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Exercise 1. For A € £(X) and z € C define

T(z) =e" = R
n=0
Then T' is an analytic semigroup.
Proof. For all z € C we have
00 nAn o > A
S [ - 5 b G IAD" _ o,
=0 =0

i.e. the series Z ‘? is absolutely convergent. Obviously, we have T'(0) = I.
n=0
The absolute convergence of the exponential series allows to compute the

product of T'(z) and T'(w) for all z,w € C via the Cauchy product formula:
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T()T(w) = - 3 m, ZZ m,n_ I

n=0 m=0 n=0 m=0

The limit
lim T(z+h) - T(Z>x = lim
hl0 h hl0
exists for all z € X and z € C. That’s mean that 7" is holomorphic. Now

T(h) — I

T(2)x

prove that for every § € (0,6) the equality

lim T'(z)f = f holds for all f € X.

z—0
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lim T(2)f = hm A f = lim Z nAnf— lim (I—l—iznAn)ff.

z—0 z—0 z—0

ZEY g zezel z€Y g n=0 | ZEY g

Thus, we obtain that 7" is an analytic semigroup.
Exercise 2. Show that T defined in Example 9.6 is a bounded analytic
semigroup.

Proof. In Example 9.6 the semigroup was determined as
T(t):=S"MenS, T :%:U{0} — L(H),

where S : H — L? is unitary operator, H is a Hilbert space and m in
(—00, 0]. The operator Me:m is a multiplication operator which acts as follows:
(Mz)(t) = e™Wx(t), where m(t) < 0. Thus, from the structure of this
operator, the semigroup 7'(¢) is a holomorphic.

Checking the properties of analytic semigroup.

1) Let 21, 29 € ¥z U{0}. Then
T(z + 29) = ST M ysmymS = ST Mesimezam S = S~ Myzym Mozsm S
= SilMequSilMezzmS = T(Zl)T(ZQ)

2) T(0) = S~ ' MonS = S715 =1.
3) For each 0 € (0, §) we have

IT()f = fll = 1S MeenSf = fll = 1S Me=nSf — ST'Sf|
= |87 (Mo = 1SS — 0,

as z — 0, holds for all f € L% Thus, T(t) is analytic semigroup.
4) Prove that T'(t) is a bounded. For all ' € (0, §) we have

IT()fl = 1S Meen S fI| < NSTH | Mo f

S]] < |Meem f]] < Const|[ f]],
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because function m < 0. Hence, sup,cy, [|T(2)|| < oo. Thus, T'(t) is a
bounded analytic semigroup.

Exercise 3. Prove the assertions in Example 9.7.

Example 9.7. The shift semigroup on LP(R) is not analytic. Or, more
generally, if T" is a strongly continuous group which is not continuous for
the operator norm at t = 0, then T is not analytic.

Proof. Shift semigroup on LP(R) is an isometric group. Its generator A is
the differential operator with spectrum o(A) = iR. Then T is not analytic,
because the spectrum of the analytic semigroup fills a sector.

Exercise 4. Let X, Y be Banach spaces. Show that if A is a sectorial operator
on X and S : X — Y is continuously invertible then SAS™! is a sectorial
operator on Y.

Proof. Let operator B = SAS~!. Consider the following equations
R(A\B)=M —B =X —SAS™' =S\ —B)S™' = SR(\, A)S,
where A € p(B). Thus, p(A) = p(B). Operator A is a sectorial operator, so

sup |[AR(A A)|| < o0.
A€C\{0}

INR(A, B)II = IASR(A, A)STH| < [ISIHARC, A)[[IS7H < IAR(A, A)| < oo.

Thus, sup |[|AR\, B)|| < sup |[[AR(N, A)|| < oo. Hence, B = SAS™! is
AeC\{0} AeC\{0}
a sectorial operator.

Exercise 6. Suppose that A generates an analytic semigroup and that B €

L(X). Prove that A + B generates an analytic semigroup.

Proof. As A generates an analytic semigroup we have that for ¢ € (0, 7]

exists the sector



> :=1{2€ C\ {0} :|arg(2)] < 0}.

Prove that the resolvent set R(A, A + B) is a bounded and then A + B
is a generates semigroup. Indeed, take 6y > 6 and consider the following

equations
M —(A+ B) = (I — B\ — A)_l)()\] —A),

1 1

(M—=(A+B)) =M —-A)(I-BX-A)1) .
We have that

HR(A,A)H < for all A < 0 and some M > 0.

M
L+ M|

Therefore we have

- M
_ _1\n 1
| RN, A+B)|| = ||R(A, A)||]] ngzo (=B -A4)")"|| < TE N for some M; > 0.

Thus, operator A + B will be generates analytic semigroup.



