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Exercise 1:
Let Tn(t) be a sequence of semigroups such that Tn(t)f → T (t)f as n→∞ for
all f ∈ X uniformly for t in compact intervals of [0,∞).

Then there are M ≥ 1, ω ∈ R such that

‖Tn(t)‖ ≤Meωt.

Proof. Let n ∈ N, r ∈ [0, 1] and f ∈ X. We use the uniform boundedness
principle to prove

sup
n∈N,r∈[0,1]

‖Tn(r)‖ <∞.

So let f ∈ X and assume that

sup
n∈N,r∈[0,1]

‖Tn(r)f‖ =∞,

Then there are sequences (nk) ⊆ N, (tk) ⊆ [0, 1] such that lim
k→∞

‖Tnk(tk)f‖ =∞.
Because of the compactness of [0, 1] we can assume tn → t0 ∈ [0, 1]. It follows
that

‖Tnk(tk)f‖ ≤ ‖ Tnk(tk)f − T (tk)f︸ ︷︷ ︸
<ε, uniform convergence

‖+ ‖T (tk)f − T (t0)f‖︸ ︷︷ ︸
<ε, T strongly continuous

+ ‖T (t0)f‖︸ ︷︷ ︸
:=M

≤

ε+ ε+M

for almost every k.
It follows that sup

n∈N,r∈[0,1]

‖Tn(r)f‖ <∞ for all f ∈ X and therefore

M := sup
n∈N,r∈[0,1]

‖Tn(r)‖ <∞.

Now write t ∈ R such that 0 ≤ t = n + r, n ∈ N, r ∈ [0, 1). By using the
semigroup property we obtain

‖Tn(t)‖ ≤ ‖Tn(r)‖‖Tn(1)‖k ≤MMk ≤M(M + 1)k ≤M(M + 1)t = Meωt

with ω := log(M + 1). Johannes- Manuel- Marc2

Exercise 2:
Consider the operators Jn and Pn from Example 3.4.

For each f ∈ X, JnPnf → f , i.e., for each f ∈ C(0)[0, 1] we have
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∑n
k=1 f( kn )Bn,k(x)→ f(x)

as n→∞, uniformly in x ∈ [0, 1].

Proof. Let ε > 0. Because of the compactness of [0, 1] there is δ > 0 such
that ‖f(x)− f(y)‖ < ε

n for all ‖x− y‖ < δ. With 1
n < δ and

∑n−1
k=1 Bn,k(x) ≡ 1

we see∣∣∣∣∣
n∑
k=1

f

(
k

n

)
Bn,k(x)− f(x)

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=1

f

(
k

n

)
Bn,k(x)− f(x)

n∑
k=1

Bn,k(x)

∣∣∣∣∣
=

∣∣∣∣∣
n∑
k=1

f

(
k

n

)
Bn,k(x)−

n∑
k=1

f(x)Bn,k(x)

∣∣∣∣∣
=

∣∣∣∣∣
n∑
k=1

(
f

(
k

n

)
− f(x)

)
Bn,k(x)

∣∣∣∣∣
≤

n∑
k=1

∣∣∣∣f (kn
)
− f(x)

∣∣∣∣ |Bn,k(x)|

≤
n∑
k=1

ε

n
· 1

= ε.
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Exercise 3:
Let X = L1[0, 1] and Xn = Cn.
Define

Jn(y1, ..., yn) :=
n∑
k=1

ykχ[ k−1
n , kn ],

(Pnf)k := n

k
n∫

k−1
n

f(x) dx,

‖(y1, ..., yn)‖n :=
1
n

n∑
i=1

|yi|.

We show that ∃K > 0 such that ‖Pn‖ , ‖Jn‖ ≤ K ∀n ∈ N, PnJn = In on Xn

and JnPnf
n→∞→ f ∀f ∈ X.
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‖Jny‖ =

∥∥∥∥∥
n∑
k=1

ykχ[ k−1
n , kn ]

∥∥∥∥∥ =

1∫
0

|
n∑
k=1

ykχ[ k−1
n , kn ]|dx

≤
n∑
k=1

|yk|
1∫

0

|χ[ k−1
n , kn ]|dx =

1
n

n∑
k=1

|yk| = ‖y‖

‖Pnf‖ =
1
n

n∑
k=1

n|

k
n∫

k−1
n

f(x) dx| ≤
n∑
k=1

k
n∫

k−1
n

|f(x)|dx = ‖f‖

⇒ K = 1.

