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Fractional derivative and FDEs

Fractional differential equations

Dα
t0
y(t) = f (t, y(t))

α > 0 is the order of the derivative operator

Caputo’s definition of the fractional derivative

Dα
t0
y(t) =

1

Γ(m − α)

∫ t

t0

(t − s)m−α−1y (m)(s)ds

Coupled with initial conditions of Cauchy type Dky(t0) = y0,k

X Γ(z) =
∫∞

0
tz−1e−tdt is the Euler gamma function Γ(z + 1) = zΓ(z)

X m = ⌈α⌉ the smallest integer such that m > α

X y (m)(s) classical derivative of integer order
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Fields of applications

Polarization processes in disordered materials (polymers, biological tissues, etc.)

Control theory

Sedimentology

Finance

Mechanics (viscoelasticity and viscoplasticity)

Several other fields
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Systems of linear FDEs

Dα
t0
U(t) = A · U(t) + F (t,U(t))

Linear term

A · U(t) stiff
A large and sparse

Non linear term

F (t,U(t)) non stiff

Usually from time–fractional PDEs

Ω

∂Ω ∂α

∂tα
u(t, x) = ν∇2u(t, x) + f (t, x)

I.C. : u(t0, x) = u0(x)

B.C. : u(t, x) = g(t, x), t > t0, x ∈ ∂Ω
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Exponential integrators for ODEs

U ′(t) = AU(t) + F (t,U(t)), U(0) = U0

1 Methods based on the V.o.C. formula

U(t) = etAU0 +

∫ t

0

e(t−τ)AF (τ,U(τ)) dτ

2 Discretization applied just to F (τ,U(τ))

3 Numerical evaluation of etA or ϕ–functions

Advantages: stability (stiff term evaluated exactly) with explicit schemes

Generalization to fractional order problems: change points 1) and 3) !

M. Hochbruck, Ostermann, A., Exponential integrators, Acta Numerica, 19,
209–286, 2010
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The variation–of–constant formula for FDEs

Dα
t0
U(t) = AU(t) + F (t) 0 < α < 1

⇓ in the Laplace transform domain

sαÛ(s)− sα−1U0 = AÛ(s) + F̂ (s)

⇓ solve w.r.t. Û(s)

Û(s) = sα−1
(
sαI − A

)−1
U0 +

(
sαI − A

)−1
F̂ (s)

⇓ in the time domain

V.o.C. : U(t) = eα,1(t;A)U0 +

∫ t

0

eα,α(t − τ ;A)F (τ) dτ

eα,β(t; z) = L−1

(
sα−β

sα − z
; t

)
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The variation–of–constant formula for FDEs

V.o.C. : U(t) = eα,1(t;A)U0 +

∫ t

0

eα,α(t − τ ;A)F (τ,U(τ)) dτ

The kernel eα,β(t;A) and the Mittag–Leffler (ML) function:

eα,β(t;A) = tβ−1Eα,β

(
tαA

)
Eα,β(z) =

∞∑

k=0

zk

Γ(αk + β)

Some properties of the eα,β function:

Generalizes exponential e1,1(t;A) = etA and ϕ–functions

No semigroup property eα,β(t + s;A) 6= eα,β(t;A)eα,β(s;A)

Polynomial approximation of F (τ,U(τ)):

Un = eα,1(t;A)U0 + hα
n−1∑

j=0

Wα(n − j ; hαA)∇ℓFj+1
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Numerical evaluation of the ML function

eα,β(t;λ) = tβ−1Eα,β(t
αλ), Eα,β(z) =

∞∑

k=0

zk

Γ(αk + β)

Convergence of the series can be extremely slow !

Some challenging problems: fast and accurate evaluation of eα,β(t;λ)
extension to matrix arguments

Method based on the Laplace transform

L
(
eα,β(t;λ) ; s

)
=

sα−β

sα − λ
eα,β(t, λ) =

1

2πi

∫ σ+i∞

σ−i∞

est
sα−β

sα − λ
ds,
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Numerical evaluation of the ML function

eα,β(t, λ) =
1

2πi

∫

C

est
sα−β

sα − λ
ds,

Parabolic contour + trapezoidal rule :

simplicity of the contour
C : z(u) = µ(iu + 1)2

accurate estimation of the error

fast computation and good accuracy

matrix arguments via Schur decomposition

Weideman J.A.C. and Trefethen L.N., Parabolic and hyperbolic contours for
computing the Bromwich integral. In: Math. Comp. 76(259), 1341–1356, (2007)

Garrappa R. and Popolizio M., Evaluation of generalized Mittag–Leffler functions
on the real line. In: Adv. Comput. Math. 39(1), 205–225, (2013)

Garrappa R., Numerical evaluation of two and three parameters Mittag–Leffler
functions. Submitted
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The fractional Schrödinger equation

iℏ
d

dt
ψ = − ℏ

2

2m̂
∇2

xψ + V (x)ψ,

m̂ particle mass - V (x) potential energy

Two generalizations to fractional order:

1) iℏTα−1
p 0D

α
t ψ = − ℏ

2

2m̂
∇2

xψ + V (x)ψ

2) iαℏTα−1
p 0D

α
t ψ = − ℏ

2

2m̂
∇2

xψ + V (x)ψ

Main difference (active debate among physics): i or iα ?

