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Lecture 2

Exercise 1:
Let X be a Banach space and A € £L(X). Define (T'(t))ter by

" A"
T(t)x = etz = Z —ux, v € X.
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Show that (T'(t));>0 is a strongly continuous semigroup.
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2. T(t+s) = T(t)T(s):
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3. T(t) € L(X):
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4. strong continuity:
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It remains to show that T'(t) is invertible. Indeed, by 2. T(t)~! = T(—t).
Now we take a closer look at the generator:
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Exercise 3:
Let (T'(t))t>0 be a strongly continuous semigroup with generator A and ||7'(¢)|| <
Me*t,

1. S(t) := R7'T(t)R,R € L(X) invertible. Then (S(t));>0 is a strongly
continuous semigroup.
S(0)zr = R'T(0)Rx = R'Rr =z = Ix
S(t+s)x =R 'T(t+s)Rx = R'T(t)T(s)Rx = R'T(t)RR™'T(s)Rx = S(t)S(s)x
ISzl = [|[RT () Ra|| < |[RTHNTONIRI 2l < R |RTHIT @) ] < Me*" |||
IS(t)z — z|| = ||[R~'T(t)Re — R~'Rz|| = | R (T(t)Rz — Ra)|| ¥ 0

Therefore it follows that wy(S) = wo(T).
We denote by B the generator of (S(¢))¢>o-

—1 _ _
Br — lim R™'T(h)Rx — x — lim R_lT(h)Raz Rz
h\0 h h\0 h hN\0 h
with D(B) := {z € X|Rxz € D(A)}.

= R 'ARz,

2. S(t) == €"*T(t),z € C. Show that (S(t))i>0 is a strongly continuous
semigroup.

S(0)z = e"*T(0)x =z
S(t+ s)x = MDD (t 4 s)x = e T(t)T(s)x = e T(t)e**T(s) = S(t)S(s)x
IStz = [e*T(t)a|| < BT @) [la] < Me<e ) ||z
1S(t)x — z|| = || T (t)x — x| s 0, since e'* "~

2
Therefore it follows that wy(S) < wo(T) + Re(z).
We denote by B the generator of (S(¢))¢>o-

_ hz —
Br — lim S(h)x —x .. e*T(h)xr—=x
R\.0 h R\,0 h
with D(B) := D(A).

= 2e"*T(h)x|p—o + " Az|p—o = (2 + A)z,



3. S(t) :=T(at), > 0. Show that (S(t))i>0 is a strongly continuous semi-
group.

SO0)r=T(a-0)z ==z
S(t+s)xr=T(a(t+s))z =T(at)T(as)x = S(t)S(s)x
ISzl = 1T (at)z]| < Me*" ||z
| S(t)z — || = | T(at)z — z|| "0, since t \, 0 < at \, 0

Therefore it follows that wy(S) < aw(T).
We denote by B the generator of (S(¢))¢>o.

Br — lim Sh)r —x .. T(ah)x —T(a-0)x
A\0 h hN\0 h
with D(B) := D(A).
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Exercise 4:
Let X := L'[— 1,1] and consider the nilpotent left translation semigroup
(T'(t))i>0 defined by

fs+t) for —1—t<s<—t
2f(s+t) for —t<s<0
f(s+t) for0<s<1-—t

0 fors >1—t¢

T(t)f(s) ==

One can easily see that T'(0)f(s) = f(s) and that T'(t + s)f(r) =T ()T (s) f(r),
because we translate everything to the left, so it doesn’t matter whether we do
that in one or two steps.

Next, we want to show the strong continuity of the semigroup (T'(¢)):>0:

As a first consequence of the lecture we only show the strong continuity for
t \, 0 on the dense subspace C.[—1, 1] of all continuous functions with compact
supports on (—1,1).



t\0

-0

IIT(t)f—f||=L / s +6) — F(s)ds+ / 2f(s 1) — f(s)|ds

—1—t,1—t]\[—¢,0] [—t,0]

because f is continuous.

IT@)| = sup | T(@)f]| = sup |f(s+1)[ds+2 / f(5+t)|d81
~1,0]

|1—1—t,1—t]\[—t,0] [

<1 lFlI<1
< sup 2 |f(s+1t)|ds+ / |f(s+t)|ds]
7=t —1—t,1—t]\[—t,0] [—t,0]

1
=2 sup /
IIfHSl_l_

1
=2 sup [ 17(5)]ds <250 (T(0)20 € LX),

¢
[f(s+t)|ds
¢

lFlI<1

As the left translation on L'[0, 1] becomes the zero function for t big enough,
this semigroup is nilpotent and therefore

WQ(T) = —0OQ.

We now show that |T'(¢)| = 2.
We define the function f = 1[4 and see that ||f|| = 1. Then

1 1
1
IT®)F] = [ 1fGs+0)lds = [ Txpalt+s)ds

1 0
1 1
t/Mm“QS t/ s=2,
41 Zt
so ||T'(t)]] = 2 and we have constructed a semigroup with the required properties.
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Exercise 7:
We define the nilpotent left translation semigroup (7'(t)):>0 on C(g)[0, 1] by

fs+t) for0<s<1-—t¢
0 s+t>1 '

T(t)f(s) = {

For its generator, we see

TMf(s) = fls) _ . fls+h) = f(s) _
S A



whenever it exists. Let (A, D(A)) be the generator of T'(t) and let (B, C(IO) [0,1])
be the operator Bf := f’ with C([0,1] := {f € C{[0,1]|f'(1) = 0}. Then for
feDA) <« fe C(lo)[O, 1], so that A C B.

We need to show that for A € p(A) U p(B) whenever A — A = A — B. Then
A=B.

Since (T'(t))¢>0 is nilpotent, it follows that C C p(A).

We know that (A — B)f(s) = Af(s) — f'(s) and define

1

Cf(s) = e /e”‘tf(t) dt.

S

First we observe that C'f € C( [0, 1]:

Now it remains to show that C' = (A — B)~L.

1

1
(=B [ pwan = [e s ar

S

1
_ ()\eks/e_”f(t) dt—‘re)\s(—e_)\sf(s))) — f<5>

S

1
COME) = F(s) = [0 - F (o)

1

1
= et /e_)‘tf(t) dt — e /e_)‘tf’(t) dt

s
1

1
ot smsiony o [ o) ap - {10 - [ e o ar
= —eM[f(D)e = fls)e ]
fGC(:O) [0,1] f(s)

Therefore it follows that C' = (A — B)~! and A=B.
The generator of the nilpotent left translation semigroup is

Af=f', D(A)=C{y[0,1] := {f € C()[0,1]| " € C)[0, 1]}.
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