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Introduction

Model Problem

As a model-problem, we consider the nonlinear Schrodinger
equation

(1)

O =F@)=3edyp—L(U+I W)y,
P(0) =u,

with U as external potential and the semiclassical parameter
0<exl,.
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Applying Splitting-methods on the GPE

The right hand-side of the differential equation is split into two
operators,

(2)

{atw(x, t) = Ag(x, t) + B((x, 1)),
@Z}(X»O) = U(X) )

with the linear operator A and the nonlinear operator B defined as

AY(x, t) i=2elip(x, t),
B(v(x, 1)) = — L(U(x) + 9 (x, 1)) 9 (x, t).
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Splitting solutions €4, s

The flows £4 and Eg associated with the subproblems are

Orp = 2e A —  Ea(t,u) =212y, (3a)
Oy =L (U+0[0P)e — Ep(t,u) = e EWHPy  (3p)
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Splitting-Methods

The numerical approximation to the exact solution of the initial

problem can be found via a recurrence relation with constant

step-size t = % and initial value ug = u,

Y = S(t, LI) = EA(a,,t, (‘:B(bnt, . EA(alt, gB(bl t, U)))) s
Yo = up -
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Splitting methods |

For the subsequent study the first order Lie splitting method
S(t,u) = Siie(t, u) = E(t, Ea(t, u)), (4)
and the two-fold symmetric second-order Strang splitting method,
S(t, u) = Sstrang(t, U) = Ea(3 t,E6(t, Ea( t, 1)) (5)

will be in the focus of interest.
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Strang-Splitting error expansion

Using the Grobner-Alekseev formula, the local error

L=38(t,u) — E(t, u)
for the Strang-splitting method can be written as

L(t,u) =LY +£3 = 03, (6)
with
t 1
LB (t,u) = / / & EF(t — 12, S(72, u))-
0o Jo
(5(1)(7'2, u), S(l)(Tz, u)) } dm dry,

t 1
£(2)(t, U):/ / 825/:(t*7'2,8(7'2,U))S(2)(Tg,u)d7'2d7'1.
0 Jo
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Strang-Splitting error expansion

// 03 EE(t — 10, S(72, u))-

(SW(72, 1), V(1 ))}dedﬁ,
£, u):/o /0 92 EF(t — 12, 8(72, 1)) S®) (10, 1) drp dry |,
where
SO(t,u) = 2.5(t,u) — F(S(t, u))—/ots(l)(t,T, u)dr,

t
SO(t,u) = 28D(t, u) — F(S(t, u)) SO(t, u) = / s@(t, 7. u) dr .
0

Thomas Kassebacher Adaptive time splitting for nonlinear Schrddinger equations




Local error
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Estimation of the local error

In the Lr-norm, we obtain the estimate
H‘C(t’ U)HLZ < E t3 exp (C ﬁ % sup ||5F(078(X7 U))Hi/z) ’
0<x<o<t

2 ~
sup (IIs@(t, 7, u)l12 + £ Cu+ £ Cy
0<r<t

+ £ ulliz (IO, 7 w)lle + £ Cu)?)
™
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Estimation of the local error

The dominant term in (7) is the expression s(?), thus
£t w)ll,2 = C- 215 (t, 7, u)ll.2

<C f3<|![3, [B, All(u)lle2 + [I[A, [BaA]](”)HB) +0(t%),
where

1B, (8, All(u)ll 2 o
1A, [B, All(6)| 2 < & -
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Comparison of the asymptotic behavior

For the local error of the Strang splitting method the dominant
terms are

HEStrang(t u HLz < t (Cl =+ G 5) + t (C3 + C4) + O(t ),

with Gi([Jullp2), Ga([Jullpz) and Go([lullpa), Calllulipe)-
For the Lie splitting method we have

|Lle(t, u)|| o < C (2 + (L +e)+t* (5 +1) +0(t°),

with C(||u]l2).
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Figure: t-dependence of the local error.

Left: Estimated local error with respect to t. Right: Estimated order of

the method.
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Numerical results Il

1@ [t order metho % 6ih order method
—&—5th order methag O 5th order method -
——+— 4th order method B+ dth order method 5 e
1 || =36 order method 3 order method o ® =
~—+—2nd order method + 200 order method
1t order method / 5 1t order method
®
-
- o Lt
4 5 e
v o
®
H +
E® . 1
i . .
2 LTI
v o *
o ®
.
5 . B . d
0* 10" 0? o 10’ 0?
Time stepsize & parameter epsilon Time stapsize & paramster spsilon

Figure: (t = ¢) - dependence of the local error.
Left: Estimated local error with respect to t and ¢.
Right: Estimated order of the method.

Thomas Kassebacher Adaptive time splitting for nonlinear Schrddinger equations



Estimator
°

A posteriori local error estimator

We have constructed an a posteriori local error estimator,

P(t,u) = F7tSO(t, u) ~ L(t, u), (8)

for which we want to analyze its deviation from the local error,
which is expected to be

P(t,u) — L(t,u) = O(tPT?).

Thomas Kassebacher Adaptive time splitting for nonlinear Schrddinger equations



Estimator
°

Comparison of the obtained defect estimations

For the deviation of the local error estimator, we have found
estimates for the dominant terms. For the Lie splitting method,

[PLie(t, u) — Liie(t, u)||2 < 3 (G2 + Ge)
+ t4(C3 Eiz + C4) + 0(1‘5),

with Gi([lulln2), Ga(l[ullm2) and Go([lullye), Ca(llullma)-
For the Strang splitting method,

HPStrang(ty U) - LStrang(t) U)HL2 < t4 (Cl + C2 52)
+Gee(t+e+ed) + 019,

with C1([|ul[s) and Co({[ullpe), Ca(llulpe)-
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Numerical results |
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Figure: (t = ¢) - dependence of the a posteriori error estimator.
Left: Estimated defect of the error estimator with respect to t.
Right: Estimated order of the method.
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Numerical results Il
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Figure: (t = ¢) - dependence of the a posteriori error estimator.
Left: Estimated defect of the error estimator with respect to t and .
Right: Estimated order of the method.
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Open tasks

@ Extension to higher order splitting methods
o Consider other nonlinearities of the form f(|¢|?)

2
as 1-‘§-¢|)7‘JJ|2 or A2,

o Extend the estimates depending on t and ¢ to splitting
methods with three or more subproblems as in

iedu=(—50+V+ f(lul?) + et arg(u))u.
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