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1 Introduction

This master’s thesis is based on the article [1] of H. Bourlés on impulsive systems

but presents this theory from a behavioral point of view as suggested by U. Oberst.

We consider signal spaces % of univariate functions or distributions on which the

complex po(}ynomial algebra C[s] in one indeterminate s acts by differentiation, i.e.,
Yy

by soy = g¢. The behaviors are solution modules of the form

Bz{wefl;Rowzo}

where R € C[s]¥*! is a polynomial matrix. In particular IO(input/output) behaviors

are of the form
Bz{(i) Eprrm;Poy:Qou}

with P € C[s]**P, Q € C[s]**™, PH = Q and rank(P, —Q) = rank(P) = p. The
matrix H is the transfer matrix of the system. The concept of impulsive behavior
was introduced by G. C. Verghese and T. Kailath in [4] and [5]. A trajectory (¥) of
the IO behavior is called impulsive if its input u is piecewise smooth, but its output
y is not piecewise continuous. As usual we admit piecewise smooth inputs of the
form u = u; +ugY only where Y'(¢) is the Heaviside or unit step function and where
w1 and ug are smooth. The output y is of the form

Y=y + Y +ys, yz € B ,CP6M

where again y; and y» are smooth, but the impulsive component y3 is a linear
combination of derivatives 6(™ of the d- distribution 6 = Y’ at 0. The impul-
sive components y3 of B do not themselves form a behavior. However, under the
canonical isomorphism

Cls] 06 = X, C6™ = ™), Zan5(") — (ag,a1,az,...)

the set of impulsive components of B maps onto a discrete behavior By, C (CM)P
where the action on C® is the left shift action. This is the impulsive behavior asso-
ciated with B according to Bourles. It is autonomous and thus C-finite-dimensional.
For computational purposes we assume additionally that the functions u; and wus
and then also y; and yo are polynomial-exponential since these functions can be
described by finitely many data.

We give a criterion to decide whether a given 10 system contains impulsive solutions
and develop an algorithm to compute the impulsive behavior of a given transfer ma-
trix and a formula for the impulsive part of the output, corresponding to a given
input. We discuss different signal spaces that are either injective cogenerators or
vector spaces over the quotient field C(s) of the complex polynomial ring C[s].

2 Abstract Linear System Theory

This section is based on the lecture “Eindimensionale lineare Systemtheorie” by
Professor Ulrich Oberst in the winter term 2004/05. We introduce the necessary
fundamental concepts of linear system theory from a behavioral point of view. In
2.1 we consider the duality of modules and behaviors and introduce the concept
of controllability. In 2.2 we consider transfer spaces of behaviors. In 2.3 we define
input-output systems and introduce the transfer matrix of an input-output system
and the unique controllable realisation of a given transfer matrix.



2.1 Foundations
Definition 1. Let V be a C[s]-module.

1. V is divisible if and only if for all nonzero polynomials 0 # f € Cls] the
multiplication f o (=) : V — V is surjective. Since over C all polynomials
split into linear factors f = a HAch(f)(s — \)H) | divisibility signifies that for
all complex numbers A € C the multiplication (s — A\)o : V' — V is surjective.

2. V is torsionfree if and only if for all nonzero polynomials 0 # f € CJ[s] the
multiplication f o (=) : V — V is injective, i.e., if for all complex numbers
A € C the multiplication (s — A)o : V' — V is injective.

Remark 1. V is divisible and torsionfree if and only if V' is a C(s)-vector space
over the quotient field C(s) of C[s].

In the sequel let 2 denote a commutative, noetherian integral domain and .% a
Z2-module with scalar multiplication doy, d € 2, y € .Z.

Definition 2. We call
B:={ye F Roy=0} c F
the behavior associated with the matrix R. It is a Z-submodule of .Z*.

Reminder 1. modgy is the category of Z-modules. The duality functor D :=
Homg(—, %) is contravariant, i.e.,

D : mody} modgy
M1 DM1 :Hom@(Mhﬁ)
! F——— Df=Homgy(f,&)
M2 DM2 = HOHl@(]\427 ,?)

and left exact, i.e, if the sequence

MMy .0
is exact then the sequence
DM, <2 by, 22 D 0

is exact too.

We consider 2'*! with the standard basis 6;. Every element & € 2% is of the

form l
§= &5
j=1
We consider the isomorphism

Homg (2", F) = Fp o w = (wy);,
l
@(65) =wj, p(§) =Eow = ijwj~
j=1

From linear algebra we know that the Z-module of the k x | matrices 2F*! is
isomorphic to the module of the linear maps from 2'%* to 2! i.e.,

Hom@(@b(k,@bd) ~ @kxl’ (OE) - E.



Lemma 1. Let oF : 2% — 21U be q linear map. Then the diagram

D(oE) : Homo(2%%, #) 2Ty Homy (2%, 7)

&
o

Q& — IR—>
Q\S — IR—

s commutative.

Proof. In the diagram above we consider

where

u;g = (p(oF)) (6:) = p(0:F) = p(E;-) = Lp(z E;j6;) = ZE@' o ©(d5)

l
> Eijoyi=(Eoy)
j=1

O

Reminder 2. Let % be a Y-module. .Z is injective & D = Homg(—,.%) is exact
or, equivalently, if for all Z-modules N and for all submodules M C N the map

Homg (inj,.%#
%Hom@(M,ﬁ)

Homg (inj, #)(g) = g inj = gl
is surjective, i.e., if every f : M — .% has an extension to g : N — .Z.

Theorem and Definition 1. Let % be an injective P-module. The following
properties are equivalent

1. For all nonzero f # 0 the dual map Df = Hom(f, %) # 0 is nonzero.

2. For all nonzero modules M # 0 the dual module DM = Hom(M,.%) # 0 is
nonzero t0o.

If these properties are satisfied .F is called an injective cogenerator.

Proof. =-: Let M be a Z-module, it is nonzero if and only if the identity map
idps # 0 is nonzero. Therefore



<: Let f: My — My a Z-linear map. We define M3 := im(f) it is nonzero if
and only if f # 0, i.e., 0 # f & Mz £ 0. We assume that f # 0 and therefore
M3 # 0. We consider the sequence

M, f1=Ffina Ms f2=inj M, »

where f = fof1. The map f; is surjective and f5 is injective. D = Hom(—, %)
is exact since % is injective. Hence D f; is injective and D fy is surjective.
Since DM3 # 0 by assumption and Df = D(faf1) = D f1D fo we conclude

im(Df) =im(Df1) (DM3) # 0.
£0

Therefore the dual map D f # 0 is nonzero.
O

Example 1. If F is an arbitrary field and 2 = F|[s] where s is the left shift the
module ppgF N'is an injective cogenerator. If we choose 2 = C[s] where s is the
derivative the modules ¢[;jC> and ¢[D’ are injective cogenerators.

Definition 3. Let 4.Z be an injective cogenerator. Given a Matrix R € 2%*! we
consider its row module

k
U:=Z(R) =Y 9R;_ = 2"*R =im(oR).
i=1
Let B C .Z! be the behavior associated to R. We define the module associated to

B by
M(B) := 2" )U = 2™ )9k R = cok(oR).

Theorem 2 (Malgrange). Let R € 2%*! be a matriz with entries in 9 and U =
Z(R) its row module. We consider the factor module M := P'*!/U. Its dual module
DM = Homg (M, F) is isomorphic to B = ker(oR), i.e.,

DM =Homg(M,7)=B={yec F5Roy=0} C F' ¢ >y

where

l
$(0)) =yj, P(E) = &oy =Eoy
j=1

Proof. The sequence

Gixk oR gixl_can gy 0
is exact. Hence the sequences

0 — DM = Homg (M, F) 22 Homg (2!, F) —, Homg (2%, 7)

[ !
!
F

0 B¢

are exact too and therefore DM = B. O



Definition 4. Let U C 2'%! be a submodule, we define the orthogonal submodule
by
Ut ={ye FiUoy=0}={ye FLiV¥ eU :(oy=0}.

Analogously we define for a submodule B C %!
Bti={¢e 2™ ¢oB=0}={¢c 2 \VyeB:{oy=0}.
Let B C .#! a behavior, i.e.,
B= {yeﬁl;Roy:O} =yt
where U = 2'**R. We define the associated submodule of B by U(B) := B+.
Example 2. Let R € 2¥*!| B the behavior associated to R. Let
U=9"*RC 2" and M(B) = 2'*'/U
the module associated to B. Then B = U+.

Theorem 3. Let 2 be noetherian integral domain and 9% an injective cogenerator.
Then

1. If U € 2'%! is a submodule and B := U+ then U = B*.

2. Let R; € 2FWxL 4§ = 1,2 be two matrices, U; = 2'*'R; their row modules
and B; = U+ = {y € FLRioy= 0} their associated behaviors. Then the
following holds:

BiCBy, s U; CU < 3dX : Ry = XR;

Proof.

1. We have to show that U = B~.

C: Let & € U and therefore Eoy =0 for all y € B=U". Hence £ € U++ =
(UJ_)J_ = BL.
D: Bt CUisequivalent to £ ¢ U = ¢ ¢ B, Let £ € 2!\ U. We have to
show that & & B, i.e., £ o B # 0. We consider the Gelfand map
py M = 9V )U — Homg (Homg (M, F),.7) C FPM

If £ ¢ U the residue class © = € = £ + U # 0 is nonzero. Its image
pm () = (f(2)) eppr # 0 1s distinet from zero too since # is an injective
cogenerator. Now we choose an f with nonzero f(x) and consider the
Malgrange isomorphism

f@r)
Hom(M, Z#)2B={y;Roy=0},f — =:q.
f(@&)
Then - - -
0# f(§) = f@m) = ;@ o f_(j;) =¢oy
is nonzero too and therefore £ ¢ B*.

