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1 Introduction

From the standpoint of a computer engineer there are (at least) two ways to improve the execution
time of an algorithm. First, one might build sequential processing units with increased speed (this is
most common in CPUs, although those have also incorporated parallel processing paradigms), while the
second alternative is to build a massive number of processing units into a single integrated circuit (this
is most common in GPUs). Although this is hardly a new concept (supercomputers were employing
thousands of processors for some time) to integrate them on a single chip with a unified global memory
is.

From a purely theoretical standpoint, as is taken in complexity theory, a multitude of processing units is
not in any way superior to a single processor. However, in practical applications the constants do matter
and thus it is a viable option to parallelize an algorithm to different processing units. Nevertheless, from
a theoretical standpoint it is interesting to investigate to what extend we can accelerate an algorithm by
distributing it to many processing units.

The next theorem (see e.g. [2]) gives us the amount of speed increase, called the speedup, we can expect
by the parallelization of an algorithm.

Theorem 1. (Amdahl’s law). Suppose P is the fraction of an algorithm that is parallelizable and N
is the number of processing units available, the mazximal speedup S is given by

B 1
C1-P+ L

Proof. Suppose a program takes an amount of time T to complete. Then the (perfectly) parallelized

program takes time

PT
1-P)T+ —
(1-PIT+

and therefore
T 1

PT P
(l—P)T—i-T 1-P+ 5

S:

O

It should be duly noted (as is shown in Figure [1|) that a parallelization with P =1 — % is not sufficient
if a speedup of N is to be achieved by N processing units. This is only possible if P = 1 (i.e. the
algorithm is perfectly parallelizable). As Figure [1)illustrates to come even close (for N = 100) we need
an algorithm with P = 0.999. Or if we reverse the argument, an infinite number of processing units is

needed to speed up an algorithm with P =1 — % by a factor of N.

For some algorithms finding a parallelization with P close to 1 is very natural. For example, Monte
Carlo integration requires almost no modification to get P very close to 1. The same is true for most
schemes where the evaluation of a function at different (precomputed) points is the most time expensive
part of the algorithm. Many algorithms, however, require careful analysis to find a parallelization such
that P is large.

We are mainly interested in the scenario where a stiff ordinary differential equation of first order with
prescribed initial conditions is given. Often this ordinary differential equation is the result of the space
discretization of an evolutionary partial differential equation. The goal is to integrate the equation from
t =0 up to a fixed time ¢t = T. To that end we use interpolatory exponential integrators (see e.g. [14]),
i.e.

1. Compute a number of interpolation nodes (this is a preprocessing step as is explained further in

Remark [37).

2. Compute the coefficients of the interpolant (this can also be considered a preprocessing step).
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Figure 1: Illustration of Amdahl’s law.

3. Use the polynomial interpolant to make an approximate time step.

We will use Newton interpolation and therefore have to multiply a sparse-matrix with a dense-vector as
well as add two dense vectors. Matrix multiplication as well as vector addition is, in theory, perfectly par-
allelizable. This suggests the validity of our approach. However, in practical applications the dimensions
of the matrix (and vector) must be large enough so as to make thread switching time a negligible factor.
However, as we will show in this master thesis in many instances such matrix-vector multiplications can
be parallelized quite well.



2 Theory

In the following section, we will now introduce the theory necessary to prove two central results concerning
the interpolation at Leja points on a compact subset of the complex plane. The first result is given in
Remark [37) and states that only the computation of Leja points on sets with capacity one is numerically
stable. It will also be shown how general sets can be reduced to a set of capacity one for the purpose
of such a computation. Second, we will state in corollary [39 that Leja points achieve, in a sense to be
made precise, the best possible convergence rate possible for polynomials.

To that end, before we turn to Leja interpolation in section 2.3 we introduce some elements from potential
theory (section [2.1) and revisit interpolation theory in section

Finally, we turn our attention to extent the results from the complex plane to certain matrices. This is
necessary since ultimately our goal is to employ interpolation at Leja points to compute matrix functions
necessary in the implementation of exponential integrators. Two types of exponential integrators suitable
for the time integration of (discrete) Schrodinger equations and nonlinear evolution equations of certain
form are given in sections [2.4) and [2.5] respectively.

2.1 Potential theory

In this section we will introduce concepts from potential theory that we are going to employ heavily in
the subsequent sections. The treatment to a large extent follows [, chap. 1].

Remark 2. In what follows we identify the complex plane C with R? and use the variables (x,%) as a
vector in R2. It is stipulated that the complex variable z = x + 4y represents the same point as the vector
(x,y) does.

Definition 3. (Positive unit Borel measure).

M(K) = {o Borel measure on K : o(K)=1,0(A) >0 for all A€ B(K)},

where B(K) is the o-algebra of Borel sets in K.
Definition 4. (Logarithmic potential). Suppose ¢ € M(K) and K CC R2[| Then

U’(z) ::/Klogﬁda(w)

is called the logarithmic potential of o.

Definition 5. (Capacity/Logarithmic capacity). Suppose 0 € M(K) and K CC R?. Then the
energy of o is defined by

I(0) = / U7 (2) do ()

and we call

K):= inf I
’Y( ) aeﬁ(l() (O)v

where 7(K) € R, the capacity of K. Furthermore

oK) = e 1)

is called the logarithmic capacity of K.

LA CC B denotes that A is a compact subset of B.



It should be noted that since we allow v(K) to take values in the extended real number line, the infimum
in definition [5]is well defined. Furthermore, for K = {a} the unique measure satisfying definition [3]is &,

and thus we have
1 1
) ://md%@ dda (w) :/mdéa(z) = . )

In this case ¢(K) = 0 and {I(0): ¢ € M(K)} is not bounded from above. Furthermore, we can show
that if ¢(K) > 0 the infimum is in fact a minimum, as the following theorem states.

Theorem 6. (Equilibrium measure). Suppose K CC R? with c¢(K) > 0. Then, there exists a unique
measure, denoted by pg, such that

V(K) = I(pg).
Proof. See e.g. [23], pp. 27-29]. O

Next we show that we can easily scale a set to capacity one by using a linear transformation. As will be
shown in theorem [36] this is quite crucial for the application of Leja points being numerically stable.

Theorem 7. Suppose r € C and a € R%2. Then it holds that
c(rK + a) = |r|c(K).

Proof. For 0 € M(K) and r # 0 we have

o) :/U‘T(z) do(z)
_ / / 1ogﬁda(z)da(w)
/ [

+10g|7"|,

o] T loglrdo(z) da(w)

where & € M(rK + a). Therefore, v(K) = v(rK + a) + log |r| and our result follows from definition
The case r = 0 follows from equation O

The following characterization for the logarithmic potential is immensely useful in the calculations of the
capacities that are done in this section.

Theorem 8. Suppose K CC R? and ¢(K) > 0. Then for all 0 € M(K) it holds that

inf U%(z) < v(K) < sup U?(2).
zeK zEK

Proof. See e.g. [5, p. 11]. O

We will now calculate the capacity of a circle and the capacity of an interval in the following two examples.
The calculation closely follows [5, pp. 12-13].

Example 9. (Capacity of a circle). We consider B;(0) CC R? and the measure do = g—fr, where ds
is the usual measure on the boundary of the unit circle. Then

1
U%(z) = / log ——— dw
oB(0) |z —w| 27

_ {loglil 2| > 1

0 lz] <1’



since for |z| > 1 the function w — log ﬁ is harmonic for |w| < 1. In addition, for |z| < 1 the function

1
- _log —
| ]

w +— log

is harmonic for |w| > 1. From the mean value propertyﬂ our result follows.

For |z| = 1 we have (take w.l.o.g. z =1)

U’ (z) ! /Qﬂlo $d¢
o BT e]

T on
1 [ 1
=— [ lg—sa
o7 ), 8 T Deasg ¥
= 0.

The integral is nontrivial but can be Risch integrated by means of a dilogarithm and elementary functions.

By theorem [§ we follow that v(B1(0)) = 0 and thus ¢(B;(0)) = 1. In addition, by theorem [7] we have

¢(Br(a)) =1

The capacity of a circle is therefore equal to its radius.

Example 10. (Capacity of an interval). We consider K = [—1,1] cC C and denote the Joukowski
map by

PO =3 €+,

The Joukowski map maps C\ B (0) conformally to C\[—1, 1]. The measure

1 dw
d5(w) = i W EIL
0 otherwise

yields the logarithmic potential

~ 1 [t 1 dw
UP(z)== [ log———_.
(2) 7r/_1 Og|sz|,/1,w2

By substituting w = 9(e’?) = cos ¢ and therefore dw = — sin ¢ d¢ we have (for z = 1())

5 _1 27 1
U<”“*A log ey 4

1 [ 1
= — log———MMM—d
o /0 8 150) — ey

1T C—e? 1 [ 1
‘%/o log ¢<c>w(ei¢>’d¢+2w/o log 17 —grey 49

= —log W‘l(z)] —log

1
57
since

1 /27r 1 1 1
— log ———d¢ =log — =log ——————
2m Jo I¢ — €| 19 [t (2)]

2Note that the mean value property also holds in R? U {co}.



and by the harmonicity of
¢ —

hlw) = log | 7= w<w>’

in C\B1(0) we have
1 2m C _ eiq&
Dy /0 log ’1/’(() — () ‘ d¢ = h(c0) = log 2.

Thus for z € [—1,1] (since U? is lower semi-continuous)

. 1
U?(z) < —log 5
and 1
lim inf U°(z) = —log =.
za[q,lf?,lzler@l(:\[q,u (2) 8 2
Therefore, theorem [§] yields
1
1.1 = =
C([ ’ ]) 27
or more generally (by theorem
e(la b)) = * 7
) - 4 .

In the following we will on several occasions need the maximum principle (or to be more specific the
maximum and minimum principle simultaneously applied to a harmonic function). For completeness we
will state the maximum principle that is used in the following (the formulation is similar to [23] p. 39]).

Definition 11. (Quasi everywhere). We say that a property holds q.e. (quasi everywhere) if it holds
except on a set of capacity zero.

Theorem 12. (Mazimum principle). Suppose g : @ — R is subharmonic and bounded from above,
where Q C C is a domain (i.e. open and connected). In addition, assume that

limsup ¢(z) <0,
z—(, z€EQN

for g.e. ( € 09). Then
Vz e Q:g(z) <0.
Proof. Follows from the result in [23] p. 39]. O

Corollary 13. Suppose g : Q — R is subharmonic and bounded, where Q C C is a domain. In addition,
assume that
lim g¢g(z) =0,

z—(, z€Q

for g.e. ( € 09). Then
Vz e Q:g(z) =0.

Proof. Follows from theorem [12] O

Next let us define the Green’s function of R*\ K with pole at infinity.

Definition 14. (Green’s function with pole at infinity). Suppose K CC R?. Then we call G(z) a
Green’s function with pole at infinity if

1. G(z) is non-negative and harmonic in R?\ K.



2. lim, o (G(2) — log|z|) = v(K).
3. lim, ¢ G(2) =0 for ( € OK.

One might ask at this point why we require that lim,_,o, (G(z) — log|z|) is to be equal to y(K). However,
as is shown in the next theorem, to require that G(z) — log|z| in any neighborhood of infinity to be
bounded is enough to prove that it converges to (K'). This theorem is important, since in section we
characterize maximal convergence by employing the before mentioned limit. Therefore, it is interesting
to know that the Green’s function, even under substantially weaker conditions, is unique for a given set
K (a similar treatment is given in [23, pp. 108-109]).

Theorem 15. Suppose K CC R? and G(z) is a function such that

1. G(2) is harmonic in R?\K.
2. G(z) —log |z| is bounded in any neighborhood of cc.
3. lim, ¢ G(z) = 0 for { € OK.

Suppose there exists a Green’s function with pole at infinity G(z). Then we can conclude that G(2) is a
Green’s function with pole at infinity.

