Exercises 1

16. Oktober 2011

1. Consider the weak formulation of the Dirichlet problem on I = (0,7), i.e. given
f € L(I), find u € H}(I) such that for all p € H}(I) the identity

/u'go’ dxz/fcp dx
1 1

holds. The Riesz-Fréchet theorem yields the existence of exactly one such function
u € HE(I). The operator Aq : L*(I) — H}(I) that assigns to f the weak solution
u € H}(I) is continuous due to the Poincaré inequality: The Poincaré inequality
says that there exists a constant C' > 0 such that for all g € HZ(I) one has

lally < C '], -

This gives us

|2 = /WM—/mm<Wszcwam

or, equivalently HAOfHHl = |[u/|l; < C||flly- The compactness of the embedding

J: HY(I) = L*(]) leads to the compactness of the operator A := JAq : L*(I) —
L?(I) which assigns to f € L?(I) the weak solution u € H}(I), considered as an
L?(I) function.

A is symmetric with trivial kernel: Firstly, Af = 0 implies || 1 Jo dx = 0 for all
¢ € H(I), and this leads via the variational lemma to f = 0. Secondly, take
arbitrary f,g 6 L?(I). We can choose ¢,d € R in such a way that h € C'(I),
defined via h(z) = — [ fo ) ds dt + cx + d, has the property h(0) = 0 = h(m)
and b’ = (111 the Weak sense as well as in the sense of almost everywhere
dlfferenmablh y) Notice that for all ¢ € H}(I), we have:

/Ih’(a:)@’(x) dx:—/l[/ox ()ds—l—c] // ) dx ds
—w¢¢@wm=¢w@M@m

=0



This means that Ag = h. So, we obtain:

(Af,g) = /I Af()g(x) de = — / (Af) @) (z) di = /I (Af) ()W (z) du

I

— [$@h@) do= [ s@)A9)@) do = (7, 49)
I I

The spectral theorem for compact symmetric (which in this case is the same as self-
adjoint) operators states that there exists a sequence (\,)nen of real eigenvalues
with the following properties:

e )\, converges to 0 for n — oo
e each eigenvalue A\, has finite multiplicity
e eigenvectors to different eigenvalues are orthogonal

e the linear span of the corresponding eigenvectors lie dense in the whole do-
main, i.e. L2(I).

From this, we see that it suffices to catalogise the eigenvalues and eigenfunctions of
the weak Dirichlet problem and to show that they are (in some sense exactly) the
sine functions sin(nz). Consider an eigenvalue A with corresponding eigenfunction
u. Then we have for every ¢ € Hg(I):

/u’go’da::/ucpdx
T I A

This is nothing else than the definition of the weak differentiability of u' and the
weak derivative is —% (which we indeed expected classicly). The Sobolev embed-
ding H}(I) < C(I) shows that u must be twice continuously differentiable (in the
sense that there exists such a representative with respect to a.e.) and the equa-
tion u” = —% holds (for this representative) pointwise. ODE considerations now
show that the conditions u(0) = 0 = u(n), v # 0 and —Au” = w are fulfilled
exactly by A = #,u = csin(nz) for n € N and ¢ € R. Therefore, the functions
{sin(nx) : n € N} build an orthogonal basis of L?(I) as it has been claimed.

The L?(I) norms are \/g (as can be computed by the usual partial integration

trick).

. Define for I = (0,7) the operator A : D(A) C L?(I) — L*(I), f — f” with the
domain

D(A) := {f € L*(0,7) : f continuously differentiable with absolutely continuous
derivative f € L?(0,7) with f” € L*(0,7) and f'(0) =0 = f'(m)}.

Define for the Neumann problem the following subspace of L?(I):
V::{feLZ(I):/fd:n:()}
I
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as well as the following subspace of H{(I):
W::{feHl(I):/fd:r:()}.
I

As a closed subspace of H'(I), W becomes a Hilbert space when equipped with
the H'(I) inner product. Analogously, V becomes a Hilbert space with the L?(I)
inner product since V is closed in L2([).