Different numerical issues
Naber M., Time fractional Schrödinger equation, J. Math. Phys., 45(8),

3339–3352 (2004)
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The fractional Schrödinger equation

0D
α
t Y (t) = (−i)ηAY (t) η ∈ {α, 1}

Matrix A: discretization of the Hamiltonian

A ≈ 1

ℏTα−1
p

(
− ℏ

2

2m̂
∇2

x + V (x)

)

Exact solution:

0 < α < 1: Y (t) = eα,1(t; (−i)ηA)Y (0)

1 < α < 2: Y (t) = eα,1(t; (−i)ηA)Y (0) + eα,2(t; (−i)ηA)Y (1)

Approximation of the Mittag–Leffler function with matrix arguments
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The ML function eα,1(t; (−i)ηz) with complex arguments

eα,β(t; z) =
1

2πi

∫ σ+i∞

σ−i∞

estEα,β(s; z)ds

⇓

eα,β(t; z) =
1

2πi

∫

Hγ

estEα,β(s; z)ds

⇓ γ → 0
Hγ

γ

eα,β(t; z) = lim
γ→0

1

2πi

∫

Hγ

estEα,β(s; z)ds
︸ ︷︷ ︸

F
(1)
α,β(t;z)

+
∑

s⋆∈S

Res
(
estEα,β(s; z), s⋆

)

︸ ︷︷ ︸
F

(2)
α,β(t;z)

eα,β(t; z) = F
(1)
α,β(t; z) + F

(2)
α,β(t; z)
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The function F
(1)
α,β(t; z) and its behavior

eα,β(t; z) = F
(1)
α,β(t; z) + F

(2)
α,β(t; z)

F
(1)
α,β(t; z) =

e iβπ

2πi
Gα,β−α(t; z̄)−

e−iβπ

2πi
Gα,β−α(t; z)

− z̄e−i(α−β)π

2πi
Gα,β(t; z̄) +

z̄e i(α−β)π

2πi
Gα,β(t; z)

Gα,β(t; z) =

∫ +∞

0

e−rtKα,β(r ; z)dr , Kα,β(r ; z) =
rα−β

r2α − 2rαΦα(z) + |z |2

Bernstein’s theorem: since Φα(z) < |z | and Kα,β(r ; z) ≥ 0, Gα,β(t; z) are
monotonic (and also their derivatives).

F
(1)
α,β(t; z) is a regular function: no oscillatory behavior
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The function F
(1)
α,β(t; z) and its behavior

Equation 1) Equation 2)

F
(1)
α,1(t;−iλ) F

(1)
α,1(t; (−i)αλ)

0 2 4 6 8 10
−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

t

 

 

real(Fα,1
(1) (t;−iλ))

imag(Fα,1
(1) (t;−iλ))

0 2 4 6 8 10
−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

t

 

 

real(Fα,1
(1) (t;(−i)αλ))

imag(Fα,1
(1) (t;(−i)αλ))
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The function F
(2)
α,β(t; z) and its behavior

eα,β(t; z) = F
(1)
α,β(t; z) + F

(2)
α,β(t; z)

F
(2)
α,β(t; z) =

∑

s⋆∈S

Res
(
estEα,β(s; z), s⋆

)
=

1

α

∑

s⋆∈S

ets
⋆

(s⋆)1−β .

Number and locations of poles of Eα,β(s; z)

s⋆j =
(
(−i)ηλ

)1/α
= λ1/αe i

(4j−η)
2α π, j ∈ Z.

Only poles in the main Riemann sheet: −π < arg(s⋆j ) ≤ π
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The function F
(2)
α,β(t; z) for z = −iλ

0 < α ≤ 1
2

1
2 < α ≤ 3

2

No poles One pole at s⋆1 = λ1/αe−i π
2α

0α = 1

2

α = 1
α = 3

2

s⋆
1

F
(2)
α,β(t;−iλ) = 0 F

(2)
α,β(t;−iλ) = 1

αe
ts⋆1

Two poles at s⋆1 = λ1/αe−i π
2α and s⋆2 = λ1/αe−i 3π2α when 3

2 ≤ α < 2
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The function F
(2)
α,β(t; z) for z = (−i)αλ

0 < α < 4
3

4
3 ≤ α < 2

1 pole s⋆1 = −iλ1/α
2 poles s⋆1 = −iλ1/α

s⋆2 = λ1/αe−i
(4−α)π

2α

0

s⋆
1

0

s⋆
1

α = 4

3

α = 2

s⋆
2

F
(2)
α,β(t;−iαλ) = 1

αe
−itλ1/α

F
(2)
α,β(t;−iαλ) = e−itλ

1
α
+ets

⋆
2

α
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Oscillations of eα,1(t; z)

