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Original problem

X, Y normed spaces

F:DCcX—=Y

F(u)=0

Suppose 3! @ € D solution
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Original problem

X, Y normed spaces

F:DCcX—=Y

F(u)=0

Suppose 3! @ € D solution
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Discrete problem

X, Y, normed spaces

F,:D,CX,—=Y,

F,(u,) =0, nel=N!

Suppose 3! u, € D, solution
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Definitions

The numerical method is called

m convergent if

nh_{go llon(a) — an”Xn =0

m consistentonv € D if ¢,(v) € D,, forsome n €1 and

Tim [|Fu(pn(®)) = $n(F(@))lly, =0

m N-stable if there exists S > 0 such that

|vn — Zn”Xn < S||Fa(vn) —

holds for all v,,, z,, € D,
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Proposition
Suppose: F, consistenton@, N-stable, and i, (0) =—3 0
Then: F,, convergent
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Suppose: F, consistenton@, N-stable, and i, (0) =—3 0

Then: F,, convergent

llon (@) — tnllx,
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Propositon |

Suppose: F, consistent onw, N-stable, and 1, (0) “—> 0
Then: F,, convergent
(Poof
N-stability

lon(@) —tnllx, < = SlIFu(en(@) — Fulan)lly,

< S |1Fa(on(®) = 0 (F(@)) Iy, +5 60 (F(@)) = Fa(@n)lly, = 0

consistency assumption on v, (0)
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From now on we consider

F(u) =1 — A(u)
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From now on we consider
F(u) =i — A(u)
more precisely
(F(w) (t, ) = (Sult,) — Au(t, ) ()

forallt >0,z QcCR?

With what kind of A ?
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Definitions
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Definitions

Assumption on A

Let B Banach, AC Bx B, weR
Let A be m-dissipative of type w, that is:

" (I =7A)(w) = (I =7A)(?)ls = (1 — Tw)|lv - 2|5
forall v,z € B and 7 € (0, ;)

m (] —1A) surjective for all T € (0, ﬁ)
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Theorem (Crandall-Liggett, 1971)

Let A be m-dissipative of type w € R. Then forall v € D(A) :

3 Tim ((I - £A)" Y (v) = 5(t)(v)

k—o00
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Basic theorems

Theorem (Crandall-Liggett, 1971)

Let A be m-dissipative of type w € R. Then forall v e D(A) :

3 1im ((I—£4) ) @) = S(t)(v)

k—o0

Properties of S (nonlinear semigroup)

® S(0) =1, identityon B
B S(t+s)=S5()S(s) forall t,s >0
= forall v,z € D(A) and t>0:
IS®)(v) = S(B)(2)l5 < e“|lv — 2l

= }1{‘% S(t)(v) =v forall ve D(A)
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Basic theorems

Theorem (1%t Brezis—Pazy, 1972)

Let A be m-dissipative of type w and

Then: wu(t,-) = (S(t)(w))(-) unique integral solution
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Basic theorems

Let «(0,-) = up(-) be given. How to approximate w(t,-) ~ u(t) ?
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Basic theorems

Let «(0,-) = up(-) be given. How to approximate w(t,-) ~ u(t) ?

ut) = S(t)(uo) = S(z) (u((k = 1))

12/23 th
8" NAI Workshop Petra Csomés — MTA-ELTE NUMNET



Basic theorems

Let «(0,-) = up(-) be given. How to approximate w(t,-) ~ u(t) ?

u(t) = St)(uo) =S()(u((k—1)%)) A~ S(4)
X
A~ Si(4)
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Basic theorems

Let «(0,-) = up(-) be given. How to approximate w(t,-) ~ u(t) ?

u(t) = St)(uo) =S()(u((k—1)%)) A~ S()
2

> Su(D@(-DE) | An 5a0)
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Basic theorems

Let «(0,-) = up(-) be given. How to approximate w(t,-) ~ u(t) ?
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Basic theorems

Let «(0,-) = up(-) be given. How to approximate w(t,-) ~ u(t) ?

