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Lecture 3

Exercise 1:
Let T,,(t) be a sequence of semigroups such that T,,(¢)f — T'(t)f as n — oo for
all f € X uniformly for ¢ in compact intervals of [0, c0).

Then there are M > 1, w € R such that
[T ()] < Me*".

Proof. Let n € N, r € [0,1] and f € X. We use the uniform boundedness
principle to prove

sup || Tn(r)]| < oo.
neN,re(0,1]

So let f € X and assume that

sup HTn(r)f” = 00,
neN,rel0,1]

Then there are sequences (nx) C N, (¢x) C [0, 1] such that klim T, (te) f]] = oo.

Because of the compactness of [0,1] we can assume ¢, — to € [0,1]. It follows
that

1T @) Il < NI T () f =TS N+ [T =TS + [T (o) ] <
—_——

<e, uniform convergence <e, T strongly continuous =M

e+e+ M

for almost every k.

It follows that  sup  ||T,(r)f]] < oo for all f € X and therefore
neN,re[0,1]

M:= sup ||Tu(r)| < oo.
neN,re(0,1]

Now write ¢ € R such that 0 <t =n+r, n € N, r € [0,1). By using the
semigroup property we obtain

1T @) < (1T ()T (DI < MMP < M(M +1)F < M(M +1)" = Me*!
with w :=log(M + 1). Johannes- Manuel- MarcO

Exercise 2:
Consider the operators J,, and P, from Example 3.4.

For each f € X, J,P,f — f, i.e., for each f € C(y[0, 1] we have



Yk=1 () Buk(@) = f(=)
as n — oo, uniformly in z € [0, 1].
Proof. Let € > 0. Because of the compactness of [0, 1] there is § > 0 such

that || f(z) — f(y)|| < £ for all |z —y|| < 6. With L < § and 377} Buw(z) =1
we see
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Exercise 3:

Let X = L'[0,1] and X,, = C™.
Define

n
TnUrs s yn) = D vixazt g,
k=1

(Puf)i = n / f(z) de,

1 n
s )l = = > il
i=1

We show that 3K > 0 such that |P,||,||/n]] < K Vn €N, P,J, =1, on X,
and J,P,f "=° f Vf e X.



n 1 n
[ Jnyll = ZM@X{%’% :/IZykx S | da
k=1 0 k=1
< bl [ s gyl =2 > ol =l
k=1 3} k=1
k,
nam—f m/f me}/v|w—wn
e k= Ly
= K =1.
Pan(ylv' 7yn = Zka "nl’fi

1

non 1
= (n/Zka[knl’m(s) ds, .., n / YrX a2 E](S) ds)

o k=1

= (yl’ ""yn)?

because

i

1
n/Zykx[%ms)dstyk /X[’“;%%Ms)dsznyi';:y%‘-
21 k=1 k=1

i1
n

n—oo

Finally, we show that J,P,f — f. Here we use the Lebesgue differentiation theorem:
For f € L'[0,1] we obtain for almost every ¢t € R

t+71

l%;/f fe).
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We now consider Af = f/ with D(A) = W' = {f € Wg'|f(1) = 0},

(Any)k = n(yk-i-l 7yk)7 k :0,...,7L72,
(Any)n—l = —NYn-1-

k

(AnPof)i = n[(Paf)ies — (Puf)i] = n ( / f(w) d — / f<x)das>

dx—/kf dac) X[E=1 k] — f

1
_ Zn<f(§) £ (& n)x[“ Ly

n 'n
k=1

k
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[ JnAn P f — Afly
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1,1
where we used the mean value theorem, because f € W’

1 1+1
is absolutely continuous, &; € [—, il ]
n

n

/|Z“’“ Toaa)y oy 4 (5) = ()1 ds

SZ |f f(fk 1) 7f/(8)| ds
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Exercise 4:

e We have P, : X — X,,.

Take ||g|| 42 = HAQgHX for all g € X.

e We assume that there are C > 0 and p € N with HA,_Lan — PnA_lﬂ < n%

and want to show that for all ¢ > 0 there is C" > 0 such that ||T,,(t) P.g — P,T(t)gll 5, <

c’ %7 and this convergence is uniform for ¢ € [0, #o].

Proof: With g € D(A42%) and f = Ag,h = Af:



T (t)Pug — PaT()gll =< | Tu(@)] - [|PaA™ f — AT Puf|
[ AT Tt Puf = PaT(@) )|
+ ||A;1Pn - PnA_1|| ' ||Tn(t)f|| .
We already know that the first and the last term are each < M-e**- .| Ag]|.

We still have to show that the middle term also remains small.
Therefore we first show that

AN (T (t) P, — P, T(t) A h = /t T(s) (P, AT — A PO)T(t—s)h ds. (0.1)
0

For the proof, we define p(s) := A, (T, (s)P,T(t — s))A~h.
Now we see that

p(t) — ¢(0) = A (T (t) Py — PT(1) AR

and p
P
T,
ds
which shows equality (0.1).
This yields

(s)(P, A7 — AP )T (t — s)h,

| A7 (T (8) P — PuT(8))A™ h| < /0 T ()| (PaA™" = AT P IT(E — )] 1]l ds

<t M?. 2. —

O Jazg)

So we have

2C
IT(t)Png — PoT(t)gllx, < 5 - Agll - M - et

C

2 2wt 2
+ito-M*-e °~np~HA gH

o (20 + 1 - e2h0) - M?) - lg]| 42

— )

np

and finally
T (t) Pag — PaT(t)gllx, < C'19az. Johannes O

Exercise 5:

(1) The heat equation in two dimensions with z € (0,7), y € (0,7) corre-
sponds to Lw(t,z,y) := Opew(t, z,y) + Oyyw(t, x,y) with w(t, z,y) = 0 on the



boundary points. For finite difference methods divide the intervals into N equal
pieces of subintervals with length Ax = Ay = &+ = A. Then the points z; = iA
and y; = jé,4,j =0,1,--- , N are called grid points.