Due to the existence of a Poincaré inequality for W, i.e. there exists a constant
C > 0 such that for every u € W we have ||ull, < C'||«/||5, the bilinear mapping
(-,)w : (u,v) = [;u/v/ dx defines an inner product on W equivalent to the H*(I)
inner product. (If this Poincaré inequality did not hold, this would contradict the
compact Sobolev embedding H(I) < L?(I)). Thus, (W, (-, -} ) is a Hilbert space.
The weak formulation of the (elliptic) Neumann problem is: given f € V find a
function u € W such that for every ¢ € H*(I) the following equation holds:

/ u'p dx—/ﬂpd:c

According to the Poincaré inequality mentioned above W — R, ¢ — [  fo dx
defines a continuous linear mapping from (W, (-, -)w) to R. The Riesz-Fréchet the-
orem again guarantees the existence of exactly one u € W such that for all ¢ € W,
we have [;v'¢' dx = [} fo dx. Since H'(I) = span{1} ® W (where 1 means the
function I — R,z ~ 1) and [, f dz = 0, this equality also holds on span{1} and
hence for the whole space H'(I).

As in the first exercise the Hilbert-Schmidt theorem tells us that the spectrum
of the solution operator from V to V consists of a sequence converging to 0 with
eigenvectors that span V. The same considerations as above lead to the necessity
for an eigenfunction u to the eigenvalue A to fulfill classicly the problem

' = wuw  inl
W'(0) = 0= u/(m)

Again ODE considerations yield the complete orthogonal system {cos(nz) : n € N}
for V. If you want to span L?(I), add {1} to the Hilbert space basis and notice
span{1} L V in L?(I) such that the basis stays orthogonal. Since we can now
write every f € L?(I) in exactly one way as f =Y o2 cn fn With (¢n)nen, C 12(R)
and fp(z) = \/gcos(n:c) for n € N and fo(x) = \/;, we can define the following
multiplication operator M : D(M) C L?(I) — L*(I):

D(M):={f =) cnfu € L*(I): Y _n'c) < oo}
n=0 n=0

Mf .= Z—n2cnfn for f € D(M).

n=0



e A C M: To see this, consider an arbitrary D(A) 3 f =" ¢, fn. Therefore,
we have for every n € N:

(f, )2 —/f \fcos (nz) d
- [f(w)\/zi sin(nx>] o / Py 2500) 4,

=0

/ / (s) \/5 smglnx) "
[V
/\[,, [ cos( x)r”ds
--/ V28 4o Lag g,

This shows f € D(M), and we also see Af = M f for f € D(A) if we take
into account, that (Af, fo) = 0= (Mf, fo).
e A is onto V This is due to the fact that for f € V, the function [0,1] — R,

T — fo ) ds is continuous and equals zero at * = 0 and = = 7. Its
primitive, call it g € D(A) solves the Neumann problem.

e M| is injective, because ¢y = 0 for all f € V. Using exercise 3 we see
1%
Al = M| . But since A and M also coincide on V+ = span{1}, we indeed
1% 1%
have A =

The heat semigroup (T(¢))>0 is then given by T'(t)f = > cn, ety f for f =

Yoo Cnfn, where fy(z) = \/%cos(nm) for n € N and fo(z) = \/; Analogous
statements to those made for the Dirichlet semigroup hold here:

e For f € L?(I), for every t > 0 the series Y oo, e_”Qt(f, fn) fn is convergent
and the function [0, 00) — L?(R) defined through it is continuous.

Beweis. Let t > 0 be arbitrary. Then

2 o0
2
<3 fet e P 0
2 n=0

UL o — > €T fu) fo
n=0

because of Lebesgue’s theorem (one could alternatively use a mean value
argument with additional estimates) applied to the discrete measure on Ny
giving each non-negative integer the mass 1 and the family of functions n



|(f, fn)]?, which possesses an L' bound since for s,t > 0,

—n?t _ 7n s

<2 O

o For f =3 enfn € L3(D), u(t) == 3 0°, e "¢, fn belongs to D(A) for
t > 0 and u solves

u(t) = Au(t), t>0
0;u(0) = 0 = Oyu(m),
u(0) = f

Beweis. We use - as in the first lecture - the estimate ’n%‘"zt‘ <e 2 t% for
n € Ny, t > 0 to see u(t) € D(M) = D(A). Then we get for t > 0 and s # ¢:

0 efnzt o €7n2s o 2
Z T+”€ (f, fn) fn

n=0

2

—0
2

2

2

t—s

77L2t _677L25

t—s
and then again with a Lebesgue argument. (sorry for the waving hands - due
to lost patience) O

_m2 2 2
for s — t because of ’e +n?e "t‘ < ente ™t |t — 5| for s near t

o t = T(t) with T(t)f =3, e ’ten f for f = >0 o nfn € L2(I) defines a

strongly continuous contraction semigroup on L?(I).

Beweis. This is clear from what has already been shown and easy calculations.
O

3. For A; = Ay, it remains to show that D(Ay) C D(A;). Therefore, consider an
arbitrary u € D(Asg). Then Asu € X and the surjectivity of A; yiels the existence
of x € D(Ay) with Ajx = Asu. Since A; is the restriction of Ay to D(A;), we have
Asx = Asu. The injectivity of Ag gives us now u = x € D(A;) which finishes the
proof.

4. (a) Let £ = (Tn)nen € [2 be an arbitrary element of /2. Given an arbitrary & > 0,
there is an NV € N such that

Z lzn|? < €2 (convergence definition)
n>N
Since N = Zfl\[:]_ ZTnen € coo (Where e, denotes the n-th standard unit vector),
the density of cgp C 2 is shown.

(b) Claim: M,, is continuous with respect to the (> norm on co iff ||m|, =
SUp,en [Mn| < 00, or in other words, x € [*°.
Proof:



()

e If M,, is continuous with respect to the [? norm, then M,,, must be bound-
ed, i.e.
00> sup ||[Mpz| > sup ||[Mnenlls = [ma],
lzll,<1 neN

which means nothing else than m € [*°.

o If m €1, then M,, is bounded with respect to the {2 norm and therefore
continuous. This follows from the calculation

2 2 2 2 2 2
[ Mpz||3 = Z Imnas|” < [[m|5 Z |zn|” = [Imll5 |zl -
neN neN

Define the operator T, : 1?2 — I? via Tz = limy_yo0 My, for x, — x for
n — oo and x, € coo (the existence of such a sequence follows from (a)). Notice
that (z,,)n is a Cauchy sequence and hence, because of the boundedness of M,,
with respect to |||y, (MmTn)nen C 12 is also a Cauchy sequence and thus has
a limit in /2. The only thing that remains to be checked is the independence
of Ty« from the approximating sequence (Z)nen. Assume (2p)n, (Yn)n C oo
are sequences approximating x € [2. Then there exist a := lim,_soo M, Zp,
b := limy 00 Mimyn as well as ¢ := lim, o0 M2y, where (z,)nen is defined
through
(2n)nen = (1, Y1, T2, Y2, 23,93, - - -)

since z, — x. Since (Zp)n, (Yn)n are subsequences of (z,)n, we have a = c =10
which finishes the proof of the welldefinedness of T;,.
The continuity of T}, follows from the boundedness of M,,: Let = € [? be
arbitrary and (z,), C coo an approximating sequence for z. Then, for all
n € N we have:

[Tmanll = |Mpza| < [Mp|l [lznll-

Taking limits on both sides yields ||Tz|| < || Mml| ||z]]. Since My, = Thn|

€00
we have ||T),]| > || M|, which finally leads to ||T),|| = ||[Mm| = ||m||,- The
uniqueness of T}, is clear since continuity requires T,x = limg, oo Tn®n =
lim,, 00 M@y, for any sequence (x,,), C coo converging to = for n — oc.

It is clear, that the operator M,, : coop — coo is invertible iff m,, # 0 for all
n € N, and that in this case the inverse operator is given by My, : copg — coo,
where m,, := min for n € N. My, is continuous iff

-1
00 > sup |my,| = <inf |mn|>

which means inf,,cy |my,| > 0.

e!Mm is the multiplication operator corresponding to the sequence (€™ ), en.
It is continuous if and only if sup,,cy ™" < oo which is for ¢ > 0 equivalent
to sup,,en Mp < 00.