Proof. We consider H(z) := G(z) — G(z). The function H is harmonic in R?\ K such that

lim H(z) =0,

z—C

except for ( = co. However, this is a set of capacity zero and since

H(z) = G(2) —log |2| — G(2) +1log 2],

we can conclude that H is bounded on R2\K. Therefore, by the maximum principle we conclude that
H(z) = 0 and thus that G(z) = G(z), as desired. O

It is often convenient to work with either a Green’s function (i.e. in the setting of potential theory) or a
conformal map (in the setting of complex analysis). The following theorem provides a link between the
existence of a Green’s function and that of a conformal map. Most results that follow can be formulated
either in the language of potential theory or in the language of complex analysis.

Theorem 16. Suppose K CC R2. Then there exists a Green’s function iff there exists a conformal map
¢ : C\K — C\B1(0) such that
’W) 1
z

lim (K

Z—>00

Proof. Suppose G(z) is a Green’s function with pole at infinity. Then

z+— G(z) — log|z|

is harmonic in C\K (since at infinity we have a removable singularity). Let us denote the harmonic
conjugate of the before mentioned function by H(z). Then

PN eG(z)+iH(z)e— log | 2|

is holomorphic in C\K and by multiplying with z (which is holomorphic except at infinity) we get

¢(Z) .— 6G(z)+iH(z)ef log \Z\Z



The function ¢ is clearly holomorphic in C\ K.
In addition, since for z € C\K
|6(2)] = ) > 1,

with equality if and only if |z| = 1, ¢ is well defined. It is also true that ¢ is conformal and surjective
(see e.g. [24]).

Furthermore,
G(z
lim ()| _ lim 6@ —tog lz14iH )| — Jipy | € (=) _ i oG —loglzl _ (K) _ 1 '
Z—00 z zZ—00 Z—00 VA Z—>00 C(K)

In the other direction we assume the existence of a conformal map ¢ and have to show that
G(z) = log|¢(2)|

is a Green’s function with pole at infinity. Thus, let us verify the conditions given in definition [T4]

1. Clear.
2. We have ) )
) z
Zlggo (G(z) —log|z]) = lim log Z‘ = log (K ~v(K)
3. We have
lim G(z) =0
z—C

O

Clearly, it remains to show that for the sets considered in examples [0] and [I0] the conditions of theorem
hold, i.e. that their exists a Green’s function. The next two examples will give an explicit formula
for a Green’s function on those sets.

Example 17. For K = B,.(0) we get the candidate

G(z) :=log|z| +v(K) =log |z| — logr

from the calculation done in example@ It is easy to verify that G(z) as defined above is indeed a Green’s
function.

1. Clear.
2. We have
lim (G(z) —log|z|) = —logr = y(K).
Z— 00
3. We have
lim G(z) =0,
z—ret?

for all ¢ € [0, 27).

Example 18. For K = [a,b] we get the candidate

(k)

from the calculations done in example It is easy to verify that G(z) as defined above is indeed a
Green’s function.

G(z) :=log




1. Clear.
2. We have

lim (G(z) —log|z|) = lim log
zZ—00

Z—00

3. We have
lim G(z) = lim lo “1)] =0
2—¢, C€[asb] (2) e telon] g v (2)]

by the same argument as in example

2.2 Interpolation theory

Let us first reproduce the following results from interpolation theory (see e.g. [25] chap. 2]).

Theorem 19. (Newton interpolation form). Suppose ((zi,y:))iy € C? is such that (z;);_, are
pairwise different. Then there exists a polynomial p,, € 11, :== {f € C[z] : deg f < n} such that

pn(zz) = Yi-

This polynomial is unique and can be written in Newton form as follows

pn(2) = Z[Z/m o Yilwi(2),
i=0
where
i—1
wi(z) =[] (z—2)
§=0

are called the Newton basis polynomzials and the coefficients are called divided differences and are
given by the recursion

[yz] =Y

o [Wiv1s -5 Y] = [Yir- - y5-1]
Wi, y;] = F— .

Proof. See [25], chap. 2]. O

The following explicit representation of the divided differences will be needed later in this section.
Theorem 20. Suppose ((z;,y;))i—o € C? is such that (z;);_, are pairwise different, then it holds that
J

ol = > -

=0 Hkeqo,. gy fmy (2m — 26)

Proof. Essentially we have to verify the recursion relation in theorem [I9] for the representation given.
For [y;] the result is straightforward. Now consider

j j-1
Wirr, -yl =iyl 1 Ym 3 Ym
Zj T % Fi T i1 er{i+1,...,j}\{m}(zm — 2k) o er{i,...,j—l}\{m}(’zm — 2k)
Yj Yi
- + +
rei iz =) regi.mngy (2 = 20)
j—1

1 [ 1 1 } Y
m=i+1 Zj T % LEm T Zj Fm T er{i+17~--»j—1}\{m}(2m - Zk)

= [yia"'ayj]a



since
1 1 1 1

Zj— 2 [Zm — 2  Zm — % (Zm — 2j)(Zm — 21)

O

From this we can derive a single-term recurrence relation that is most useful for numerical implementa-
tions.

Theorem 21. Suppose ((z;,Yi))i—o € C? is such that (z;);_, are pairwise different, then it holds that

[y07 ) 7yj} = dgj)7
where
a5’ =y,
d(]) _ dgj) - [yo, cee 7yi]
i+l .
Zj — &
Proof. We have
j-1
HkE{O,...,j—l}(Zj - 2k) i—0 er{i,...j—l}(zj = 2k)
j=1 4

Yj _Z Z Ym

; er{o,...,j—u(z' — 2k) =0 m—0 Hle{O,...,i}\{m}(’zm —21) er{i,...j—l}(zj — 2k)

j—1
Yj 1
= Ym
er{o - 1} | — 2k) Z ,z;n Hle{O,...,i}\{m}(zm —21) er{i,...j—l}(zj — 2k)
j—1
— Yj + Ym
er{o,...,j—1}(2j - 2k) 0 er{o,...j}\{m}(zm - 2k)
= [yOv s 7yj]’
where we employed the following calculation
Jj—1 1

=m HZE{O,H.,i}\{m}(zm - 21) HkE{i jfl}(z‘ — 2i)

Z er{z—i-l, ]}\{m}(zm — 2k)
"~ Tie(o..ip\ () (= 20) iegij-13(z — =)

-1

 Tlreqo,.gp gy (zm — 28)
O

Now we consider the interpolation polynomial as an approximation to a continuous function on a compact
set (in the complex plane).

Theorem 22. Suppose K CC C and that f: K — C. For z € K we get

f(2) = pn(2) = flz0,- -+ 2n, 2)wns1(2),

where

flzos -y 20, 2] == [f(20),---, f(zn), f(2)].

10



Proof. By theorem [I9] we know that

f(Z) = pn(z) +f [207 ceesRn, Z] wn—i—l(z)a
from which the result readily follows. O

FD )
(n+1)!
holds for some & € [a,b] (see e.g. |25, p. 50]) to get an error bound for an n + 1 times differentiable
function. However for our purpose we will use the above result in a more subtle way. We will derive
a representation of the interpolation error that is due to Hermite (as cited in [II]) and allows us to
determine, in some sense, the best possible convergence rate of polynomial interpolation. This approach

can be found, for example, in [12] or [I1].

On the real line (i.e. z; € [a,b] for all ¢ and z € [a, b]) we can use the fact that f[zo,...,2n, 2] =

Theorem 23. Suppose K CC C and f : K — C is a holomorphic function. For z € K we get

1 Wna1(z
1) =l = 5 [ 28 ag
if v is a Jordan curve with winding number 1, such that zy, ..., z, lie in the interior of .
Proof. By the residue theorem
L [ wni(2) f(§) wn1(2)f ()

[ Wntt\B) JAS) e
2mi ), wny1(§) € — 2 E=fGE+ ; (i = 2) Treqo,...np\qiy (2 = 28)

= f[ZO’ cee 9 Bmyy Z]wn+1(2)
where the last equality follows from theorem [20] and the fact that
3 /(=) /)
f[ZO,...,zmz]: n .
; (2 = 2) HkE{O,...,n}\{i}(Zi —2k)  wpr1(2)

In light of theorem [23] our goal is to minimize the right hand side of

|wWnt1(2)] supges, [ £(§)]
infeey |wnt1(6)]

1f(z) —pu(2)| < C

)

i.e. to find interpolation points such that w,(z) is small in K but grows rapidly outside of K (or at
least is large on some curve «y outside of K). To accomplish this we can cast the problem either in the
language of complex analysis and the study of conformal maps (for a summary see e.g. [9]) or into the
language of potential theory (see e.g. [1I] or [12]). We will choose the latter, however, as theorem
asserts, in the complex plane the two approaches are equivalent.

Definition 24. (Zero counting measure). Suppose n € N and let (z;)?_, € C. Then we call

n

1
Ty = n+126Zi

=0

the zero counting measure.

Theorem 25. Suppose T, is the zero counting measure. Then it holds that

1
U™ (z) = gy log |wn+1(2)].

11



Proof. A simple calculation shows that

1 1< 1 1
U™ (z)= [ log——dr, = — 1 . 1 n .
(2) /Og|z—w (W) n—l—l;Ong—zi\ n+1og\w +1(2)]

Definition 26. (Level sets). Suppose o € M(K). Then we call

Ey ={z€C :U(z) > —log A}

the level set of o with respect to the value \.

Theorem 27. Suppose K CC C and 0 € M(K). Then U° attains a minimum and we have

i%%U (z) = —log Ao,

where
Ao = ll'lf{)\ : K C 83\7}

Proof. Since K is a compact set and U7 is superharmonic (see [I3], p. 128]) it follows that U“ attains a
minimum on K. The second statement follows from the definition of £5. O

We recall the following definition from measure theory.

Definition 28. Suppose (0;)52, is a sequence of measures. We say o; converges weakly to o (or
o; % o) if

v € Co(C) : /f(z) dai(z)—>/f(z) do(2).
Theorem 29. Suppose (z;);2, € K is a sequence of interpolation points, where K CC C. In addition,

suppose A > Ao, T, — o weakly and that f is holomorphic in an open neighborhood U of £ and bounded
on U. Furthermore, let us denote the interpolation polynomial of f at the nodes (zi)?zo by p,,. Then,

) 1 Ao
limsup || f — pa || " < T
n— o0

Proof. Our aim is to bound

|wWnt1(2)] supees, [ £(§)]
infeery |wn1(6)]

< limsup C| f o sup 1<nt1 )i
n—oo

limsup||f —p <limsupC ’
st If nHK e ey lwn+1(8)]

where v is a Jordan curve with winding number 1 that encloses £Y.
. . w
First, since 7,, — o we have

: U S min _1JC .
nh—>Holon+110g |wn (2)] U%(z) > min U?(z) > log A

Second, for n > 0

1
tog [l < limsup sup  — — log|wa(2)] = log(Ao + 1)

n 1 n—oo z€O0EY

lim sup
n—oo /\0 +n

by the maximum principle (U? is superharmonic) and the definition of £7 Combining these two, we

) Aotn”
ge
Jemis ()l _ <>\0+n>"+1

lim sup sup

n—oo £€vy |wn+1(§)| A

12



and therefore (since n > 0 is arbitrary)

, 1 Ao
limsup || f — pa || " < T
n— o0

O

Now our goal is to find a measure such that the quotient 22 is minimized. In what follows, we will show
that the equilibrium measure pg (introduced in theorem [6)) satisfies this condition.

Theorem 30. Suppose z € C\K and G(2) is a Green’s function with pole at infinity. Then
Ure(2) = =G(2) +7(K).

