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Fractional derivative and FDEs

Fractional differential equations

Dy (t) = f(t, y(t))

« > 0 is the order of the derivative operator

Caputo's definition of the fractional derivative
1 ‘ 1, (m)
DY) = gy . (6= 7 P s)es

@ Coupled with initial conditions of Cauchy type D¥y(to) = yo.«

v T(z) = [,7 t¥"te !dt is the Euler gamma function ['(z + 1) = zI'(2)
v' m = [a] the smallest integer such that m > «

v y(m(s) classical derivative of integer order
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Fields of applications

Polarization processes in disordered materials (polymers, biological tissues, etc.)
Control theory

Sedimentology

Finance

Mechanics (viscoelasticity and viscoplasticity)

Several other fields
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Systems of linear FDEs
DyU(t) = A-U(t)+ F(t, U(t))

Linear term Non linear term

A U(t) stiff F(t, U(t)) non stiff
A large and sparse

Usually from time—fractional PDEs

ry o

Smss s a Wu(t, x) = vV2ul(t,x) + f(t,x)

> I.C. : u(to, x) = up(x)

1 B.C.: u(t,x) =g(t,x),t > to, x € O
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Exponential integrators for ODEs
U'(t) = AU(t) + F(t, U(t)), U(0) = Uy

@ Methods based on the V.o.C. formula
t

U(t) = e Uy + / et AF(r, U(7)) dT
0

@ Discretization applied just to F(r, U(7))

© Numerical evaluation of e or p—functions

Advantages: stability (stiff term evaluated exactly) with explicit schemes

Generalization to fractional order problems: change points 1) and 3) !

M. Hochbruck, Ostermann, A., Exponential integrators, Acta Numerica, 19,
209-286, 2010
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The variation—of—constant formula for FDEs

Dy U(t) = AU(t) + F(t) O<axl
|l in the Laplace transform domain
s*U(s) — s* LUy = AU(s) + F(s)
| solve w.r.t. U(s)
U(s) = s (sl — A)_on + (s*1 — A)_IIA-'(S)
|l in the time domain

t
V.o.C.: U(t) =es1(t; A)Uo +/ €aa(t =7 A)F(T)dT
0

a—f
enp(t: z) = £t ( ° 't)

s* — 7'
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The variation—of—constant formula for FDEs
Vo.C.: U(t) = ea,l(t;A)UoJr/t ea.a(t — 7 A)F (1, U(T)) dT
0

The kernel e, g(t; A) and the Mittag—Leffler (ML) function:

eas(t; A) = tP1E, 5(t7A)
; r( ak + )

Some properties of the e, g function:
@ Generalizes exponential e; 1(t; A) = e** and p—functions
@ No semigroup property e, g(t + s; A) # €4, 8(t; A)eq (s A)

Polynomial approximation of F(7, U(7)):

n—1
Un = ean(t: Ao+ h* > Wa(n—j; h* AV Fipy
j=0
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Numerical evaluation of the ML function

cap(t:X) = 7 B p(£°N), Enslz Z k=)

Convergence of the series can be extremely slow !

Some challenging problems: fast and accurate evaluation of e, g(t; \)
extension to matrix arguments

Method based on the Laplace transform

sa—B

1
L(eo"ﬂ(t; A); 5) T et A) = 2mi /

o-+ioco a—pB
st S

ds,
ioco s — A
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Numerical evaluation of the ML function

1 o 597
eas(t, ) = 2 ). e mdsa

Parabolic contour 4 trapezoidal rule :

@ simplicity of the contour
C: z(u) = p(iv+1)2

@ accurate estimation of the error ///

@ fast computation and good accuracy

@ matrix arguments via Schur decomposition

Weideman J.A.C. and Trefethen L.N., Parabolic and hyperbolic contours for
computing the Bromwich integral. In: Math. Comp. 76(259), 1341-1356, (2007)
Garrappa R. and Popolizio M., Evaluation of generalized Mittag—Leffler functions
on the real line. In: Adv. Comput. Math. 39(1), 205-225, (2013)
Garrappa R., Numerical evaluation of two and three parameters Mittag—Leffler
functions. Submitted
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The fractional Schrodinger equation

ﬁ2
lh—w = ——V2¢ + V(x),

m particle mass - V/(x) potential energy

Two generalizations to fractional order:
ﬁ,2
1) ATy oD = ——v%p + V(x)
. 1 m? _,
2) i“hTS " oD = —%qu/z + V(x)y

Main difference (active debate among physics): i or v 7

Diff .