5.

e p€[l,00): It ist clear, that S(0) = Id and S(t + s) = S(t)S(s) for all s,t €

R. Further the translation invariance of the Lebesgue measure on R yields
1S@) fIl, = Ilfll, for all t € R, f € LP(R), which shows S(t) € L(LP(R)). The
only thing, that remains to be shown, is the strong continuity of S(¢). Since
S(t) € L(LP(R)) for every ¢t > 0, it is enough to prove strong continuity at
t=0:

Let ¢ > 0 be arbitrary and f € LP(R). The density of C:°(R) in LP(R)
(for p € [1,00)) yields the existence of a function g € C°(R) such that
|f —gll, < e. Then g is uniformly continuous as a continuous function with
compact support und therefore we have ||S(t)g — g/, — 0 for ¢ — 0, which -
considering the compact support of g - leads to ||S(t)g — gl|, — 0 for ¢ — 0.
|S(®)|| =1 gives us ||S(t)(f —g) — (f — g)|| < 2e. This leads to:

limsup |5(t)f ~ fll, < limsup [5()g —gll, +SE(F = 9) = ( = 9,
< lir&s&lp 1S(t)g — gll, + lil?jélp I1SO(f—9) = (f =9,
< 2¢

Since € > 0 was arbitrary, we have |S(¢)f — f[|, — 0 for t — 0.

e p =00 : In this case, the semigroup does not have the strong continuity prop-

erty, which can be seen at ¢t = 0 with the function f: R — R, given by:

n(x —n) forn<z<n+ineN
flx) = —n(:p—n—%) forn%—%ﬁxﬁn—i—%,neN
0 otherwise

Then we have HS (%) f—f Hoo = 1 for all n € N which contradicts strong
continuity at ¢ = 0. (Since we in this case have a group and not only a
semigroup, we have nowhere strong continuity because strong continuity for
one t would imply strong continuity for all ¢.)

6. We do first all the completeness proofs. (The spaces being vector spaces over R is

clear.)

(a) Let (fo)nen C Fp(R) be a Cauchy sequence. Then, for every z € R, we

have the Cauchy sequence (f,(z))ner that possesses a limit, from now on
called f(z), due to the completeness of the field R. Since (fy), is Cauchy se-
quence, sup,cy || fnllo < 00 and thus for all z € R: |f(x)] < sup,ey |fu(z)| <
Pt falloes 6. [l < SuDpen falloe < o0 Hence, f € Fy(R). Now let
g€ > 0 be arbitrary. Then there is N € N such that for all m,n > N we have
| frn — fnllo < €. For all z € R and all m > N, we have:

(@) = fnl)] = T |fal@) = fn()] <€

which implies || f — fm|l,, < € for all n > N. This shows, that f is the |||
limit of (f,)n which completes the completeness proof.



(b) Cy(R) is a closed subspace of F,(R) and therefore itself a Banach space.

(c) Co(R) is a closed subspace of Cy(R) and hence a Banach space. We prove the
closedness: Consider a sequence (f,)ner C Co(R) converging to some function
f € Cp(R) when n tends to infinity and let € > 0 be arbitrarily chosen. Then
there exists an N € N such that for all m,n > N the inequality

[ fn — frllo <€

holds. Now choose R € Rxg large enough to ensure |fn(z)| < ¢ for all z € R
with |z| > R. Then we obtain for all n > N and |z| > R:

|fu(@)] < [fn(x)| + | fu(z) = fn(x)] <e+e=2e.
This shows f € Co(R).

The invariance of the spaces Fy,(R), Cp(R),Co(R) is clear. The counterexample from
exercise 5 suffices to show that S(t) is neither a strongly continuous semigroup on
Fy(R) nor on Cp(R). It is the other way around with Co(R). Herefore, let f € Co(R)
be an arbitrary element of the space. Let € > 0 be given. Then there exists R € R>q
such that for all |x| > R |f(x)| < e. Furthermore, since Bar(0) (closed ball of radius
2R around 0) is compact, there exists § > 0 such that for x,y € Bor(0) |z —y| < o
implies |f(x) — f(y)| < e. Then we have for ¢ < min{d, R}:

If || > 2R or |z +t| > 2R, then |z| > R and therefore

[[S@)f](z) — f(#)| <2 sup [f(z)] < 2e.

je|>R

Should |z| or |z + t| be less or equal R, then |z|, |z + ¢t| < 2R and therefore

[S@)f1(x) = f(@)| = |f(z +1) = fz)]| <e <2,

which shows ||S(t)f — fl|,, — 0 for ¢ — 0. Since S(t) € L(Co(R)) for all t € R,
strong continuity on the whole real line follows.