Proof. See e.g. [0, pp. 150-151]. O

Definition 31. (Level sets of G). Suppose K CC C and G(z) is a Green’s function with pole at
infinity. Then we define the level sets of G by

Ey:={z€Q: G(z) <log\}UK.

Theorem 32. Let (), € K be a sequence of interpolation points, where K CC C. Let A\ be defined
as in theorem In addition, suppose X\ > X, Tn — pug and f is holomorphic in an open neighborhood
U of Ex and bounded in U. Furthermore, let us denote the interpolation polynomial of f at the nodes
(2i)i—o by pn. Then,

. 1
limsup || f —pal[ " < 5
n— oo

Proof. Follows from the proof of theorem O

Theorem 33. The estimate in theorem is optimal (in the sense that ug gives a better estimate than
any other limit distribution).

Proof. We show that for all A > )¢ it holds that E) /5, C £F. This clearly shows the optimality of the A
in theorem [32] To that end, we know that

—U7(2) <log Ao

and thus
—U%(z) —log Ao < 0.

Since G(z) > 0 (by definition) we have (for all z € 2)
—U%(z) —log Ao < G(2)
and therefore Fy /5, C &Y, as desired. O

Therefore let us make the following definition.

Definition 34. (Maximally convergent). Let (z;)52, € K be a sequence of interpolation points,
where K cC C. We call (z;):2, maximally convergent if for (z;)"_, the estimate in theorem |32/ holds
for all n.

It is clear from theorem [30| that we can verify maximal convergence by verifying that

U™ (z) = U"#(2) = =G(2) +~(K),

i.e. the logarithmic potential of the zero counting measures converges to the logarithmic potential of the
equilibrium measure.

13



2.3 Leja points

In this section we will introduce the so called Leja points that fulfill most of the desirable properties
given in the previous section. In addition it is (contrary to, for example, the Chebyshev nodes) possible
to dynamically change the number of interpolation points used.

Definition 35. (Leja points). Suppose K CC C. The sequence (z,).., given by |zo| = max.cx |2|

and
n—1 n—1
H |2, — 2k :maXH |z — zk| -
zeK
k=0 k=0
is called a sequence of Leja points.

The Leja points are not unique since different choices of zy give different sequences of Leja points. Even
if 2y is fixed, their uniqueness is not assured. The interval K = [—2,2] with |z9| = 2 is a counter-example
to this proposition, since we have

max|z —2|=4= 2 =-2

zeK

max|z —2||z+2|=4=2=0

zeEK

16
max |z — 2||z + 2||z] = V3.
zeK 9

However, the function to be optimized in the last line is even and therefore we have two solutions, namely

2 2
zZ3 = g\/g\/ 23:75\/3

Next, let us turn to the connection of the capacity of a compact set with a sequence of Leja points on
that set. The following theorem (see [22]) gives us the asymptotic behavior of the function that is to be
maximized in order to compute a sequence of Leja points.

Theorem 36. Suppose (z;);-, is a sequence of Leja points and K CC C such that a conformal map as
in theorem [16 exists. Then

n—1
I 120 — 2l = c(&)"
j=0

and

n—o0 -

n—1

lim H 20 — 2™ = ¢(K).
7=0

Proof. The function (where ¢ is constructed in theorem

n—1
w(2) = [[ 52
=0

¢(2)

is holomorphic (in C\K) and since

Z—00

n—1

by the maximum principle in C\ K we have

n—1

n—1
j— . _— —_— - == > n-
Holzn %l Znelg;gﬂo\z 2 = max [ > ¢(K)
J= J=

For the second result we refer to [17]. O
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Remark 37. From the above result it is clear that if ¢(K) is not equal to one, the product
n—1
I 120 — 2l
j=0

either grows or decays exponentially (in the number of Leja points n). That is the reason why we scale
our function f(z) such that it is evaluated in the interval [—2,2] or some other set of capacity one. In
addition, the Leja points on that set can then be precomputed once and for all (and therefore do not
enter into runtime considerations).

Now, let us verify that the Leja points are maximally convergent. The proof given is inspired by the
french paper [17]. Since its writing, it has been cited many times (for example in [22] and [9]), however,
to the best of our knowledge no proof written in English exists. In the following theorem, we will correct
this.

Theorem 38. Suppose (2,)52 is a sequence of Leja points. Then it holds that

U™ (2) = —G(2) + 7(K).

Proof. We proof the result in four steps. First, let us define

vi(Em) =TI 15" =g

0<j<k<n
where ¢(") = (Cé"), cee, 7(,")) € K"t is arbitrary. We choose 7™ € K™*1 such that
<n>) - ( (n))
4 (n C(JQ%HV ¢ (2)

Obviously we can order the points in (™ such that for

n

AP T o], seto )
k=0
k£
it holds that - -
for all j € {1,...,n}.
Second, consider the Lagrange basis polynomials given by
(m) o=
L7 (z) = kli[(m(.”)fnfc")’ j€{0,...,n}
i

From equation 2] we get
Vv (nt™ (n) (n) () <y (nm
Mo 5ee s Mi—15% Mgt -5 M = n

and thus (
1O - T ‘Z_n’“nf) <1
’ i (Z)’_ ] =
k=0 |7; M
K£j

Therefore, we can apply the result given in [16] and [10] (as cited in [I7]) to get
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1/n

n 1/n
im (STIL] = lim ‘L(()”)(z)‘
=0

— oG(2)
n—oo n—roo ’

where G(z) is a Green’s function with pole at infinity.

Third, we write

.
wni1(2) = > wnrr (") L (2),
=0

This is true since wy,+1(2) is a polynomial of degree n. From this, we follow from definition [35| that

ze{né")7.~~7nn

n n n
lwn+1(2)] < sup Wit <n§n)> E ‘Lgn)(z)‘ < (I | |2kt — zk> E ‘L;")(z)‘ ,
(n) - 4
7=0 k=1 7=0

where (z;);2, is a sequence of Leja points. Therefore, from theorem [36| we follow that

i sup o1 (2)[/" < (e, 3)

Fourth, we consider

forn=1,2,..., where

Clearly R, (z) as defined above is holomorphic in C\K. In addition, since

2 zZ — Zk
o) = 11—

k=17 — Tk

we conclude that
lim (Rn(z))l/n =1.

zZ—00

Since by equation [3] we have
[Rn(2)] <1

and thus the maximum principle implies that

lim |R,(2)]"" =1.

n—oo

Therefore,
lm |wns1(2)]Y"™ = c(k)eC®)
n—oo
and
U™ = —G(2) +(K),
as desired.
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Corollary 39. A sequence of Leja points is mazimally convergent.
Proof. Follows from theorem [38 by employing theorem [30] O
Next let us extend the convergence results to functions of matrices. Note that we denote the spectrum

of a Matrix A by o(A).

Theorem 40. Suppose K CC C and A is a diagonalizable matriz such that c(A) C K. In addition,
suppose that (Zi)?io is a sequence of Leja points. Then

[/ (A)v = pp(A)v] < (condX) [[o[|[|f = pml|x,

where A = XDX ™1 and thus )
timsup | /(4w — po(A)ol] < O,

n—oo

where C 1s some constant.

Proof. We have

1£(A)v = pa(A)v]| = [ X (F(A) = pu(4)) X~ "o]|
cond(X)|[f = pmllllv],

which is the first result. The second result follows from theorem O

We are now equipped with all the tools necessary to consider the computation of matrix functions by
means of Leja interpolation. Thus, in the following sections we will introduce two types of exponential
integrators that rely on the efficient implementation of matrix functions.

2.4 Magnus integrators

We will not repeat the motivation for Magnus integrators here (see e.g. [14] pp. 245-246]). However, let
us consider the (discrete) Schrodinger equationﬂ

P(t) = —A)p(t),  $(0) =, (4)
where A(t) is at every point in time a skew-Hermitian matrix and, as usual in quantum mechanics,
[lo]l2 = 1. The following method is heavily employed in section

Definition 41. (Exponential midpoint rule).

Y1 = ehA(thrh/Q)"/)n- (5)

If A is time-independent, the exponential midpoint rule is exact. However, if this is not the case it is
often advantageous to use higher order methods such that larger step sizes h can be employed. The
following definition gives an example of a fourth-order method.

Definition 42. (Gaussian fourth-order Magnus integrator).
Yny1 = eB(t)ql)na (6)

where

h 3
B(t) := 3 (An(c1h) + Ap(eoh)) + T\ghQ [A(ts, + c2h), A(ty, + c1h)]
and ¢ 2 = % F ? are the two-point Gaussian quadrature nodes.

31n the physics literature usually the equation i)/ (t) = H(t)v(t) is considered and it is demanded that the Hamiltonian
H is Hermitian.
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It should be noted that usually we can precompute the matrix B(¢). Then, for numerical purposes, there
is no difference in the implementation of the two matrix exponentials. Our goal is to approximate the
matrix exponential given in equations [5] and [6] by a polynomial in Newton form. To that end we use the
theory developed in sections [2.2] and 23]

It is beyond the scope of this master-thesis to give a complete treatment on Magnus integrators. To that
end the interested reader is referred to [14] chap. 3] and the papers cited in this review article.

2.5 Exponential Runge-Kutta integrators

As a second class, we consider partial differential equations that, if discretized in space, can be written
as
W' (t) = Au(t) + g(u(t)),

where A € R™*™ and ¢g: R” — R" is a non-linear function. The most simple exponential integrator in
this case is the so called exponential Euler method (see e.g [14} p. 223]).

Definition 43. (Exponential Euler method).

Up+1 = e_hAun + h‘pl (_h’A) g(un)

Thus, we need to compute two matrix functions, as well as a single evaluation of the function g. It should
be noted that while the Magnus integrators introduced in section [2.4] are exact if A is time independent,
the method introduced here is not. This is due to the fact that we evaluate g on a single point only. A
more sophisticated method of order 2 is given in the following definition.

Definition 44. (Second order, two stage exponential Runge-Kutta method).

Unt1 =€y + h[(p1 — 2) (~hA)g(upn) + e2(—hA)g(un + e1(—hA)g(un))] .

In this case we need four matrix functions and two evaluations of g. Higher order methods have also been
constructed (see e.g. [14] pp. 226-229]). Error bounds for some exponential integrators, under suitable
conditions on g and A, are given in [14, chap. 2|, for example.
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3 Application

3.1 Quantum computation

Quantum computation is concerned with the exploitation of quantum mechanical phenomena to build a
computer system that is, in the framework of complexity theory, more powerful than a classical computer.
That this is possible is strongly suggested by the fact that, for example, Grover’s algorithm can search

an element in an unsorted list with time complexity O (\/ N ) A good introduction to this approach to

computation can be found in [20, chap. 1J.

From this point of view, simulating a quantum computer is a futile attempt, at best. However, since only
moderate size (on the order of 8 qubits) quantum computers have been constructed in the laboratory,
the hope is that such simulations, even though significantly slower than real quantum computers, can
give insight that ultimately will lead to the construction of quantum computers with a large number of
qubits.

In this section we will only introduce the basic mathematical machinery that is necessary to understand
the examples that follow. It is not our intention to give a complete treatment of quantum computation
and physical realizations of such systems (for such a treatment we refer the interested reader to [20] or

[21]).

A quantum mechanical system is described by the Schrédinger equatiorﬁ

where H(t) is the Hamiltonian and, depending on the problem, can be a (linear) operator or a matrix.
The wave vector ¢ either depends on continuous real variables (e.g. position) or on discrete variables
(e.g. the spin of an elementary particle). A combination of a continuous system with a discrete system
is also possible (this is the case, for example, when continuous degrees of freedom, such as position, are
coupled to discrete degrees of freedom, such as spin). To combine different quantum systems, we have
to employ the tensor product in the following manner o) = () @ /(2. Note that in the discrete case
the dimension of v is given by

dim ) = (dim¢(1)> (dim¢(2)> :

Incidentally this simple formula leads to the difficulty of quantum mechanics, the many-body problem,
which loosely states that the dimension of a system increases exponentially with the number of degrees
of freedom in the system.