Naber M., Time fractional Schrédinger equation, J. Math. Phys., 45(8),
3339-3352 (2004)
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The fractional Schrodinger equation

oD Y(t) = (=)'AY(¢)  ne{el}

Matrix A: discretization of the Hamiltonian

1 2,

~
~

Exact solution:
0<a<l Y(t)=esi(t;(—i)7A) YO
L<a<2 Y(t)=eu1(t; (—)"A) YO 4 e, o(t; (—i)"A) YD)

Approximation of the Mittag—Leffler function with matrix arguments
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The ML function e, 1(t; (—i)"z) with complex arguments

1 o-+ioco .
eqp(t z) = %/ e &, a(s; z)ds

u YN
ea(t;z) = %/H e*En p(s; z)ds \ —/
v ",

>

lvy—=0
1
eap(t;z) = “Lno% ey 5(s; 2)ds + Z Res(e% &4 5(s; ), s¥)
7 Hoy s*eS
F((;)B(t;z) FSY)B(EZ)

eqp(t; z) = Fc(zl,Za(t; z)+ Fo(¢2,23(t; z)
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The function Féi%(t;z) and its behavior
eqp(t; z) = F(Sl)?(t; z)+ Fo(f)ﬁ(t; z)

eiﬁﬂ —ipm

1 e
R = o Gomalt) = S Gualti)
sa—i(a—pB)m Sal(a—p)m
ze . Zze
> Gap(t; 2) + TGa,B(t? z)
ro—h

+oo
Ga(t; z) = " Kap(riz)dr,  Kap(riz) =
a,8(t;2) /0 € a,8(r; z)dr a,8(r:z) r2o —2rad,(z) + |22

Bernstein's theorem: since ®,(z) < |z| and K, g(r;z) > 0, G, g(t;z) are
monotonic (and also their derivatives).

Fg}j(t; z) is a regular function: no oscillatory behavior
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The function Féi%(t;z) and its behavior

Equation 1) Equation 2)

FON(E i) FON (& (1) N)

a7

a?

—real(F,(t-in) || —real(F;ﬂ(t;(—i)"A))
—imag(F), (t-in) —imag(F{!) ((-)")

2 4 6 8 10 "o 2 4 6 8 10
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The function Fffg(t;z) and its behavior

e p(t; z) = (1) 5(tz) + F 2)5(1‘; z)

a)

Ffz;(t;z) = > Res(e™Eq5(s:2),5") = é > e ()

)
s*eS s*eS

Number and locations of poles of &, g(s; z)

s = (i) = e

jez.

Only poles in the main Riemann sheet: —m < arg(s/) <7
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The function Fo(fé(t; z) for z = —i\

1 1 3
O<C¥§ 5 5 <Oé§ 5
No poles One pole at s = N ee—ids

FO(t;—ix) =0

A

Two poles at sf = A\/@e~/% and 5§ = A/*e~3 when 3 <a <2
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The function Fc(fg(t; z) for z = (—i)*A

0<a<} t<a<2
2 poles sf = —i\l/
1 pole sp = —i\Y/ s
PeE A sf = \Vae—it5
A AQ:Q
0 . a=3 0 .
ST st
1
(2) . . 1 _'t)\l/a (2) i . . —itA + tsé‘
F%ﬁ(t’ _Ia/\) - Ee ' Fouﬁ(t' _Ia>\) =< « <
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Oscillations of e, 1(t; z)

Equation 1)

Equation 2)
z=—i\ z= (=%
O<a< % Over—d.am[?ed \ Unda.m.ped
(no osccillations) 0<a<sj persisting
oscillations
Damped
% <a<l (return to equilibrium Undamped
after oscillations) persisting
$<a<2| osillations
Unstable +
l<a<?2 .
behavior Damped

a =~ 1 is interesting from the physical point of view
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Krylov subspace methods