2. We have to show that By C By < Uy C Us.



<: Let y € By, ie., oy =0 for all £ € Uy. Hence for all £ € Uy C Uy :
& oy =0 and therefore y € Ba.

=: Let U = B; C By = Us" and hence Us-+ C Ui+ as above.
~—— =

=Usy =U;

Uy = VDR, cUy = 2VFVR, o Y(Ry); i (Ra)io = niRy

m
& dX = : : Ry = XRy

Mk (2)
O]

Definition 5. A behavior B = {y € FLRoy = 0} is said to be controllable if its
associated module

M(B) _ glxl/glka

is torsionfree.

2.2 Transfer Space

Let 2 be noetherian integral domain and ¢.% an injective cogenerator. Let R €
2**! and B its associated behavior. Let BT be its associated submodule and
M = M(B) = 2**¥ B+ its associated module. Let K = quot(Z) the quotient field
of 2. Let p = rank(R) and m = rank(M) := dimg (K ®¢ M) be the ranks of R
and M and [ = p+ m.

Reminder 3. The tensor product K ®4 M is a K-vector space with K-basis
1®x1,..., 10z, where x1,...,x, is a Z-basis of M. We identify K®g 2% = K'x!
and 1 ® §; = §;. Hence

l l
DG@si=Y &bi=(G,...,4) € K
i=1 i=1

Since K ®4 (—) : modg — modg is a left adjoint functor, it is right exact.
Lemma 2. K ®y M = KX /KY¥XkR

Proof. The sequence

_@lxk °R glxl can M 0

is exact and therefore the sequences

K @ 9tk KOCOM e o gt _K&an p i 40

A
i

oR can

Xk lel KIXZ/KIX’CR—)O

—IR—>

[N

K

are exact too and therefore K ®¢ M = KXl /K¥FR, O



Lemma 3. We consider the canonical map
P @Ik R = N can K ®g M= K™ /KI¥kR
The kernel of can is the torsion submodule of M, i.e.,
ker(can) = (2"*' N K'*R) /2" **R = T(M).

Proof. C: Let & € ker(can) hence & = 0 in K'*!/K'**R. Consequently ¢ is
a K-linear combination of the rows of R, i.e., & = nR where n € K*. We
multiply 1 by its denominator d # 0 so that dn € 2'**. Hence d¢é = d¢ =0
in M = 2%/ 9"k R and therefore £ € T(M).

: Let £ € T(M) therefore there exists d # 0 with 0 = can(d¢) = dcan(¢). Hence

can(§) = 0 since K ®¢ M is a K-vector space.

\J

O

Definition 6. Let B = {y € FLRoy= O} a behavior. We define the controllable
subbehavior by
Bcont = (glxl mKleR)L C yl

Remark 2. Let . be an injective cogenerator. Then BL , = 2! N K'**R due

to Theorem 3. The torsion submodule of M is the factor module of BL , and B+,
ie.,

T(M) = (2" N K"™*R) /2" R = B,/ B*.

cont

The orthogonal submodule of B is a submodule of the orthogonal submodule of
Bconh i'e'a

B C Bioy
since Beont C B.
Theorem 4. 1. Beont 45 the biggest controllable subbehavior of B.
2. For the associated module M (Beont) the following holds:
M (Beont) = M/T(M),
i.e.
M (Beons) = YL /(2MX1 0 K1¥ER).

Proof. 1. Let B’ C B be a controllable subbehavior. We show that B’ C Beont,
ie., BL C Bt Bt C Bt since B C B. We consider the canonical map

cont

can: M = M(B) = 9'!/B+ — =2, N\(B') = 9'¥1 B+

T(M) = Beoui/B* T(M(B')) =0

And therefore BL

cont

2. M/T(M) = (2"1/BY) /| (BLuw/BY) = 2V /BLw = M(Beont). Beont is

cont cont

controllable since M /T (M) is torsion free.

C B/J_.

O

Definition 7. Let U C K'*! be K-subspace of K'*!. We define its orthogonal
subspace by

UL:{uveKl;véeU:éw:o}.
We define the transfer space of B by
B:=(KBY)* = {we K';Ri =0} C K"



Lemma 4. Let M = 91/ g1k R,

Homg(M,K) = Homg(K® M,K) = Homg(K™!/K™*R K)
¥1 A P2 e ¥3

ST

T

where

P1(6) = p2(1® &) = @3(€), Wi = 1(d;) = 3(0;).-
Lemma 5. The quotient field K = quot(9) is an injective P-module.
Proof. We have to show that for every Z-module N and all its submodules M
Homg (inj, K) : Homg (N, K) — Homg (M, K)
is surjective. But
Hompg (K ® inj, K) : Homg (K ® N, K) — Homg (K ® M, K)
is surjective and
Homg (N, K) 2 Homg (K ® N, K), Homg (M, K) = Homg (K ® M, K).

O

Lemma 6. Let.Z be an injective cogenerator and let By, By C .F' be two behaviors.

1. Their intersection is the orthogonal submodule of the sum of their associated
submodules, i.e.,
By NBy = (Bf +By)*

2. Their sum is the orthogonal submodule of the intersection of their associated
submodules, i.e.,

By + By = (B nBy)*
Proof. 1. By definition.

2. We consider the exact sequence

I
0 2B + BE) ) Xt BE x B g B A B ) < o

Il
2" /(Bi x By)
(&)
E—n 1(&,7)

Since .# is an injective cogenerator the duality functor is exact and hence the
dual sequence is exact too. For every submodule U C 2'%! of 2'%! the dual
module of the quotient 2'*!/U is isomorphic to U+, i.e.,

D(2"'JU) = Hom(2"' JU, #) = U+,

Iy

Hence the sequence

(1) :
0—— B +By)t ———— B sz%
Il

Bi N Bsy

(Bf NBy)t —0



is exact too. Hence the map (I;,I;) : By x By — (Bf N By)* is surjective.

Therefore
(B NBH)*t =im((I;, 1)) = B, + B,
as claimed.
O
Lemma 7. Let
B —L° B, % 5,

be an exact sequence of behaviors. The sequence

B B By

s exact too.
Proof. The duality functor is exact since % is injective. Hence the sequence

M(By) 2 M (By) 2 M (By)

is exact. The functor Homg(—, K) is exact since K is injective. Hence the se-
quences

Homa (M(B1), K 222 P Homeo (M (By), K} 2222 Homey (M (Bs), K)

— IR—> 3
— IR— :
— IR— g

Po Qo

=
@
N
o
o

are exact too. O

Lemma 8. Let M be a finitely generated D module. The following properties are
equivalent:

1. M s a torsion module.
2. Homg (M, K) = 0.
Proof. M torsion <

M=TM)& K®yM=0<0=Homg(K ®y M, K) = Homg(M, K)

O
Lemma 9. The transferspaces of B and Beons are equal, i.e., B= Bcont
Proof. We consider the exact sequence
0 — T(M)=BL,./Bt— M = 2% /B+ 2% Mooy = 2Y%V/BL . — 0.
We apply the exact functor Homg(—, K) and get the exact sequence
om(can,KI_)I
0+ Homg(T(M), K) +—Homg (M, K) e Homeg (Meons, K) +— 0
L I
I : b
0 B )Bcont
Therefore Homg (M, K) =2 Homg(Mcont, /) and B = Beont. O



Theorem 5. Let B, By C .F! be two behaviors in F*. Then
1. If By,Bs C F are controllable, their sum By + Bs is controllable too.
2. Blcont + BQcont g (Bl + 62)

cont

3. Blcont = BQcont e Bl = 32

Proof. See [3] O
Definition 8. Let B;, By C .#! two behaviors. By is transfer equivalent By, if and

only if their controllable subbehaviors Bicont = Bacont are equal. (< B = Bs)

2.3 10 Systems

Let B = {we Z'Row=0} be a behavior. We define p = rank(R) and
m :=1—p=rank (M(B)) and B = {w e K';y Row = 0} its transfer space.

Lemma 10. For a decomposition J W J' = {1,...,1l} of the set of the numbers
1,...,1 the following properties are equivalent.

1. The projection proj|s : B= K7 — (W;)icgr is an isomorphism.
2. (a) |J'| =m and |J| = p.
(b) The columns (R_;);jcs of R are K-linear independent.
Proof. See [3]. O

Given the sets J and J’ we can permute the components of w and the columns
of R so that J and J' are of the form

J={1,....p}, S ={p+1,....p+m=1}.
We define y := (w;) ey and u := (w;)jecs, i.e, w = (¥). Additionally we define the

matrices P := (R_;)jes and Q := (—R_;)jey, i.e., R = (P, —Q). Hence

B—{w— <Z>;Row—(P,Q)o (Z) —Ponou—OorPoy—Qou}

and the transfer space
B= {w: <y) eKP+m;Pog:Qoa}.
0]

The columns of P are the first p linear independent columns of R since
rank(R) = p = rank(P).

Lemma 11. Let JWJ ={1,...,l} be a decomposition like in Lemma 10.
1. There exists uniquely a matric H € KP*™ where PH = Q.

Hﬂ).

[

2. The inverse of the projection proj|z is (projlz) ' : K™ — B, — (

Proof. See [3]. O

Definition 9. A decomposition J W J' = {1,...,l} that satisfies the properties of
Lemma 10 is called an [0-structure of B.