The physical interpretation of ¢ is given by an Hermitian operator (or matrix) O that is called an
observable. The eigenvalues of O are possible measurement outcomes (and are ensured to be real by the
Hermiticity of the operator), whereas the probability that a system is found in the state corresponding
to the eigenvalue A is given by

<¢7 P)x'l/)>2

PO =0

where P, is the projector onto the eigenspace of .

An important quantum mechanical system, especially for quantum computation, is that of a spin %

particle. In this case we measure the spin along the z,y or z-axis and get either 1 or —1 (called spin up
and spin down, respectively). The observables for those measurements are given by the (scaled) Pauli

matrices
110 1 110 — 1
sm._Q[l 0],sy._2{i 0},sz_2

4We employ natural units, i.e. A =1 and ¢ = 1.
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Those matrices can easily be verified to have eigenvalues 1 and —1. As usual in quantum mechanics
the eigenvectors correspond to the state where spin up or spin down is measured with probability 1
respectively.

3.1.1 Two spin system in a spin bath (First example)

Let us denote the spin observable along the a-axis acting on the i-th spin as

i—1 L
Sei=|QI| @S| &K I].
J=1 j=i+1

where L is the total number of spins in the system under consideration.

In this notation a system of two interacting spins (this is a special case of the Ising model) is described

by the following Hamiltonian
2 2
H=Jo} D>, D, SaiSas

i=1 j=1 ae{x,y,z}

Including a spin bath (that is, spins that do not interact with each other but with our two spin system)
we get

2 2 L
H=Jy Z z Z Sa,iSa,j + Z Z JiSa,i (Sa,1 + Saz2) -

i=1 j=1 ae{z,y,z} 1=3 ae{z,y,z}

The wave vector ¢ € C2" is initialized such that the first spin is u (i.e. the eigenvector corresponding to
the eigenvalue 1 of S), and the second spin is down. The remaining spins are normalized and initialized
at random. Physically we investigate the time evolution of our two spin system if it is subjected to a
number of random spins. This can, for example, be considered as a model for experimental error.

The parameters are chosen such that Jy = 8 and J; for i > 3 are the realizations of uncorrelated uniformly
distributed random numbers in the interval [0, 0.4].

Since H does not depend on time, in this case we can write the exact solution as
P(t) = ey,

However, since H is in general a large matrix, standard methods to compute the matrix exponential are
not applicable. Therefore, we have to implement, for example, a method based on Leja interpolationﬂ
Figure [2| gives the result of the expected value for the first spin subject to a bath of 13 spins (integrated
up to time ¢t = 100).

5If not further specified we measure spin along the z-axis.
61t should be noted that this is precisely the special case of the exponential mid-point rule introduced in section if
H is time-independent.
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Figure 2: Two spin system in a spin bath (L = 15).

3.1.2 CNOT operation in a spin bath (Second example)

Although interesting on its own, for example in the study of decoherence, the example introduced in
section leaves much to be desired from a quantum computation standpoint. In this example we
will therefore explain how to perform the “famous” controlled-not (CNOT) operation on two qubits in a
spin bath.

First, we note that the CNOT operation is represented by the matrix

1 000
01 00
UN=14¢y 0 0 1
00 1 0

acting on a two spin wave vector (i.e. ¢ € C*). The matrix representation, however, is not sufficient
to implement the gate on a quantum computer. To that end we must devise a physical Hamiltonian
that implements the CNOT gate if we let it evolve for a specific amount of time. There are a number of
physical realizations. However, in many cases, most notable the NMR, quantum computer, a sinusoidal
field is applied resulting in a Hamiltonian of a two spin system given by

H(t) = _JSz,lsz,Z - hz,lsz,l - hz,QSz,Q
2 2
— Z kg i(t) (Spisinwt + .S, ; coswt) — Z Ky i(t) (Sg,s coswt — S, ;sinwt) . (7)

i=1 =1

Obviously, the Hamiltonian above does not include the spin bath. We will add this feature later on. For
now, we are interested in implementing the CNOT gate by using the the frequency w, the field strengths
ku1, k2 ky1, ky2 as well as the time span ¢ that frequency is applied as parameters.

To that end we decompose Ucn as follows

Un=I®H)Z(I®H),
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where

1 0 0 O
01 0 O
Z= 001 O
0 0 0 -1

is called the controlled-Z gate and

-l ]

is called the Hadamard gate. Thus, we need to perform two one-qubit operation{] as well as a single
two qubit operation (the controlled-Z gate). Our task is now to implement the Hadamard gate as well
as the controlled-Z gate. To show that this is possible requires some careful analysis that is done in the
following two sections.

Implementing the Hadamard gate The Hadamard gate can further be decomposed into single-spin
rotations that are defined as

R.(p) == e oS
Ry(p) := ™5,

A simple calculation then shows thatf]

m s

H = —iR, (1) R, (5) = Ru(m)R, (5) .

Thus, it is sufficient to implement single-spin rotation to implement the Hadamard gate.

The Hamiltonian in equation [7]is not yet suited for analysis. Let us first neglect the spin-spin interaction
(since the term is negligible if ¢ < %)ﬂ The Hamiltonian given in equationhas two terms corresponding
to an electric field. From the following analysis it follows that we can either set &k, 1, k.2 or ky1,ky 2 to
zero (the difference being the axis of rotation). Therefore, let us, for the moment, drop the second term.

Now we change to a rotating frame, i.e. we introduce a new wave vector ®(¢) such that

¢(t) — eiwt(SZ,lJrSz,z)(I)(t)_

This simplifies our analysis, since the Hamiltonian (of the time evolution of ®) can be written as

H(t) =—[(hen —w)Sz1 + (he2 —w)Sz 2+ ka1Sy1 + Kz 25y,2]

and is therefore time-independent. To that end let us first choose the frequency such that
w = hz,h

which in an NMR quantum computer can be interpreted as tuning w to the resonance frequency of the
first spin. Then the time evolution is given by

1/J(t) — eithz,l(Sz,1+sz.2)e7;tk1‘,1sy,1eitv's7

7A one-qubit operation is an operation on two (or more) qubits such that all but one qubit are left in their original
states.

81n the following calculation, wave vectors different only by a global phase factor are identified. This follows from the
axioms of quantum mechanics.

9 At this point a mathematician might object that this has to be precisely justified. However, since our goal is to give
a plausible argument that quantum computation can be done, rather than to base the discipline on a firm mathematical
basis, the reader may permit us the use of the occasional hand-waving argument.
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where

and
Sac,2
S = S‘%Q

z,2

It is clear that to achieve the desired operation, all but the second term must be equal to the identity.
Furthermore, it must hold that

tk‘lﬂ = —p. (8)

The first term can be computed easily and yields

eth=10 0 0
eithz,l(sz,l-i'sz,z) — 0 1o 0
0 0 1 0
0 0 0 e itha
Therefore, as a second condition we demand that
th,1 = 2rk, keZ. 9)

To analyze the third term the following lemma proves useful (it is stated as an exercise in [20, p. 75]).

Lemma 45. (Ezponential of the scaled Pauli matrices). Suppose v € C3 with |v]y =1 and

S
S:=1 8,
S,
Then for all 6 € R
€S = cos <0> I +isin (0> v-S.
2 2

Proof. We have

1
’UlSI +'U25y +U3Sz = 5 |: vy —‘r’L'UQ .

and using that /v} + v3 4+ v3 = 1 we get

e0(v182+v28y+vsS:) _ (g (Z) I +isin (g) v-S.

V3 v — iUQ :|

O
Using this lemma, we can write (ignoring spin 1 which is not affected by the calculation)
'S = cos <t|v|> I+ i sin (t|’u> v-S,
2 lv| 2
and therefore to eliminate the third term we have to choose
tlv| = t\/(hz,l — h.2)? + k2, = 4mn, neZ. (10)

It is possible to give another set of equation that, under some assumptions, are equivalent to the three
conditions derived above. This is the content of the next theorem.
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Theorem 46. The conditions[8 [J and[I0] are equivalent to the conditions

hz,2 = ’Yhz,la kz,Z = ’ykz,la

where 0 < v < 1 together with the equation

2 2
(L= + 2 (%) = n2. (11)

Proof. Starting with

@2
02,1 -7 925 = 4

and by squaring both sides we obtain

2
t2 <h§71(1 -7+ 72<;> = 1672n?.

By using that h,; = @ we have

(1=27K + 2 (£) = eny.

Since [§]is independent of k and [9] holds if k is an integer, the other direction is shown by solving equation
for n and substituting it into condition O

Unfortunately, it is in general not possible to find a solution to equation [11] given the parameters above.
However, assuming that v € Q we can get an approximation that proves sufficient for our application.

Theorem 47. Suppose
hz,2 = ’Yhz,h kz,2 = sz,l,

such that

Vzﬂv

where N, M € N. Then for K € N and k = KMN? there exists an n € N such that

1
— 2 2 = _—
t\/(hz,l hz2)?+ kZ,=4mn+ 0O ( 20— )> .

Proof. By the previous theorem we consider

\/(1—7)2k2+742 (%)2 =4m+(9<m>.

Therefore, let us calculate

\/(17)%%12(;)2\/<1AJ\;>QK2M2N4+$<;>

N2
— JK2N4 (M — N)? b
\/ ( ) i
N2 1
N2 -
= KN*(M N)+(’)< T RN ))

:“O(mmlw—m)’

which gives us the desired result for n = KN?(M — N). O
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In light of the previous theorem the relevant parameters ¢ and k; ; are given by

k1 1 ®
th, 1 = —4rkM N? =T = . 12
21 = T " hai  2kMNZ22r  thi, (12)

If the parameters ¢t and k; 1 as well as k; o = vk;,1 are determined as in equation an (approximate)
rotation Ry 1(¢) is realized.

By reversing the role of spin 1 and spin 2 we get similar formulas

hz’Q _ 1 ﬂ
hz,l 2]€M3 2

tah, 1 = dwkM?3,

to implement a rotation Ry 2(¢).

The same formulas (with h, 1 and h, o instead of h, 1 and hy o ) implement the rotations R, 1(y) and
R 2(p). This is not shown, however, it is clear that the derivation is quite similar to the calculations
considered above.

Implementing the Z gate In the previous section we showed that the Hadamard gate is decomposable
into single-qubit rotations. That is not surprising since it can be shown that this is true of every single-
qubit rotation (this result is not necessary for our purposes, the interested reader is refereed to [20}
p. 175]). However, what is nothing short of remarkable is that we can implement the controlled-Z gate
by doing nothing for a precisely specified time as well as performing single-qubit rotations only.

If no external RF field is applied, the Hamiltonian reads as

H=- [JSz,lsz,Z + hz,lsz,l + hz,2Sz,2} .

