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Exercise 1:
Let X be a Banach space and A ∈ L(X). Define (T (t))t∈R by

T (t)x = etAx =
∑
n∈N

tnAn

n!
x, x ∈ X.

Show that (T (t))t≥0 is a strongly continuous semigroup.

1. T (0) = Id:

T (0)x =
∞∑
n=0

0nAn

n!
x = x

2. T (t+ s) = T (t)T (s):

T (t+ s)x =
∞∑
n=0

(t+ s)nAn

n!
x =

∞∑
n=0

n∑
k=0

(
n
k

)
tksn−kAn

n!
x

Bimonialcoefficient=
∞∑
n=0

n∑
k=0

tksn−kAkAn−k

k!(n− k)!
x

Cauchyproduct
=

∞∑
n=0

tnAn

n!

∞∑
n=0

snAn

n!
x

= T (t)T (s)x

3. T (t) ∈ L(X):

‖T (t)x‖ =

∥∥∥∥∥
∞∑
n=0

tnAn

n!
x

∥∥∥∥∥ ≤
∞∑
n=0

∥∥∥∥ tnAnn!
x

∥∥∥∥
=
∞∑
n=0

tn

n!
‖Anx‖ ≤

∞∑
n=0

tn ‖A‖n

n!
‖x‖ = et‖A‖ ‖x‖

4. strong continuity:

‖T (t)x− x‖ =

∥∥∥∥∥
∞∑
n=0

tnAn

n!
x− x

∥∥∥∥∥ = |t|

∥∥∥∥∥
∞∑
n=1

tn−1An

n!
x

∥∥∥∥∥ t↘0→ 0
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It remains to show that T (t) is invertible. Indeed, by 2. T (t)−1 = T (−t).
Now we take a closer look at the generator:

lim
h↘0

T (h)x− x
h

= lim
h↘0

h
∞∑
n=1

hn−1An

n! x

h
= Ax

lim
h↘0

T (−h)x− x
h

= − lim
h↘0

h
∞∑
n=1

(−h)n−1An

n! x

h
= −Ax
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Exercise 3:
Let (T (t))t≥0 be a strongly continuous semigroup with generator A and ‖T (t)‖ ≤
Meωt.

1. S(t) := R−1T (t)R,R ∈ L(X) invertible. Then (S(t))t≥0 is a strongly
continuous semigroup.

S(0)x = R−1T (0)Rx = R−1Rx = x = Ix

S(t+ s)x = R−1T (t+ s)Rx = R−1T (t)T (s)Rx = R−1T (t)RR−1T (s)Rx = S(t)S(s)x

‖S(t)x‖ =
∥∥R−1T (t)Rx

∥∥ ≤ ∥∥R−1
∥∥ ‖T (t)‖ ‖R‖ ‖x‖ ≤ ‖R‖

∥∥R−1
∥∥ ‖T (t)‖ ‖x‖ ≤ M̃eωt ‖x‖

‖S(t)x− x‖ =
∥∥R−1T (t)Rx−R−1Rx

∥∥ =
∥∥R−1(T (t)Rx−Rx)

∥∥ t↘0→ 0

Therefore it follows that ω0(S) = ω0(T ).
We denote by B the generator of (S(t))t≥0.

Bx = lim
h↘0

S(h)x− x
h

= lim
h↘0

R−1T (h)Rx− x
h

= lim
h↘0

R−1T (h)Rx−Rx
h

= R−1ARx,

with D(B) := {x ∈ X|Rx ∈ D(A)}.

2. S(t) := etzT (t), z ∈ C. Show that (S(t))t≥0 is a strongly continuous
semigroup.

S(0)x = e0·zT (0)x = x

S(t+ s)x = e(t+s)zT (t+ s)x = etzeszT (t)T (s)x = etzT (t)eszT (s) = S(t)S(s)x

‖S(t)x‖ =
∥∥etzT (t)x

∥∥ ≤ eRe(z)t ‖T (t)‖ ‖x‖ ≤MeωteRe(z)t ‖x‖

‖S(t)x− x‖ =
∥∥etzT (t)x− x

∥∥ t↘0→ 0, since etz
t↘0→ 0

Therefore it follows that ω0(S) ≤ ω0(T ) +Re(z).
We denote by B the generator of (S(t))t≥0.

Bx = lim
h↘0

S(h)x− x
h

= lim
h↘0

ehzT (h)x− x
h

= zehzT (h)x|h=0 + ehzAx|h=0 = (z +A)x,

with D(B) := D(A).
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3. S(t) := T (αt), α ≥ 0. Show that (S(t))t≥0 is a strongly continuous semi-
group.

S(0)x = T (α · 0)x = x

S(t+ s)x = T (α(t+ s))x = T (αt)T (αs)x = S(t)S(s)x

‖S(t)x‖ = ‖T (αt)x‖ ≤Meαωt ‖x‖

‖ S(t)x− x‖ = ‖T (αt)x− x‖ t↘0→ 0, since t↘ 0⇐ αt↘ 0

Therefore it follows that ω0(S) ≤ αω0(T ).
We denote by B the generator of (S(t))t≥0.