10



Lemma 12. Let By and By be 10 systems with identical IO structures. Let H
resp. Hy be their transfer matrices. Then

Blcont = B2cont < Hl = H2

Proof. From Theorem 5 we know that Bicont = Bacont < By = Bs. F rom Lemma 11
we know that the transferspaces B; are isomorphic to K™, i.e., K™ = B;, @ — (Hﬁ“)

<: We denote H := Hy = H,. l';’l = {(%ﬁ),ﬂ € Km}. Hence 5’1 = 5’2 and
therefore Bicont = Bacont

=: Let w € K™ and y := Hyu. Hence

- i 3 3
(©)- () es-s
U m
Hence there exists a © € K™ where (Héﬁ) = (Hgf’
Hiu = Hot for all & € K™. Therefore Hy = Ho.

). Consequently 4 = v and

O

Theorem 6. Let 9 be a noetherian integral domain and K = quot(2) its quotient
field. We consider the matric H € KP*™. There is a unique controllable 10 system
B with transfer matriz H.

Proof. 1. First we show that the system B is unique. Let By, By be two control-
lable IO systems with transfermatrices Hy = Hy = H. Then By = By as we
have seen in Lemma 12.

2. Now we describe an algorithm to compute R = (P, —Q) from H:
Let 0 # d € 2 where dH € 2P*™. Hence d(if ) =( Uy e glrtm)xm et

did,,
R = (P,—Q) be universal with (P, -Q) (/') =0

H
<:>PdH—Qdidm<:>PH—Q<:>(P,Q)<,d > =0
1 m
3. We have to show that associated behavior B to R = (P, —Q) is controllable,
i.e., M(B) is torsionfree. The rowmodule of R is the kernel of the map o (dfil(in) :
grtm . g™ C K™ as we have seen above. Consequently

(id7n)
—

@1><(p+m)/@1xk(P7 —Q) K 1xm

is a monomorphism by the homomorphism theorem.
Therefore M = 2> P+m) /g1xk(p —Q) is torsionfree.

4. We have to show that the rank(P) =p, i.e. {1,...,p}W{p+1,...,p+m}is
an 10 structure of B. Consider the diagram

glxp oH N lem

P1%P [ker(p) — ginj 5 K1xm /glxm

ono

11



We show that ker(p) = 2'*FP.

EH=0 < EH:ne.@Mm@(f,—n)eker(<if>> =9V (P,-Q)

= HC(57_77):C(Pv_Q):CP(ldP7_H)<:>§:CP
& e gixkp

Let £ € 21%P /ker(y) then df = d€ = 0 since dH € 2P*™. Hence 2'*P /ker (i)
is a torsion module. Therefore 0 = rank (2'*?/Z(P)) = p — rank(P) and
consequently rank(P) = p.

O

3 The modules F, and G,

In this section we introduce the modules F; and G, . They are the Cls]-linear hull
of C®Y resp. T(C*™)Y. We show that they are C(s)-vector spaces and consider
proper rational functions and the images of elements in C*°Y by such functions. We
denote by

D = {p € C*(R,C);supp(y) is compact }

the space of test functions, i.e., smooth functions with compact support and by
D' ={T:D — C;T is linear and continuous}

the space of distributions, its algebraic and topological dual space. For the module
theoretic treatment of systems and behaviors the following properties of D’ are
important.

1. D is a C[s]-module with soy := %’.

2. D' is a C*® = C*(R,C) module with the multiplication
(uT)(p) = T(up) for u e C*°, T € D', p € D.

Reminder 4 (Derivative of a distribution). Let T' € D’ be a distribution then its
derivative

T'(¢) = ()T ()
is defined via the transposed map of the derivation and therefore
T® (p) = (=1)* T (™)
by induction.

At the beginning we will consider systems that start at ¢ = 0, perhaps discontinu-
ously.

0 t<0

1 t>0 be the Heaviside function, we define

Definition 10. Let Y (¢) := {

Fy :=C®Y +Cl[s] o d = Cls] o (C™Y).

Theorem 7. F, is a C[s]- and C*®-submodule of D' and F = C®Y @ ®2,Cs™.

12



Proof. Let uY € C*Y then
so(uY)=(sou)Y +u(soY)=uY +ud =u'Y +u(0)§ € C®Y + C§,

hence s o (C*Y) C F, and so (C[s] o) C Fy and therefore so Fp C Fy, ie., Fy
is a C[s]-submodule.

Now we will show that F, is a C*°-submodule of D’ where, of course, C>°(C>*Y") C
C*®Y. Let now u € C* then

(m) (m) _1\m
W) = T (g = 1? 6 ((up)™)

m)! m)! m)!

(7)u om0

hence

Sm I (o) slm=i)
and C*(C[s] 0 §) C C[s] 0§ = C*Fy C F4, i.e., Fi is a C*°-submodule.

o0 .
Next we will show that the sum F, = C®Y + 3 C6® is a direct one. As §
i=0
distribution and its derivative have compact support, i.e., they are elements of
& = (C*), we can apply them on C*°-functions. As a preparation we consider

(00" oo = { ot 12

l=m
Hence ) N o
) = S (™ = CT <

AsC[s]od = 3. C6™ we have to show that the §) are linearly independent. Let

m=0
0=w= i amé(m),
m=0

i.e., w(¢) = 0 for all test functions ¢ € £. We choose ¢(z) = (—x)! as above and
obtain

e (m)
0= Z amm!(sm—' ((—t)l) = ql!
m=0

hence a; = 0 for all [.

Finally we show that the intersection (C*Y) N (©22,C5?) contains zero only.

Let uY € (C®Y) N (©52,C6W), with u € C*°. Assume that uY # 0, i.e., that there
exists top > 0 such that u(tg) # 0.

Without loss of generality we assume that u(t) > 0 for ¢ € (to —¢,t0 + ) and
0 ¢ [to — &,to + £]. We choose 0 < ¢ € D with supp(¢) = [to — &,t0 + €] and obtain
(uY)(¢) = 0 since uY € (©32,C5™) and 0 ¢ supp(¢). Hence

o) to+e
0= /R W)Y (£)(t) dt = /O w(t)o(t) dt = /t w(t)o(t) dt > 0,

0—E&

a contradiction. Therefore uY = 0. O
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Theorem 8. The Module F is a C(s)-vector space, i.e., divisible and torsionfree.

Proof. 1. First we show, that the map so: F; — F, is an isomorphism.

oo
(a) We proove that the map is injective. Let y = uY + 3 a,, 6™, We
m=0
assume that y € ker(so), i.e

O=soy=uY +u(0)5+ »_ and™eF,.

m=0
From the preceding theorem we infer
W'Y =0,u(0)=0, ap, =0, m=0,1,2,...

as the sums are direct. Hence /() = 0 for ¢t > 0 and therefore
t

u(t) = u(0) —|—/ u(7)dr =0 for t >0 and uY = 0.
0

Finally we see, that

_ (m) _
y=uY + Z 0™ = 0.
=0 m=0
—_——
=0

(b) To show that the map is surjective, we construct the inverse image for
every element of F. Let z = vY + 300_ 3,,6(™). We define

t 00
u(t) = Bo —|—/ v(r)dr for t € R and y := uY + Z Brny10™.
0

m=0

u € C®asv e C®, u'Y =vY. Application of so yields

soy=uY +u(0)6+ > B0 =0Y + o6+ > fnd™ = 2.

m=0 m=1

2. For arbitrary A € C we show that (s — Ao : Fy = F4 is an isomorphism.
For z € D’ we define y := ze* € D'. If we apply s we get
soy=(soz)eM 4+ Aze’M = (s02)eM + Ny

and therefore
(s — ) o (zeM) = (s 0 z)eM.

Therefore the diagram

is commutative. This implies that

f+ (s—=A)o ]__+

.e“Tz .eMTg

Fy ——— Fy

o

is commutative as well and this proves (s — A)o : F4 =2 Fy due 1b.
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3. For a nonzero complex polynomial f € Cls] the fundamental theorem of alge-
bra states that f is of the form

n=deg(f)
f=a H (s = NN = ¢ H (s—=X)H,0#a€C.
AEVE(f) i=1
Hence for v € F; holds
fov = al(s=A)" - (s=A)")ow
= a((s = An) (s = A2)*2 (s = M) o ((s = A1) o),
—_
cFy

since the scalar multiplication is associative. Therefore fo : V' — V is the
composition of isomorphisms and hence an isomorphism itself.

O

Corollary 1. Let h(s) = % € C(s) be a rational function in s, where p, q € C[s],
p # 0 are polynomials. Then for arbitrary u € F the distribution y := h o w is the
unique solution in Fy of poy = qou.

Proof. po: Fy 5 F, and hence there is a unique y € F with poy = qou. Since F
is a C(s)-vector space, we conclude y = p~topoy = p~logou = (p~tq)ou = hou. O

In the sequel we will use the notation
Fi1:=C>®Y and Fy :=C[s] 04, hence Fx = F4 1 ® Fp

The sequence

is exact.

Corollary 2. Let 0 # f € Cl[s] a nonzero polynomial and y € C®Y. Then the
image of y by the inverse map f~' is an element of CY, i.e., f 1oy € CPY.

