y =Y, xy, where

v Oyt e cl i Rm) 1> 0 o (6)
" s% oV € CI° if ke Nand R(m)+k—1>0

Especially this implies

VmeZ: Yy =508 VmeN: Y, =0, Y,=6 YV, =Y,
t 1.66
vYm € CVu € Ci’pc s IMu=so(m+k)! / (t — )"ty (z)da. (1.66)
The general definition is independent of the choice of k € N with R(m)+k—1 >
0. We note that 0 < R(m) + k < 1 would suffice, but then Y, is only locally
integrable, but not continuous on R. The equations

t

Vi=sltod=Yand 'u=Y xu=Y xu= / u(t)dt, u € Ci’pc, (1.67)
— 00

suggested the notation Y,,, for a generalized Heaviside function and to call 1™

an integral operator.

The convolution equation Y, * Y, = Y4n, m,n € C, holds. The fractional

differential operator is defined as D™ := [~™ :=Y_,,x. If arbitrary m € C are

admitted, every fractional integral operator I™ = D~ can be interpreted as a

differential one, and vice versa. The equation

vm € C\ (-N)Ve > 0¥y € Cg° with ¢|jgq =0:

I Sl (1.68)
Yole) = Tlm) ™" [ (e
suggested to call, for m € C with $(m) < 0, the distribution Y;,, the finite part
of the function (I'(m)~*¢™~1). [67, (I1,2;26)].
The distribution Y,,,, m € C, is Laplace transformable, and indeed

L(Y)(s) = 5™ = e ™) R(s) > 0, where

‘ (1.69)
s=|sle’%, |s| >0, —7/2 < a < /2, In(s) = In(|s]) + ja, j = V—1.

Let v > 0 be a fixed positive real number. Then one usually calls I* an integral
operator and D¥* = [~# a differential operator. The convolution equations
Yo * You = Y(min), imply that

D TV € (C77,%), Vim =Y, V7 =Y, (1.70)
meZ

is a subalgebra of C7° with respect to the convolution multiplication. Let
Cls, s7] = P,,cz, Cs™ with s™s™ = s™™ denote the principal ideal domain of
Laurent polynomials. Then the map

Cls,s '] = @B Vo, H=D_ ams™ = HY,) := > am¥", V" = Yoy,
MEZL MmEZL MmeZ

(1.71)
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is an algebra isomorphism. Hence C7* is a Cl[s, s !]-module with the scalar
multiplication

Ho,y=H(Y,)*y, HeC[s,s'], ye CI™

= HY,)xy= Y an(I")"y=> a_n(D")"y. (1.72)
meZ meZ

An equation H o, y = u with given H € C[s,s™!] and u € C;™ is called an in-
homogeneous (u)-fractional integral/differential equation or, shorter, fractional
differential equation.

We are now going to extend these equations considerably. Let C((s)) denote the
field of convergent Laurent series at 0 with at most a pole at 0. This is given by

C{(s)) = C[s7Y] @(C(s>+, C(s)y = {Z ams™; am € C, limnfup N lam| < oo} .
(1.73)

The series Y °_| a,ns™ is a (locally at 0) convergent power series with con-
-1

stant term 0 and the convergence radius p := (hm sup,,, W/ |am|> > 0, hence

holomorphic in the disc {s € C; |s| < p}. We write

H=H_+H,, H_ := Z a_ms ™€ C[s™Y, Hy := Z ams™ € C(s)4.
m=0 m=1
(1.74)
Almost all a_,, for m € N are 0. We are now going to define H(Y,) :=
H_(Y,) + Hy(Y,) where, of course, H_(Y,) = > o _ja_mY_u. The infi-
nite sum H;(Y),) := Zizl @Y, is not defined a priori in the distribution
space C7° and hence we proceed as follows. We define

Hiy(z):= Y amaT((m+1)p) 712", 2 € C,
m=0 (175)

Ho(Y,) = (7L, (), H(Y,) = H-(Y,) + He(Y,),

where ﬁ:u(z) is an everywhere convergent power series and an entire holo-
morphic function on C. This holds since the I'((m + 1)u) grow very fast like
factorials, due to Stirling’s formula for the I'-function. Hence H,  (t*) is con-

tinuous on [0,00) and H, (Y),) = (t”_lﬁ:#(t“))R is locally integrable on R

since y— 1 > —1. In particular, Hy(Y,) *u, u € Ci’pc, is continuous. We show

0o N
> Yy = mz—_l QY s+ Jim > Y, = H(Y,), ie.,

mEeEZ m=1

meEZ
%S N
=Y e Yomu(@) + B D an V() = H(Y.)(0)
m=1 m
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and
VHyi,Hy € C((s)) : (Hi+ /- H2)(Yy) = Hi(Yy,) + /% Ha(Yy). (1.77)
Therefore the map
C{(s)) = Fou:={H(Yu); HeC{(s))}, H— H(Yy), (1.78)

is a field isomorphism where F> , is a large subfield of (C7*, ). This, in turn,
implies that C > is a C((s))-vector space with the scalar multiplication

Ho,u=H(Y,)*u, HeC((s)), ue C7>, Ho, 0 =H(Y),). (1.79)

Then Ho, 0 = H(Y),) is called the p-impulse response of H. As usual the action
o, is extended to matrices and vectors. In particular, we consider linear systems

Po,y=P(Y,)xy=Qo,u=Q(Y,)*uwhere u e (C1)", y € (C1)",
(P,—Q) € C{{s))P*®+™) rank(P) = p or det(P) #0, H := P~'Q
:>y:HoHu:H(YM)*u:>

()" 2, Be= {1 € ()" Posy=Qouu},ues (M),

(1.80)
The solution C((s))-vector space B is called a generalized fractional I0 behavior.
By definition its trajectories have left bounded support like the signals in con-
nection with the Laplace transform in this book and like the often used signals in
electrical engineering. Initial conditions are neither needed nor used in our ap-
proach. If, in particular, the input u is of the general form v = Hy0,,§ = Hs(Y),)
where Hy € C((s))™ then

y:=HHyo0,=(HH,)(Y,) solves P(Y,) xy = Q(Y,) * Ho(Y},) (1.81)

uniquely and y = (HH»)(Y,) can be explicitly computed. Standard multi-
variable p-fractional integral/differential systems are the special case where
(P,—Q) € C[s, s~ |P*(P+™) For instance, consider the binomial power series

H:=(1-Xs) "= (F)A"s™, 0#£X€C, k>1,
m=0

o0
— H = Z m+k 1 )\msm:1+H+,

m=0

FYATHT((m 4 D)2,

Mg

Hy,(2) =

m:O
(1= Xs)H (V) = (6= AY,) F =64+ ,28), 28 = (t’“lfliu(t“DR.
(1.82)
Note that for 0 < p < 1 the function »Z l(tk) is locally integrable, but not piecewise
continuous at 0.
Let, more generally, H € C(s) be an arbitrary rational function with its partial
fraction decomposition, cf. Section 4.5.2,
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H=> ams™+ > iax,k(S—A>_k

meEZ 0#X€e€pole(H) k=1
U2 1.83
St Y e oA i
meZ 0#X€epole(H) k=1
m,axky €C, 1 <my €N, aym, #0, a, =0 for almost all m.
Then
mx
HY) =Y amYmu+ > > axi(=X) 7" (1= 2""s)7%(¥p)
meZ A€Epole k=1
€ 0#Aepole(H) - (L.84)
= Z amymu + Z Zak,k(—)\)ik (5 + A—lZﬁ(Lk)) .
meEZ 0#N€epole(H) k=1

For H € C{(s)) the map H(Y;)* = Ho,, induces a map H(Y,)x: CP° — C3P°
if and only if 0 is not a pole of H, i.e. if H is a locally convergent power series or
am = 0 for m < 0. The distribution H(Y),) is even a locally integrable function
on R if and only if in addition H(0) = ag = 0.

