Lecture 9

Analytic Semigroups

Recall the Gaussian semigroup from Lecture 2 defined for f € L2(R) by

_(@—y)?

TON@) = 0+ D) = —= [ 1T ay = [ F)G ),
R

R

and T)f = f.

Then T is a bounded strongly continuous semigroup on L2(R). In Exercise 2.8 you were asked to
determine its generator, which is

Af(s) = f"(s) with D(A)=H?(R).
First of all we make the following observation: One can show that for all f € L2(R) and ¢ > 0
T(t)f € {g € C*(R) : all derivatives of g belong to L?(R)} C D(A),

hence the mapping ¢ — T'(t) f is differentiable on (0, 00) for all f € L2(R). It is also not hard to see
that the mapping
(0,00) >t — tAT(t)

is bounded.

The second important fact to observe is the following. For f € L?(R) and z € C with Re z > 0 one
can define

(T()(@) = ¢417/ fweF dy,

Then
T:{2:Rez >0} = Z(L*R)) is a holomorphic function

and, following the arguments in Lecture 2, one easily proves that T'(z)T(w) = T'(z 4+ w) holds for
all z,w € C with Rez, Rew > 0.

This lecture is devoted to the study of the two properties above from an operator theoretic point
of view.

9.1 Analytic semigroups

Let us first define the main objects of our study.

Definition 9.1. For 6 € (0, 5] consider the sector
Yp:={z € C\ {0} : |arg(2)| < 0}.

Suppose T : Xy U {0} — £(X) is a function with the following properties:
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98 Lecture 9: Analytic Semigroups

(i) T : Xy — Z(X) is holomorphic.
(ii) For all z,w € ¥y we have

T()T(w)=T(z+w), and T(0)=1.

(iii) For every 6" € (0,6) the equality
lim T'(z)f =f holds for all f € X.

z—0
zEEQ/

Then T is called an analytic semigroup of angle 6. Suppose moreover the following.

(iv) For all 0" € (0,6) we have

sup [|[T(2)| < oo.
2’629/

Then T is called a bounded analytic semigroup of angle 0. The generator of the restriction
T :[0,00) = £(X) is called the generator of the analytic semigroup 7.

Remark 9.2. Clearly, for an analytic semigroup 7" the mapping
T:(0,00) > Z(X), t—T() € Z(X)

is continuous in the operator norm, it is even differentiable. Among others, this continuity has
the following consequence: For A sufficiently large the resolvent of the generator is given by the

improper integral
[ee)

RO\ A) = / M7 (1) dt
0
convergent now in the operator norm, cf. Proposition 2.26.

Proposition 9.3. Let T' be an analytic semigroup of angle 6 € (0, 5] with generator A. Then the
following assertions are true:

a) For everyr >0 and 0" € (0,0) we have

sup{|[T(2)|| : z € Tp, |2 <7} < o0

b) For all @' € (0,0) there is w = wy >0 and M = My > 1 such that
HT(Z)H S MQWReZ fOT' all z c 29/,

c) For a € (—0,0) and t > 0 define T,(t) := T(e!*t). Then T, is a strongly continuous semigroup
with generator e*A.

Proof. a) and b) The proof is similar to that of Proposition 2.2 and exploits the uniform bounded-
ness principle.

c¢) That T, is a strongly continuous semigroup is trivial from the definition. Let v be the half-line
emanating from the origin with angle o to the positive semi-axis. By Proposition 2.26 we have for
w sufficiently large that

o0

R(p, Ay) = /exp(—ut)T(eio‘t)dt = e_ia/exp(—,ue_iaz)T(z)dz.
0 8!
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By using Cauchy’s theorem we can transform the path of integration to the positive semi-axis ¥
(work out the details), and we conclude

J
— e R(ue"", A) = R(u, ¢ A),

R(p, Ay) = e_ia/exp(—ue_io‘z)T(z)dz = e_io‘/exp(—,ue_iat)T(t)dt
0

if Re(ue™@) is sufficiently large. This proves A, = e/“A.

Next we present some fundamental examples.

Example 9.4. For A € Z(X) and z € C define

|
=0 n:

Then T is an analytic semigroup. In Exercise 1 you are asked to prove this.

Example 9.5. The Dirichlet heat semigroup on L?(0, 1), see Lecture 1, has a bounded analytic
semigroup extension' of angle 7.

More generally, we have the following.