Proof. Let y = vY € C*®Y and A € C be arbitrary then there exists an unique
uy; € Fy with (s — X) ouy =y since Fy is a C(s)-vector space. We define

a(t) == (e the*AT T >
(1) = ( / (r)e ™ dr)Y (1) € €Y,
hence

(sow)(t) = NeM (/Ot v(T)e 7T dT) Y (t) 4+ eMo(t)e MY (t)

+ (e’\t /O tu(T)e—” dT>5

:(eAO foo v(T)e=AT d'r):()
—Na(t) oY () = Na(t) + y(8),

consequently (s — \) o @ = y and therefore u; = 4 € C*Y. By induction over all
factors of f there exists u € C*Y where fou =y and as F is a C(s)-vector space
we finally get

u=ftoyecCTY.
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Reminder 5. We consider C* with the C[s]-module structure. The set
P={s—X\xeC}

is a representative system of primes of the univariate polynomials C[s]. The corre-
sponding primary components of T/(C*) are

Tis—)(€C®) ={veC™®3k eN: (s—MNFov=0}=UZClt]re™ = C[tle™.
The torsion submodule of C* has the following primary decomposition
T(C*®) = @pepTH(C™) = GrccCltle™,

i.e., the torsion submodule T(C>®) = @xecC[t]e* consists of the polynomial expo-
nential functions.

Definition and Theorem 9. The module G4 = T(C*®)Y @& C[s] 0§ is a C(s)-
subspace of F, i.e., it is divisible and torsionfree.

Proof. 1. It is easy to check that G is a T(C*)- and a C[s]-submodule of F .
2. We show that the map so: G4 — G is an isomorphism:

(a) The map so: Gy — Gy is injective, since so : Fy — F is injective.
(b) To show that the map is surjective, we construct the inverse image of
every element in T(C*):
The map
501 T(C®) = T(C®), f — 50 f = f
is surjective since T(C™) is divisible. If u = gY € T(C*°)Y there exists
a function f € T(C*) with its derivate so f = f’ = g. We define
y:=(f-f0)Y eT([C?)Y,
hence
soy=(f'=f0))Y +(f - f(0)d = fY =gV
Every element in G, is of the form gY + gy where g € T(C*) and
go € C[s] 0 4. Every element

go = Zaié(i) €C[s]od

=0

has the inverse image

agY + Zai+15(i) S Q+.
=0

Thus so : Gy — G, is surjective.
Therefore so : Gy — G4 is an isomorphism.

3. Let f € C[s] be a polynomial in s. The diagram

(s=A)o

G, Gy

.ektTg .extTg

is commutative since e)‘thr C G4 is a T(C*)-submodule of G;. Therefore
fo: Gy — Gy is an isomorphism, as we have seen in part 3 of the proof of
Theorem 8.

O
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In the sequel we will use the following notation analogous to F:
G11=T(C®)Y,Gy=Fy=Cl[s]od and G4 = G4+ 1 D Go.

The sequence

injg

0 Gy g, 2 g, 0

)

is exact too.

Definition 11. We define the ring of proper rational functions

Clslyr =€) N~ = { ) = L5 € € den(r) = deat) - deets) < 0}

as the intersection of the rational functions in s and the ring of formal power series
in s7!. Additionally we define its ideal of strictly proper rational functions

C(s)spr =C(s)N Clls™']s™! = {r € C(s);deg(r) < 0}

as the intersection of the field of rational functions in s and the ideal of formal
power series in s~! with constant coefficient zero.

Reminder 6. The field of rational functions can be written in the following form
C(s) = C[s] & C(s)spr-

By partial fraction decomposition we get the following representation of the strictly
proper rational functions

1

C(s)apr = Drec 9 O3

and therefore

C(s)pr = C® Baec D52, C = = C®C(s)spr

1
(s —=A)
Theorem 10. The image of F4 1 by every proper rational function is in Fy 1, i.e,

C(s)proFy1 CFya

Proof. Let r € C(s)spr be a stricly proper rational function. Then it is of the form

m n 1
r:aZZcium, a € C.

=1 p=1

The image by every factor (s—A)~!oF, 1 isin F, 1, as we have seen in Corollary 2.
Hence for every y € F, ; holds

m n 1 m n 1 -
roy= (azzcmw> oyzazzcmmo((s—)\i) oy)

=1 p=1 i=1 p=1

and therefore by induction roy € F, ;. O
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Example 3. We consider y =cos (t)Y € G4 1 C Fy 1.

h=¢

s2—4

2

=2 is a proper rational function and therefore

hoy= % (cos(t) —sin(t) + (1 +3e *") )Y

is an element of G 1 C Fy 1.

r= Sj__: is not proper and
48 3 5
roy= (1764t+ 7 cos (t) — 1 Siﬂ(t)) Y+
is not in F 1.

Theorem 11. For a rational function H € C(s) the following properties are equiv-

alent:
1.
2.

H € C(s)pr is a proper rational function.

The image of F1 1 by H is a C(s)-subspace of Fy 1, i.e. HoFp1 C Fy;.

Proof.1.=2. By the preceding theorem.

2.=1.

Coro

2.

3.

We split
H = Hpoiy + Hyr

into a polynomial part Hp,+ € C[s]s and a proper part Hy, € C(s),,. We
assume that HoFy ; C Fy 1. Hence Hpo 0 Fy 1 C Fyq, since Hyr0F 1 C
Fia.

We assume that

Hpots = @ps™ + ... +a1s = s(ams™ ' +...a1) #0

=f

is not zero. For all functions y € F; there is a function u; € Fi; with
four = y. Therefore for y = Y there exists a function v € F, ; with
fou=Y. We conclude

Hpoiyou=sofou=soY =§¢&Fy;

a contradiction. Therefore Hpo+ = 0 and H = H,, € C(s)p,.

Nary 3. 1. Fy1 C Fy is a C(s)p- and a Cls™']-submodule of F ;.
For a rational function H € C(s) the following is equivalent

(a) H € C(s)pr is a proper rational function.

(b) The projection projr,(H o Fy 1) =0 on Fy = C[s] 0§ is zero.
For a matriz H € C(s)P*™ of rational functions the following is equivalent

(a) H € C(s)bX™ is a matriz of proper rational functions.

(b) The image of F*y by H, Ho F"y € FY, is a C[s™']-submodule of F ;.
(c) The projection projr,(H o Fi'1) =0 on (Fo = C[s] 0 §) is zero.

18



4 The module A = C®M

In this chapter we introduce the module A of finite complex valued sequences.

Reminder 7. Let CN be the set of all complex valued sequences. For every element
y € CN the support is defined by

supp(y) = {i,a; = a(i) # 0}.

We consider CN as a C[s~!]-module where the multiplication with s~! is the left
shift, i.e.,

resp.
(s7 oy)(n) = y(n+1).
Additionally we define the set
C™ = {y € CY;supp(y) is finite}

of the finite complex valued sequences. C™N) is a C-subspace of CN with the basis
d; = (0;5)jen as the reader can check for himself.
The primary components of T'(CY) are

) for A=0

_ N. (=1 _ )k — — )
Tis-1-n={yeC’3IkeN: (s Aoy =0} { [[](A)ien for A#0

C
C
Therefore the torsion submodule T(CY) is

T(CV) = @recT(s-1-1) = C™ & @o.£2ecCli] (A )sen.

Remark 3. We can consider CY) both as a C[s™!]- and as a C[s]-module, where

_ 0;—1 for >0
1 o 1—1 R
S 051 _{ O fOI' ZZO and 8051 = 5Z+1.

These two multiplications are not commutative since

slo(sody) = s 'od =0y, but
so(stody) = s00=0.

Definition 12. We define the module A by
A:=Cc®

the module of all finite complex valued sequences. We consider A with the C[s]-
and the C[s~!]-module structure.

Remark 4. A is an injective C[s~!]-module as direct summand of T'(CV).

Lemma 13. Consider the diagram

Fy 2 A
C[s]od

Fo=

0 Fia©

)

Fo is isomorphic to A, i.e. Fy =C[s]od = A =CW, since the map
Cls] o d SA=cW®, Zaié(i) — Zaiéi

is an isomorphism. The following properties hold
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1. The module F, ;1 is a C[s™']-submodule of F .

2. The module Fo = C[s] 0 6 is a Cls]-submodule of F .

3. The map ® : Fi — A =CW is C[s~']-linear but not C[s]-linear.
Proof. 1. See Theorem 10.

2. See Theorem 7.

3. To analyse the linearity of ® we consider the following diagram

.F.;.L)A

s_lo‘/ slo .

Fp———A

(a) First we show that ® is C[s~!]-linear.

i. Let ¢ = 0 then
§=60—2 55

-1 _
s o s 1o

5_105=Y|T>0

B(s1od)=0(Y)=0=s5'od=5"'od(6),

ie., ®(s71od) =s"1od()
ii. Let ¢ > 0 then

5(i_1) IT) Oi—1

(s o) =@ =61 =50 =50 d(0"),
ie., ®(s7to §(i)) =510 @(6(1'))
Hence ® is C[s~!]-linear.

(b) Now we show that ® is not C[s]-linear.

50V =6—2350 £ 0

D(s0Y)=P(5) =9y but s0P(Y)=500=0.
Hence ®(s0Y) # s o0 ®(Y) and therefore ® is not C[s]-linear.

20



Corollary 4. The sequence

0 f+1( /.7+LA:C(N)4>O

)

is an exact sequence of Cls™1]-modules as ®(y) =0 fory € Fy 1.

Remark 5. F, is a C(s)-vector space and Fi . is a C(s),,-submodule of F.