Bx = lim
h↘0

S(h)x− x
h

= lim
h↘0

T (αh)x− T (α · 0)x
h

= αAx,

with D(B) := D(A).
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Exercise 4:
Let X := L1[ − 1, 1] and consider the nilpotent left translation semigroup
(T (t))t≥0 defined by

T (t)f(s) :=


f(s+ t) for − 1− t ≤ s < −t
2f(s+ t) for − t ≤ s < 0
f(s+ t) for 0 ≤ s < 1− t
0 for s > 1− t

.

One can easily see that T (0)f(s) = f(s) and that T (t+ s)f(r) = T (t)T (s)f(r),
because we translate everything to the left, so it doesn’t matter whether we do
that in one or two steps.
Next, we want to show the strong continuity of the semigroup (T (t))t≥0:
As a first consequence of the lecture we only show the strong continuity for
t↘ 0 on the dense subspace Cc[−1, 1] of all continuous functions with compact
supports on (− 1, 1).
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‖T (t)f − f‖ =

[ ∫
[−1−t,1−t]\[−t,0]

|f(s+ t)− f(s)|ds+
∫

[−t,0]

|2f(s+ t)− f(s)|ds

]
t↘0→ 0

because f is continuous.

‖T (t)‖ = sup
‖f‖≤1

‖T (t)f‖ = sup
‖f‖≤1

[ ∫
[−1−t,1−t]\[−t,0]

|f(s+ t)|ds+ 2
∫

[−t,0]

|f(s+ t)|ds

]

≤ sup
‖f‖≤1

2

[ ∫
[−1−t,1−t]\[−t,0]

|f(s+ t)|ds+
∫

[−t,0]

|f(s+ t)|ds

]

= 2 sup
‖f‖≤1

1−t∫
−1−t

|f(s+ t)|ds

= 2 sup
‖f‖≤1

1∫
−1

|f(s)|ds ≤ 2, so (T (t))t≥0 ∈ L(X).

As the left translation on L1[0, 1] becomes the zero function for t big enough,
this semigroup is nilpotent and therefore

ω0(T ) = −∞.

We now show that ‖T (t)‖ = 2.
We define the function f = 1

tχ[0,t] and see that ‖f‖ = 1. Then

‖T (t)f‖ =

1∫
−1

|f(s+ t)|ds =

1∫
−1

1
t
χ[0,t](t+ s) ds

=
1
t

1∫
−1

χ[−t,0](s) ds =
1
t

0∫
−t

2 ds = 2,

so ‖T (t)‖ = 2 and we have constructed a semigroup with the required properties.
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Exercise 7:
We define the nilpotent left translation semigroup (T (t))t≥0 on C(0)[0, 1] by

T (t)f(s) :=

{
f(s+ t) for 0 ≤ s ≤ 1− t
0 s+ t > 1

.

For its generator, we see

lim
h↘0

T (h)f(s)− f(s)
h

= lim
h↘0

f(s+ h)− f(s)
h

= f ′(s)
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whenever it exists. Let (A,D(A)) be the generator of T (t) and let (B,C1
(0)[0, 1])

be the operator Bf := f ′ with C1
(0)[0, 1] := {f ∈ C1

(0)[0, 1]|f ′(1) = 0}. Then for
f ∈ D(A)⇐ f ∈ C1

(0)[0, 1], so that A ⊂ B.
We need to show that for λ ∈ ρ(A) ∪ ρ(B) whenever λ − A = λ − B. Then
A = B.
Since (T (t))t≥0 is nilpotent, it follows that C ⊂ ρ(A).
We know that (λ−B)f(s) = λf(s)− f ′(s) and define

Cf(s) := eλs
1∫
s

e−λtf(t) dt.

First we observe that Cf ∈ C1
(0)[0, 1]:

Now it remains to show that C = (λ−B)−1.

(λ−B)(eλs
1∫
s

e−λtf(t) dt) =λeλs
1∫
s

e−λtf(t) dt

− (λeλs
1∫
s

e−λtf(t) dt+ eλs(−e−λsf(s))) = f(s).

C(λf(s)− f ′(s)) = eλs
1∫
s

e−λt(λf(t)− f ′(t)) dt

= λeλs
1∫
s

e−λtf(t) dt− eλs
1∫
s

e−λtf ′(t) dt

partial integration
= λeλs

1∫
s

e−λtf(t) dt− eλs[f(t)e−λt]1s − e
λsλ

1∫
s

e−λtf(t) dt

= −eλs[f(1)e−λ − f(s)e−λs]
f∈C(0)[0,1]

= f(s).

Therefore it follows that C = (λ−B)−1 and A=B.
The generator of the nilpotent left translation semigroup is

Af = f ′, D(A) = C1
(0)[0, 1] := {f ∈ C(0)[0, 1]|f ′ ∈ C(0)[0, 1]}.
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