Our argument rests on the assumption that if we consider the Hamiltonian

1 1
HI =—J SZ,ISZ,Q - isz,l - 552,2

and let it evolve for a time ¢ = 7. The result is given by (where we once again drop global phase factors)

1 0 0 O
i _i= | 0O 1 0 O
1 H[i —
e ' =e 4 001 0 =Z.
0 0 0 -1

Now we can rewrite the Hamiltonian as

J T J
H=- |:(hz,1 + 2) Sz,l + j (hz,2 + 2) Sz,2 - HI:|

which in terms of the solution gives us

—iZH _ i%(han+9)S201 0% (he2+4)Sz 2 —i5Hr

e e e e
or by rearranging

7 — =5 (han+4)San ,=i5 (he2t§)Se2 ,—i5H

e

The rotation around the z-axis can be decomposed into rotations around the x- and y-axis as follow@

e () (5 (14 5)) m 5)

10Note, that we drop the spin index here, since this is a single spin operation.
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Implementing the CNOT gate Using the results from the previous sections we can finally decompose
the CNOT gate into a time evolution of the free Hamiltonian as well as rotations around the z- and

y-axis
von = [Rea@ Pz (3)] [Faz (5) Rea (5 (e 5) ) Rz (3)]
1 (3) 0 (5 (10 3)) ot ()] 7 [ e (5)
= Rya(m)Ryp (j;hz,Q + Z)W) Ry (g) Ry (gﬂ)

(5 (4 2)) s () ¥t 0 )

In total, we therefore have 8 single qubit-rotations and an evolution of the free Hamiltonian for a time
Z ~ 7.30603 - 10° (for J = —0.431-107%). It should be noted, that this is a quite large time-frame
compared to the single qubit rotation, for example. In Table [I] the parameter values for all necessary
operations are listed.

26



9_0T - T€F°0— = [ Se [P se T = 17y pue ¥ = L 10§ NOp) juswdjdur 0y papasu &y I'fiy 2'Ty ‘1'zy ‘m ) s1oyourered o1y 10§ son[eA T S[qRT,

L 1. 62906£00°0— ehy -y 0 0 G0 YLIST (1) &%y
T6STLY 0 1. 870650000 ey .y 0 0 6z’0 yrog (L4 IL)Tey
g 0 0 1. Gz1ee6100°0— ey g GZ'0  YL9GT (%) ey
v 0 0 vey .k 1.Q8TLTT00— T 49T (2&) vy
TLLSTE 0 Uiy . ¥ 1. 69012900 0— 0 0 T oyt ((5471)%) vy
£ 0 0 vey .k 1. ¢z180°0— T 39T (%) viyg
- 0 0 0 0 B i HE-?

L 1. 62906£00°0— ey -y 0 0 G0 YLIST (1) &%y
g 0 0 1. GZI8g6100°0— ey .y GZ'0  yL9Sg (%) ey
A ¢'hy Ty ¢y T'Ty m 2 uoryerad()

27



3.2 PDEs with the Laplacian as linear part (Third example)

In this section we consider initial value problems of the form

up = Au — g(u)
U|{t:0} = Up
ulagn = 0,

on the domain Q = [0,1]3. Burger’s equation with homogeneous Dirichlet boundary conditions, for
example, fits into this framework. In this case we have

1

Re (u-V)u,

g(u) =

where Re is the (dimensionless) Reynolds number.

Therefore, in light of the integrators introduced in section [2.5] we have to discretize the Laplacian in
three space dimensions.

3.2.1 Discretization of the Laplacian

Our goal is to derive the matrix A that represents a discretization of the Laplacian A in three space
dimensions. Let us consider the domain © = [0, 1]3, where N is the number of points per space dimension.
The position in 2 is given by three indices i5,%,,i, € {0,..., N — 1) in the following manner

R (/S RS S
X
Y % N+UN+1UN+1

We flatten this three dimensional vector by using the single index

i =iy +i,N +i,N%

By inverting the above operation we get

iz =1 mod N, (13)
iy = L%J mod N, (14)
iy = L#J mod N. (15)

We use the standard approach to discretize the Laplacian (with homogeneous boundary conditions) in
three space dimensions using the formula for a three point stencil in each dimension, i.e.

(AU) (Zfazyalz) = *6U(Zma Zyazz)+
Fu(ip 4+ 1y, i) +ulic — 1,4y,12)
+ iy, by + 1,42) + u(iy, iy — 1,42)
+ ulig, iy, iz + 1) + u(iq, iy, 1. — 1),
where it is understood that u(iz,iy,4.) = 0, if any index does not lie in the range of 0 and N — 1.

Using equations and [I5] we can give an explicit formula for the entries of matrix A
Aij = (N +1)? [=60ji + 0 N2 + 0j4n2 + 65.i-Niyo + 05,4 NOiy N—1 + 65.i-16i,0 + 0564105, N—1] -

This formula is helpful for implementing the CSR representation of A as well as to implement a GPU
kernel for matrix-vector multiplication. The implementation for the GPU kernel is given in algorithm

[IT] on page (@5}
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4 Implementation

4.1 The CUDA Programming model
4.1.1 Grid, Blocks, Warps, and Threads

The CUDA programming model is an abstraction of a massively parallel architecture (found in NVIDIA
GPUs) on top of the C/C++ programming languagdﬂ To query hardware information, we use the
program deviceQuery which is part of the CUDA SDK (a sample output for a Tesla C1060 is given in
Table [2| for the CUDA SDK 4.0 RC2).

The hardware consists of so called SM (streaming multiprocessors) that are divided into cores. Each core
is (as the analogy suggests) an independent execution unit that shares certain resources (for example
shared memory) with the other cores, which reside on the same streaming multiprocessor. Therefore,
the hardware, in case of the C1060, consists in total of 30 - 8 = 240 cores that are distributed across 30
multiprocessors of 8 cores each.

For scheduling, however, the hardware uses the concept of a warp. A warp is a group of 32 threads that
are scheduled to run on the same streaming multiprocessor (but possibly on different cores of that SM).
This implies that 4 clock-cycles are needed to process one instructionE This situation is quite different
from compute capability 2.0 devices (e.g. the C2050) where each SM consists of 32 cores (matching each
thread in a warp to a single core). It is also evident from this discussion that even if the threads in the
same warp take exactly the same execution path, they are not necessarily scheduled to run in parallel
(on the instruction level).

To run a number of threads on a single SM has the advantage that certain resources are shared among
those threads. The most notably being the, so called, shared memory. Shared memory essentially acts
as an L1 cache (performance wise) but can be fully controlled by the programmer. Therefore, it is often
employed to avoid redundant global memory access as well as to share certain intermediate computations
between cores. An example of the latter usage is given, for example, in algorithm [9] on page

Global memory is a RAM (random access memory) that is shared by all SM on the entire GPU. The
size of the global memory can be found from Table 2] to be 4 GB, whereas the shared memory is a mere
16 Kb (but obviously this is per SM).

From the programmer some of these details are hidden by the CUDA programming model (most notably
the concept of SM, cores, and warps). If a single program is executed on the GPU we refer to this as
a grid. The programmer is responsible for subdividing this grid into a number of blocks, whereas every
block is further subdivided into threads. Much to the confusion of the novice CUDA programmer either
the number of blocks in the single grid is called the grid size, whereas the number of threads in a block
is called the block size, or the number of blocks in the single grid is called the block dimension, whereas
the number of threads in a block is called the threads per block. No matter which naming convention is
employed, it should be noted that there is always a single grid, i.e. only block size and thread size (per
block) need to be specified. This design is illustrated in Figure

It is guaranteed that all threads in a block are executed on the same SM. Thus, within a block we can
use shared resources (like shared memory). It is however not necessary that all threads within a block
are executed simultaneously or that all blocks in a grid are executed simultaneously (usually the block
size will be much larger than the number of SM on the GPU available). Thus, it is necessary for the
programmer to write code that remains correct if executed serially as well as in parallel.

Furthermore, the number of threads per block is limited to 512 (as can be seen from Table . The
number of threads per block can be given as an integer, as a variable of type dim2, or as a variable of
dimﬂ However, the maximum number of threads is not allowed to exceed 512, i.e.

dim3(32, 16, 8)

11t should be noted, this is the most common but not the only option. CUDA Fortran as well as third party bindings
to many programming languages (including python and matlab) exist.

120bviously it is assumed that the instruction under consideration takes exactly one clock-cycle.

13The data types dim2 and dim3 are two and three dimensional arrays of integers, respectively.
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Grid

Block (0, 0) Block (1,0) = Block (2, 0)

Block (0, 1) Block (1, 1) “-Block (2, 1)

Figure 3: CUDA programming model (illustration taken from [3 p. 21]).

31




Control ALU | ALV EI

[TTTTTITIITIITIT]
—
[ [T 1
| A | ALY m [ [T IIIII[IIL]
m (T[T ITIITIT[T]
m ([T TTIITIT[T]
M T[T ITIIIIT[T]
([T
CPU GPU

Figure 4: GPU vs. CPU architecture (illustration taken from [3], p. 15]).

is not a valid configuration, while
dim3(16, 8,4)

is. The dimensionality of those variables is merely syntactic sugar, as on the GPU no such two or three
dimensional arrays of threads exist. However, it is often convenient to use two or three dimensional
variables to map certain problems (i.e. matrix-matrix multiplication) more directly to the underlying
mathematics.

The number of blocks per grid is not limited in such a way. In this case it is only required that the
z-component is 1 whereas the x and y-components can range from 0 to 65535 (this is once again listed in
Table . Thus, we can have a total of 4294836225 ~ 4.3 - 10° blocks in a grid. This should prove more
than sufficient for any application.

We will, in what follows, use the naming convention of CUDA (see e.g. [3]) that gives the number of
threads per block by
dim3(block Dim.x, block Dim.y, blockDim.z)

and the number of blocks per grid by

dim3(gridDim.x, gridDim.y, gridDim.z).

It should be noted that, as a rule of thumb, performance is increased if the memory access is sequential
(often called coalesced in this context). This paradigm is also stated in [2]. We will give some examples
as well as investigate this behavior more closely in section £-3] There we will also find that such a code
gives, in most cases, a performance advantage compared to a naive implementation (that does not take
sequential memory access into account).

Let us last, but not least, discuss the differences in architecture between a typical GPU and a typical
CPU. As illustrated in Figure [4 the highly parallel nature of GPUs is achieved mainly by focusing on
floating point performance and by sacrificing the quite complicated hierarchy of caches found on most
traditional CPUs. Thus, more area on the die is available for raw data processing.

4.1.2 Kernels

A kernel is a function (in the C/C++ sense) that is launched on the GPU. Such a kernel is executed a
total of
gridDim.x - gridDim.y - gridDim.z - block Dim.x - block Dim.y - blockDim.z

times. That is, the same function is executed a larger number of times (potentially in parallel, but this is

by no means guaranteed as discussed in section [4.1.1). However, the programmer can use the index (of a
thread within a block) as well as the index of a block (in a grid) to control the behavior of the program
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Algorithm 1 Simple kernel launch in CUDA.

__global  void k_do(int N, doublex x)
{

/+ every thread has a unique id */
int id = blockDim.x*blockldx.x + threadldx.x;

/+ do stuff depending on id x/
}

int main ()

{

int num_blocks;
int num _threads;

/* setup

*/
k do<<<num _blocks, num _threads>>>(N, x);

/+ cleanup

*/

return 0;

depending on the specific thread instance. A kernel would use such indices, for example, as an index
into an array of data to process. How to declare a kernel and configure the kernel cal]E is illustrated in
algorithm

The syntax on line 17 of algorithmis an addition to the C/C++ programming language that is provided
by the CUDA compiler (nvce). It is exclusively used to configure (i.e. to specify the grid and block size)
kernel launches on the GPU. As illustrated in the code, we can use the variables blockDim, blockIdx,
and threadldx to assign a unique id to every thread. This id can then be used, e.g., to process a single
row of a matrix.

It should be noted if call by value is used (e.g. the first parameter in k_do) the value is automatically
copied from host memory to device memoryE However, if we pass a pointer (e.g. the second parameter
in k do) we have to manually allocate memory on the device and copy the necessary data to the device.
This is important since host memory and device memory are two distinct random access memories
that communicate over the PCI-E bus only. We will see in sections and that this can be a
bottleneck, especially if large amounts of data have to be transferred between different GPUs.