. Define V.C BUC(R) to be the desired set
{f € BUC(R) : t — S(t)f is differentiable}

and W to be
{f € BUC(R) : f' € BUC(R)}

e Let f be an element of V. Then f is differentiable on R. Furthermore, since
f' is the uniform limit of M (which itself is uniformly continuous for
fixed s) for s — 0T, f’ is uniformly continuous. The boundedness of f’ follows
also from it being a limit with respect to ||-||,. So, f € W,id est V. .C W.



8. (a)

e Now, let f be an element of W, that is, f and f’ are bounded and uniformly

continuous on R. Then, for every z € R, we have:

x
f@) = 10+ [ 7o) ds.
0
Thus, we have for every ¢ # 0 (notice the following holding also for ¢ < 0)

flz+1t) = f(z) 1
t

T+t
P e - s as

- f'(@)

sup
z€eR

= sup
z€R

Given e > 0 there exists a § > 0 such that |z — y| < § implies | f(z) — f(y)] <
e. Hence, for every |t| < §, we get

flz+1) - f(z)
t

<eg

- f'(@)

sup
zeR

and this is just differentiability of the group S(t¢) at ¢ = 0. Differentiability at
arbitrary t follows from the translation invariance of the whole setting.

(The semigroup considered here turned actually out to be a group, why often
t was allowed to live in R, not only R>q.)

Let f: R — R be the 1-periodic extension of

[_%7%] — R

and define f,, : R — R through f,(z) = f(nz). Then || f,||,, =1 for all n € N
and HS(%)fn - anoo =1 for all n € N, which gives HS(%) - IdHOO > 1 for all
n € N and contradicts norm continuity of the semigroup at ¢ = 0. In order to
show that S is not norm continuous at ¢t > 0, consider the sequence (g, )nen C
BUC(R), given by gn(z) = fu(z —t). Then ||S(t+ 1)g, — S(t)gnHoo =1 and
therefore ||S(t+ 1) — S(t)“oo > 1 for every n € N, i.e. t — S(t) is nowhere
continuous with respect to the operator norm.

Consider f € L?(0,7), given as f = > nent S, fn) fu with the orthonormal basis
{fu(z) = \/gsin(nx) : n € N}. The operator T'(t) — Id is then nothing else
than the multiplication operator M, with m(t) given by

From previous exercises we already know that
Mg | = sup fm(2)a] = sup [~ 1| = 1.
neN neN

so that ||T°(t) — Id|| does not converge to 0 as ¢ tends to zero.



(c) Let t € (0,00) be arbitrarily chosen. In the situation/argumentation of part b,
T'(t) — T(s) is the multiplication operator M, ) with

m(t,s), = et e

ant_ —n?

Again, we know that HMm(t’S)H = SUP,eN ’e e~ %|. It remains to esti-

mate this last term:

2 2 2 1
sup le ™t —e ™% <sup sup n?e " C|s—t| <|s—t|sup sup =
neN neN¢ btw. s,t neN¢ btw. st &

|s — 1] .
< ——— —0ass—tsincet > 0.
min{s,t}

This shows continuity of ¢ — T'(¢) with respect to the operator norm for ¢ > 0.
In order to have a group, something like bounds for the real part of the values
in the spectrum would have been necessary.

9. The heat semigroup would have to have the same look for ¢ < 0 as for t > 0, i.e.
= ZnEN<f7 fn) fn 1s mapped to

T(t)f = Z e_n2t<f> fn>fn

neN

Unfortunately, since sup,,cy ‘e*"Qt‘ = oo for t < 0, T(t) is not continuous anymore
for ¢t < 0.
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