For a rational function H € C(s) the Laplace transform of H(Y),) is

L(H(Y,))=H(s™"), H € C(s). (1.85)

In our approach to fractional differential equations this result is not applied.
We do not know an analogue of for general convergent Laurent series.
In practice only rational exponents p € Q are considered. Assume a positive
rational number

/’L:T/m3r7m€N7T7m>0

— H(YH) = H(sr)(Yl/m)’ H(S) o, u= H(ST) 01 /g U. (186)

For finitely many positive rational numbers p; with their least common denom-
inator m € N this implies

pi =ri/m, ri >0, H(Y,,)=H(s")(Yi/m), H(s) oy,

i i

u=H(s") o1/ u.

(1.87)
Hence finitely many different operators I#¢ =Y, * with positive rational indices
i and their differential counterparts D*¢ = Y_,, * can be treated with the single
vector space (c((s))C1™,01/m). Note that

sod=stod=86=Y_,

1 1 (1.88)
= VHeC(s): H(s)od=H(s " )o1d=H(s " )(\1), 1 =Y.

For a nonrational convergent Laurent series H (s) the function H(s~1) does not
belong to C{(s)) and H(s~')(Y7) is not defined.

The preceding theory can be reformulated as a theory for the vector space
(c((s1/2) €+ 01) where

C((s'/>) = | C{(s¥/™) (1.89)

1

S
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is the Puiseux field of convergent Puiseuz series that is the algebraic closure of
the field C({s)) of convergent Laurent series, cf. |[Wikipedia; https://en.wikipedia.
org/wiki/Puiseux series, 8 September 8 2019], [15, §3.1] and Chapter 12, and
where the scalar multiplication is given by

H(sY™) oy u:= H(s) 01/m u Where

° 1.90
H e Clls, HE™) € O™y c sy, e op. 00

A different application of C((s'/*)) for LTV-(linear time-varying) systems was
described in [I5].

Finally we treat a simple example that already demonstrates the power of our
method for the explicit solution of fractional differential equations. Consider

(DY2 = X))y =€V, Ay £0, Mo #0, A2 =X o # A2, p:=1/2, or
(571 = \p) o120 = (5 — M) tod=(s"1=X) tord=(s2= X)) ! 01/2 0.

(1.91)
This fractional differential equation has the unique solution
y=(s""=X)(sTP = X2) P o100 (1.92)
= (83(1*)\18)71(1*)\38)71(1+A35)71) (Y1/2) .
The partial fraction decomposition is
$3(1—=A1s) 11 = A3s) " H(1 + A3s) 7!
=a+b(1—X\s)" (1l —A38)7 +d(1+ \3s)7! with
a= (A b= (M = 22) L e= 20 - )
d=—2 A3+ M) ' €C,a+b+c+d =0,
and furnishes the continuous solution, cf. (|1.84)),
1) 1) 1)
y=ad+b(d+ 72 +c{d+ 2,2 +d(d+ (2
( 1 1/2) ( 3 1/2) ( (—=X3) 1/2) (1.93)

1 1 1
= bAlZ{/)z + Ckszi/é + d(—>\3)Z§/)2

with the locally integrable functions ,\thk) on R.

1.6 Stability

A basic requirement for an IO behavior B from with transfer matrix H is
its stability. We study this by means of the Chinese Remainder Theorem (CRT)
in Chapter 4, cf. [52]. An important consequence of the latter is the primary
direct sum decomposition of the torsion submodule t(M) of any C[s]-module M,
cf. Theorem 4.3.2, viz.

t(M):={yeM; 30# feC[s]: foy=0}
:@MA9y=Zy>\, MA::{yEM; EIkENwith(s—/\)koy:O}.

xeC A
(1.94)
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The CRT yields the yy from y constructively. In particular, one gets

t(C7), =t(C™), =C[t]e*  (Section 4.3.3). (1.95)

The autonomous part B° of B thus admits the primary decomposition B =
Drec BY. If BY is nonzero, the number X is called a characteristic value or pole
of BY and of B. Since dim¢(B°) < oo, this occurs only for finitely many A, and
indeed, cf. Section 4.4.1,

char(B°) := {\ € C; B} # 0} = V¢(det(P))
={\ € C; rank(P(\)) <p= rank(P)}
=B'= P B, B =B[|CreM C t(F).

A€Echar(BO)

(1.96)

The set char(B°) is called the characteristic variety of B, a term originally from
Algebraic Analysis |26], [58], [8]. The trajectories in BY, A € char(B°), are called
the A-modes of B°. The finite dimension 15(B°) := mult(8Y) := dimc (BY) is
called the \-length or A\-multiplicity of B® and gives rise to the infinite vector

1(8°) = (1A<B°>) e N©

1.97
= {p = (u(N)rec € N supp(p) := {\ € C; u()) # 0} finite} . (197

In Theorem 4.4.11 we compute a C-basis of the space BSof \-modes, and hence
the length 1,(B°) and a basis of B°. In the literature [I3, §7.2, §13.4.2], |72
§2.5] the elements p € N(©) are often written as

Supp(:u) = {/\17"' aA’r'}v H = Ala"' 7A1a"' 7A7'7"' 7AT' . (198)
~—_———

u(A1) H(Ar)

The set supp(p) with the multiplicities pu();) is called a finite valued subset of
C. Notice that these x can be added in N(© and subtracted in Z(©), as is done
in [72, Thm. 2.62] without detailed explanation. One writes pWv := p+v. The
multiplicities play an important part in connection with poles of Rosenbrock
equations, cf. Section 5.3.5.

The state space representation implies

B = {z = "2(0);2(0) € C"} = B° and

(1.99)
char(B°) = char(B?) = Ve(det(sid, —A)) = spec(A),
where spec(A) is the spectrum or set of eigenvalues of A. The primary com-
ponents (B?), are related to the Jordan decomposition of A. This, in turn, is
given by the primary or Jordan decomposition of C" = EBAGSPCC(A)((C"))\ into
the generalized eigenspaces (C™)y of A where C™ is a C[s] -module via sox = Az,
cf. Section 4.5.1.
In contrast to char(BY) the characteristic variety of B is

char(B) := {\ € C; rank(P()\), —Q(\)) < p = rank(P, —Q)}

) (1.100)
= char(B") = char(B) U pole(H), cf. Theorems 5.2.7, 5.2.9.
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The behavior B is controllable, i.e., its module is free, if and only if char(B) = (.
Therefore the elements of pole(H) resp. of char(B) are called the controllable
resp. uncontrollable poles of B. Note that pole(H) N char(B) # () may occur.
The C[s]-module of asymptotically stable polynomial-exponential signals is

Foo= {y € t(F); lim y(t) = o} = @ cleM, €= {A €T R(\) <0},
AeC_

(1.101)
cf. Theorem 4.4.16. The behaviors B and B are called asymptotically stable if
and only if

VzeBY: lim 2(t) =0 <= B° ¢ F? <= char(B°) c C_. (1.102)

t—o0

Recall the decompositions y = y.s+2, 2z € BY, into the steady or stationary state
yss and the transient z from , and . If B is asymptotically
stable and hence lim; o (y — yss)(t) = 0, y and yss can often be identified
in practical situations. This suggested the steady (stationary) state, transient
terminology, that is also used, but not justified without the asymptotic stability
of BY. It would be appropriate to talk of one instead of the steady state 745 of
y, but all satisfy lim;_, . (y — yss)(t) = 0.