For the purpose of memory allocation and memory transfer, the CUDA environment provides the func-
tions cudaMalloc, cudaMemcpy, and cudaFree (among others). The use of this functions is illustrated
in algorithm [2] where we have modified the program in such a way that every thread squares a single
element of a one-dimensional array that is copied from the host to a device. The result of this process is
then copied back to the host for further processing (note the use of cudaMemcpyHostToDevice as well
as cudaMemcpyDeviceToHost to indicate the direction of data transfer).

In algorithm [2] our first, more or less, complete CUDA example is given. We have omitted the logic of
reading the data into host memory as well as doing something useful once the modified data is copied
back to the host. Nevertheless, all essential steps to CUDA programming, i.e.

14To configure the kernel is a synonym for launching the kernel with a specified number of blocks (per grid) and threads
(per block).
151n CUDA we refer to the CPU as the host, whereas the GPU is referred to as the device.
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Algorithm 2 Memory allocation/copy on/to the device in CUDA.

__global  void k_do(int N, doublex x)
{

/+ every thread has a unique id x/
int id = blockDim.x*blockldx.x + threadldx.x;

x[id] = x[id]*x[id ];
}

#define N 256x256

int main ()

{
double x[N];

/* populate z

*/

float =d_x;

/* allocate memory on the device x/

cudaMalloc(&d_x, sizeof(double)xN);

/* copy memory to the device x/

cudaMemcpy (d_x, x, sizeof(double)xN, cudaMemcpyHostToDevice);

k do<<<N/256, 256>>>(N, x);

/* copy memory back to the host x/

cudaMemcpy (x, d_x, sizeof(double)*N, cudaMemcpyDeviceToHost );
/+ free memory on the device x/

cudaFree(d x);

/* process

*/

return 0;

1. Allocate memory on the device.

2. Copy data to the device.

w

. Launch one (or multiple) kernels to process the data.

e

. Copy the data back to the host.

have been implemented in this simple example.

On several occasions it is necessary to copy data on the device to a different memory location. In this
case, cudaMemcpy with cudaMemcpyDeviceToDevice is employed (in this case we obviously don’t have
to use the PCI-E bus; i.e. such copy operations are quite fast). It should, however, be noted that to
copy data between two different GPUs it is necessary to first copy it back from the source GPU to the
CPU, before copying it to the destination GPU. Thus, we have to transfer twice the memory over the
(slow) PCI-E bus.

Since this is potentially a performance bottleneck, for devices of compute capability 2.x and CUDA 4.0,
a more direct method is introduced via a technology called unified addressing (UVA). It can also be
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Algorithm 3 The fp and fp_real data types.

#if |COMPLEX_ ARITH
#if USE_DOUBLE

#define fp double
#define fp real double
#else
#define fp float
#define fp real float
#endif
#else
#if USE DOUBLE
#define fp doublecomplex

#define fp_ real double
#define Complex(a,b) \
doublecomplex :: make cudacomplex(tofloat (a),tofloat (b))
#else
#define fp singlecomplex
#define fp real float
#define Complex(a,b) \
singlecomplex :: make cudacomplex(tofloat (a),tofloat (b))
#endif
#endif

determined from the output given in Table [2] whether this mode is available. In this case, we can copy
data directly between different GPUs (in the same host system). Since UVA is not available for devices
of compute capability 1.3 (such as the C1060) we will not elaborate on this feature in what follows. It
should however be duly noted, that the extension of the library described in section [£.2] to this model is
straight forward (since only the memory copy operations need to be modified).

4.2 The cexp library
4.2.1 Introduction

The purpose of the cexp library is to provide a library that implements exponential integrators based
on interpolation at Leja points. Specifically, the goal is to provide a fast method for computing matrix
functions (with the Real Leja point method) by utilizing the CUDA framework. To that end we will
mainly consider the hardware listed in section [5.1

The library is designed to be modular (this is achieved by inclusion of some object oriented paradigms)
and facilitates that different implementations of matrix-vector multiplication (be it on the CPU or the
GPU) can be used and compared easily. The library uses certain features of the C++ programming
language (e.g. inheritance) only if it is clear that performance is not negatively affected by doing so.

The following sections describes the main classes that are employed in an exponential integrator using
this library. We will employ a bottom-up approach, i.e. the more basic classes are described first. For
example, we first discuss the class responsible for matrix-vector multiplication (MatrixMultiplicator).
This treatment is then followed by the class that implements matrix functions (MatrixFunction).

In our development we use the define flags given in algorithm 3|to map fp and fp_real to the corresponding
data types (fp is either complex or real, while fp real is always real).

The types doublecomplex and singlecomplex are classes that have been written by Christian Buchner
and are available at http://forums.nvidia.com/index.php?showtopic=73978. They can be used on
the CPU as well as on the GPU and provide many operators that have been overloaded to conform to
the expected behavior of complex numbers.
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Algorithm 4 CSRMatrix and Vector class.

struct CSRMatrix {
int n; // dimension
int nnz;
int on_gpu;
fpx val;
intx col ind;
intx row_ptr;

void load (int n, int nnz, charx file prefix);
CSRMatrix copy to_gpu();

void gershgorin(fp realx a, fp realx b);
void destroy ();

}s

struct Vector {
int n;
fp xval;
int on_gpu;

Vector ();

Vector (int n, fp* val, int on_gpu);
void load (int n, charx file);
Vector copy to gpu();

void destroy ();

}s

4.2.2 Class: CSRMatrix and Vector

These two classes define a square sparse matrix (in CSR format) and a dense vector respectively. They
provide methods to load matrices/vectors from disk as well as include member variables that give the
dimension (n), number of nonzero elements (nnz), as well as a flag, specifying if the data pointers reside
on the host or the device. The CSRMatrix class also provides a gershgorin method that computes
an upper and lower bound for the absolute values of the eigenvalues of a matrix. The copy to_gpu
methods leave the calling matrix/vector unchanged and return an identical matrix/vector that resides
on the device (i.e. memory is allocated on the device and the data from the existing matrix in host
memory is transferred to the allocated device memory). The definitions are given in algorithm

4.2.3 Class: MatrixMultiplicator

The MatrixMultiplicator is a virtual class which is an interface for an implementation of a sparse matrix-
vector multiplication, where the matrix is given in the CSR formaﬂ The definition is given in algo-
rithm

The init method takes a CSRMatrix that resides on the host and is responsible for (if applicable) copying
that matrix to a device (or multiple devices). The compute function implements the matrix-vector
multiplication in the m-th step of the Leja interpolation of

aA+pBI1
e Aty

where the vector vec has to be updated accordingly. The return code 0 of the compute method continues
the computation, while 1 is returned if the desired tolerance condition has been met. Thus, an imple-

161t should be noted that, beside matrix-vector multiplication, this class is responsible for some other tasks in the Leja
algorithm (i.e. copying from host to device memory).
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Algorithm 5 MatrixMultiplicator virtual class definition.

class MatrixMultiplicator
{
public:
virtual void init (CSRMatrix mat) = 0;
virtual int compute(int m, Vector vec, fp real alpha,
fp _real beta, fp divdiff, fp_ real tol) = 0;
virtual void destroy () = 0;

Class name Architecture Implementation method
MMCPU CPU Parallelized to multiple CPUs (OpenMP)
MMSingleGPU GPU Parallelized to a single GPU (Cusparse)
MMMultipleGPU Multiple GPU Parallelized to multiple GPUs (Cusparse)
MMLaplace3GPU GPU Parallelized to a single GPU
(fast method of section
MMSingleGPUHandwritten GPU Parallelized to a single GPU

(method given in section

Table 3: Implementations of the MatrixMultiplicator virtual class provided with cexp.

mentation of the MatrixMultiplicator class is also responsible for deciding if this tolerance condition has
been achieved.

The current state of the library implements a number of matrix multiplicators that are given in Table
If starting a new implementation, it is most instructive to study the implementations already provided
(especially the CPU as well as the single GPU implementation).

It should also be noted that for the “fast” method the matrix passed as a parameter to init is only used to
compute an estimate of the eigenvalues (via the Gershgorin disks). In the actual computation no matrix
has to be stored and therefore no CSR representation in (any) memory is required.

The multiple GPU implementation includes two additional methods (list _gpus, set _gpus) that must be
called before calling the init method. This methods are used to specify the number of GPUs to parallelize
to, as well as which devices are used.

4.2.4 Class: MatrixFunction

The class MatrixFunction is a rather simple class that uses a MatrixMultiplicator to compute a matrix
function. A partial definition is given in algorithm [6]

The init method expects a function pointer to the matrix function that is to be computed (the divided

Algorithm 6 The MatrixFunction class.

struct MatrixFunction
{
public:
void init (fp_real h, fp real tol, CSRMatrix mat,
int on_gpu, fp (xfun)(fp real, fp real, fp real, fp real),
MatrixMultiplicator* mat_ mul);
void compute(Vector vec);
void destroy ();
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Algorithm 7 Implementation of two spins in a spin bath (2 GPUs, L = 18, h = 1, and double precision).

#define COMPLEX ARITH 1
#define USE_DOUBLE 1
#define MAX NOF_LEJA_ POINTS 500

#include "matrixfunc/matrixfunc.cu"”

#include "matrixmultiplicators/mmmultiplegpu.cu"

int main ()

{

CSRMatrix mat;
mat . load (262144, 8912896, "data");

Vector vec;
vec.load (262144, "data_initial.bin");

MMMultipleGPU mat mul mgpu;
mat_mul_mgpu. list _gpus ();

int gpu_l[2] = {0, 2};

mat_mul mgpu.set gpus(2,gpu_1);

MatrixFunction mat exp;
mat_exp.init (0.1, le—5, mat, 1, exp fun, &mat mul gpu);

tic ();
mat_exp.compute(vec);
toc ("Runtime");

mat_exp.destroy ();
mat . destroy ();

vec.destroy ();

return 0;

differences are then computed automatically), as well as an instance of a MatrixMultiplicator that is not
initialized (i.e. the init function has not yet been called).

The class automatically initializes the MatrixMultiplicator given by mat mul and computes the neces-
sary spectral data for appropriate scaling of the matrix. Since this may take some time it is good practice
to call this function only once, even if a number of calls is made to the compute function.

4.2.5 Example

Let us, as an example, give the code used to implement the problem given in [3.1.Tusing the multiple GPU
implementation on two devices (employing devices number 0 and 2). The code is rather self-explanatory
and is given in algorithm [7] Tt is assumed that the binary files data_row_ptr.bin, data_col_ind.bin,
data_val.bin, and data_initial.bin are constructed by a Mathematica program and are located in the
path of the program.

The tic and toc functions are also provided by the cexp library and are somewhat inspired by the equiv-
alently named MATLAB functions that are used to measure runtime (they employ the high performance
counters clock gettime and QueryPerformanceCounter on Linux and Windows, respectively).
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Algorithm 8 Naive k_csrmv.

void _ global  k csrmv(int N, fp real alpha, fpx val, intx row_ ptr,
intx col _ind, fpx d _x, fp_ real beta, fpx d_y)

int istart = blockIdx .x*blockDim.x + threadldx.x;
int stride = blockDim.x x gridDim .x;

int idx, idx_end;

fp y;

for (int i=istart;i<N;it=stride)

{

idx row_ptr[i];

idx_end = row_ptr[i+1];

y = betaxd_y|i];

while (idx < idx_end)

{
y += alphaxval[idx]*d_x[col ind[idx]];
idx++;

d_yli] = v;

4.3 Writing a fast matrix-vector multiplication

The purpose of this section is to write a GPU kernel that implements a matrix-vector multiplication of
(possibly non-rectangular) sparse matrices in the CSR, format. One might argue that this is unnecessary,
since the Cusparse library already implements such an operation (the use of the Cusparse library is
further explained in section .