5 The Impulsive Behavior of 10-Systems

In this section we introduce the concept of impulsive behavior of input-output sys-
tems as a submodule of AP and the impulsive solutions of an input-output system
as the inverse image of the impulsive behavior by the map ® = proj : F§ — AP.
We give an algorithm to compute the impulsive behavior of a given transfer matrix
of an input-output system. We discuss the structure of the impulsive behavior and
give a formula to compute the impulsive output of a given input.

Definition and Corollary 1. Let H € C(s)?*™ be a matrix of rational functions.
Consider the diagram

Ho AP

Fr FP

.F;T:]_ THOJ:Z:;]. H@(Hof_ﬁl)
We call Bo, := ®(H o F';) the impulsive behavior of H. The following properties
hold:
1. The image of H o F1"; by ® is a C[s~1]-submodule of A, i.e.,

®(H o F1'y) s A

2. The matrix H is proper if and only if the image of 71" by H is in F ;. This
is the case if and only if the impulsive behavior of H is zero, i.e.

HeC(s)h™ e HoF ' CFY | & Boo=®(HoF') =0

Reminder 8. Let H € C(s)P*™ a matrix of rational functions. We define the
matrix Peont € C[s]P*P by

C[s]lxppcont = {5 < C[S]lXp;é'H c (C[s]1><m} )

Additionally we define the matrix Qeont := PeontH € C[s]P*™. Then the rank of
the matrix (Peont, —Qcont) 18 p, i.e.,

rank(Pcont) = rank((Pconta _Qcont)) =Dp-
The module C[s]™*?(Peont, —Qeont) is a direct summand of C[s]™*P+™) j.e. exists

< 5 ) S (C[S}(ZH»m)Xp with (Pcont7 *Qcont) ( }I; > = PcontY — QcontU = ldp

As C(s) = C(s7!) is the quotient field of both C[s] and C[s™!], we can likewise

consider H € C(s)P*™ as a matrix H € C(s™1) of rational functions in s~!.
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Corollary 5. Let A € C[s™1]P*P be defined by
Cls™'|"PA={¢eC[s7'|"*P;¢H € C[s~ '™} .

We define
B:= AH € C[s~'jp*™

By construction A € C[s~|P*P is a matriz of polynomials in s~ and det(A) # 0.
Then the following holds

H = A™'B and there is ( }[;

> € C[s~HP+™xP where AY — BU = idy.
Corollary 6. Let M be a C[s~']-module. We consider the maps (E)o : MP —
MP*T™ and (A, —B)o : MP*™ — MP. The following properties hold:

1. For all C[s~1]-modules the map (g)o : MP — MPT™ js a right inverse of
(A, —B)o MPT™ — MP ie.,

(A,—B)o
MPTm™ — MP
(0)°
Yy
w = ( > — Aoy—Bou
U
You
<«
Uow Y
with (A, —B) o (}[;) = idyp.
2. Let ® : M — N be a C[s~1]-linear map. The following diagram is commuta-

tive
Aptm Lﬁl) Npm

(1)e] |(A-B)e (g){ (A—B)o

Mp 2 NP
In particular this holds for the map ® from Lemma 13.

We consider the IO system

B—{(y) Efp+m;Poy_Qou},
u

where PH = (). Let the matrices A, B be defined as in Corollary 5. The equations
Poy=Qou<s Po(y—Hou)=0sy=Hou
are equivalent to
Aoy=Bouey=A"'Boucsy=Hou

since Fy is a C(s)-vector space and rank(P) = rank(A) = p.
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Remark 6. The matrices P, Q) have coefficients in C[s] and the matrices A, B have
coefficients in C[s™!]. The map @,

q)ZfJ,_ A

/

proj / =
Cls] o d

v =Y b= i,

is C[s~!]-linear but not C[s]-linear as we have seen in Lemma 13. Therefore the
equations A oy = B o u are advantageous.

Theorem 12. Let B be an I0 system with transfer matriz H. Consider the diagram

Fp— PP =F e —— T AP
1

ur————— Hou= (Hou) + (Hou)g—— ®((H o u)o)
The impulsive behavior of B resp. H is the kernel of the linear map Ao on AP, i.e.,
Boo = ker(Ao : AP — AP) = {yy € AP; Ao gy =0}.
Proof.  C: Let y = Howu = y1 +yo where u € F'y, y1 € }—i,l and yo € FJ.
Hence Aoy = Bowu by construction of A and B. The images of y; and u have
no impulsive component, i.e.,
Aoy, Boue FY 4,
since A and B are matrices with coefficients in C[s~1]. Consequently
D(Aoyy) =P(Bou—Aoy;)=0.
Since ® is C[s~!]-linear
Ao®(Hou)=Aod(yy) =P(Aoyy) =0

as claimed.

U

: Let §p be a nonzero element of ker(Ao). It is of the form gy = > a;d; where
«; € CP. We define

yo = a6 e FC FP
and obtain ®(yg) = yo # 0 but Ao ®(yg) = 0. The diagram

FP— 2 AP

Ao‘/ A

FP o AP
P
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is commutative since ® is C[s™!]-linear. Hence ®(Aoyg) = Ao®(yo) = 0 and
therefore A o yq is not an impulsive solution, i.e., Aoyy € Fﬁyl. We consider

the C[s~!]-linear map (A, —B)o and its right inverse (};), i.e.,

i (A=BR
—_—
Pl ————Fa

(¢)e

where (A, —B)(};) = id,. Let (1) = (1) o (Aoyo) € FXE™ be the image of
Ao yp by the right inverse of (A, —B). Hence

Y
Aoy, — Bou =(A,—B)o <yl> =(4,-B)o ( > oAoyg=Aoyy.
U1 U
Consequently
Aoy —Bouy =Aoyy < Ao(yo—y1)=Bo(—u)
& Yo — Y1 = Ho (—ul).
Hence
Jo=P(yo —y1) = ®(H o (—u1)) € ® (H o FY,),
i.e., 7o is in the impulsive behavior of H. The element y; is in the kernel of
® since y; € FY';. Consequently yo is an impulsive solution of H resp. B.
Therefore the impulsive behavior of H is the kernel of the linear map Ao, i.e,
ker(Ao : AP — AP) = ®(H o F'y) = Boo.
O
Lemma 14. Let 0 # A € C be a nonzero complex number. Then the annihilator
anna (s~ — X) = 0 consists of zero only.
Proof. Let y € A be a finite sequence, i.e. there exists a T' € N such that y(T") # 0
and y(t) = 0 for all t > T. We consider the equation (s™! — \) oy = 0 where
0 # X € C is a nonzero complex number. Hence
0=(s""oy)(T) = My(T) = y(T +1) +xy(T) = X y(T).
—_—— ~
=0 #0

Therefore y(T') = 0, a contradiction. O

Lemma 15. Let 0 # f = [[, (s = A\)*®) € C[s7!] be a nonzero polynomial. Then

its annihilator
n(0)—1

anna (f) = anna (s () = @ Cé;

i=0
equals the annihilator of s~

Proof. According to the Chinese Remainder Theorem the annihilator of f has the
following direct sum decomposition

anna(f) = @yanna ((5—1 — )\)M()\))

— anna (S—M(O)) @ Bazo annp (s_l - A)”O\))

=0
= anna (s_“(o)) .

24



Reminder 9 (Smith normal form). Let 2 be euclidean, % divisible and A €
2™*™_ Then there exist two invertible matrices U € Gl,,(2), V € Gl,(2) such
that D = UAV = diag(ey,...,e,,0,...,0) is a diagonal matrix. We consider the
system of equations Aoy = 0 where y € #. Since U and V are invertible the
following equations are equivalent.

Aoy=0UoAoy=0&UocAoVoV loy=0«Do(V oy =0
hence the kernel of A is isomorphic to the kernel of the diagonal matrix D, i.e.,
ker(A) = {y; Aoy =0} PN {g; Doy =0} =ker(D).

yl—)V‘loy
Vogy+—y

Since D is a diagonal matrix its kernel is the product of the annihilators of the
diagonal elements, i.e.,

ker(D) = [ [ {@#:¢; 05 = 0}
j=1

Summing up the preceding theorems leads to the following algorithm to compute
the impulsive behavior of a given 10-system.

Algorithm 1. We start with the system’s transfer matrizc H € C(s)P*™.

1. Consider the matriv H € C(s)P*™ = C(s~1)P*™ as a matriz of rational

functions in s~ 1.

2. Compute the matrices A and B from Corollary 5 by

(a) Compute the least common multiple d of the denominators of the entries
H;; =24 cC(s71) of H, i.e.,
J

ai
d:= ICHIiJ' (qU)
(b) We multiply the matriz H by d to eliminate the denominators, i.e.,
H=dH e C[s™}]

(c¢) Compute the Smith-Form D = U(dgm)V of (dgm)V. We define the
matriz R by

R = (Uj-)j=p+1....p4m-
We define the matrices A and B by

A= (R_j)j=1,..p B=(=R_j)j=p+1,...ptm-

3. Compute the kernel of the map Ao : AP — AP. We give two possibilities to
compute a basis of the kernel. For both we first compute the Smith normal

form
€1 0 0
p=—vav=| % ~ 0
ST
0 0 e

of the matriz A and compute the prime factorization of e,, i.e.,

ep = 5 MO H(S—l — AHO,
A#0
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o We compute the representation of A as a polynomial in s~!