Equation 1)

z = −iλ

0 < α ≤ 1
2

Over-damped
(no osccillations)

1
2 < α < 1

Damped
(return to equilibrium
after oscillations)

1 < α < 2
Unstable
behavior

Equation 2)

z = (−i)αλ

0 < α < 4
3

Undamped
persisting
oscillations

4
3 ≤ α < 2

Undamped
persisting
oscillations

+
Damped

α ≈ 1 is interesting from the physical point of view
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Krylov subspace methods

Approximation of eα,1(t;−iA)v and eα,1(t; (−i)αA)v

A real, positive and symmetric matrix σ(A) ⊂ [a,+∞), a > 0
Size of A: 2, 500× 2, 500

Krylov subspace methods (Projection w.r.t A and not (−i)ηA)

eα,1(t; (−i)ηA)v ≈ Vmeα,1(t; (−i)ηHm)e1

Polynomial: K = Km(A, v)

Rational: K = Km(Z , v), Z = (δI + A)−1 δ > 0

A-priori estimation of the error

Comparison with numerical results

Garrappa R., Moret I. and Popolizio M., Sovling the time–fractional Schrödinger
equation by Krylov projection methods. J. Comput. Phys., in press (available on-line)
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Evaluation of eα,1(t;−iA)v

Damped oscillations with return to equilibrium when 1
2 < α < 1

0 2 4 6 8 10
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

t

 

 

real(eα,1
(t;−iλ))

imag(eα,1
(t;−iλ))

0 20 40 60 80 100
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−15

10
−10

10
−5

10
0

10
5

Iterations

E
rr

or

 

 
Polynomial α = 0.7
Polynomial α = 0.9
Rational α = 0.7
Rational α = 0.9

Polynomial: Errm ≤ C
‖(tαA)mv‖
(αm)αm

eαm

Rational: Errm ≤ C
‖Av‖
δ

[
exp(tδ

1
α )qmα +

√
cosµe−mCα,t,δ

]
0 < qα < 1
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Evaluation of eα,1(t; (−i)αA)v

Persisting oscillations for 0 < α < 1

0 2 4 6 8 10
−2

−1.5
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−0.5

0

0.5

1
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2

t

 

 

real(eα,1
(t;(−i)αλ))

imag(eα,1
(t;(−i)αλ))

0 50 100 150 200
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−2

10
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10
0

10
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10
2
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E
rr
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Polynomial α = 0.7
Polynomial α = 0.9
Rational α = 0.7
Rational α = 0.9

eα,1(t; (−i)αA) = F
(1)
α,1(t; (−i)αA) + F

(2)
α,1(t; (−i)αA)
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Evaluation of eα,1(t; (−i)αA)v

eα,1(t; (−i)αA) = F
(1)
α,1(t; (−i)αA) + F

(2)
α,1(t; (−i)αA)
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E
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Polynomial α = 0.7
Polynomial α = 0.9
Rational α = 0.7
Rational α = 0.9

Polynomial: Errm ≤ C
‖Av‖
a

exp (tCA,α) exp
(
−m

√
2/R

)
R = K(A)− 1

Rational: Errm ≤ C
‖Av‖
a

exp (tCA,α)
(
3−m + BA,α,t,m exp(−mDA,α,t,m)

)
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Evaluation of eα,1(t; (−i)αA)v

eα,1(t; (−i)αA) = F
(1)
α,1(t; (−i)αA) + F

(2)
α,1(t; (−i)αA) F

(2)
α,1(t; (−i)αA) =

1

α

exp
(

−itA
1
α

)

0 2 4 6 8 10
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t
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imag(exp(−itλ1/α))
0 50 100 150 200

10
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E
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Polynomial α = 0.7
Polynomial α = 0.9
Rational α = 0.7
Rational α = 0.9

Polynomial: Errm ≤ C

∥∥A2v
∥∥

a2
exp (tCA,α)


exp

(
−m

√
2

R

)
+

(√
2R

m

) 2(2α−1)
2−α




Rational: Errm ≤ C

∥∥A2v
∥∥

a2
exp (tCA,α)

(
3−m + Bαm

−
2(2α−1)

α+2

)
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Evaluation of eα,1(t; (−i)αA)v
Alternative approach:

yα(t) = F
(1)
α,1(t; (−i)αA)v + ỹα(t), ỹα(t) =

1

α
e−itA1/α

v





ỹα(tn+1) = e−ihA1/α

ỹα(tn)

ỹ0 =
1
αv

h = 0.0001
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E
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Polynomial α = 0.8
Polynomial α = 0.9
Rational α = 0.8
Rational α = 0.9

Main issues (related to the computational cost):

Efficient generation of Km(A, v) and Km((δI + A)−1, v)

Balancing of m and h
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