Example 9.6. Let H be a Hilbert space and A a self-adjoint operator on H, i.e., A = A*. Then
the spectral theorem tells us that there is an L2-space and a unitary operator S : H — L? such
that

SAS™': 1?2 5 L% SAST'=M,,

where M, is a multiplication operator on L? by a real-valued function m (with maximal domain).
If A is negative, i.e.,

(Af, f) <0 forall f e D(A),

then o(A) C (—o0, 0] and m takes values in (—oo, 0]. It is easy to prove that
T(2) := S *MgmS

defines a bounded analytic semigroup 7" : Yz U {0} — Z(H) generated by A, see Exercise 2, cf. also
Exercise 7.2. Of course, we may only assume that A is bounded above by wl, then by replacing A
by A — w the same arguments work, and we obtain that A — w generates an analytic semigroup.

Example 9.7. The shift semigroup on L?(R) is not analytic. Or, more generally, if T is a strongly
continuous group which is not continuous for the operator norm at ¢ = 0, then 7' is not analytic.
Prove this statement in Exercise 3.

Proposition 9.8. The generator of a bounded analytic semigroup of angle 0 has the following
properties. The sector Xz + 6 belongs to the resolvent set p(A) of A, and for all 6 € (0,6) there is
M@/ Z 1 such that
My
IR(A, A)|| < ﬁ for all X € Xz +0.

We also say that a semigroup is analytic if it has an analytic semigroup extension to a sector.
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Proof. Let ¢’ € (0,0) and 0" € (¢/, 3(% +0')) be fixed, and set

M@H = Slip HT(Z)H
2€Xgn

For a € [—0",0"] and t > 0 define T, (t) := T(e'®t). By assumption T, is a bounded semigroup,
and by Proposition 9.3 its generator is A, := ¢®A. By Proposition 2.26 we have for all Re > 0

that
Mg//

Rep’
For A\ € ¥z ¢ with arg A > 0 we have (arg A < 0 goes similarly)

IR, Aa) | <

_ // _sg M@N MQ”
R, Dl =R i0 i0 . < . O
IR, A)]| = |[Re D S foe) S @ =7

In the next section we show the converse of this statement.

9.2 Sectorial operators

We make the following definition out of the properties listed in Proposition 9.8.

Definition 9.9. Let A be a linear operator on the Banach space X, and let § € (0, 5). Suppose
that the sector
DESREES {xeC\{0}:|argA| < T +6}

is contained in the resolvent set p(A), and that

sup AR\, A)|| < oo for every & € (0,0).
/\EZ%_H;/

Then the operator A is called sectorial of angle 4.

Example 9.10. Let H be a Hilbert space and let A be a negative self-adjoint operator on H. By the
spectral theorem we have an L2-space and a unitary operator S : H — L? such that SAS™! = M,,
where m takes values in (—o0,0]. For A € C with |arg A\| < 0, § € (§,7) we have

A 1

I= H X —m] Hoo ~ [Alsin(8)  sin(6)’

IAR(A, M)

i.e., My, (hence A) is sectorial of angle ¢ for all § € (0, ), see also Exercise 4.

The aim of this section is to show that the densely defined sectorial operators are precisely the
generators of bounded analytic semigroups. One implication is shown in Proposition 9.8, while the
other one will be proved by developing a simple functional calculus? for such operators, which—
similarly to the fractional powers in Lecture 7—is based on Cauchy’s integral formula.

27r1 )\fa

2For a thorough treatment see: M. Haase: The Functional Calculus for Sectorial Operators, vol. 169 of Operator
Theory: Advances and Applications, Birkhduser Basel, 2006., but note first the difference between the definitions of
sectorial operators here and in the mentioned monograph.
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where we integrate along a curve that passes around a in the positive direction. Therefore, we want
to give meaning to expressions like

/ M R(N, A)dA,
Y

where 7 is a suitable curve. First, we specify these curves. For given n € (0,6) and r > 0 consider
the curves given by the following parametrisations:

V() = se7IGHN s e [r, 00) (9.1)
Yr2(s) 1= 1€, |s| < 5+

Yor3(8) 1= selGT) | g e (—o0, —1].
We call then

T =~V + Yor2 T V3

an admissible curve. The next remark concerns estimates that show the convergence of the path

A
l
I
p(A) Lo Yris
vyl
o
\\T]_J
T
\ 1
0
~+
Vo
r

Figure 9.1: An admissible curve v, ,.

integral in the operator norm.