A= Z ApsF.
k=0
We solve the following system of linear equations
Ao A1 - Ay 7o
0 Ay - : hn _
0 - o A Ypu(0)

The kernel ker(Ao) is generated by the elements
g = ( Jo T o Gy O - )
where ( o Yu0) )T is a solution of the system of equations above.

e The annihilator anna (e;) consists of elements of the form §; := E?;(()O)_l Aij6;
where \;; € C. Hence the kernel of D consists of elements

n1(0)—1
_ A150;
Y1 3=0
y=1 | = :
Up np(0)—1
> Apid;
7=0

Therefore
ker(A) ={y =V og;y € ker(D)}.
5.1 The structure of the impulsive behavior B,

If we consider B, as behavior itself it is an autonomous discrete behavior since the
matrix A has full rank. Therefore its Smith normal form is

61 .. 0
UAV =| @ - 1 |eC[s P

0 e ep

and consequently the associated module is a torsion module.

Now we want to directly compute the impulsive component yo € F§ of the out-
put y € F7 from a given input u € F}*; and a given transfer matrix H € C(s)?*"™.
We decompose the transfer matrix in the following fashion

H = Hpr + HpoH—
with Hpo14 € (C[s]s)?*™ of the form

hin oo ham
Hpoly = : " :
hpr - hpm

where the entries
Nij

§ k
hij = QijkS
k=1
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are polynomials in s of degree n;;.
As a preparation we compute the k' derivative of Yv where v € C* is a smooth
function.

(Y0)P(p) = (DY) (") = (DY) (") + (Vo) (o)
= (=D E) e + (DF ) ()

= (L)) (0) + (—1F / (1) 8) de

= 0(0)6% V() + (—1)F! <—v'(0)s0(k_2)(0) - /OC " (£)p "2 (t) dt)
0
— 0(0)5(k_1)(<p) + v/(0)5(k_2)(90) + (_1)k—2 /Oo U//(t)QO(k_Z)(t) dt
0

and by induction

k—1
D)= (05" () + (Yu®) ().
=0

Hence
N nij
hijo(Yv) = Zawks o (Ywv) Za”k <Zv(l 5(k 1- l)—f—Yu(k))
N
= Z <Z aijrv® (0)5 k1= _'_aijkyu(k)) .
k=1

Therefore the i*® component of the impulsive output (Hpol+ © u), corresponding to
the input v € "y with u; = v;Y is

((Hpol+ © u)o)i = Z Z Z aukv 0)5k=1=1),

Remark 7. Let H be a transfer matrix as above, n = max; ;(deg(H;;)) and
y = H owu. The impulsive part yo of the output y depends on the initial values
u(0),2/(0),...,u{™(0) of the input u only.

6 Extensions: The modules F and §

In this section we introduce the modules F and G which are injective cogenerators.
They contain as submodules F resp. G;. We show that the theory developed for
the impulsive solutions of behaviors in Fy still holds for behaviors in F.

Theorem and Definition 13. The module

cs)F :=C* 4+C>*Y 4+ C[s] oo
1S an injective cogenerator.
Proof. 1. First we show that F is divisible.

(a) We show that the application of s, i.e., the map so : F — F, is surjective.
We construct the inverse images of all elements of the terms of the sum
of F.
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i. For every function u € C>* we define

y(t) :z/0 u(r)dr € C*

hence s oy = u.
ii. For every u € C*°Y we define

y::s_lou

since C*Y is a C[s™ 1]-module and F, is a C(s)-vector space.
iii. For every distribution u = > 5¢, ;6 € [s] 0 § we define

o0
y:i=agY + Z(Jéi_;,_l(s(i) e F.
i=0
Hence soy = u.
Therefore the map so : F — F is surjective.
(b) For every A € C the diagram

F (s—=A)o F

.eMTg .eMTg
F

Fo_

IR

is commutative and consequently (s — A)o : F — F is surjective.

(¢) As every polynomial f € Cls] is the product of linear factors fo : F — F
is surjective too.

2. F is injective since F is divisible and CJs] is a principal ideal ring.

3. C* is an injective cogenerator and C*° C F is a submodule of F. Therefore
F is an injective cogenerator.
O

Remark 8. The module F C D’ is a C[s]- and a C*°-submodule of D’.

Theorem 14. The C[s]-module F = (C* 4+ C®Y) & C[s] 0 0 is the direct sum of
C>® +C*®Y and C[s] 04, i.e.,

(C* +C®Y) N (Cls] 0 8) = 0.

Proof. Let u € (C*° + C*Y) N (CJs] 0 d) be an element of the intersection. Conse-
quently u € (C*®°+C*Y) and v = uj +u2Y where uy,us € C* are smooth functions.
We assume that u # 0, i.e., there exists 0 # ¢y € R where u(tg) # 0. Without loss
of generality we assume that u(tg) > 0. There exists an interval I = (to — &, + €)
where 0 ¢ I and u(t) > 0 for ¢t € I since u € C(R\{0}).

We choose ¢ € D where supp(p) = [to — &,%0 + €] and ¢ > 0. The evaluation
u(p) = 0 is zero since u € C[s] 0 § is a distribution with support contained in zero
and 0 € supp(p). Hence

0 = [utetydt= [ @)+ uoV@)e0

0 o
[ wewdrs [ o)+ wm) e d
0

— 00

There are two cases:
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1. tp < O:

0 to+e
/ s (t)p(t) dt = / wr () p(t) dt > 0
—o0 to—e S——~—"

/Omwl(t) +ua(t) gt di =0

Therefore u(y) > 0, a contradiction.

2. tg > 0:

[e%s) to+e
/0 (ur(t) + uz(t))p(t) dt = /t (u(t) +ua(t)) p(t) dt >0

0—E&
>0

0
/ ui(t) p(t) dt =0
—o0 ~~
=0
Consequently u(y) > 0, a contradiction.
Therefore u =0 and F = (C* + C>®Y) ¢ C[s] 0 6. O

Theorem 15 (Borel). For every given real sequence (an)nen € RY exists a function
(n)
f € C>™ where fi,(o) = ay, for alln € N.

n:

Proof. The idea is to construct f as a power series f = > _ya,z" but in general
this series is not convergent.

We choose

1 for |z|<3i
QSEDWheregb(x){O for }x{;f

Our aim is to choose a sequence (t,)nen so that for all m € N the series

Z an (xn¢(tnx))(m)
n=0

is uniformly convergent on R and hence
amntt =2 0
sy Z anx"P(tyz) = Z an (2" (tz)) MY,
l,m
n n=0

=0

In order to achieve this we have to dominate
o0
D lanll(@"@(tnx)) ™.
n=0

For all m € N it is sufficient to dominate

o0

Y lanll(@"@(tae) ™|

n=m-+1

since the first m + 1 terms of the series are not important for the convergence as m
is finite. We define ®,, by

n (2" B (1)) ™ = apt™ (b )" D (En)) ™.

=P, (tnw)
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Since @, (z) = 2" ®(x) € D there exists

M, = max{‘@%m)‘ sz € R,m € N, where m < n}

Hence for all m,n € N where m < n holds ‘CIJ%m) (:E)’ < M,,. Consequently for
m<n

(@ (ta) ™| =

tmp(m) (tnx)‘ < tMM,,.

Hence
‘an(x"q)(tnx))(m)‘ < an| ™M, = |ap| £ @™ M,

Therefore for all m € N the series > 7 an (z"®(t,x))™) is absolutely domi-
nated by
Z ‘anant;(n_m)- (1)
n=m-+1

Now we have to choose t,, so that the series (1) is convergent.
We choose a sequence (g, )neny Where &, > 0 and the series ZHGN €n < 00 is con-
vergent. We define

M,
tn = max{l, [@n] My } ,
En
i.e, t, > 1 and therefore t;(nfm) < t;l.
(- _ €
|an|Mntn (n m) S ‘an‘ Mntnl S |an|MnW S En
n n

Consequently the series (1) is convergent and therefore for all m € N the series
o0
Z an (2" G (tz)) ™
n=0

is uniformly convergent on R.
We define

flx):= Z anx"®(t,x) € C™

n=0

hence

f(m) (z) = Z an($n(b(tva))(m)
n=0

as the series f("~1)(z) is uniformly convergent. Consequently

FI0) = ) an(a"®(taz))"™(0).
n=0

By definition ®(z) = 1 for |z| < % therefore ®(t,z) = 1 for z close to 0. Conse-
quently
(2" ®(t,2)) ™ (0) = (")™(0) = M6y m

as in the proof of Theorem 7. Therefore f™(0) = m!a,, as claimed. O

Theorem 16. C® +C®Y =C>®(1 -Y) +C>®Y and
C® 4 C¥Y = {u € C(R\{0});Vi € N : 3u®(0+), Eu(i)(O—)}

where u (0+) := tl{l(l) uD(t) and u)(0-) = 2% ud(t).
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Proof. 1. First we show that C* +C®Y =C®(1 -Y) +C™Y

N

: Let ue C® +C°°Y. Then u is of the form

u = wyF+wY=u1(1-Y+Y)+wY
= ul(l — Y) -+ (Ul +U2)Y S Coo(l — Y) +COOY

D: Let u € C*(1 —Y) 4+ C®Y. Then u is of the form
u=u1(1-Y)+wY =u; + (ug —u1)Y € C* 4+ C*Y
2. Now we show that

XY = {u € ¢ (R\{0}): u(t) = 0 for ¢ < 0,¥i € NFu(® (o+)} .