The ezternal stability of B is a property of its transfer operator Ho. We assume

m P
that H is proper, and obtain the operator Ho : (Cg_’pc) — (C?;m) . We need
the normed signal spaces L? and LY, 1 < g < oo, defined by

%) 1/‘1
L7 = {u € Q%% lull := </ IU(t)qut) < OO}, q < oo,

L>®:= {u € COPC ||u| oo = sup |u(t)| < oo} , LY :=11nCYP¢, ¢ < oo,
teR

(1.103)
with the norms || —||;. The completions £7 of L9 for ¢ = 1,2, 00 are Banach
spaces and used in Section 9.2.4 in connection with the robustness of stabilizing
compensators. As usual, we also consider matrices with entries in these L. Let

pxXm

H = Hy + Hypr, Ho € CP™ hypy = Hyp 00 € (ci’f“)
m (1.104)
— Yu € (C(_);pc) : Hou= Hou+ Hgpr 0w = Hot + hgpr * u.

External stability of the behavior is then characterized by the following equiva-
lent properties, cf. Theorem 7.2.83, Corollary 7.2.84:

(i) pole(H) C C_,

() epe € (L3)". (1.105)
(iii) forg=1lorg=o0: Ho (LL)™ C (LL)",
(iv) Vg, 1<q<occ: Ho (Li)m C (L‘i)p.

Moreover the operator Ho is continuous in the || —||,-norms, i.e., the output Hou

depends continuously on the input u. The condition (iii) for ¢ = oo is called
BIBO (bounded input/bounded output) stability. Since pole(H) C char(B°) we
infer that asymptotic stability implies external stability.
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1.7 Electrical and mechanical networks

The theory of electrical networksis both a very important source and application
of systems theoretic methods, and is the only applied field that is discussed in
detail in this book, cf. Sections 2.1.3 and 7.3. According to [70],[2], [66] the
following methods and results are fundamental or even the most basic results
of electrical engineering. We derive them with the systems theory of this book
that is very suitable for exact mathematical derivations in this field. Several
of our equations are more general than those of the cited books. Mechanical
networks are then treated via the electrical-mechanical Firestone analogy, cf.
Section 7.4. Examples 7.3.17, 7.3.25, 7.3.34 and 7.4.6 show how the theorems
and algorithms are applied. We discuss translational mechanical networks, but
not rotational ones. We refer to the books [4], [38], [4I] on mechatronics where
networks of additional energy domains and their interconnections are discussed.
The mathematics of the present book is also useful for these extensions. We
do not discuss the vast design part of electrical and mechanical engineering,
i.e., the construction of an electrical network and not just of an arbitrary 10O
behavior with prescribed transfer matrix. For the latter Kalman’s realization
theorem solves the problem, cf. and Chapter 11.

In electrical and mechanical engineering IO behaviors, i.e., with a decomposition
of the trajectories into input and output components, are far more important
than general behaviors, for instance for steady state and superposition principle
considerations. This is in contrast to Willems’ general philosophy.

Electrical networks give rise to behaviors of a special form. We use the real
base field R and the real versions F := Fg of the injective cogenerator function
modules, for instance Fg := C*°(R,R) or Fg := C™°(R,R) , that are later
precisely explained. The notion of a network refers to a connected directed
graph (V, K), consisting of a finite set V of size m := (V) of nodes or vertices
and a finite set K of size n := §(K) of branches, edges or arrows with two maps
dom, cod : K — V (domain, codomain), written as k : v := dom(k) — w :=
cod(k). Then k is called a directed branch from the node v to the node w.
The connectedness means that for arbitrary v, w € V there is a path along edges
from v to w. In a real electrical network a branch k : v — w is realized by a wire
(short circuit), a voltage or current source or a passive electrical element with
two terminals. The nodes represent the points where the wires or terminals of
the different electrical elements are connected. The trajectories of the network
behavior are of the form

(Y) e FEE U i= (Up) e € FX, I = (Ix) e € FF, (1.106)

where Uy, is the wvoltage or potential difference between v and w and [y is the
current through k£ from v to w. The set K is decomposed as K = K, & K
where K, resp. K, contain the one-port resp. the source branches. Along
k € K, there is an electrical device with two terminals, called 2-pole or one-port,
described by an equation

PyoU, =Qroly, Pp,Qr €R[s], P, #0, Qr #0. (1.107)

The prototypical one-port branches are the ideal resistance, capacitance, induc-
tance (R, C, L)-branches with the simple equations

U, = kak, Cks ol = Ik, U, = Lis OIk, Rk,Ck,Lk > 0. (1.108)
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Voltage resp. current source branches k € K are characterized by given Uy, resp.
I}, that are supplied to the network from outside, whereas the corresponding I,
resp. Uy are determined by the network. The network without the voltage or
current sources Uy, Iy, k € K, is called passive and often studied. However, we
always include the sources into the considerations.

The Uy of the network satisfy Kirchhoff’s circuit or voltage law (KVL) and
the currents Iy, Kirchhoff’s node or current law (KCL) that will be specified in
Section 2.1.3. With these data the behavior of the network is

) (KVL d (KCL tisfied
Bi=d(Y) e Feo, {0 )an. ( )ar_e saRsned L (1.109)
(ZZ)VkEKp.PkOUk—QkOIk

There are networks with different equations (ii), for instance with ideal trans-
formers or gyrators or controlled voltage or current sources. These do not change
the mathematics essentially, cf. Corollaries 7.3.14 and 7.3.22. Let

Vs := {dom(k), cod(k); k € K}, ms :=t(Vy), ns := #(Ky), ms < 2n,.
(1.110)
The nodes in V; are called the terminals or poles of B, and represent the con-
nection with the outside, and B is called an ms-pole. If ms = 2ng, i.e., if the
dom(k), cod(k), k € K, are pairwise distinct, B is called an ns-port, and each
k : dom(k) — cod(k), k € K, is called a port. New source branches between
existing nodes can be added to K, but change the network and its behavior.
In the engineering literature more special graphs are usually employed.
Usually the study of B begins with the node-potential, mesh-current or state
space method, based on graph theory, to derive the consequences of the Kirch-
hoff laws, cf. [70, §3.1-4], [2, Ch. 3]. These methods are, however, only special
cases of the Gaufl algorithm for the solution of linear systems over a field, and
we can and do therefore proceed with a much simpler method. Indeed, let
A= (Avk)pevirer € RYV*K denote the incidence matriz of (V, K), defined by

1 if v = dom(k) # cod(k)
Ay = A(v, k) = ¢ =1  if v = cod(k) # dom(k) . (1.111)
0 otherwise

The connectedness of (V, K) implies rank(A) =m — 1, m = (V). Elementary
row operations and column permutations on A furnish the echelon form

K1 Ko
XA=" 4(“3; M ) € FUr+im=mx(FKieka) where

(1.112)
f(K1) =r=m—1, M e RFK"*"2 X € Gl (F),
= A|K2 = A‘KIM’ A|Kz = (AU]C)UEV,kEKi € RVXKi? 1= 172

It implies that the columns A_ ;, = A(—, k1), k1 € K;, are an R-basis of the
column space ARK := 37, . A ;R C RY of A, and that the linear relations
Ak, = Y per, A=k M, ky, k2 € Ka, hold. Notice that the Gauf algorithm
and therefore the decomposition K = K; W Ky and the matrix M are not
unique. This variability is essential to ensure Ky C K; or K; C K5 under
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suitable conditions and to derive a suitable state space representation of B, cf.
and Theorem In the electrical engineering literature [70], [66]
the branches in K; resp. K are usually obtained as tree resp. cotree (tree
complement, link) branches.