PnJn(y1, ..., yn) = Pn(
n∑
k=1

ykχ[ k−1
n , kn ])

=
(
n

1
n∫

0

n∑
k=1

ykχ[ k−1
n , kn ](s) ds , ... , n

1∫
n−1
n

n∑
k=1

ykχ[ k−1
n , kn ](s) ds

)
= (y1, ..., yn),

because

n

i
n∫

i−1
n

n∑
k=1

ykχ[ k−1
n , kn ](s) ds = n

n∑
k=1

yk

i
n∫

i−1
n

χ[ k−1
n , kn ](s) ds = nyi ·

1
n

= yi.

Finally, we show that JnPnf
n→∞→ f . Here we use the Lebesgue differentiation theorem:

For f ∈ L1[0, 1] we obtain for almost every t ∈ R

lim
τ↘0

1
τ

t+τ∫
t

f(x) dx = f(t).
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‖JnPnf − f‖ =

∥∥∥∥∥∥∥
n∑
k=1

n

k
n∫

k−1
n

f(x) dxχ[ k−1
n , kn ] − f

∥∥∥∥∥∥∥ =

∥∥∥∥∥∥∥
n∑
k=1

[n

k
n∫

k−1
n

f(x)χ[ k−1
n , kn ] − fχ[ k−1

n , kn ]]

∥∥∥∥∥∥∥
≤

n∑
k=1

∥∥∥∥∥∥∥n
k
n∫

k−1
n

f(x) dxχ[ k−1
n , kn ] − fχ[ k−1

n , kn ]

∥∥∥∥∥∥∥
=

n∑
k=1

k
n∫

k−1
n

|n

k
n∫

k−1
n

f(x) dx− f(s)|

︸ ︷︷ ︸
∗

ds

∗ < ε

n
for n big enough ( Lebesgue differentiation theorem )

≤
n∑
k=1

k
n∫

k−1
n

ε

n
ds =

n∑
k=1

ε

n2
=
ε

n

n→∞→ 0.
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We now consider Af = f ′ with D(A) = W 1,1
0 = {f ∈W 1,1

0 |f(1) = 0},

(Any)k := n(yk+1 − yk), k = 0, ..., n− 2,
(Any)n−1 := −nyn−1.

(AnPnf)k = n[(Pnf)k+1 − (Pnf)k] = n2

( k+1
n∫
k
n

f(x) dx−

k
n∫

k−1
n

f(x) dx

)

‖JnAnPnf −Af‖1 =

∥∥∥∥∥∥∥
n∑
k=1

n2

( k+1
n∫
k
n

f(x) dx−

k
n∫

k−1
n

f(x) dx

)
χ[ k−1

n , kn ] − f
′

∥∥∥∥∥∥∥
1

=

∥∥∥∥∥
n∑
k=1

n2

(
f(ξk)
n
− f(ξk−1)

n

)
χ[ k−1

n , kn ] − f
′

∥∥∥∥∥
1

where we used the mean value theorem, because f ∈W 1,1
0

is absolutely continuous, ξi ∈ [
i

n
,
i+ 1
n

]

=

1∫
0

|
n∑
k=1

f(ξk)− f(ξk−1)
1
1
n

χ[ k−1
n , kn ](s)− f

′(s)|ds

≤
n∑
k=1

k
n∫

k−1
n

|f(ξk)− f(ξk−1)
1
1
n

− f ′(s)|︸ ︷︷ ︸
< ε
n for n big enough f∈W 1,1

0

ds

≤
n∑
k=1

ε

n2
=
ε

n

n→∞→ 0
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Exercise 4:

• We have Pn : X → Xn.

• Take ‖g‖A2 =
∥∥A2g

∥∥
X

for all g ∈ X.