C: Let u € C™, i.e., uY € C*Y.
i @) = lim u® (t) = 4@
B9 (1) = lim u® (1) = w0 0),
ie., (uY)®(0+) exists and (uY)(t) = 0 for t < 0.
D: Let u € C®°(R\{0}) where u(t) = 0 for t < 0 and there exists u*)(0+)

)
for all k£ € N. We consider the sequence (%) € RY. According

keN
k (k)
to the Theorem of Borel there exists f € C> where fk—(,o) = “T(!OH, ie.,

F%(0) = u®) (0+). We define
_ [ t<0
v(t) = { ult)  t>0
As v € C*°(R\{0}) there exists v'(t) for ¢t # 0. The fundamental theorem
of differential and integral calculus provides
t
v(t) —v(e) = / V'(x)dx for 0 < e < t.
€

Hence .
o(t) — v(0) = / V' (z) da
0
and therefore by the mean-value theorem exists 0 < 7 < t such that

v(t) —v(0)

; ='(1).

Hence limy_, o4 M = ¢’(0). Consequently v is right-differentiable
at zero and

!/ :1 !/ :1 !/ :/ :1 / :1 12
v'(0) = lim o'(t) = lim w'(t) = u'(0+) = lim f*(t) = lim v'(?)

hence v € C' and by induction v € C*®. Consequently vY € C®°Y and
(vY)(t) = u(t) for t # 0, hence u € C*Y. Analogously the reader can
check for himself that

Co(1-Y) = {u € C=(R\{0}); u(t) = 0 for ¢ > 0,7k € N 3u® (o_)} .
Therefore

C® +C¥Y = {u € C=(R\{0}): Vi € N : 3u®(0+), Fu® (o—)} .
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O

We define F; := C*° + C*®Y and ® = proj : F — A. Then the following
sequences are exact.

j) T( jf 7 |
0 FiiC Fp—2 A 0

Theorem 17. The torsion submodule of the C[s]-module D' of distributions equals
the torsion submodule of the C[s]-module of C*°, i.e.,

T(D') = T(C™) = aecC[t]e™
Proof. 1. First we show by induction that the annihilator annp/(s*) = C[t]<,.

w=1: Let T € annp/(s) be distribution where s o T = T" = 0. Hence the
evaluation on all functions ¢ € D is zero, i.e.,

0="T(p) = -T(¢).

Consequently the application of T' onto elements of H = im(so : D —
D)={v eD;IpeD: ¢ =1} is zero, ie.,

Yo e H:T(y)=0.
Now we show that H equals the hyperplane ker (D —C,p— [p(r) d’T) ,
R
ie. H= {gp €D; [o(r)dr = 0}.
C: Letyp e H anﬂz © € D where ¥’ = ¢ hence
o)= [ iy
Since ¢ € D there exists a real number N € R where ¢(t) = 0 for
t > N. Therefore [, ¢(r)dr = 0.

: Let ¢ € D be a test function where [; ¢(7)d7r. We define a function
by

1

1 is in C* since ¢ € D C C*° is a test function. We have to show
that v has a compact support. There exists a real number N € R
so that support supp(y) C [N, N]| since ¢ € D. Let t < —N hence

oo N~~~
=0
If ¢t > N then
o] t o]
0= / p(r)dr = / o(T) dT+/ o(r)dr
— 00 —00 t
=¥(t) =0

Consequently t(t) =0 for t ¢ [N, N] and therefore ¢ € D.

32



The hyperplane H is closed, since it is the kernel of the distribution 1.
We choose a test function ¢y € D where [, o(7)dr = 1. Let ¢ € D
be an arbitrary test function. We define A := fR ©(7) dr then ¢ has the
representation

¢ = (o — Apo) +Apo.

—_——
=peH
Application of the distribution T" on ¢ leads to
T(p) = T() +AT(po) = T(po)1(p).
~——
=0

Therefore T'=T(¢p) 1 € C.

——
eC

@ — 1 — p: We consider the equation
0=stoT =s50(s""1oT).
Hence s~ ' oT = c € C and
¢!

(p—1)!

The distribution T'— c% = p(t) is by assumption a polynomial of de-

O=s""1oT —c=s""10(T—-c

).

gree smaller or equal than p—2. Hence T' = p(t) —H:% is a polynomial
of degree smaller or equal than p — 1.
2. To show that T,_»(D’) = C[t]* it is sufficient to show that
Ts-A(D') € Ts-A(C™).
Let u € D’ we define v := ue™**. As a preparation we compute

(s =N ov=rue M+ Aue - due M =u/e M,

hence by induction
(s = A)Hov=uMe M

Let v an element of the annihilator annp/ ((s — A)*) then
0= (s—A\)Hov=uMe N

and therefore u(*) = 0. Consequently u is a polynomial of degree smaller than
pand v = uet € Clt]eM.
O

We consider the 10 system
Br := {(i) € FPt™m Poy = Qou}

where (P, —Q) € C[s]**®*™) is a matrix of polynomials in s with rank(P, —Q) =
rank(P) = p. Furthermore PH = @) and H € C(s)P*™ is a p times m matrix of
polynomials in s.

Remark 9. The behavior B, is the intersection of B and f$+m, ie.,

Bﬂ—{(z> € FI'™; Poy=Qouresp. y—HOU}—Bfﬂme-
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Theorem 18 (Impulsive Solutions). Let u € Fi™ = (C*®)™+(C*®Y )™ be a function
that is smooth on R\ {0} and possibly has a discontinuity at zero. We decompose it
into the sum u = uy + us where uy is a vector of smooth functions and us € F_ﬁl.

1. Let y € FP a solution of the equation P oy = @ ou where u is given. Then
its impulsive part is the image of us by H, i.e.,
P(y) = @ ((H ouz)o)-

2. The impulsive behavior Bo, of H is the image of the set of outputs y under ®
where the inputs u are elements of F*, i.e.,

®(Ho FT')) = {@(y); (i) € Br,ue ]—'{”} .

Proof. Since C*° is C|[s]-injective there exists a vector of smooth functions
y1 € (C*)P where
Po Yy = Q oUup.

Let y2 be the image of us by the transfer matrix H, i.e.,

y2 = Houz € Y = (C*)" & (C[s] 0 0)",
hence P oys = Q ouy and (;’ﬁ) € B, . Therefore the sum (fﬁizi) is an element of
B]:, i.e.,

Po(yi+y2) =Qour +Qoux=Qou.
Let y € FP with Poy = @ o u. Using y; and y, from above we obtain

Po(y—(y1+y2)) =Poy—Po(y1+y) =Poy—Qou=0.

Let

B={2€FP;Poz=0}={z€ (C®)P;Poz=0}
be the autonomous part of B. It is a submodule of the torsion module T(D’) of
the module of distributions. According to Theorem 17 it consists of polynomial
exponential functions and therefore

P(y) = <I>(\y/1/) + (Y — (Y1 +y2) +y2) = @((H o uz)1 + (H o uz)o) = ©((H o uz2)o)
€C €T(C®)

O

We have seen that the impulsive solutions in F? depend only on the elements
ug € (C*Y)™. As this part is in fﬁ the impulsive behavior corresponding to Br
is the same as the impulsive behavior corresponding to B C F%. Therefore the
computation of the impulsive behavior remains the same. F is the smallest Cl[s]-
submodule of D’ that contains C*° and the Heaviside function Y. As we have seen
in t contains all functions u € C*°(R\{0}) such that all its derivatives at ¢t = 0 are
left- and right-continuous.

Technically we can consider electrical networks, that are switched on at time ¢ = 0.
Another interpretation is that at time ¢ = 0 the system changes because of the
failure of one of its components.

As we have considered both systems in F and F, we have given two possibilities
to consider systems which abruptly “change” at a specific time ¢ = 0. Compared
with each other, they have the following advantages resp. disadvantages:

The advantage of F compared to F is that F is an injective cogenerator and
F+ is not.
The advantage of F; compared to F is that F is a C(s)-vector space and the
subbehavior of F are subspaces.
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7 Examples

At the beginning of this chapter we introduce the concept of Electrical Networks.
Then we consider examples from electrical engineering and compute their impulsive
behaviors.

Definition 13. A finite graph I is given by
e a finite set V of vertices
e a finite set K of edges
e two maps dom,cod : K — V, k — dom(k), cod(k).

The vertex v := dom(k) of an edge k € K is called the initial vertex of k and the
vertex w := cod(k) is called its final vertex. We shortly write I' = (V, K') where we
assume that the maps dom resp. cod are clear from the context.

Definition 14 (Electrical Network). An electrical network is a connected digraph
I’ = (V, K) where for every edge k € K W (—K) there are two functions, the voltage
Vi € F and the current I, € #, which fulfill the following conditions:

1. The voltage and current functions of the inverse edges are the negative func-
tions of the original edge, i.e.,

V_k = *Vk and I—k = *Ik-

2. Kirchhoff’s circuit laws:

(a) For every cycle w = (ki,...,k,) C K W (—K) the sum of the potential
differences is zero, i.e.,
> Vi, =0.
i=1

(b) For every vertex v € V' the sum of the current flowing into v equals the
sum of the current that flows out of v, i.e.,

> I, — > I, =0

{keK;dom(k)=v} {keK;cod(k)=v}

3. For every edge k € E there is either a relation between Vi and Iy or one of
the functions is given. There are three possible relations:

(a) If k is a resistor edge then
Vi = Rily,

where Ry € Ry is a positive real.

(b) If k is a capacitor edge then
Ik = Cka = Ck(s 9] Vk)

where Cj, € R, is a positive real.