Remark 9.11. 1. If A is a sectorial operator of angle §, then for every ¢’ € (0,d) we have

for all A € E%Jﬂ;/ \ {0} and some appropriate My > 1.



102 Lecture 9: Analytic Semigroups
2. For every z € C with |argz| < § < § and A € C with |arg\| =5 +n and n € (W,é) we
have

larg(\) +arg(2)| < T +n+6<m—(6—n)+0< 3T —(6—n)
and |arg(X) + arg(z)| > § + larg 2|0 argQZH& —|argz| =% + 67';%2‘ >Z4+(6—n).

Hence for such A and z we have
‘e/\z‘ — eRe(/\z) — e|)\z\c0s(arg(/\)+arg(z)) < ecos(%+(5—n))|)\z| —e sin(é—n)\)\z|‘

Lemma 9.12. For a sectorial operator A of angle § and for an admissible curve ,, with n €

(%7 §) and r > 0 the integral

/ M R(\, A)dX
In,r

converges in operator norm, and its value is independent of r > 0 and 1.

Proof. For the convergence of the integral only 7, 1 and 7,3 need to be considered. By Remark
9.11 for A € C with |arg A\| = § + 7 we can estimate the integrand

z —sin(d— z M,
[ R(X, A)|| < e~ sin@=mIA ‘T/\T’ (9.2)

where the right-hand side converges exponentially fast to 0 for |A| — oo. This suffices for the
convergence of the integral.

The independence of the integral from r and n follows from Cauchy’s theorem if we close the angle
between two admissible curves by circle arcs around 0 of radius R and let R — oo. The path
integrals on these circle arcs converge to 0 by (9.2). a

The arguments above allow us to make the following definition.

Definition 9.13. Let A be a sectorial operator of angle §. For z € 35 and some admissible curve
v = Yy With n € (%,5) we define

1
T(z) = et = o M R(\, A)dA. (9.3)
gl

Clearly, this has to be the right definition. Let us check it.

Proposition 9.14. Let A be a sectorial operator of angle 6. For T(z) from Definition 9.13 the
following are true:

a) |T(2)| is uniformly bounded for z € Xy if 0 < & < 4.
b) The map z +— T(z) is holomorphic in ;.

c) T(z1+ 22) =T(21)T(22) for all z1,2z2 € Xs.
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Proof. a) Let ¢’ € (0,0). Given z € X5 we may choose the path of integration =, , with n 6 (6 +05)

and r € (0, E ‘] As in Lemma 9.12 we estimate the integrand: For A € C with |arg \[ = § + 7 and
|A| > 7 we have
He’\zR()\,A)H < e—)\zsin(é—n)]Kn’ (9.4)
and for [A\| = r and |arg \| < § + 7 we have
M, M, M,
[e** R(A, A)|| < e‘”'ﬁ <ellr 2 = o1 (9.5)
T r

For the integral in (9.3) these yield (considering the three pieces of the integration path separately)

00
M, 1 . M.

/e)‘ZR()\,A)d)\H < J/;efslﬂsm(é—n)ds_'_re rn
m

Yrin T

(o)
= My / 1e_tSin(‘s_”)dt + elM,,.
™ t

|zlr

IT(2 \—HZ

If specialise r = é, then we obtain

o

1
IT(2) /2 —tsin(d—n) 3¢ +eM, forall zec Xy.
1

b) Suppose K C Y5 is a compact set, and let &’ € (0, ) such that K C X5 and let 0 < r < inf,cx ﬁ
The estimates in the proof of part a) show that the integral defining T'(z) converges uniformly on
K. Since the integrand z — e R(\, A) € Z(X) is holomorphic, so is T'(z).

c) Let z,w € 35 and let v and 4 be two admissible curves as in part a) so that 4 lies to the right
of . We calculate the product

T(2)T(w) = (2;)2 / / "N R, A)R(\, A)dpdA
elwe )\z
Pt / / 1, A) — R(A, A)) dad

by the resolvent identity. Fubini’s theorem yields

T(2)T(w) = 211 / e*“”R(,u,A)(% / )\eizud)\)d,u—;m / MR\, A)( —

ol Y Y Y

3]
—
>’('D
| E
=
=
N—
o
>

Since 7 lies to the right of v, we have

pw Az
i./e d\=0 and i/ C an=e
2mi ) A — 2mi 1

¥ ¥
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Altogether we conclude

1

T(2)T(w) = 7

/e“ze‘“ﬂR(,u A)dp =T (z + w). O
5

Summarising, given a sectorial operator A, have seen how to construct an analytic semigroup. It
will be no surprise to identify its generator.