It turns out, cf. Theorem 7.3.5, that the Kirchhoff voltage resp. current law is
equivalent to the equation

Uk, = MUk, resp. I, = —MIx, with

- | (1.113)
Uk, = (Ub)gex, € F*"s Ir, = (Ik)per, € F*.

With K ; := K1 N K, etc. the decompositions

K= Kl (] K2 = KS ] Kp 1mply K= Kl,s (] Kgys (] Kl,p (] Kg’p. (1114)

I
Define u := ( 2,0 ) € FhKasWKye — FKs — Fns and let y be the subvector of

UKI,.S
(Y) that contains all components except those of u, hence () = (¥) (up to
the order of the components). Then the network behavior B can be written as

B.— {([I]) _ (g) GwaK :J—_-(anns)+ns; POy:QOU} with

(1.115)

(P, —Q) € R[s]n—no)x(@n=naing Ly 4(K), ny = §(K,),
where P and Q are easily derived from M and the Py, Qg, cf. (7.221). Under a
weak constructive condition, that is satisfied generically or almost always, B is an
10 behavior, cf. Theorem 7.3.11, with input « and transfer matrix H := P~1Q.
Assume this. It follows the reasonable result that the source currents Iy,, ko €
K5 ; and source voltages Uy, , k1 € K, can be chosen as input and give rise to
all other branch voltages Uy, k € K\ K s, and branch currents I, k € K\ Ky .
If B is not an IO behavior, it has to be redesigned. The characteristic variety
char(B%) = V¢/(det(P)) of B® := {y; Poy =0} can be easily determined. The
steady state and superposition principle considerations concerning B in electrical
engineering are valid if and only if the IO and asymptotic stability condition
Ve(det(P)) € C_ holds. The latter condition is often ignored, since it requires
P and is hard to formulate in the usual engineering language. If it is satisfied
and u has left bounded support or is periodic and y is any output to u with
Poy=Qou, then yss := H owu can be identified with y (for t — oo, y & yss),
and its components are all steady state branch voltages Uy, k € K \ K 5, and
branch currents Iy, k € K\ Ks ;. If, additionally, H is proper and  is piecewise
continuous, so is y. This is a predominant result for the analysis of electrical
networks with an arbitrary number of source branches.

If B is an IO behavior and an ngs-port, i.e., with 2ng terminals, the cur-
rent which flows into the network at one terminal of a port coincides with that
which flows out of it at the other terminal of the same port. This so-called
port condition is always satisfied for an IO ng-port, and need not be required
as is often done in the engineering literature, cf. Corollary 7.3.12, [Wikipedia;
https://en.wikipedia.org/wiki/Port (circuit theory), 24 May 2018], [66] §6.1].

Let ys := ( /.0 ) € FK1-¥K2s — FKs — F7s denote the vector of complemen-
UKz,s

tary source currents and voltages to those of u, and define the real projection

matrix Cy such that Csy = ys. Then Equation (1.32) and Theorem [7.3.18
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constructively furnish a new IO behavior

Boi= (Gl ) B=1(%"): (1) € By = {(%) € FX**; PLoy, = Q. ou}
with (P,, —Q,) € R[S]KSX(KS&JKS) — R[S]nsx(ns+"s)’
rank(P,) = rank(P;, —Q,) = ns = #(K,), H, := P71 Q.
(1.116)
Obviously B, implies the differential system Ps o ys; = Qs o u for the source
voltages and currents, and eliminates the one-port voltages and currents of the
interior of the network. It is sometimes called a black box with the terminals as

connection to the outside. Again (1.43)) and (1.59) are applicable to inputs «
and steady state outputs Hg o u under the specified conditions. Define

Ug := (Uk)kGKs S ]:KS, I = (Ik)kGKs € ]:st R, = (PS’ _QS>

= ws = (%) (= ([IJS) up to the order of the components) ,

(1.117)
Any n, R(s)-linearly independent columns of R, give rise to a new IO structure
of B, and a new 10 behavior B, with input u € F"=. After the standard column
and component permutations this has the form

gs = {ﬂjs = (%) € ]:ng—!—ns; ﬁs 0?75 = @s Oﬂ}a rank(ﬁs) = N, ﬁs = ﬁs_léjs-

(1.118)
Notice that (ﬁs7—@5) resp. W, = (%) coincide with Ry = (Ps,—Qs) resp.
ws := (%) up to the order of the columns resp. components, and can thus be
trivially computed. Also rank(P,) = n, can be easily tested. Assume this in
the sequel. Then B, and also the original network behavior B are IO behaviors
with input @. Thus B too can be written as, c¢f. Theorem 7.3.21,

B= {zﬂ = (g) e Flr—na)tns. Poy=Qo ﬂ} with

(13, —@) € R[s](2"_”S)X((2"_"S)+"S), rank(]s) =2n—ns =n+ny, H=P'Q.
(1.119)

Again (P, Q) resp. @ = (I) coincide with (P,~Q) resp. w = ({) = (¥)

up to the order of the columns resp. components and can be trivially com-

puted, and so can be char (go) = Ve(det(P)). Assume asymptotic stability,

i.e., char (g(J) C C_, so that steady state considerations are valid.

Simple applications of H furnish various forms of the Helmholtz/Thévenin and
the Mayer/Norton equivalents (theorems), cf. Example 7.3.16, [70] §4.2.1, §4.2.2],
[66, §1.4].

Choose a period T := 2mrw™! > 0 and assume that H and thus H, are proper.
Also choose a piecewise continuous T-periodic input

U=y F(u)(p)e’"" and define j:= Hot =y  H(juw)F(@)(u)e’"",
WEZ MEZ

U= Hyoti =Y H,(juw)F (i) (n)el"",
HEZ
(1.120)
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where y resp. ys are the steady state outputs of B resp. B, to the input u.
According to Y resp. ¥s are piecewise continuous and even continuous
with uniform convergence of the Fourier series if H is strictly proper. Notice
again that gives an explicit Fourier series for all steady state voltages
and currents Uy and I, k € K, for the periodic input % under the condition
that

rank(P) = 2n — n, rank(ﬁs) = ng, char (go) c C_, H proper, (1.121)

of. J70, §5.5], [2, §3.3].

Assume, in particular, that u = I, = (Ik)kEKS and hence y;, = U; = (Uk)keKS‘
Then the matrices ﬁs resp. f[s (juw) are called the impedance transfer matriz
resp. impedance matriz at the frequency pw of the network. If, in contrast,
u = U, and thus ys = I, then Hg resp. H,(juw), of course with a different Hy,
are the admittance transfer matriz resp. admittance matriz. For every choice
of @ with rank(P;) = ns the corresponding matrices H;, H,(juw) get special
names. For 2-ports with () € F* there are obviously (3) = 6 essentially

different choices of u € F2. If rank(P,) = 2, such a choice gives rise to a 2-port
B,. These various 2-ports are intensively studied in electrical engineering, cf.
[66] Ch. 6].

We next explain a special state space representation of a pure RC L-network
behavior B, cf. [51], [70, §3.4], Theorem and Example 7.3.33. We use a
suitable Gaufs algorithm to obtain decompositions K = K1 W Ky = K, W K,
with special properties. Let K¢ resp. K denote the set of capacitance resp.
inductance branches, and define

Kl,C = Kl N KC7 KQ,L = K2 N KLv Ul,C = (Uk)kEKLc ) I2,L = (Ik)keszL )

G (Ul,c) , U= ([{21) , ()= <§) (up to the order of the components)

Iz,

(1.122)
where, by definition, § contains all components of (§) that are not contained
in # and u. Note that the tildes have a different meaning here than in the
preceding considerations. Then one can compute real matrices of suitable sizes
A,C, By, B1,Dy,D; and then B := Bis+ By, D := Dis + Dg such that the
following map is a behavior isomorphism:

8L

B:= {(%) € Foins, so%:gi—l—éoa} ~ B, ( )»—) (Y):= <5%+§50ﬁ),

— B = {7 soi=Ar} =8 7 (), spec(d) = char(B),

IS

Cz
H=(sid—A)"Y(Bys+ By), H = (15+Héﬁ) .

