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Exercise 1. Consider an s–stage Runge–Kutta method applied for the problem

(12.6) and defined by formulae (12.2) and (12.3)

a). Derive the formula (12.2), (12.3).

Proof. Consider the recursions (B.13) and (B.14) in Appendix B. This formulae

describe s-stage Runge-Kutta method for the problem




y′(t) = f(t, y(t)),

y(t0) = y0.

We have

yn+1 = yn + hn

s∑
i=1

biki,

with

ki = f(tn + cihn, yn + hn

s∑
j=1

aijkj),

for i = 1, ..., s. In case of problem (12.1)




d
dtu(t) = λu(t),

u(0) = u0,

we obtain following recursions for step h and λ ∈ C:

un = un−1 + hλ
s∑

i=1

biki,

where

ki = un−1 + hλ

s∑
j=1

aijkj
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with certain coefficients aij, bi for i, j = 1, . . . , s, which are are defined in Appendix

B.

b) Derive the recursion (12.5).

Proof. Consider an s-stage Runge-Kutta method defined by formula (1) and(2)

uh,n = uh,n−1 + hλ

s∑

i=1

biki, (1)

ki = uh,n−1 + hλ

s∑

j=1

aijkj (2)

with certain coefficients aij, bi for i, j = 1, . . . , s.

We introduce the following vectors in Rs :

k = (k1, . . . , ks)
T , 1 = (1, . . . , 1)T b = (b1, . . . , bs)

T ,

and the matrix A = (aij)i,j=1,..,s ∈ Rs×s.

Then formulae (1) and (2) can be written as

uh,n = uh,n−1 + zbTk (3)

k = (1− zA)−11uh,n−1 (4)

with z = hλ ∈ C.

This implies for all n ∈ N that

uh,n = uh,n−1 + zbT (I − zA)−11uh,n−1 = (1 + zbT (I − zA)−11)uh,n−1.

c) Show that the stability function

r(z) =
(
1 + zb>(I − zA)−11

)

from formula (12.5) is a rational function. That is, r(z) = P (z)
Q(z) with

P (z) = det(I − zA + z1b>) and Q(z) = det(I − zA).
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Proof. Consider r(z):

r(z) =
P (z)

Q(z)
=

det(I − zA + z1b>)

det(I − zA)
= det

((
I − zA + z(1, b)I

) · (I − zA)−1
)

= det
(
I + (1, b)z(I − zA)−1) =

n∏
i=1

(
1 +

(
s∑

k=1

bk

)
z

1− zλi

)
,

where λi, i = 1, n, — eigenvalues of A.

On the other hand,

r(z) =
(
1 + zb>(I − zA)−11

)
= 1 +

n∑
i=1

z

1− zλi
bi.
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