However, to write such a program is instructive for two reasons. First, it gives an example of a non-
trivial (at least if properly optimized) kernel and second it shows, quite surprisingly, that it is indeed
possible to beat the implementation of the Cusparse library (at least for the two examples considered
here). However, since the Cusparse library is not open source, we can not directly compare the method
used in its implementation and it is therefore difficult to determine why exactly such a performance gain
is accomplished.

4.3.1 The naive approach

The first implementation we introduce here, is a straightforward parallelization of the matrix-vector
multiplication. In this case, we assign (a maximum of) one thread to every row of the matrix. The
implementation of such a kernel is given in algorithm

This implementation is not as good as the Cusparse library as can bee seen from the performance
comparison conducted in Table [

From a theoretical point of view we can analyze the memory access pattern of this implementation. Let
us use, for example, the matrix

-2 1 0 0 0
1 -2 1 0 0
A=l 0 1 -2 1 o0 |, (16)
0o 0 1 -2 1
0o 0 0 1 -2
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that is represented in the CSR format as follows (if unfamiliar with this format, a simple example is
given in [I], pp. 9-11])
val=[ -2 11 -2 11 -2 11 -2 11 =2],
row_ ptr = [ 0 2 5 8 11 13 ] ,
col_ind:[0101212323434}.

Then (suppose that stride = 1, i.e. we have exactly one thread per row) we have the following memory
access pattern (we list all memory access into the val array for a given iteration of the while loop,
numbered by thread id)

Iteration: 0 0 1 2 3 4 ],
Iteration: 1 [ 0 1 2 3 4 ] ,
Iteration: 2 [ 1 2 3 ] .

As mentioned in section this is not optimal, since for best performance, threads should access
memory sequentially. Thus, let us investigate if it is possible to write a code that enables a more
sequential memory access pattern.

4.3.2 Improving upon the performance of Cusparse

To improve the memory access pattern of the code discussed in the previous section, we use the idea
given in [8]. In this implementation it is suggested to use a full warp for every row of our matrix. The
code is reproduced in algorithm [9}

Let us once again consider the matrix given in equation We launch 32-5 = 160 threads (e.g. 5 blocks
per grid and one warp per block) and get the following memory access pattern (listed is the thread index
inside a warp, i.e. the lane variable)

Warp: 0[ 0 1 ] ,
Warp: 1 [ 01 2 } ,
Warp: 2 [ 01 2 } ,
Warp: 3 [ 01 2 } ,
Warp: 4[ 0 1 ]

Clearly, the memory access pattern into val is now more sequential. However, the performance of this
approach, as numerical experiments suggest, is from slightly worse (for the example given in section
3.1.1) to significantly worse (for the example given in section|3.2). This, is also apparent from the Tables
4l and [

However, this is far from surprising since the number of non-zero elements in a row are not larger than
32. In this regime we would expect the code to be significantly more competitive. However, the code
given in algorithm [9] can be easily optimized to our problems. This is done by setting SUB = 4 and
modifying the code as is indicated in the comments. Following this modification, our code is from slightly
(for the example given in section to significantly faster (for the example given in section than
the implementation of Cusparse. A more detailed performance comparison can be found in Tables ] and
It is quite interesting to see that even the naive method gives some speedup compared to the Cusparse
implementation in the case of the problem of the two spins in a spin bath example (see section .
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Algorithm 9 Improved kernel with a more sequential memory access pattern.

#define SUB 32

void _ global  k csrmv_w(int N, fp real alpha, fpx val, intx row_ptr,
intx col _ind, fpx d _x, fp_ real beta, fpx d_y)
{

__shared  fp vals [512];
int thread id = blockDim.x % blockIdx.x + threadldx.x ;
int warp id = thread id / SUB;
int lane = thread id & (SUB — 1);
int row = warp_id;

if ( row < N )

int row _start row_ptr[row];
int row_end = row_ptr[row + 1];

/+* compute partial sum x/

vals [ threadldx.x ]| = 0;

for ( int jj = row_start + lane ; jj < row_end ; jj += SUB)
vals|[ threadldx.x ]| += alphaxval| jj | % d_x[ col _ind[ jj ]];

/* compute total sum x/

/* remove for SUB=/ x/

if ( lane < 16) vals|[ threadldx.x | 4= vals|[ threadldx.x + 16];

/* remove for SUB=4 x/

if ( lane < 8) wvals|[ threadldx.x | += vals|[ threadIdx.x + 8];

/+ remove for SUB=/ x/

if ( lane < 4) wvals|[ threadldx.x | += vals| threadldx.x + 4];
if ( lane < 2) wvals|[ threadldx.x | += vals| threadldx.x + 2];
if ( lane < 1) wvals[ threadldx.x ] += vals|[ threadldx.x + 1];

/+ store in global memory */
if ( lane = 0)
d_y[ row | = betaxd_y[row]| + vals [ threadldx.x ];

Implementation Execution time Speedup
Cusparse ~10.5 ms
Naive ~18.5 ms ~0.6
Sequential memory access (SUB = 32) ~31.0 ms ~0.3
Sequential memory access (SUB = 4) ~8.1 ms ~1.3

Table 4: Performance comparison for different implementations of the CSR matrix-vector multiplication
(discretized Laplace operator, N = 128).
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Implementation Execution time Speedup

Cusparse ~13.5 ms
Naive ~11.6 ms ~1.2
Sequential memory access (SUB = 32) ~14.5 ms ~0.9
Sequential memory access (SUB = 4) ~7.3 ms ~1.8

Table 5: Performance comparison for different implementations of the CSR matrix-vector multiplication
(two spins in a spin bath, L = 18).

4.4 Numerical implementation
4.4.1 Real Leja point method

To compute a number of Leja points, we have to maximize the function

n—1

fz) =] Iz - 2l

=0

on the set 0K CC C. Naively, we would use the derivative test to find a maximum. However, due to
the large number of terms, if n is large, this method is inefficient as well as introduces round-off errors.
Therefore, we take an alternate approach that extracts the Leja points from a uniformly distributed
discrete grid. This, so called discrete Leja points, are given, e.g., in [9]. In what follows we shall keep in
mind that the Leja points lie on the boundary of K exclusively.

Definition 48. (Discrete Leja points). Suppose (yi)ij\io is a grid of uniformly distributed points on

0K, where K CC C. Then (zi)ivzo is called a list of discrete Leja points if zp € {z € C : max,cox |2|}
and

n—1 n—1
H|zn—zk\:4 max H|zi—zk|.
it 1€{0,...,M} Pt

It is obvious that for N <« M a list of discrete Leja points approximates a sequence of Leja points. We
will use this method in all our implementations. However, for the sake of completeness it should be noted
that other methods have been devised. For example, the Fast Leja points that are given in [7].

It should again be emphasized that all computations involving Leja points in this section are done in
accord with theorem [36/on the compact set K = [—2,2]. For the purpose of computation of the discrete
Leja points a program is provided, that writes a given number of Leja points in a plain binary format (the
suffix denotes the format, i.e. real leja_ d.bin holds double precision Leja points whereas real _leja_s.bin
holds single precision Leja points).

As mentioned in sections and we try to approximate the discrete Schrodinger equation or the
discretization of a partial differential equation by a number of matrix functions (usually some form
of matrix exponential and the ¢ functions). These matrix functions are then evaluated by using an
approximation with Newton polynomials. It should be duly noted that since, for example, the matrix H
considered in section [2.4] is Hermitian it’s eigenvalues lie on the real line. Therefore, the use of the Real
Leja point method is justified as can be easily seen from theorem [0]

For the sake of simplicity we limit ourselves to the case where a single matrix function has to be computed
(as is the case for example for the problems discussed in section [3.1.1)). The algorithm presented here is
based on [9] and its pseudo-code is given in algorithm

The real numbers v and ¢ are such that all eigenvalues of A lie inside [¢c — 27, ¢+ 27] and are computed
by Gershgorin’s theorem. Clearly then the eigenvalues of
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Algorithm 10 Generic algorithm in pseudo-code.

= read leja_points ()
comp _div_diff ()

read matrix ()

read initial value ()
~ T/N

=T oA
I

for i=0:N

t = ixt

p = d[0]*p

for m=1:MAX NUMOF LEJA POINTS
alpha = 1.0/gamma
beta = —c/gamma — x[m—1]
y = alphaxA(t+h) — betaxy
p = p + d[m]xy

if abs(d[m])*norm 2(y) < tol
break

lie inside the interval [—2,2].

The computation of the divided differences is done in the program itself (to accommodate different matrix
functions). To that end, the recursion given in theorem [21{ on page [10|is most easily implemented and is
therefore used in all our programs.

Since ultimately our goal is to use the CUDA sparse matrix library (see [I]) in the GPU implementation,
we limit ourselves to matrices described in the so called CSR format (Compressed sparse row format).
It should also be noted, that in all programs zero-based indexing is used. That is, the first element of
an array is indexed by 0, as is consistent with the standard convention in C/C++.

As given in algorithm [I0] the algorithm can be implemented on almost any computer system. However,
for our purpose it is crucial to identify the part of the algorithm which, when parallelized, would give
us a significant speed increase. To that end let us analyze the different types of expressions present in
the algorithm and its approximate runtime. Let us suppose that N is the size of a vector and M the
number of nonzero elements in A. As usual we will count one addition and one multiplication as a single
operation. This analysis is presented in Table [6]

Expression Lines Runtime
Vector addition 9,12 N
Matrix multiplication 11 M+ N

Norm 14 N

Table 6: Analysis of algorithm

Since usually M > 5N, it is clear that we have to focus on parallelization of the matrix multiplications.

On the CPU we use OpenMP (see e.g. [4]) to parallelize the matrix-vector multiplication (this implemen-
tation is also used in section to benchmark the GPU implementations against the CPU). To emphasize
this, we also use a parallel implementation on the CPU such that the program is distributed to the
different cores. This parallelization is however, in scale, significantly different from the parallelization on
the GPU.

It should be noted, that the actual C/C++ program is more abstract than suggested in this section. It
employs some object oriented paradigms to facilitate the implementation of exponential integrators that
are more complex than those described in this section. In addition it enables to use different matrix
multiplication algorithms for a given exponential integrator with a minimum of effort. However, the
challenge in parallelization of the problem remains essentially the same.
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4.4.2 Tree summation

Tree summation has been proposed as a method to avoid rounding errors if a large number of floating
point numbers have to be summed up (see e.g. [Ig], or [I5] for a simple implementation). Such an
approach has the advantage that it is per construction very well parallelizable. In our situation, the
summation of a large number of items arises in the computation of the Euclidean norm of a vector. This
is among the operations to be performed in algorithm [10] on line 16.

The principle idea of a summation tree is to first compute the partial sums

kn+n

Stki= >, Y, 0<k<

1=kn-+1

where n is small compared to N = n™. Then, summing up these partials sums we get a new set of
partial sums. Continuing until only one partial sum is left, we have

kn+n N
Sjik = Z Sj-1sis Oﬁkﬁﬁ—l,lgjgm,
i=kn+1

where

N JR—
Z Vi = Smyo-
i=1

The above method has been modified such that it generalizes to arbitrary N (not only N that can
be written as n™ for some n). This, for some N, has the effect that the grows of the tree is stopped
well before only a single element is left. In this case the remaining elements are summed up in series.
Numerical experiments, however, indicate that this does not impede performance.