(1.123)
Since B, D are not, constant, but deg, (B) < 1, deg,(D) < 1, this is generally not
a state space representation according to Kalman, but very similar conclusions
can be drawn, for instance on char(B°), cf. Theorem The transfer matrix
H is proper if and only if Dy = 0. Notice that the state 7 is a subvector of the
trajectory (Y ), a rare occurrence in state space equations. If By = 0,D; = 0,
is a state space representation according to Kalman, and especially well

suited to simulate the trajectories of B by those of g, including initial conditions
on 7 resp. (Y).
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We finally discuss several results on electrical power. The instantaneous
power along k is Ug(f)I,(t) where the piecewise continuity of Uy and Ij is
assumed. For distributions this product makes no sense. A famous theorem
with a very simple proof is Tellegen’s, cf. Theorem 7.3.36, that says that

> Uk(t)Ik(t) = 0. (1.124)

keK

It is an energy preservation result for the total behavior with its energy sources
from outside.

Assume that the network behavior B is an asymptotically stable IO behav-
ior with input u = I5 := (Ix),c g, associated 10 behavior Bs, output Us :=

(Uk) ek, and proper impedance transfer matrix H,. For aperiod T = 27rw™! >

0 this implies the impedance matrix Z := H;(juw) at the frequency pw. Then
H =0, 7" =2, (1.125)

i.e., these matrices are symmetric. This holds if the network consists of source
and one-port branches only. These networks are called reciprocal, cf. [66, §6.3.1]
for 2-ports.

We finally derive the average power that is supplied to the network that may be
more complicated without symmetric H,, but is assumed asymptotically stable
with proper transfer matrix. We assume a (real) piecewise continuous, periodic
current vector I, = (I )rek, and the steady state voltage output U := ﬁs ol
with the Fourier series

I, = Y B(L) (e, Uy = 3 FU) (), FUL) (1) = Ha(ju)F(L) ().
MEZ HETL

(1.126)
The condition, that I, is real, is equivalent to F(I)(—u) = F(I,)(u), and likewise
for F(Us). The average of a piecewise continuous, T-periodic function f is
defined as T~} fOT f(t)dt. Then the (average) real power of the sources of the
network is, cf. [70 §5.5.4], [2 §3.3.4], Theorem 7.3.43,
T
Prim Y17 [ UL = F(L)O)TH(0F()0)
0

hER (1.127)

+ 3R () (HoGpw)* + Hy(jrw) ) F(L) (1)

where M* := M7 denotes the Hermitean adjoint of a complex matrix. Notice
that F(I,)(0) and H,(0) are real and H;(juw)* + Hs(juw) is Hermitean, so the
expression on the right is indeed real as it should be. In our approach the voltage
U, and the current I, have the same direction for all k € K, also for k € K,
whereas in the engineering literature Uy and I, k € K, have the opposite
direction. The consequence is that in our approach a negative instantaneous
power Uy (¢)I;(t), k € K, means that energy flows from the source k to the
interior of the network at time ¢, whereas a positive power means a flow towards
the source. If B is a one-port, i.e., §(K;) = 1, an apparent resp. reactive power
Papp > 0 1€sp. Preact with P2, = P? + P72, are defined and discussed, cf. [2,
3.3.4] and Corollary 7.3.45.



42 CHAPTER 1. SURVEY

1.8 Stabilizing compensators

The notations and assumptions of the preceding sections remain in force, we
denote D := C[s]. Chapter 9 is a variant of essential parts of Vidyasagar’s book
[73] and also of [19, Chs. 6,7], however with modified mathematics. We refer
to [73] for the history of this approach. It deals with the synthesis of suitable
behaviors, cf. the title of [13]. The chapter also owes much to Bourlés’ RST-
controllers [13, Ch. 6] and his suggestions for the paper [17]. Its mathematical
details come from the papers [9] and [11]. The use of modules in this context is
due to Quadrat [62].

The set T of asymptotically stable polynomials ¢ € D, i.e., with V¢ (¢) C C_, is
a saturated, symmetric submonoid of Cls], i.e., satisfies

1eT, 0¢T, t1,ts €T <= titg €T, teT < 1teT. (1.128)

The following considerations hold more generally for nonempty subsets A; =
Ay CC_and T = {t € D; Ve(t) C A1}. Assume this in the sequel. For pole
placement the set A1 may be chosen finite. With today’s computer algebra sys-
tems the variety V¢(¢) and the inclusion V(t) C Ay can be easily determined.
There are other methods (Routh-Hurwitz criterion) to decide t € T without
computing V¢(t), but these are not discussed in this book.

The monoid T gives rise to the quotient ring Dy := {ft_1 = %; feDte T} -

C(s), that is also a principal ideal domain. Likewise, every D-module M gives
rise to the Dr-quotient module

Mp:={at™' =% zeMteT} with L £ .= [* (1.129)

as scalar multiplication, and the T-torsion submodule

tr(M):={zeM; teT: ts =0} =ker (M — Mp, %) C M 1130
:>(tT(M):M<:>MT:0) ( )
Note that D has no zero-divisors and thus tp(D) = 0 whereas tp (M) may be
nonzero. Hence the construction of My and the study of its properties in Section
8.1 are more difficult than those of Dr, that are known from the construction
of Q resp. C(s) from Z resp. D = C[s].
Let F be one of the injective cogenerators C~>°, C>® t(C*®) = @yecClt]eM.
Note that, in general in this section, ¢ denotes a polynomial in 7" whereas in
the formulas e* and lim; . it denotes a time instant in R. Then Fp is an
injective Dp-cogenerator, cf. Theorem 8.3.6, and thus gives rise to a theory of
ppFr-behaviors. Moreover F admits a D-linear direct sum decomposition, cf.
Theorem 8.3.2,

Fi=tp(F)®F 3w =wy + Wss, tr(F) = Bren, Clt]leM C F_ = drec_CltleM
WithF/%FT,ﬁl—)%ﬁf/ - Fr, @ ="2.

identification

(1.131)
The elements t € T, H € Dr resp. y € t7(F) are called T-stable polynomials,
rational functions resp. signals. Due to Ay C C_ T-stability implies asymptotic
stability. The components wy, resp. wss are again called the transient resp. the
steady state of w for this decomposition. The existence of the direct summand F’
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depends on the nonconstructive Lemma of Zorn, and therefore neither 7’ nor, in
general, the decomposition w = wy, +wss can be computed explicitly. However,
in many situations the unique existence of w = wy, + wys is sufficient. Due to
tr(F) C F_ the limit lim;_ o wy-(t) = 0 holds, i.e., for practical purposes w
and wgs can be identified in many situations.

ItH= % € Dy C C(s) is a T-stable rational function and v = £ € F' = Fr,

then Hou = 1{1?2‘ is defined, whereas H o u is not defined for each u € F, let
alone for arbitrary H € C(s). In [73] Chs. 3,5; (1),(2)] the meaning of Hu is not
explained. Note, however, that H o is well-defined for H € C(s) and u € CT.

Any behavior

B= {wefl; Row:0} with
R e DPX! rank(R) = p, U = B+ = DYPR, M = D*¥/U,
implies
Br = {w S ]-'éw; Row = 0} =~ Homp,. (Mr, Fr) where
Ur = D*’R, My = Dy /Uy, (1.132)
B =tr(B) ® By, tr(B) = BNtp(F), Br L=, Bn (F))' = BN Fh.

