
Solutions to ISEM Lecture 2 
Team Tehran 
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This  proves  that  
Ate satisfies the given bounds. The function 

Atet  is analytic. Hence uniformly 

continuous for all t.  

2. Take 𝑋 = 𝐿1(𝑅) and define a translation semigroup by  

 𝑇 𝑡 𝑓  𝑥 ≔  
2𝑓 𝑥 + 𝑡          𝑥 ∈ [−𝑡, 0]

𝑓 𝑥 + 𝑡            𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒  
  

Then (𝑇(𝑡))𝑡≥0 is a strongly continuous semigroup with  𝑇 𝑡  = 2 for each 𝑡 > 0 

(since 𝑇 𝑡 𝜒[0,𝑡]  ).Hence (𝑇(𝑡))𝑡≥0is bounded. 
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5.  

𝑤1,p =  f ∈ Lp : f cont , ∃g ∈ Lp , f t − f 0 =  g x dx
t

0

  

𝐷 𝐴 =  𝑓 ∈ 𝐿𝑝 : 𝑆 .  𝑓  𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑖𝑛 [0,∞)  

We show 𝐷 𝐴 = 𝑤1,𝑝 , first let 𝑓 ∈ 𝐷(𝐴) then 

𝑆 𝑕 𝑓−𝑓

𝑕
=

𝑓 𝑕+. −𝑓(.)

𝑕
= 𝑓 ′ .  ⇒  𝑑

𝑑𝑡
𝑆 𝑡 𝑓 

𝑡=0
= 𝑓 ′ ⇒ 𝐴𝑓 = 𝑓 ′ . 

Therefore 𝑓 is continues and if define 𝑔 = 𝑓 ′ then 𝑓 𝑡 − 𝑓 0 =  𝑓 ′(𝑥)𝑑𝑥
t

0
⇒  𝑓 ∈ 𝑤1,𝑝 . 

Conversely, let 𝑓 ∈ 𝑤1,𝑝 , we have: 

𝑓 𝑕 − 𝑓 0 =  𝑔(𝑥)𝑑𝑥
h

0

⇒ lim
𝑕→0

𝑆 𝑕 𝑓(0) − 𝑓(0)

𝑕
 = lim

𝑕→0

𝑓(𝑕) − 𝑓(0)

𝑕
= lim

𝑕→0

1

𝑕
 𝑔(𝑥)𝑑𝑥

h

0

 

𝐴𝑓 0 = 𝑓 ′ 0 = 𝑔 0  

⇒  𝐴𝑓 𝑥 = 𝐴𝑆 𝑥 𝑓 0  

                                            = 𝑆 𝑥 𝐴𝑓 0 = 𝑆 𝑥 𝑓 ′ 0  

                                 = 𝑆 𝑥 𝑔 0 = 𝑔 𝑥  

⇒  𝐴𝑓 𝑥 = 𝑓 ′ 𝑥 = 𝑔 𝑥  ⇒ 𝑓 ∈ 𝐷 𝐴 . 

 

6.  

The nilpotent left shift 𝑆0 is a strongly continues semigroup: 

1) 𝑆0 0 = 𝐼, 𝑆0 𝑡 ∈ ℒ 𝐿
𝑝 𝑅   

2) 𝑆0 𝑡 + 𝑠 𝑓 𝑥 = 𝑓 𝑡 + 𝑠 + 𝑥 = 𝑆0 𝑡 𝑓 𝑠 + 𝑥  

= 𝑆0 𝑡 𝑆0 𝑠 𝑓 𝑥   for   𝑡 + 𝑠 ≤ 1,    𝑠 ∈  0,1 . 

⇒ 𝑆0 𝑡 + 𝑠 = 𝑆0 𝑡)𝑆0(𝑠        

We show  𝐴 = 𝑤 0 
1,𝑝

(0,1) , 𝐴𝑓 = 𝑓 ′: 



𝑆0 𝑡 𝑓 𝑠 =  
𝑓 𝑡 + 𝑠         𝑡 + 𝑠 ≤ 1,    𝑠 ∈ [0,1]

   0                     𝑡 + 𝑠 > 1,    𝑠 ∈ [0,1]  
  

let 𝑓 ∈ 𝐷 𝐴 =  𝑓 ∈ 𝐿𝑝(0,1): 𝑆(0) .  𝑓  𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑖𝑛 [0,∞)  since 𝑥 ∈ [0,1] and 𝑕 → 0 

 then 𝐴𝑓 =  𝑑
𝑑𝑡
𝑆 0  𝑡 𝑓 

𝑡=0
= lim𝑕→0

𝑆0 𝑕 𝑓 𝑥 −𝑓 𝑥 

𝑕
= lim𝑕→0

𝑓 𝑥+𝑕 −𝑓 𝑥 

𝑕
= 𝑓 ′ 𝑥  ⇒ 𝐴𝑓 = 𝑓 ′ . 

𝑓 1 = 𝑆0 1 𝑓 0 = 0 ⇒ 𝑓 ∈ 𝑤 0 
1,𝑝 0,1 . 

Conversely, let 𝑓 ∈ 𝑤 0 
1,𝑝 0,1 , 𝑥 ∈ [0,1] and 𝑕 → 0, we have 

𝑓 𝑕 − 𝑓 0 =  𝑔(𝑥)𝑑𝑥
h

0

⇒ lim
𝑕→0

𝑆0 𝑕 𝑓(0) − 𝑓(0)

𝑕
 = lim

𝑕→0

𝑓(𝑕) − 𝑓(0)

𝑕
= lim

𝑕→0

1

𝑕
 𝑔(𝑥)𝑑𝑥

h

0

 

𝐴𝑓 0 = 𝑓 ′ 0 = 𝑔 0  

⇒  𝐴𝑓 𝑥 = 𝐴𝑆0 𝑥 𝑓 0  

                                            = 𝑆0 𝑥 𝐴𝑓 0 = 𝑆0 𝑥 𝑓
′ 0  

                                 = 𝑆0 𝑥 𝑔 0 = 𝑔 𝑥  

⇒  𝐴𝑓 𝑥 = 𝑓 ′ 𝑥 = 𝑔 𝑥  ⇒ 𝑓 ∈ 𝐷 𝐴 . 

 

7. 

𝑆0 𝑡 𝑓 𝑠 =  
𝑓 𝑡 + 𝑠         𝑡 + 𝑠 < 1,    𝑠 ∈ [0,1]

   0                     𝑡 + 𝑠 ≥ 1,    𝑠 ∈ [0,1]  
  

and 𝐷 𝐴 =  𝑓 ∈ 𝐶1  0,1  : 𝑓 1 = 𝑓 ′ 1 = 0  

                   =  𝑓 ∈ 𝐶(0)  0,1  , 𝑓 ′ ∈ 𝐶(0)  0,1   . 

 

8. 

 𝑇 𝑡 𝑓  𝑥 =  𝑔𝑡 ∗ 𝑓 (𝑥) 

𝐴𝑓 =  𝑑

𝑑𝑡
𝑇 𝑡 𝑓 

𝑡=0
= lim

𝑕→0

𝑇 𝑕 𝑓 𝑥 − 𝑓 𝑥 

𝑕
= lim

𝑕→0

𝑔𝑕 ∗ 𝑓 𝑥 − 𝑓 𝑥 

𝑕
= 𝑓 ′′  

𝐷 𝐴 =Schwartz space 

 


