Lecture 4 — Solutions

Voronezh Team: Polyakov Dmitry, Dikarev Yegor.

Exercise 1. Let A be the generator of a semigroup, and consider the

space X,, = D(A"™) with the graph norm.

a) For n € N and x € D(A") define |||z]|| := ||z|| + [|Az| + ... + || A"x]|.
Prove that ||| - ||| and || - [|,, are equivalent norms.
Proof. Suppose A is invertible operator. Consider operator A = A —

Mol, o € p(A). Ay is a generator of a semigroup T'(t)e . First we prove

the equivalence of the norms || - ||,, and ||| - ||| for the operator Ay, i.e.
m([lz)l + [ Agzll) < )l + [[Aoz[| + - - - + [[Agz|| < M([lz]| + [[Agz[]).

D el + 1 Ag]] < [lfl + [[ Aoz [l + - - - + | AG[], and m = 1.
2)

I+l Aoz ||+ -+l AGz ]| < ol +HIAG (A ™ ) [+1AG (A ™ 2) [+ -+ Azl <

< lloll + A" I AG= | + A 2l AGz ] + - - + | Agzll <

< [l + [ Ag| (Z IAok“|> < M(J[z]| + [[Agz]),

k=1

where M = max{1, f: |Ag*™||}. Thus, norms are equivalent.

Prove the equiva]fgrllce of the norms ||z|| + ||A™z|| and ||z| + || Afz||, and
also equivalence of the norms |||+ || Aox| + - - - + ||Aj x| and ||x|| + || Ax|| +
-+ -+ ||A"z||. The proof of these facts and proof the equivalence of the norms

||| + ||Agz|| and ||x|| + ||Aoz| + - - - + [|Afx|| of the initial statement are



equivalent.
[zl + [[A"z]| =[] + [|A"(A = AL )" (A = Ao)"z|| =
= Nzl + 1A = AL + AoI)"(A = AD)"(A — Aol)"x|| =

D CCINA = NI)" (A = M) (A= NI)"z|| <

k=0

= [l +

< My(flz] + [(A = Aol)"2[]) = Mu(|lz]| + (| Ag|)),

where M; = max{1, || zn: CEXE(A — N D) ¥}
And the second estfr?l(;te is m(||z|| + ||Agz]]) < ||z||+ ||A"z] or ||Afz| <
|A™z||. Consider following equalities
n
A" = [[(Ao + doD)"z|| = | Afz + Y Ca AT Az || > [|Aga],
k=1
thus, norms ||z|| + ||A"z|| and ||z| + ||Ajz|| are equivalent, similar to the
equivalence of norms ||z ||+ Aoz ||+ - -+||Afz| and ||z||+]| Az ||+ - -+ A" z]|.
Therefore, norms ||| - ||| and || - ||,, are equivalent.

b) Prove that X, is a Banach space.

Proof. Let x, — x as n — oo, as norm ||| - |||. A is a generator of
semigroup, thus X,, would be a Banach space if z € D(A").

A is a generator of semigroup, therefore A is closed operator. Hence
Axj, — y1,x € D(A). After that A%z, = A(Axy,) — Ayp and Ay; — s, and
x € D(A?). Similarly A"z = A(A" 'z;) — vy, and x € D(A"). Hence X,
is a Banach space.

Exercise 2. Let X = [? and m = (m,,) be a sequence with Rem,, < 0.
Consider the semigroup 7' generated by the multiplication operator A = M,
and define the Crank—Nicolson method as

= (1) (124"
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a) Show that it is stable.

Proof. Prove || F(h)"]| < M.

We note that a operator in [? on sequence oy, is bounded if and only
if «y, is bounded sequence. Define the operator A = M,, as follows Ax =

y = (mux,) € I Note that (Az,x) < 0. Indeed, (Az,2) = > m,x,T, =

n=1

> mp|z,|* <0,z € D(A). F(h) determined as ((1+ %m,,)"(1—

n=1
Consider following statement

bm,) ).

(1 + %mk)"
(1 + %mk)"

1+ 2(Remy, + iImmy,)|"
11— L(Remy + ilmmy)|”

T = L.

Let h < %, and using the condition Remj < 0 we obtain following estimate

[ (h)" ] = sup

+ %(Remk + iImmy) )"
L

)
— 3 (Remk + iImmy))"

(

(

(1
(1

(1 + hRemk)Q Immkh
)2+

| ey ¢ o
sup il <
k21| (1 — 5 Remy)? + “"mkh) 1 — Remy)? 4 el
_ 1+ (Imz%kh) 5 B
14 (]mrzkh)z gl = ||kl

Thus, [|[F(h)"|| < M, where M = 1.
b) Show that it is consistent.

Proof. This sequence (my,) forms strongly continuous semigroup 7'(t)x =

(e™'xy) for which ||T'(t)]] = supys; €™ = sups [e®™!| < 1. Given
f = (f) for which >~ |mg|?| fe|* < co. And, finally, consider a limit
k>1
1+5my, et f t+h)f
. F(WT@H)f-TE+h)f .. 1—m B k
lim = lim
h—0 h h—0 h



Prove the estimation of the next norm.
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as all factors are bounded and
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Exercise 4. Solve the exercises in the appendix.

Appendix B.

Exercise 1. Prove first- and second-order consistency of the explicit Euler
method and the explicit method of Runge, respectively.

Proof. Consider

Estimate the function %(11) when h, — 0. Using Taylor series, we obtain

h2
Yot = Y(tn + ha) = y(tn) + hat/ (ta) + 39" (t) + -
tubtn = o/ (t,) + O(H,). For n'" we can rewrite our problem as b= =

y'(t,). Using v/(t,) = f(tn, y(t,)) we obtain that

It LTIkt y(t) = O(hy).



In the last equation LHS = wﬁll), thus explicit Euler method has first order
of consistency.

Exercise 2. Construct Euler’s number e with the help of Euler’s method.
Hint: Consider the differential equation iy = y with the initial condition
y(0) = 1.

Proof. The Euler’s method usually written as

Yntl = Yn + hnf(tm yn)

Consider the differential equation ¢y = y, where f(t,,y,) = y and yg =
y(0) = 1. We obtain the following approximations

y1 = yothf(to, yo) = 1+hyo = 1+h, yo = y1+hy, = 1+h+h+h? = (1+h)%,
ys =y + hyo = (L+ h)* + h(1 + h)*> = (1 4+ h)°.

Continuing in this way we obtain y, = (1 + h)". For h = % and for n — o0,
obtain lim y, = lim (1 + %)” =e.
n—oo n—oo
Exercise 5. Derive the Butcher Tableau for the Crank-Nicolson scheme.

Proof. The implicit method is

% (f(tna yn> + f(tTH-l) yn—|—1>> .

The Butcher Tableau for this scheme is

Yn+1 = Yn +

o[ 0 0
111/2 1/2
1/2 1/2

In our scheme we have y,+1 = y, + h(biky + boks), so by = by = 1/2.
Next, ky = f(t, + 0,9y, +0), s0 ¢; = 0 and a3 = a2 = 0. Finally, ko =
f (tn + hp, yn + ha (%kl + %k’g)), thus, ¢; = 1 and a9 = ag = 1/2.
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