12/23

S(t)(wo) = S(7) (u((k—1)7))

8" NAI Workshop

A S()

Q

A~ S ()
Q

r ('Am)

Petra Csomés — MTA-ELTE NUMNET



Basic theorems

Let «(0,-) = up(-) be given. How to approximate w(t,-) ~ u(t) ?

ut) = S(t)(uo) = S(z) (u((k = 1))

SPACE ~ S () (u((k=1)%))

TIME ~r
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Basic theorems

Space discretisations

Theorem (2" Brezis—Pazy, 1972)

Suppose there exist A,,, m € N on B such that
m A, are m-dissipative with w,,
B Jae(0,00) 0<w,wy <«

" D(A,) D D(A)

n lim A, (v) = A(v) forall v e D(A)

m— 00

Then: Tim S (t)(v) = S()(v)

for all v € D(A) uniformly for t in compact intervals
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Basic theorems

A
OrnONE
Pn A

X ) (v,

n n
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Convergence analysis

Consider
-1
r(FAm) = (I — £ An)

Then we have

lim lim /r'(éAm)k(uo)

m—00 k—o0o m—00

18! Brezis—Pazy i
= im

S (t)(uo)

2"d Brezis—Pazy g

(t)(uo)

Crandall-Liggett
= U

(t)
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Basic theorems

Let K € N with K > at.

This corresponds to F, : BX+1 — BE+! defined as
-1
(Fn(’l)n))k = (vn)k - (I - %Am) ((vn)k—l)
for k= o,.. K with (Un)() = Ug

(For linear problems: Sanz-Serna & Palencia, 1985)

Question:  More general formula for (4 4,,) ?
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Rational approximations

Fix t >0.Take K € N with K >at and 7= £.
Take v,v; €N, 29,25 € C, ¢; € R with ¢; > at

forall i=1,...,v,j=1,...,u
Forall v € D(A), define r(7A,,): B— B as

(r(tAR)) (v) :== ZOIH_ZZZU -ZA m) -7(11)
=1 j=1

Then we have for all v, € X,, = BX*! that

(Fn(vn))k = (Un)k - <T<TA771,>) ((Un)k—l)
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Rational approximations

Define A, := = >1 and C:=l|z|+ Y > |zylA,
“ i=1 j=1
Cc-1
n =
and aK K _1
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Rational approximations

Define A, := = >1 and C:=l|z|+ Y > |zylA,

o i=1 j=1

—1

and aK = m B

Let  Xn:= (BX*L | |Ix,), llualx, = aKZ | (0n)i| 5

and Y, = (BK+1, [ - ||Yn) , Nvnlly, == Z H Un) HB
for v,, = ((vn)o, ey (vn)K) € Xn, (vp)r €8
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Rational approximations
Proposition

Define A, := = >1 and C:=l|z|+ Y > |zylA,
“ i=1 j=1
c-1

CK —1 .
Let  Xn:= (BX*L | |Ix,), llualx, = aKZH(vn)kHB

and aK =

and Y, := (BEL | |v.) s llvally, == ZH vn)k | 5

for v, = ((vn)o, - (vn)k) € Xp, (Vn)k € B

Then F, is N-stable with S = 1 .\
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Rational approximations

Proof

A,, are m-dissipative of type w,, < «

= —CliAm)—l are Lipschitz with 1—11w < 1—1la = A,
= |Ir(TAm) (@) = r(TAR)(2)ll8 < (l20] + D > l2i5lAL) v — 2|
i=1 j=1
C

Remember:

(vn)k = (Fn(vn))k + (T<7Arr1,)) ((Un)kfl)
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Rational approximations

By induction:

K

1(wn)e = (za)ills < D C¥||(F(vn)); = (Flzn)), I

=0

Hence:

C-1 &
lvn = 2nllx, = CK _1 Z [(wn)k = (zn)kllB
k=0

o_1 K K .
o1 2.2 C N FE®); = (Flan) 5

k=0 j=0

C—1 & CK -
e S (F ), ~ (FGen),lls O
k=0
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Summary

® General nonlinear rational approximations are N-stable

® Question: Compatible norms? — assumption on ¢,

K

veX: llpavlx, =ax Y I(env)ills == lvllx
k=0
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