• We assume that there are C > 0 and p ∈ N with
∥∥A−1

n Pn − PnA−1
∥∥ ≤ C

np

• and want to show that for all t > 0 there is C ′ > 0 such that ‖Tn(t)Png − PnT (t)g‖Xn ≤
C ′
‖g‖A2

np , and this convergence is uniform for t ∈ [0, t0].

Proof: With g ∈ D(A2) and f = Ag, h = Af :
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‖Tn(t)Png − PnT (t)g‖ :≤ ‖Tn(t)‖ ·
∥∥PnA−1f −A−1

n Pnf
∥∥

+
∥∥A−1

n (Tn(t)Pnf − PnT (t)f)
∥∥

+
∥∥A−1

n Pn − PnA−1
∥∥ · ‖Tn(t)f‖ .

We already know that the first and the last term are each≤M ·eωt0 · Cnp ·‖Ag‖.
We still have to show that the middle term also remains small.
Therefore we first show that

A−1
n ((Tn(t)Pn−PnT (t))A−1h =

∫ t

0

Tn(s)(PnA−1−A−1
n Pn)T (t−s)h ds. (0.1)

For the proof, we define ϕ(s) := A−1
n (Tn(s)PnT (t− s))A−1h.

Now we see that

ϕ(t)− ϕ(0) = A−1
n ((Tn(t)Pn − PnT (t))A−1h

and
dϕ

ds
= Tn(s)(PnA−1 −A−1

n Pn)T (t− s)h,

which shows equality (0.1).
This yields

∥∥A−1
n ((Tn(t)Pn − PnT (t))A−1h

∥∥ ≤ ∫ t

0

‖Tn(s)‖
∥∥(PnA−1 −A−1

n Pn
∥∥) ‖T (t− s)‖ ‖h‖ ds

≤ t0 ·M2 · e2ωt0 · C
np
·
∥∥A2g

∥∥ .
So we have

‖Tn(t)Png − PnT (t)g‖Xn ≤
2C
np
· ‖Ag‖ ·M · eωt0

+ t0 ·M2 · e2ωt0 · C
np
·
∥∥A2g

∥∥
≤

((2C · eωt0 + t0 · e2ωt0) ·M2) · ‖g‖A2

np
,

and finally
‖Tn(t)Png − PnT (t)g‖Xn ≤ C

′ ‖g‖A2

np . Johannes 2

Exercise 5:

(1) The heat equation in two dimensions with x ∈ (0, π), y ∈ (0, π) corre-
sponds to Lw(t, x, y) := ∂xxw(t, x, y) + ∂yyw(t, x, y) with w(t, x, y) = 0 on the
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boundary points. For finite difference methods divide the intervals into N equal
pieces of subintervals with length ∆x = ∆y = π

N = ∆. Then the points xi = i∆
and yj = jδ, i, j = 0, 1, · · · , N are called grid points.

Say wi,j(t) = w(t, xi, yj) for j = 0, 1, · · · , N . To this end we use Taylor’s
formula with respect to the second and third variable and obtain

∂xxw(t, xi, yj) ≈
wi+1,j(t)− 2wi,j(t) + wi−1,j(t)

(∆)2

∂yyw(t, xi, yj) ≈
wi,j+1(t)− 2wi,j(t) + wi,j−1(t)

(∆)2

for i, j = 1, · · · , N − 1.
Define

W (t) = (w1,1(t), · · · , w1,N−1(t), w2,1(t), · · · , w2,N−1, · · · , wN−1,1(t), · · · , wN−1,N−1(t)) ∈ R(N−1)2

.
After doing simple calculation, the ordinary differential equations

∂t(t, x, y) = ∂xx(t, x, y) + ∂yy(t, x, y)
w(t, x, y) = 0 on ∂Ω

can be formulated as a system of ordinary differential equations d
dtW (t) =

MW (t) with the matrix M ;

M :=



A I 0 0 . . . 0 0
I A I 0 . . . 0 0
0 I A I . . . 0 0
0 0 I A . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . A I
0 0 0 0 . . . I A


∈ R(N−1)2×(N−1)2

where I ∈ R(N−1)×(N−1) is the identity matrix, O ∈ R(N−1)×(N−1) is the zero
matrix and

