Solutions to ISEM Lecture 7

Tehran Team

1 Exercise 7.1
a) Let (f,) € D(AB) with f,, — f and ABf, — g in X for some f,g € X. Then
(Bfn) € D(4),
and since B is bounded, we have
IBfu — BfIl < IBlllfn —fll >0 as  n - oo

i.e, Bf, — Bf. On the other hand ABf,, — g, therefore Bf € D(A) and ABf = g, since A is closed. So
AB is closed.

b) BA with D(BA) := D(A) is closed if B~ € L(X).
2 Exercise 7.2

Let m = (my,), < (0, ) be a strictly increasing sequence with lim,, m,, = oo, and let M,, be the
multiplication operator. Then M, fulfills Assumption 7.3

Given A € (—oo,m,), we form sequence (A — m)~1: = (ﬁ)n and compute

la-my=y | ! ! D Um dt <f°° dt
_m = —_ — > .
o A-—myys A—my o1 Yma (A_t)z my |1 — tlz

Since ||[M,|| < K|lal| for ||a|| < oo, then the operator associated to (A —m)~! is bounded and it is easily
seen that this operator equals R(1, M,,) = M (3—my-1. In particular (—oo,m;) C p(M). For A =

|A]et?,0 < |8] < 7, we obtain

R VY *® dt
AR((A, M| < K|Alll(A — M)~1 SKf —dt:Kj SR —
IAR((4, M) | [AI( )7 L A—ee o le® —t|2

This show that M,,, fulfills Assumption 7.3.

4 Exercise 7.4

Let f € D(AP)andy = @ — 8, then —1 < Rey = Re @ — Re 8 < 0, we obtain from (7.4) in Proposition
7.13:

AYf:Aa—Bf: _w.fms
0

=B (s + A)~'fds.



Since s* 8 (s + A)~'f € D(AP), for every s > 0 and since
f s B (s + A)"1APfds,
0

is a convergent improper integral, the closedness A# implies that

sinn(f —

APp*—Bf = )Aﬁf s B(s+ A)ifds =
0

=D % s 4yt s
T 0

/A

By Proposition 7.19.a) we have A% = AP A%~F  hence the statement is proved.

5 Exercise 7.5

sinmz sinz [* 1
A? = - ZR( s,A)ds = i sZ(s+ A)~lds,
0 0

Aztf —f= sin(rzt) OOOSZtR(—S, A)ds — f
_ sin(rrzt) ooszt (R (=s,A) — R(-s, D)fds
0
_ sin(mzt)

s?R(-s,A)(I — A)fds
0

= [|A%*f - fll <

Mlsm(nzt)l @ |s?t|
f CIRC=s, DI - Aflds

|51n(7rzt)| @ |s%t|
f ds i - 4fl,

which convergestoOast \ 0.

8 Exercise 7.8

Let f € D(A™) and T,,()f = T(O)f |x,. Then IT,(Of Il = ITOf Il < Me®*.