Fr

In particular, we infer the equivalence

Br=0<= Mp=0<= 3t eT withtM =0+ B=tr(B)(Ct(B)).
(1.133)
Hence, if By = 0, B is autonomous and called T-autonomous. The main appli-

cation is to IO behaviors
B={(4)eF"*™ Poy=Qou}, B'={yeF?; Poy=0}, (1.134)
Br={(4) € FL; Poy=Qou}, By ={yc Fr; Poy=0}, '

where (P, —Q) € DP*®*+™) yank(P) = p. The IO behavior B is called T-stable
if it satisfies the following equivalent conditions, cf. Theorem 8.4.2:

1. BY is T-autonomous or, equivalently, BY. = 0 or det(P) € T or P € Gl,(Dr).

2. (i) Br is controllable or My is Dr-free or char(B) C A;.
(ii) H is T-stable, i.e., H € DE*™.

Assume that B is T-stable. This, p,.Fr and H = P~1Q imply
Br={(1) e B = (FY™"; Poy=Qou}
= {(g) €f§+m:(.7:')p+m; y:Hou} (1.135)

:>V(1yt) 68Withu:utr+uss: y:ytr+yssa yss:Houss~

Hence H o ugs is the steady state of y, cf. (1.131) and (1.135). The latter
equation is the main tool to simplify equations for T-stable IO behaviors.

We have seen that properness of a transfer matrix is an important property. For
T-stable IO behaviors this means

H € Cls]5X™ NC(s)by™ = SP*™, S := C[s]r N C(s)pr C C(s), (1.136)

pr
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where C(s)pr resp. S is the ring of proper resp. of proper and T-stable rational
functions. The computations in [73] essentially use that S is euclidean. Instead,
we choose o € Aq, define the variable 5 := (s — a)™! € C(s) and show in
Theorem 8.5.4 that

S =C[sC C(s), T = {?:: 1) = b te T} (1.137)
where C[3] is the polynomial algebra in the variable s, cf. [59]. Computations
with this quotient ring S = C[s]# of a polynomial algebra are as simple as
with the polynomial algebra itself, are implemented in every Computer Algebra
system, and simpler than those in a general euclidean ring, e.g., in §. In Chapter
10 the ring S is used for the construction of functional observers.
A feedback compensator or controller Bs of a plant By is used to stabilize the
plant and to steer its output into a desired direction. The mathematical model
is given by two IO behaviors

By:={(1)eFr™; Pioy1 =Qiowu}, (P1,—Q1) € DP* ™M) pank(Py) = p,

By = {(Z;) € FPtm. Pyoyy = Qg0 ug} , (—Qa, P2) € prxptm) rank(Py) = m.

(1.138)
We use (?2) instead of (2 ) for dimension reasons since the output (input) y;
(u1) of the plant B; is assumed to have the same dimension p (m) as the input
(output) ug (y2) of the compensator By. Feedback means to add (feed back) the
output of By (Bs) to the input of By (B1). Definey := (¥1), u:= (32) € Frtm,
Then the feedback interconnection of the two behaviors is the behavior

B:= fb(BhBQ) = {(lyt) € ]_-Q,(p—&-m); (ulzﬁyZ) € By, (uzy-‘zyl) € 62}

={(z)€f2(p+m>; Poy:Qou} where (1.139)
— P -Q I 0 Q +m +m
P= (432 P;), Q= <Q2 01) ¢ DPrm)x(ptm).

If rank(P) = p+ m or det(P) # 0, this is an IO behavior with transfer matrix
H = P7'Q. One then says that the feedback behavior is well-posed, and calls
H = P71Q the closed loop transfer matriz. Assume this in the sequel.

The first goal is the T-stabilization of By by By , i.e., the T-stability, especially
asymptotic stability, of B = fb(B;, Bs). This means det(P) € T or that Br is
controllable and H = P~!(Q ¢ D§?+m)x(p+m). Then is applicable to
th(B1, Bs).

For a given plant B; a compensator By, with well-posed and T-stable B =
fb(B1, B2) exists if and only if By 1 is controllable or char(B;) C Aj, and one
then says that By is T-stabilizable and By is a T'-stabilizing compensator, cf.
Corollary 9.1.11. This is the main use of controllability in this book. Assume
the T-stabilizability of B; in the sequel.

In Theorem 9.1.10 we construct, for T-stabilizable By, all controllable compen-
sators Ba such that B = fb(By, Bz) is well-posed and T-stable. These By depend
on T-stable rational m x p-matrices X as parameter, and therefore one talks
about the parametrization of these compensators. In Theorem 9.1.20 we con-
struct (parametrize) all compensators for which, in addition, the closed loop
transfer matrix H is proper, i.e., H € S®+m)x(+m) of ([137). Finally, in
Theorem 9.1.34, all By with, in addition, proper transfer matrix Hy = P{ng,



1.8. STABILIZING COMPENSATORS 45

are parametrized. We do not assume that the transfer matrix H; = Pl_lQl
of B; is proper, but most real plants have this property. The properness of
H, is important since it enables a state space representation of By according
to Kalman and its construction with elementary building blocks. If also B;
is a state space behavior, then the preceding considerations yield many more
stabilizing compensators than those, that are usually constructed by means of
Luenberger state observers connected with state feedback, cf. [39, p. 523], [60,
§10.5-6], Sections 9.1.5 and 11.5.

The preceding theory is applicable to finite A; C C_. For the T-stability con-
dition char(B%) C A; one says that the poles of B° have been placed into or
assigned to Ay , cf. Theorem 9.1.26.

As explained in the preceding sections stability is a necessary condition for al-
most any 10 behavior. But stabilization is not a goal for itself except in special
cases, for instance to stabilize a building after an earthquake. Switching off an
asymptotically stable electrical network stabilizes it, but the network cannot
serve any further purpose. Control design in Section 9.2 is devoted to the choice
of compensators, among those just described, that serve a useful purpose. We
always assume that the feedback behavior and the T-stabilizing compensator
have proper transfer matrices. The main treated design problem is tracking and
disturbance rejection. In this case a nonzero polynomial ¢ and three signals
ryug € FP,oup € F™, with ¢ o (ug,u1,r) = (0,0,0) are considered where r is a
given reference signal and uj resp. us are unknown disturbance signals of the
input resp. output of B;. These signals are, of course, not assumed T-stable,
i.e., ¢ € T in general. The input of the compensator is y; +us —r where y; +us is
the actual disturbed output of the plant in the feedback behavior. For instance,
¢ = s (s2,5%) means that the signals are constant (linear, quadratic) functions
of t. The design goal is to construct By such that y; + uy — r is T-stable, in
particular, lim;—, o ((y1 +u2) —7r)(t) = 0, i.e., the actual disturbed output signal
of the plant in the feedback behavior B coincides, for practical purposes, with
the desired reference signal. One says that in B the output of the plant tracks
the reference signal and rejects the disturbance signals.

The polynomial ¢ is fixed and thus restricts the admissible unknown disturbance
signals, but generically (almost) all ¢ can be chosen for a given plant. We de-
rive a necessary and sufficient condition for the existence of such compensators
By for given plant B; and polynomial ¢, and parametrize all these. The most
important constructive results are Theorems 9.2.8, 9.2.11 and 9.2.17 and the
algorithm in Corollary 9.2.10. In Section 9.2.2 we also discuss the significance
of the (transmission) zeros of the plant’s transfer matrix in this context. All
matrix computations require the Smith form of polynomial matrices only.