A =



−4 1 0 0 . . . 0 0
1 −4 1 0 . . . 0 0
0 1 −4 1 . . . 0 0
0 0 1 −4 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . −4 1
0 0 0 0 . . . 1 −4


We note that M is a tridiagonal matrix, i.e., M = 1

∆2 tridiag(I, A, I) and A is
a tridiagonal matrix, i.e., A = tridiag(1,−4, 1) that has non-zero elements only
in its main diagonal and sub-diagonals.
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Nazife 2

(2) Let H be a real Hilbert space with inner product < ., . >, and A : D(A) ⊂
H → H be a linear densely defined operator possessing the following properties:

1. A is symmetric on D(A), i. e., < Au, v >=< u,Av > for all u, v ∈ D(A),
and

2. A is strongly elliptic, i. e., there exists a constant c > 0 such that <
Au, u > ≥ c‖u‖2 for all u ∈ D(A).

For all v ∈ D(A) and a given element f ∈ H define the functional F : D(A)→ R
by

F (v) := < Av, v > − 2 < f, v >.

If Au = f for u ∈ D(A), then F (u) < F (v) for all v ∈ D(A), v 6= u.

Proof. We have

F (u) = < Au, u > −2 < f, u > = < Au, u > −2 < Au, u > = − < Au, u >,

F (v) = < Av, v > −2 < Au, v > = < Av, v > − < Au, v > − < u,Av >.

For v 6= u we obtain

F (v)− F (u) =< Av, v > − < Au, v > − < u,Av > + < Au, u >

=< Av −Au, v > + < Av −Au,−u >
=< Av −Au, v − u >
=< A(v − u), v − u >
≥ c‖v − u‖2 > 0.
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(3) We recall some theory:

Let X be a finite-dimensional vector space. We defined the vectors Φ =

 〈f, φ1〉
...

〈f, φm〉


and C =

 c1
...
cm

. Moreover we define the matrixAm =

 〈Aφ1, φ1〉 ... 〈Aφm, φ1〉
...

〈Aφ1, φm〉 ... 〈Aφm, φm〉

.

Now the approximation to our solution is given by
m∑
k=1

ckφk.

In example A4.a, we consider the space Xm := lin{sin(jx)|j = 1, ...,m}. From
the appendix, we know that the approximation wm(x) is given by

wm(x) =
m∑
k=1

cjφj =
m∑
k=1

− 2
π

1
k2

π∫
0

f(s)sin(js) ds · sin(kx).
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Let’s turn back to the equation AmC = Φ:

Am



− 2
π

1
k2

π∫
0

f(s)sin(s) ds

− 1
4

2
π

1
k2

π∫
0

f(s)sin(2s) ds

...

− 1
m2

2
π

1
k2

π∫
0

f(s)sin(ms) ds


=



π∫
0

f(s)sin(s) ds
π∫
0

f(s)sin(2s) ds

...
π∫
0

f(s)sin(ms) ds


.

Therefore we obtain that the matrix Am has to be of the form

(aij)1≤i,j≤m =

{
aii = −i2 π2
aij = 0 for i 6= j

.

In example A4.b, we consider basis functions of the form

φj(x) :=


0 for x < (j − 1)∆x
x

∆x − (j − 1) for (j − 1)∆x ≤ x < j∆x
(j + 1)− x

∆x for j∆x ≤ x < (j + 1)∆x
0 for (j + 1)∆x ≤ x

,

where ∆x = π
m for some m ∈ N.

Am

 c1
...
cm

 =

 〈f, φ1〉
...

〈f, φm〉

 =


π∫
0

f(x)φ1(x) dx

...
π∫
0

f(x)φm(x) dx

 Appendix
=

1
∆x


−2c1 + c2

c1 − 2c2 + c3
...

cm−2 − 2cm−1 + cm
cm−1 − 2cm

 .

Therefore we obtain a matrix of the form

Am =
1

∆x



−2 1 0
1 −2 1 0

0
. . . . . . . . . 0
. . . . . . . . . 1

0 1 −2

 .
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