SOLUTIONS FOR LECTURE 6

Exercise 2.
According to Example 6.11, consider f € D(A)\{0} and sy € [—1,0] such that |f(s¢)| =
|| fIl. Then, by Example 6.8.1, we have that

f(s0) - 05y € J(f)-

Consider the real-valued function
g(x) = Re (Fs0) (@)
Since g(x) takes its maximum at z = s, it follows that, if sy € (—1,0), then
Re < A, j(f) >= Re < [/, T(s) -6, >= (Be(TG0)1)) (s0) = f(s0) = 0.
If sg = —1, then g(z) takes its maximum at sy = —1. So, ¢'(—1) < 0. If 59 = 0, then
Re < Af,j(f) >= Re < [, J(0) -6 >= (Re(f(0)f)) (0) = ¢/(0).

f € D(A) implies that

9'(0) = Re (WZCUC(_E‘)> <

n

W Z ¢if(—Ti)

=1

<

=1

S IOl ()| < nllf 1 e el | = m mmax el

i=1
Hence, the operator A is quasi-dissipative with

w =n max |¢].
1<i<n

Exercise 3.
First of all we set D(M,,) = L,(Q2). For f € D(M,,)\{0} define

F(s) - 1f () P2 I FI2P, if f(s) £ 0
¢(s)—{()|()| Il (s)

0, otherwise.

Then, by Example 6.8.2, ¢ € J(f) C Ly(Q2) = L;(92), where % + é = 1. Therefore,

Re < Af,j(f) >= Re < Af, ¢ >= Re/f(s)-m(s)'qﬁ(s)ds =
0

Re / &) m(s TP f1PPds = | fI2 / |F(s)[PRe(im(s))ds.
Q\{s:f(s)=0} Q\{s:f(s)=0}

Since f € D(M,,)\{0} can be chosen arbitrarily, operator M,, is dissipative if and only if
Re(m(s)) < 0 almost everywhere with respect to Q.
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Exercise 4.
Since the operator A generates a contraction semigroup 7'(t),¢ > 0, the resolvent of A
can be estimated for A > 0 as follows

IR, A <

> =

Proposition 2.9 and Proposition 2.26 yields, that for any = € D(A)
ARN, A)x = R(A\,A)Az  and
AR(N, A)x = AR(\, A)x — x.
Consequently, for every z € X and A > 0 we have that
R(M\, A)x € D(A),

and, since D(A) C D(B),
R(X\, A)z € D(B).

Hence, for every x € X

IBR(A, A)z|| < al|AR(A, A)z|| + bl R(A, A)z]| <

b b
a AR(A, A)z =zl + T lz]| < (2a + D)zl
Choosing A > —%—, we see, that || BR(\, A)|| < 1.

1-2a’

Exercise 5.
Define the following operators

VfeDB)={feC(R)NX: feX} Bf=Ff,

VieEDH)={feC*R)NX: ff+f X} Hf=f"

Then D(H) C D(B) and A = H + B with D(H + B) = D(H) = D(A). In order to show,
that the operator A generates a contraction, we will use Theorem 6.14.

The operator B is dissipative. Indeed, if we suppose, that f € D(B)\{0} reaches its
norm at sy € (—00,00), i.e., |f(so)| = || f]|, and consider a real-valued function

9(@) = Re (fls0)f ().
then, by Example 6.8.1,
Re < Bf,j(f) >= Re < f', f(s9) - 6., >= (Re(mf))' (s0) = ¢'(s0) = 0.

Function f € Cy(R) reaches its norm at oo or at —oc if and only if f = 0.
Consider the Gaussian semigroup 7', defined on Cy(R),

1
VAart
R

(1)) (@) = f(x).

(T f)(x) = e f(y)dy, for t >0,




Then T is a strongly continuous contraction semigroup on Cy(R) with generator H. ([Dun],
p. 681) Since B? = H and B generates a strongly continuous group, for A > 0 the following
holds

R(\, H) = R(\, B®) = —R(V'\, B)R(—V/'\, B).

(|Dun|, Theorem VII.9.5) Consequently, for every f € D(B)
BR(\, H)f = R(\, H)Bf.

Choose f € Cy(R) arbitrarily.
Then, for any A > 0

o)

_ 1 _@=w)?
IBROVES| = RO B =max | [ e | <= [ 5 py | dr) <
R

£ [ e,
0
since ) ,
(z—y)
e % dy=1.
Vit Y
R
Clearly,
/ e Mdt = 7L
0
Therefore,
IBR(A, H)f]| <1
for
A> £

Applying Theorem 6.14, we infer, that A = H + B generates a contraction semigroup.
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