In the literature the reference signal r and likewise the disturbance signals are
often assumed, cf. [I9, (17), p. 198], [21} (9-100), (9-101), p. 495], [73, §7.5], as

F=H,.o0=L"'(H) =Y, a, € t(F)? where
H, = L(r) = qb_ler Q. € C[s]P, degy(¢) > deg,(Q) = ¢poa, =0.

Conversely, if

(1.140)

por =0, then(bO(TY)Z((bOT)Y—I—QTO(S:QTO(S, Qrec[s]pv

—=7:=7rY =H, 006, H.:= ¢ 'Q,, deg,(¢) > deg,(Q,), Tl10,00) = Tl10,00)-
(1.141)
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For (ug,u1,7) instead of (ug2,u;,r) the design goalis e = y; +us —7 = He 09
with strictly proper and T-stable H, € C(s)P, cf. [19] p. 206, (70)], [73 p. 296,
(R2)]. In Remark 9.2.6 we show that our theory furnishes such an H,. Laplace
transform techniques in the quoted books require these different reference and
disturbance signals. B

For the preceding data assume that Bs is a compensator for B; and that B; C
FP*T™ is another IO plant. One says that By is a robust compensator for By if it
is also a compensator (with all properties from above) for all T-stabilizable 15,

near 1B or all controllable lfi’vl’T near B; r. This requires a topology on the set

of controllable 10 behaviors By 1 C ]-"é’j'm, cf. Corollary and Definition 9.2.30.
The main result is proven only for the case A; = C_ where T- and asymptotic
stability coincide. Two such topologies are derived from a norm ||H || and a finer
norm ||H||; on the algebra S of T-stable rational functions, cf. Theorem 9.2.20
and Remark 9.2.49, given for H = Hy + Hyp,e € S with Hy € C and strictly
proper Hg,, by

[ HI| : = sup [H (jw)| = sup |[Ho + Hepr(jw)]
weR weR

[1H 1 : = [Hol + [|Allx, b := Hgpr 06, [|h]l1 ::/0 (h(®)]dt, [|H]| < [[H]

(1.142)
These norms are naturally extended to matrix norms ||H|| and ||H||;. A matrix
H = Hy + Hypy € SPT™ with h:= Hg,, 06 € (LL)P*™ induces the operators

Ho : (LZ)PT™ —(L3 )P+
N N (1.143)
Ho : (g2)ptm —(g?)ptm
and
Ho: (L®)Ptm —(Loo)ptm
N N (1.144)
Ho: (gOO)P+m _>(£<>0)p+m

where £? is the Banach completion of Li and of L? and £ that of L>°. These
operators, in turn, have the finite norms, cf. Theorems 9.2.35 and 9.2.45,

|Hollg:=||Ho: ()7 = (£2)"™

= || : = swpo(H(jw)), j := V=T,
we
IH o oo : = [ Ho s (£%)7F™ = (£%)7*™ | (1.145)

=|H|:= i:Igl%XPZ(lﬂo,ij| + [|7ij 1)

j=1

where o(A) = ||Al|2 denotes the largest singular value of a complex matrix A,
cf. 23], [T, p. 107], [I3, p. 518]. In the literature robust control with the
topology derived from | H|| is called Hu,-control, and ||H|| is denoted as || H||oo
although this norm refers to the Hilbert space £2 with its norm || — ||2. We do
not know of a standard terminology for robust control derived from || H]||;.
Theorem 9.2.50 is the main robustness result with two assertions:
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(i) For Ay = C_ the constructed compensators are robust with respect to both
derwed topologies.

(ii) Let B be near B; in one of these topologies, and let H € S®P+m)*x(P+m) regp.
H € Srm)x(p+m) pe the asymptotically stable closed loop transfer matrices of

B := tb(By, Bs) resp. B = fb(gl,Bg). We show in Theorems 9.2.47 and 9.2.50
that

(a) If lim B; = By in the || — ||-topology, derived from that of S, then
lim||H — H|| =lim ||H o —H o || = 0. (1.146)

(b) If lim By = By in the || — ||;-topology, derived from that of S, then
lim|[H — H|[; = lim |[H o —H o || = 0. (1.147)

In words, assertion (b) ((a) analogous) reads: If the plant By is near By in
the || —||1-topology, then the BIBO stable transfer operator Ho ezists and is near
Ho in the || — ||so-norm. In other words: The BIBO stable transfer operator Ho
depends continuously on the plant gl.

The robustness properties (i) and (ii) of the compensator are required due to
model uncertainty, c¢f. [77, Ch. 9], i.e., that for various reasons the data of the
plant model deviate slightly from those of the real modeled plant.

The details for the preceding assertions are relatively difficult, but are also
completely proved. In particular, continuity properties of the Fourier integral
(transform), denoted by the same letter as the Fourier series,

[e.9]

F:L; = C% uws Flu), Flu)(w) = / u(t)e “tdt, (1.148)

w?
—00
and its extensions have to be used. These, in turn, imply continuity properties
of the Laplace transform

L£:LYy = {ueL" supp(u) C[0,00)} = C°, urs L(u), with

0 1.149
L(u)(s) ::/0 u(t)e™'dt, s € C, R(s) >0, ( )

that extends that from (1.40) on Y F_, cf. (1.101). We do not need or use the
Fourier transform of general temperate distributions [37, Thm. 7.1.10].

1.9 Further systems theories in this book

The theory of this book is applicable to all situations where a principal ideal
operator domain D and an injective cogenerator signal module pF are given,
and where linear systems R o w = x and behaviors {w €Fly Row= 0} are
of interest. In most cases D is a polynomial algebra D = F[s] over a field F,
but consider p, Fr from where the operator domain is not polynomial.

The theory of the preceding sections is also valid for the real base field, the
injective cogenerators being

R[S]COC(]Ra R) C<C[s] Coo(Rv (C)v R[S]C_OC(R’ R) CC[s] C_OO(Rv (C) (1150)
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Since real behaviors are the real parts of complex ones, most results can be
directly transferred from the complex to the real case. Few real results require
additional considerations, and these are carried out in detail.

The LTI (linear time-invariant)-discrete-time-behaviors in this book for an ar-
bitrary base field F' use the injective cogenerator

Fig PN 2w = (w(0),w(l),w(2), ), (sow)(t) =w(t+1), (1.151)

of sequences in F. For any matrix R = (Rag),z € F[s]"*! with R.p =
> pen Rap,ps an inhomogeneous system has the form

Row=2x, we (FN)Z, T € (FN)k7 or
(1.152)

1
vteN, Va=1,--- k: Z ZRQ/37H7.UB(t+/J) = z,(t).
peN =1

So the basic equations are linear systems of difference equations, a famous one
being the Fibonacci equation

(s —s—1)ow=0<=VteN: wt+2)=wt+1)+w

1.153
with w(0) := 1, w(1) := 1, hence w = (1,1,2,3,5,8,---) € RY. (1.153)

A variant of this theory is furnished by the injective cogenerator

DFZ Sw= (-, w(=2),w(-1),w(0),wl),w(2), ), (sow)(t) =w(t+1),
where D := F[s,s™ '] = ®,ezF's" = {Laurent polynomials} .
(1.154)

The theory is almost the same as that for (1.I51)), but not discussed in this
book.
Over the base fields C and R almost all results of the continuous-time theory
have a discrete-time analogue, in particular those of Chapter 9 on stabilizing
compensators, with the exception of lim ||[Ho—Hol|s = 0 in and lim ||Ho
—Ho| o =01in (1.147). These analogues can be derived, but we have not done
this. Most proofs for the two cases, in particular those of Chapter 9, are carried
out simultaneously for g F-behaviors with F' = C, R and injective cogenerators
F=C"R,F)or F=F"
The paper [10] studies more general feedback interconnections and quotes the
corresponding literature, cf. [60, §10.8.2].