Approximation of e, 1(t; —iA)v and ey 1(t; (—i)*A)v

A real, positive and symmetric matrix o(A) C [a,+0), a>0
Size of A: 2,500 x 2,500

Krylov subspace methods (Projection w.r.t A and not (—i)"A)
ea1(t; (—=)TA)WV = Vieq1(t; (—1)"Hm)er
Polynomial: K = Kj,(A, v)
Rational: K = K,(Z,v), Z=(l+A)"t >0

A-priori estimation of the error

Comparison with numerical results

Garrappa R., Moret |. and Popolizio M., Sovling the time—fractional Schrddinger
equation by Krylov projection methods. J. Comput. Phys., in press (available on-line)
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Evaluation of e, 1(t; —iA)v

Damped oscillations with return to equilibrium when % <a<l

1
0.8
0.6
0.4
0.2

5

T T 10

—@ Polynomial o —
Polynomial o =
Rational a = 0.
Rational oo = 0.9

0.
0.9
7

-0.4
—osh _real(eayl(t;—i)\)) |
- a0, 075 20 20 60 80 100
_0'80 2 2 é 8 10 Iterations
t
. t*A)"
Polynomial:  Err,, < Cu
(am)am
Rational:  Err,, < C|| v [exp(t&é)qg’ + \/cosue_’"ca’f";} 0<ga<l1
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Evaluation of e, 1(t; (—/)*A)v

Persisting oscillations for 0 < a < 1

2

1.5¢

[N

0.

)

o
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|
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)

-2

L

10°
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w
10"
—real(e, ,(t(- )UA))
—Imag(eu LEEDTN) 107

—@—Polynomial o = 0.

Polynomial o =

Rational a = 0.!

Rational o = 0.7

7
0.9
9

10

50

100
Iterations

ean(t: (—)*A) = FOM(E: (=) A) + FE) (£ (1) A)

R.Garrappa (Univ. of Bari - Italy)

)

Exponential integrators for FDEs

150

FPDEs 2013

200

22 /26



Evaluation of e, 1(t; (—/)*A)v

ea1(t; (—)*A)

Err,, < C

R.Garrappa (Univ. of Bari - Italy)

A
g
—real(F (6-)™N) ||
— imag(F(ulv)l(t:(—i)a)\))
6 8 10
[Av]|

a

Exponential integrators for FDEs

—@ Polynomial a = 0.7]

Polynomial a = 0.9
Rational a = 0.7
Rational a = 0.9

80 100

exp (tCa o) exp (—m 2/R> R=K(A)-1

A
Errm < C || V” eXP(tCA,a) (3—m + BA,a,t,m exp(_mDA,a,t,m))
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Evaluation of e, 1(t; (—/)*A)v

a1 (85 (=) A) = FU (6 (=) A) + FOL (6 (=) A)  F&) (6 (—)A) = éexp (—iea®)

) o,

1 10° .
—@ DPolynomial @ = 0.7
Polynomial o = 0.9
Rational a = 0.7
Rational a = 0.9
0.5}
5
0 &
-0.5
— real(exp(-it\ /)
— imag(exp(-it\*%)
-1 L L S 0 50 100 150 200
0 2 4 . 6 8 10 Iterations
22a—1)
2—«
- [A4v]] 2 V2R
Polynomial:  Errp, < CH—Fexp(tCaqs) |exp | —m\/ = | + | —
a2 ’ R m

A? o
Rational:  Err,, < CM exp (tCaq) (3*”’ + Bam*%>
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Evaluation of e, 1(t; (—/)*A)v

Alternative approach:

o ~ ~ 1 _jtAl/ @
valt) = FOUE ()" A +7a(8), Falt) = ™"

+Polynomm a=103

Polynomial a = 0.9
%Ratmna a=08
Rational o = 0.9

~ _: S~
yoc(tn+1) =¢€ Al yoc(tn) o

Yo=21v o

Error

h =0.0001

[ é 16 1‘5 Z‘Q 2‘5 3‘0 3‘5 40
Iterations
Main issues (related to the computational cost):
o Efficient generation of K,(A,v) and Ki,((6/ + A)~1,v)
@ Balancing of m and h
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