4.4.3 Single GPU matrix-vector multiplication

Our goal in this section is the parallelization of the matrix-vector multiplication (line 11 in algorithm
to a single GPU. The implementation on a single GPU is straight forward using the function (this is
in fact a BLAS Level 2 function and is included in the Cusparse library)

cusparseStatus_t cusparse{S,D,C,Z}csrmv (cusparseHandle t handle,
cusparseOperation t transA, int m, int n, float alpha,
const cusparseMatDescr t xdescrA, const float xcsrValA
const int xcsrRowPtrA, const int *xcsrCollndA, const float =xx,
float beta, float xy )

as can be found in [T p. 34]. The above mentioned function computes

aAzx + By

and stores the result in y. The Cusparse library already takes care of parallelizing the matrix-vector
multiplication to a single GPU. The matrix is given in the CSR format and it is expected that all pointers
are already stored in memory on the devic

However, in certain cases it is advantageous to exploit that a given matrix has a very regular structure
(this is the case in the example introduced in section. It is then possible to exploit the structure of this
matrix such that no information pertaining to the matrix is stored in memory (all the necessary data to
perform matrix-vector multiplication are stored directly in the program code). Such an implementation
for the example introduced in section can be found in algorithm

17We usually refer to the CPU as the host, whereas the GPU is referred to as the device.
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Algorithm 11 Device kernel for the matrix-vector multiplication of section [3.2] (N = 2" is assumed).

__global  void k_ csrmv_laplace3(fp real alpha, fp real beta,int N,
fpx x, fpx y)

{

int i = blockDim .x*blockldx.x + threadldx.x;

int il = i—NxN;

int i2 — i-N;

int i3 = i-1;

int i4 — it1;

int i5 = i4N;

int i6 — iiNxN;

int n = NxNxN;

fp_real f = alphax((fp_real )N+1)x((fp_real )N+1);

if (il >= 0)
ya += x[il];

if(i2 >= 0 && ((int)ceilf (((float)i+1.0)/((float)N)) & (N-1)) != 1)
ya += x[i2];

if(i3 >= 0 && ((i+1) & (N-1)) = 1)
ya += x[i3];

if(i4 < n & ((i+1) & (N-1)) = 0)
ya += x[i4];

if(i5 < n && ((int)ceilf (((float)i+1.0)/((float)N)) & (N-1)) != 0)
ya += x[i5];

if(i6 < n)
ya += x[i6];

y[i] = betaxy[i] + fx*ya;

}
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Algorithm 12 Fast modulo operation for N = 2.

i %N=1& (n-1)

_ ’ 10 ‘ 1T ’x(l)‘ ] y(l)
] 42 \ ] e \ y@

«a + 5
| ) | 1] [a®] Y@
i ] A4 \ I ]x<4>\ ] @

Figure 5: Illustrates of the parallelization of the multi GPU matrix-vector multiplication for 4 GPUs.

One might expect that such an implementation does not give a speed advantage if performed on the
CPU (in fact the numerical experiments done in section [5| show that the performance decreases consid-
erably). However, the GPU is vastly superior on raw number crunching ability and therefore we expect
a performance increase for the GPU implementation of this method (this is confirmed in section
where the speedup is found to be approximately equal from 2 to 3, as compared to the CSR method).

For the purpose of writing a GPU kernel it should be noted that to compute the modulo operation takes
many instructions (see [2, pp. 50-51]). Thus, if N is a multiple of 2, i.e. N = 2", we can replace the
modulo operation by a bit-wise AND operation. In C/C++ code, this equivalence is stated in algorithm
L2l

The implementation suggested here, as given in algorithm is also used in the performance comparison
in section [5l

4.4.4 Multiple GPU matrix-vector multiplication

In order to use multiple GPUs we have to take care of distributing the workload across multiple GPUs.
To that end we split the matrix multiplication in m sub-matrices (the case m = 4 is illustrated in Figure

).

It is a priori not clear whether this is a viable option. Clearly, we can speed up the matrix multiplication
but after every step we have to copy back the result to the host and copy the result of all the other GPUs
to every other device. Naively, this would require the transfer of

(m—1)N

floating point numbers. This is still a smaller quantity than N + M. Nevertheless, we have to take into
account that random memory access is faster than copying memory over the PCI-E bus.

However, it is often possible to only transfer the subset of the data that has been changed (i.e., that are
affected as a result of the multiplication by one of the sub-matrices illustrated in Figure [5). This method
is also suggested in [I9]. The numerical experiments done in this paper and on the problem given in
section suggest the validity of this approach. However, in section [3.1.1] we introduced a problem that
highly mixes the different states (this is not surprising for a discrete quantum many-body problem). In
this case the numerical experiments done in this master thesis show a slight performance advantage of
the naive approach, i.e. making a full copy of all data. In some situation this problem can be mitigated,
for example by choosing single precision floating point number. However, in general this poses a quite
serious obstacle for parallelization such problems across multiple GPUs.

Finally, it seems instructive to compare the number of code lines written in each of the approaches
discussed in this section. The CPU implementation of the matrix-vector multiplication as well as the
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single GPU implementation are both done in approximately 100 lines of code. It should be mentioned,
however, that this excludes code to copy the matrices and vectors to and from the GPU (approximately
50 lines of code) and the tree summation algorithm discussed in the previous section (150 lines of code).
All together the single GPU implementation is implemented in about 300 lines of code. The “fast” version
of the single GPU is implemented in about 200 lines (excluding host-device copy and tree summation).
The multiple GPU implementation consists of about 400 lines of code. In this context it should be
noted, that the implementation of the multiple GPU code with the CUDA SDK 4.0 is shorter as well
as significantly more readable compared to the original multiple GPU implementation using pthreads
and the CUDA SDK 3.2. This is due to the fact that the multi GPU programming model of the CUDA
SDK 4.0 does not require one thread per device and it is therefore more convenient to switch between
different GPUs.

In the above considerations, code common to all three implementations is not counted towards a specific
implementation. In total about 6000 lines of C++/CUDA code has been written in the course of this
master thesis.
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5 GPU/CPU performance comparison

In this section we will compare the performance of computing the matrix exponential
e_itA'l/JO

for the the problem given in section [3.1.1] as well as the matrix exponential

ey

for the problem given in section We will limit ourselves to the computation of the two exponen-

tial functions, since from a performance standpoint, nothing is gained by employing arbitrary matrix
functiond™®]

5.1 Hardware

This section summarizes the hardware that is used in the following to make all performance comparisons.
We will exclusively use the two hardware configurations listed in Tables [7] and [§] respectively. In both
cases Nvidia GPUs and the corresponding CUDA development platform is employed.

Since the multi-GPU programming has been extensively simplified, for some examples, the CUDA 4.0
SDK is necessary. However, as of now, compute capability 1.1 is sufficient to run all the applications
(i.e. no Fermi or Tesla specific instructions are employed).

Component Manufacturer Model
System FluiDyna TWS 4xC1060-21Q-24
0S - OpenSuse 11
CPU Intel 2x Xeon X5570 (2.93 GHz, 2x 4 cores)
GPU Nvidia 4x NVIDIA Tesla C0160, 4 GB (240 stream processors)
RAM Crucial 24 GB GDDR3-1333

Table 7: Hardware specifications (server system).

Component Manufacturer Model
0S - Windows 7
CPU Intel i7 920 (2.66 GHz, 4 cores)
GPU Gainward/Nvidia GeForce 9800 GTX+, 512 MB (128 stream processors)
RAM Crucial 4GB DDR3-1066

Table 8: Hardware specifications (consumer system).

These two configurations correspond to a consumer and a server system respectively. The consumer
system is included for completeness. Since the GeForce 9800 GTX+ only supports single precision
floating point arithmetic, its usefulness for high performance computations seems limited. However,
since it performed quite well in the Monte Carlo computations done in [I5], we believe it is, if nothing
else, interesting to see how it performs in the implementation of the exponential integrators considered
in this master thesis. A picture of the server system is given in Figure [6]

18 As can be seen in section the runtime of the algorithm does not depend on the actual value of the divided differences.
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Figure 6: FluiDyna TWS 4xC1060-21Q-24 (picture taken from http://www.fluidyna.de/).

5.2 Comparison

In this section all compilations are done either with the g++ compiler or the Nvidia nvcc compileﬂ
All compilations are done with the -O3 optimization flag and use OpenMP where necessary (with the
-fopenmp and /openmp flag respectively).

It should be noted that due to memory limitations not all GPU examples can be run on the consumer
system. If this is the case the results are, without any further remark, dropped from the performance
tables. All speedups are computed with respect to the CPU parallelization that is run on the i7 920 (4
core) processor.

5.2.1 Spin bath example

First, let us consider the example given in section We compute the matrix function
e*itAwO

where 1y is randomly determined as in section [£.4 The results are listed in Table[9] (for L = 18) and in
Table [10] (for L = 21) respectively.

The performance gain in this case is not as impressive as for the problem considered in section [5.2.2}
The speedup compared to a single GPU varies, depending on the method and the problem size, between
2.5 and 8 (compared to a dual socket workstation gives a speedup of about 1.5 to 5). Especially in the
single precision domain the parallelization to two GPUs is close to the theoretical speedup of 2. The
parallelization to three or more GPUs does not improve the performance due to the bandwidth problem
that is further discussed in section [£.4.4

It should also be noted that for large problems as well as problems involving double precision floating
point numbers the handwritten method introduced in section gives a significant speedup compared
to Cusparse (the speedup is of the order of 2).

190n Windows that implies that the underlying compiler used is cl.exe from the Microsoft Windows SDK 2008.
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5.2.2 Laplace example

In this case we employ the discretized Laplacian from the example introduced in section Our goal
is to compute the matrix function

e—hAu07

where ug is the discretization of
(x,y,2) > sin (27x) .

The matrix, as a discretization of the Laplacian, has a regular structure that is quite easily analyzable.
Since GPUs are far superior to the CPU in raw number-crunching ability, in addition to the method
based on the CSR representation of the matrix A we have implemented the matrix-vector multiplication
of A with a given vector as a kernel on the GPU (see section for details). Since this method is
faster on the GPU we denote it by “Fast” in all tables that follow. It should be noted that this is despite
the fact that the method is, in fact, slower on the CPU (and thus is not listed for computations done on
the CPU).

Tables and list the execution time and speedup for the case of 128 and 256 discretization points
in any dimension respectively. This corresponds to a vector size of roughly 10° and 16 - 10% elements.

From these tables we can conclude that for the problems considered in this section, quite an significant
speedup can be achieved. A single C1060 GPU is roughly equivalent to a system with 3 processors
(with 4 cores each). The problem scales very well to multiple GPUs where a speedup of about 4 (near
the theoretical limit) compared to a single GPU is realized (This would correspond to a cluster of 16
Processors).

However, what is even more impressive is the raw number crunching performance of the C1060. Using
this “Fast” algorithm a single C1060 rivals the performance of between 5 and 8 processors. At current no
multi GPU implementation for this approach has been constructed. However, it is to be expected that
such an implementation would scale equally well (totaling to a speedup of about 20-35).

6 Conclusion

In this master-thesis, we have shown that parallelizing sparse matrix-vector multiplications to GPU(s) in
the hope to increase the performance of exponential integrators, is certainly a viable option (at least for
the Real Leja point method). Asis shown in section we get quite significant performance improvements,
as compared to a CPU implementation. Especially, most promising are the structured real matrices that
are the result of discretizing differential operators. In this case speedups of 8 have been observed (see
Table . This example, as well as the discussion in section imply that we can achieve even better
performance, if we use some optimizations that takes the problem at hand into account (e.g. writing
algorithms that exploit the knowledge of properties like the nonzero elements per row or the special
structure of some matrices).

It is also our hope that the introduction to the theory of Leja points given in section [2]can act as a starting
point for more theoretical considerations in the field of interpolatory exponential integrators. We have
therefore tried to give a coherent treatment of results, that are usually distributed across many papers
as well as books, that culminates in the theorem [36| (which is essential for numerical implementations)
as well as corollary [39| (which gives us a theoretical justification for choosing Leja points as interpolation
nodes).
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