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Exercise 1. Consider an s—stage Runge-Kutta method applied for the problem
(12.6) and defined by formulae (12.2) and (12.3)
a). Derive the formula (12.2), (12.3).
Proof. Consider the recursions (B.13) and (B.14) in Appendix B. This formulae

describe s-stage Runge-Kutta method for the problem

y'(t) = f(t,y(t)),
y(to) = Yo

We have \
Yn+1 = Un + hn Z bzku

i=1
with .
j=1
for i = 1,...,s. In case of problem (12.1)

Dut) = Au(t),

u(0) = uy,

we obtain following recursions for step h and A € C:

Up = Up_1 + h)\i bzkl,

1=1

where

ki = Up—1 + hA Z Clij]{ij

J=1



with certain coefficients a;j, b; for i, 7 = 1, ..., s, which are are defined in Appendix

B.
b) Derive the recursion (12.5).

Proof. Consider an s-stage Runge-Kutta method defined by formula (1) and(2)

Upp = Upp—1 + A Z bik;,

1=1

k’i = Uhn-—1 + hA Z CLZ]/{Z]

J=1
with certain coefficients a;j,0; for 4,7 =1,...,s.

We introduce the following vectors in R :

k= (k... k)" 1=(,....07  b=(b,...

and the matrix A = (a;;); =1, s € R**.

Then formulae (1) and (2) can be written as
Upp = Upp—1 + 20Tk

k= (1- zA)flluhjn_l

with z = hX € C.
This implies for all n € N that

Upp = Upp-1+ 20T (I — 2A) My g = (1+ 207 (1 — 2A) " D) w1

c) Show that the stability function

r(z) = (1+2b" (I —zA)™'1)

P(z

from formula (12.5) is a rational function. That is, r(z) = 5

P(z) = det(l — zA + 21b") and Q(z) = det(I — zA).

with

(1)



Proof. Consider r(z):

_ P(z) det(/ —zA+z1b") 4
=00 = A - det((]—zA+z(1,b)[) (I —zA) )
=det(I + (1,b)2(I — zA)™") = H (1 + (Z bk) ; ZZA_) :

where \;, i = 1,n, — eigenvalues of A.

On the other hand,

r(z) = (1+2b" (1 —2A)1) =14 % ——b.
i=1 ‘