(c) If k is an inductor edge then
Vi = Lyl = Ly(s o Iy,)

where L;, € R, is a positive real.
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Example 4. The circuit for this example is taken from [2], p. 359. We consider
a transformer equivalent circuit with respect to the stray electrostatic field. The
quotient % is the relation between the winding factors of the primary and the
secondary coil. The constant L., resp. L, is the primary resp. the secondary

leakage inductance. We use the following shortened notation

2
L5 = () LD-Q and L3 = Lgl.

We assume that the resistor R7 stands for a device that needs a specific voltage
and want to compute the therefore needed input voltage V;.
Kirchhofl’s circuit laws lead to the following equations

Vi+Vo+Vs+V, =
i+ Vs+Vs -V =
L+, =
—Is + I3
—Is3+ 14 — Iy
I + 14+ Iy
—Is+ 1y =

I
o 0o o oo oo

The equations of the resistor edges are
Vot Roly =

—Vs + Rels
Ve + R:I; =

The inductor edges lead to the equations

—Vs 4 Lysls =
—Vi+ Lysly =
*V5 + L5SI5 = 0.

Hence the system is
B={ze€F;;Roz=0}
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where the matrix R is

1 0 1 0 1 0 1 0 0 0 0 0 0 O
0 0 0 0 O 0 1 0 1 0 1 0 -1 0
0 -1 0 1 0 0 0 0 0 0 0O 0 0 O
0 0o 0 -1 o0 1 0 0 0 0 0 0 0 0
o 0 o0 o o -1 0 1 o -1 0 0 0 O
0 -1 0 0 O 0 0 1 0 0 0 0 o0 1
R=(0 0 0 0 O 0 0 0 o -1 0 1 0 O
0 0 -1 Ry O 0 0 0 0 0 0 0 0 O
0 0 0 0 -1 Lsgs O 0 0 0 0 0 0 0
0 0o 0 0 o0 0 -1 Lsys O 0 0 0 0 0
0 0o 0 0 o0 0 0 0 -1 Lss O O 0 O
o 0 0 0 O 0 0 0 0 0 -1 Rg 0 O
o 0 0 0 O 0 0 0 0 0 0 0 -1 Ry
and

z = (Vla Ilv V27 127 ‘/37 -[37 V47 I47 V:’n -[57 ‘/67 I67 V77 I7)T .

The manifest variables are V7 and V; since we want to compute V; for a given V7. We
eliminate the latent variables Iy,...,I7, Va,... Vg by calculating a left annihilator
t0 Riat = (R—2 -+ R_129, R_14). The resulting system for the manifest variables is

Vi 2, Vi _
{(52) e 7o (5) =0}

Ryew = (R7L45, azs® +a1s+ Ry Ry + R2R6)

where

and
ag = LsLq+ L3Ls + L4L3, a1 = R7Ls+ R7Ls + RgLy + RaoLs + L3Rg + RaLy.

We want to choose the voltage at edge 7 (V7) and calculate the therefore needed
voltage V7. This leads to the IO system

(Rnew)—l o Vl = (Rnew)—Q o V7~

The transfer function is

h=— (LsLa+L3Ls+LaL3)s*+(R7La+RyLs+RsLa+RoLs+LsRe+RoLa)s+RrRo+R2Rs
- R7Lys :

Hence the matrix A as in Corollary 5 is
A= ( R7L4871 )

To calculate the kernel of Ao : A — A we have to solve the following system of

linear equations:
0 R7L4 bl =0
0 0 by)

The solution is b = (C((l)) and hence ker(Ao) = Cdy. Therefore the impulsive behav-
ior of h is
By = ®(ho Fy) = Cdy.
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Example 5. We consider the following electric circuit.

Kirchhoff’s circuit laws lead to the following equations

Vi+Va+Vs+Ve+Vr 0
Vo+Vi+Vs+Ve+Ve = 0
L+L—-1I; = 0

L -1, = 0

Ii—I, = 0

Ii—I, = 0

I3+1,—1g = O.

The equations of the resistor edges are

Vs +R3ls =
—Vi+ Ryly
—Vs+ Rsls = 0.

The inductor edge leads to the equation

—Vs+ Lsslg = 0.
The capacitor edge leads to the equation

CrsVe —I; = 0.

Hence the system is
B={zeFi;Row =0}
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where the matrix R is

0 00 0 -1 Rs O 0 0 0 0 0 0 0
000 0 O O -1 R&: 0O 0 0 O 0 0
000 o0 o 0O O 0 -1 R 0 O 0 0
00 0 O 0 0 0 0 0 0 —1 Lsgs O 0
06010 1 o 0O O O O O 0 O 0 -1
0610 -1 0 0 O O O O 0 O 0 0
= 00 0 O 0 1 0 -1 0 0 0 0 0 0
00 0 O 0 1 0 1 0 0 0 -1 0 0
100 0 1 0 0 0 1 0 1 0 1 0
oo1 o0 o o0 1 0 1 0 1 0 1 0
00 0 O 0 0 0 0 0 0 0 0 Crs -1
ooo0o o o o0 O O o 1 0 O 0 -1
and

w= Vi, I, Va, Iy, Va, I3, Vi, In, Vis, I5, Vi, Is, Vi, I7)" .

We choose V7 and V5 as input and Vs, I5 as output. Hence the manifest variables are
Vi, Vo, Vs and I5. We eliminate the other variables by computing a left annihilator
X for the matrix

Rlat = (R—27 R—47 R R—87 R—117 e 7R—14) .
The resulting new system matrix is

Rnew = XRman =X (Rflv R73, nga R—lo) =

—1 Rs 0 0
B C;sRy — C7sR3 —Rs+ Ry Cys (R4 +2 L5S) —Crs (2 Lss + Wg)

The IO system with input (V4, V2) and output (Vs, I5) as chosen above is
Vs Vi
P = .
(1) =22 ()

-1 Rs
P =
C7sRy — C7sR3 —Rs+ Ry

where

and

0 0
Q= :
< —Cys (R4 +2 L5S) Crs (2 Lss + Rg) >

The transfer matrix is

R5C7s(R4+2 Lss) . R5C7s(2 Lss+R3)
H . R3—R4—R5C7sR4+R5C7sRs3 R3—R4—R5C7sR4+R5C7sR3
o C7S(R4+2 L5S) o 075(2 L5S+Rg)
R3s—R4—R5C7sR4+R5C7sR3 R3—R4—R5C7sR4+R5C7sR3

Hence the matrix A as in Corollary 5 is

0 7(R3—R4)2871(871+C7R5)
A — C7R4

—C7R4 R5C7R4
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To calculate the kernel of Ao : A — A we have to solve the following system of

linear equations:

(Rs—R4)*R (R3—R4)?
0 0 0 —me ) I8 R;‘ 5 0 —73’0&4
—C7Ry RsC7Ry 0 0 0 0
; b
(Rs—R4)>R 1
0 0 0 0 0 —$ :
0 0 —C7R4 R5C7R4 0 0 b6
0 0 0 0 0 0
0 0 0 0 —C7Ry R5C7 Ry

The solution is b = C(Rs, 1,0,0,0,0)T and hence ker(Ao) = C(Rg’fo). Therefore the
impulsive behavior of H is

Boo = ®(Ho Fy)=C (Rf"s")
do
We choose R; = 0 what technically means causing a short circuit. Since the output
is (‘I/;), we expect that the first component of the impulsive behavior becomes zero
and the second component becomes “worse”, i.e. a multiple of §;, corresponding to
o', appears. Actually the impulsive behavior becomes

Bw:¢(ﬁof+>:c<£>+c(£>.

A Maple procedures

Enclosed to this master’s thesis is a CD with a Maple file with procedures to compute
the impulsive solutions and the impulsive behavior of a given transfer matrix. The
examples given in the last section can also be found on the CD. In this section we
describe the most important procedures and their syntax.

For computational reasons the §-distribution is encoded as the indeterminate d
and its k-th derivative 6%) is encoded as d**!.

ApplyTransferMatrix This function computes the output of a system from a
given input, i.e., it computes y = H o u for given H and u.

Syntax. ApplyTransferMatrix(H,u), where H is a matrix of polynomials in
s and u is a vector of functions in ¢.

PolPPart The function PolPPart computes the polynomial part of a matrix
of rational functions, i.e., for a given matrix A € C(s)™*™ it computes
Apoit+ € (C[s]s)™*™.

Syntax. PolPPart(A), where A is a matrix of rational functions in s.

PrPart The function PrPart computes the proper part of a matrix of rational func-
tions, i.e., for a given matrix A € C(s)”*" it computes A,, € (C(s)pr)"*".

Syntax. PrPart(A), where A is a matrix of rational functions in s.

Phi This function computes the projection of a given vector y € FP resp. y € ]:i
onto AP,

Syntax. Phi(y), where y is a vector of functions (or distributions) in ¢.
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Convertsi This function converts a matrix of rational functions in s into matrix

of rational functions in s~ = r.

Syntax. Convertsi(A), where A is a matrix of rational functions in s.

UCR This function computes the matrices A and B from Corollary 5.

Syntax. UCR(H), where H is a matrix of rational functions in r = s~ 1.

SolveDiscretel and SolveDiscrete2 These functions compute the basis of the
kernel of a matrix of polynomials in s~! in AP, i.e., they compute the solu-

tions of a system of difference equations. They use the two methods given in
Algorithm 1.

Syntax. SolveDiscretel(A) resp. SolveDiscrete2(A), where A is a matrix of

polynomials in 7 = s 1.

ImpulsivePart The function ImpulsivePart directly computes the impulsive part
of the output y for a given input v and a given transfer matrix H.

Syntax. ImpulsivePart(H,u), where H is a matrix of rational functions in s
and u a vector of functions in ¢.
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