1.10 Additional results

Here we mention additional results with new derivations that are, however, not
further used in the book.

In Section 5.3.2 we explain the connection of the behavioral and the Rosenbrock
languages with that of the French school of Fliess, Bourlés [13] et al..

Section 7.2.9 is devoted to a short explanation of Mikusinski’s calculus that is
used as an alternative for one-dimensional distribution theory, for instance by
Fliess, but not in this book.

For nonproper H € C(s)P*™ there are inputs u € (C*)™Y with a jump at
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t = 0 such that y := H o u has impulsive components in C[s]P o §. In Section
7.2.10 we compute these components by a modification of Bourlés’ method in
[12], cf. also [72, §4.2] and [5].

In Section 11.5 we construct compensators for state space behaviors by means
of Luenberger state observers and state feedback, cf. [47], [60, §10.5, §10.6]. This
construction method is very special and does not furnish all possible compen-
sators, but was historically the first.

In model matching, cf. Section 9.2.6, one constructs a compensator that realizes
a given proper and T-stable transfer matrix H, from us to y; of the closed
loop behavior.

In Chapter 10 we construct and parametrize so-called functional T-observers.
These observers were studied by many colleagues, in particular intensively by
Fuhrmann [31], and were applied for the construction of compensators, but in
Chapter 9 they are not needed or used.

1,U2

1.11 System theories not discussed in this book

For an obvious reason the following remarks are very short in those areas that
we have not studied ourselves. Of course, this is no statement whatsoever on
the relative importance of the areas and of the researchers’ contributions.

1. Multidimensional systems: The multivariate polynomial algebra C[s] with
s:=(s1,-++,8p), n > 1, acts on u = u(xy,- - ,x,) € C*(R",C) or, more
generally, on v € D'(R™,C) (Schwartz’ distributions) by partial differentia-
tion, s; o u = du/dx;, and makes these signal spaces injective cogenerators.
As mentioned, the injectivity was shown by very difficult work [26], [58], [49]
whose usefulness for systems theory was established in [53]. There is also an
analogous theory for difference equations [53]. The corresponding behaviors
are called multidimensional, for which Theorem 2.3.18 holds. Many authors
have contributed to this field in the last decades, among them Bisiacco, Bose,
Fornasini, Kaczorek, Lin, Marchesini, Owens, Pommaret, Quadrat, Robertz,
Rocha, Rogers, Shankar, Valcher, Willems, Wood, Zampieri, Zerz and also
the authors of this book. In general, these authors have not considered
systems with additional boundary conditions.

2. Infinite-dimensional systems: There is a different, very important and vast
multidimensional theory of partial differential equations with boundary con-
ditions, cf. [24]. An outstanding author in this area was J.-L. Lions. We
have not studied this field.

3. LTV (linear time-varying) state space systems: Many advanced results on
differential and difference systems

de/dt = A(t)x(t) + B(t)u(t), y(t) = C(t)x(t) + D(t)u(t) (continuous-time),
x(t+1) = A)x(t) + B(t)u(t), y(t) = C(t)x(t) + D(t)u(t) (discrete-time),
(1.155)
and surveys of the literature are contained in the books [64], [35], [36] and,
partially, in the other cited textbooks, cf. [21], [20, Ch. 2], [3] §2.6]. Recently
Anderson, Berger, Hill, Ilchmann, Wirth have contributed to this area.
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The behavioral theory of implicit LTV differential systems (difference sys-
tems): This is more difficult than 3. for two reasons:

(i) The domain D contains the operators f = > _y fus" with functions
(instead of constants) fu(t). Again f acts on u via fou = 37, fuut).
The domain D is noncommutative since sf, = f.s + f,, (for differential
equations). Its algebraic properties depend very much on the choice of the
coefficient functions.

(ii) The choice of a suitable signal module and the proof of its injectivity is
not obvious.

We refer to the papers [29], [14], [15], [16], [18], [56], [57] for various solutions
and references to the literature. Schmale, Ilchmann, Mehrmann, Rocha, Zerz
have recently contributed to this field.

. Algebraic Analysis: Many outstanding mathematicians have contributed to

this area, i.e., the algebraic theory of noncommutative noetherian domains
of partial differential operators with variable coefficients [8], among them
Hoérmander, Kashiwara, Malgrange, Pommaret, Sato. More recently, the
French school, in particular Quadrat, Robertz and many other researchers
have developed its computational side. Corresponding behaviors, i.e., solu-
tion spaces, have not been studied from the engineering point of view, but
see [61]. The area of partial differential equations is, of course, one of the
largest in mathematics.

. Convolution behaviors: These use the signal module £ := C*(R, C) as in this

book, but the larger commutative, but nonnoetherian operator domain &’ of
all distributions with compact support with the convolution multiplication
that acts on £ by convolution. A typical case is the delay-differential equation

(6" =01) xy) () =y'(t) —y(t — 1) = u(t). (1.156)

The functions in torsion behaviors B:={y € &; Txy =0}, 0£T € &', are
called mean-periodic and were studied by many outstanding analysts. The
paper [17] on convolution behaviors also discusses the relevant literature and
the principal contributors, among them Schwartz, Ehrenpreis, Berenstein,
Gliising-Liirssen, Zampieri.

. Nonlinear systems: These are mostly described by state space equations 2’ =

f(z,u), y = g(z,u), where z(t) € R™ is the state at time ¢ and u(t) € R™ the
control. Most real systems are originally nonlinear. One important solution
method is linearization, i.e., the approximation of the nonlinear system by
a linear one. See [68] for a broad discussion.

. Optimal control: In context with Chapter 9 this means the choice of a stabi-

lizing compensator among all parametrized ones that, for instance, optimizes
a chosen cost function. We refer to [77], [73, Ch. 6], [36, Ch. 9].

. Stochastic systems theory: This is used, for instance, to replace the very

restricted disturbance signals wp,us with ¢ o u; = 0 for given ¢ by wider
classes of signals with special probability distributions. We refer to [13], Ch.
11] for an introduction.
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of T-stable and proper feedback
behavior, 491
similar, 210
transfer matrix of, 204
realization, 204
controllable, 613
existence of, 216
minimality of, 214
similarity of, 211
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representation, [I9]
stationary state, [I8] 23] 2§
steady state, [I8] 23] 28] @2} 226

T-, 448

T-estimate, 448
Stone-Weierstrass theorem, 337
submodule

T-torsion, [42]

maximal, 89

orthogonal, 92, 110

row-, [I2], 71

torsion, 114, 119, 292
submonoid, f2] 429

saturated, 429
superposition principle, 348
susceptance, 385
system

equivalence,

infinite-dimensional, [9]

multidimensional, [49]

nonlinear,

stochastic,
system module,
syzygy, 72, 78

submodule of, 97

Tellegen’s theorem, 1] 408
time
continuous, [T} 52, 54, 57
discrete, 52, 54, 57
series, 52
tracking, {5 55, 427, 495
trajectory, [12]
transfer
function, 264
Bode plot of, 228
Nyquist plot of, 228
matrix, [I7} 192
closed loop,
frequency response of, 227
gain matrix, 227
of network 10 behavior, 391
operator, [I7] 27] 264, 266, 302
causal, 266
space, 185

transient, [I8] 23] 28] {2] 226

transmission zero, 511

unit of a ring, 79
universal property

INDEX

of coproduct, 155

of factor module, 69

of product, 154

of quotient module, 434
of quotient ring, 434

velocity difference, 417
voltage, 36 369

controlled, 376

Zorn’s lemma, 75
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