Say w; ;(t) = w(t,z;,y;) for 5 = 0,1,--- ,N. To this end we use Taylor’s
formula with respect to the second and third variable and obtain

wit1,5(t) — 2w; (1) + wi—1,;(?)

8mxw(ta Ty, yj) ~

(A)?
Wi (t) — 2w i (8) +wi -1 (t)
Oyyw(t, zi,y;) ~ — (AJ)Q 2
fori,j=1,---,N—1.
Define
W(t) = (wia (), wi N1 (), war(t), - wan 1, swn_11(t), - wy_1y_1(t)) € RNV’

After doing simple calculation, the ordinary differential equations

at(tvxay) = 8z$(t7x7y) + ayy(ta177y)
w(t,z,y) =0 on 0N

can be formulated as a system of ordinary differential equations %W(t) =
MW (t) with the matrix M;

AT 0 0 0 0
I A1 0 0 0
0 I A I 0 0
Mo—l0 0 I A 0 0| ¢ RIN-1?x(N-1)*
0 0 0 AT
0 0 0 0 I Al

where I € RW=Dx(N=1) ig the identity matrix, O € RN=Dx(N=1) i5 the zero
matrix and

4 1 0 0 0 0
1 4 1 0 0 0

0 1 -4 1 0 0
A—l0o o 1 —4 0 0
0 0 0 .. -4 1

0 0 0 0 .. 1 -4

We note that M is a tridiagonal matrix, i.e., M = étridiag(I,A, I) and A is
a tridiagonal matrix, i.e., A = tridiag(1l, —4, 1) that has non-zero elements only
in its main diagonal and sub-diagonals.



Nazife O
(2) Let H be a real Hilbert space with inner product < .,. >, and A : D(A) C
H — H be a linear densely defined operator possessing the following properties:

1. A is symmetric on D(A), i. e., < Au,v >=< u, Av > for all u,v € D(A),
and

2. A is strongly elliptic, i. e., there exists a constant ¢ > 0 such that <
Au,u > > c||ul|? for all u € D(A).

For all v € D(A) and a given element f € H define the functional F' : D(4) — R
by

Fv)=<Av,u> —2< fiv>.
If Au = f for u € D(A), then F(u) < F(v) for all v € D(A), v # u.
Proof. We have
Flu) = <Au,u>-2< fu> =< Au,u> -2 < Au,u > = — < Au,u >,
Fv) =< Av,v > -2 < Au,v > = < Av,o > — < Au,v > — < u, Av >.
For v # u we obtain

F(v) — F(u) =< Av,v > — < Au,v > — < u, Av > + < Au,u >
=< Av — Au,v >+ < Av — Au, —u >
=< Av — Au,v —u >
=< A(v—u),v—u>
> cljv —ul]* > 0.

Johannes- Manuel- Marc O

(3) We recall some theory:

91
Let X be a finite-dimensional vector space. We defined the vectors & = <f¢ >
(fs Pm)
c1 (Ad1,01) .. (Adm,d1)
and C' = | ... |. Moreover we define the matrix A4,,, =
Cm <A¢1a ¢m> <A¢ma ¢m>

Now the approximation to our solution is given by > cx¢x.

k=1
In example A4.a, we consider the space X,, := lin{sin(jx)|j = 1,...,m}. From
the appendix, we know that the approximation w,,(z) is given by

m

wp(z) = chqu = Z —%% /f(s)sm(]s) ds - sin(kx).
k=1 o

k=1



Let’s turn back to the equation A, C =
s

_Fﬁff sin( [ f(s)sin(s)ds
0
A —%%k%off(s)sin@s) ds _ Off(s)sin(Zs) ds
mi%%ff )sin(ms)ds ff )sin(ms) ds
Therefore we obtaln that the matrix A has to be of the form
-2 T
_ )G =Ty
Aii)1<i i<m = .
( J)lS < {aijzo for i # j

In example A4.b, we consider basis functions of the form

forx < (j —1)Ax
—(j—l) for (j —1)Ax <z < jAzx
for jAz <z < (j+1)Ax’
for (j+ 1Az <=z

0

¢j(x) = (j +1) =

0
where Az = - for some m € N.
T —2c1 + ¢
T z)dx
c1 (f, 1) off( Jé1() Appendix 1 c1—2¢c3 +c3
A L] = = = —
mn - Ax
Cm <f7 ¢m> Cm—2 — 2Cm—1+Cm
[ £@)6 (@) da 2 2m 1
Therefore we obtain a matrix of the form
-2 1 0
1 -2 1 0
1 .
A,=—-—1 0 0
Ax
1
0 1 -2
Martin O