Proposition 9.15. Let A be a densely defined sectorial operator of angle §. Then T given by

T(z) :=e*4 = % /e)‘ZR()\,A)d/\
7r
b

as in Definition 9.13 is a bounded analytic semigroup of angle 6, whose generator is A.

Proof. We only have to prove property (iii) from Definition 9.1. Let us fix §’ € (0,6), and notice
that

holds for all z € ¥ and for an admissible curve v = ~,,. For f € D(A) we have R(\, A)Af =
AR(M\, A)f — f, and hence

Az
TG)f-f=5= /eAZ (RN, A) — %f)fd)\ = % / eTR()\,A)Afd)\
v

~

for all z € Xg. For 2 — 0 (2 € X5) we conclude

i (7(2)f ~ ) = 57 [ 3ROAAF,
z€Sy 5

where the passage to the limit is allowed by Lebesgue’s dominated convergence theorem. Indeed,
we can estimate the integrand by means of inequalities in (9.4) and (9.5):

H R\ ) AfH (1147

for all X that lies on the curve ~.

By Cauchy’s theorem we obtain

2i/ R\, A)AfdX =0,
Y

which can be seen if we close v on the right by circle arcs around 0 of radius R and let R — oo.
The integrals on these arcs converge to 0 since A is sectorial. Since we already know that 7'(z) is
uniformly bounded on Y4, see Proposition 9.14, we conclude by Theorem 2.30 that

lim T(2)f=f forall fe X.

z—0
2625/
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Therefore T is a bounded analytic semigroup.

Denote for the moment the generator of 7' by B. Since 1" is bounded, by Proposition 2.26 we have
o0
R(2,B)f = / e 2T (t) fdt for all f € X.
0

For a fixed s > 0 and an admissible curve v = +, 1 we can write by Fubini’s theorem

S S S
/ e 1T (t) fdt = / *21521 / eMR(N, A) fdrdt = 1. / / Q2L R(N, A) fdA
i 27
0 0 ¥y v 0
1 [es?2 1
_ %/7A_ RO\, A) fdA
v
1 e 1 [ R( )\, ) f i
= om ) A= PAAA =5 /
Y Y

For s — oo the first expression converges to 0 since Re(A — 2) < —1 for all A on the curve 5. For
the second term we have

1 [ RO A)F

Comi ) A2
gl

d\ = R(2,A)f forall f € X.

These yield A = B. a

Let us summarise what we have proved so far:

Corollary 9.16. For a densely defined linear operator A on a Banach space X the following are
equivalent:

(i) A is sectorial of angle §.

(ii) A generates a bounded holomorphic semigroup of angle §.

9.3 Further characterisations

Analytic semigroups have some fundamental properties needed in calculations and estimates. In
this section we investigate the most important properties and develop some other characterisations
of generators of analytic semigroups.

Proposition 9.17. A generator A generates a bounded analytic semigroup if and only if ran T'(t) C
D(A) for allt >0 and

suthAT ||
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Proof. Suppose first that A generates a bounded analytic semigroup of angle 6 and let 6’ € (0, 6).
Then by Cauchy’s integral formula we have

Tm—y/ﬂ@m

271 ) (2 —1t)?
gl

where v is a circle of radius r = tsin(6’) around ¢ > 0. From this we conclude

sup | T(z)| for allt >0,

2nr
AT || = T @) < —sup || T(2)| < —
AT = [P0 < 55 swp T < s s

and that was to be proved.

Conversely suppose that A is the generator of a semigroup T, ranT(t) C D(A) for t > 0 and
M := supy-o{||T(t)]], [[tAT(t)||} < oo. The basic idea is to define the analytic extension by the

Taylor series as
o0
(z—t)" d™
DT XA
n=0

The next step of the proof is now to verify that this definition does indeed make sense and yields
an analytic semigroup. By assumption AT (t) € Z(X) for t > 0, hence A"T(t) = A"T"(t/n) =
(AT (t/n))" € £(X) and we can write

(9.6)

[ = 1 = T < ()"

Writing up Taylor’s formula with remainder R, in the integral form we have

5)f = §: ! ST + Ralt,5)]

1 e
and R, (t,s)f = ] /(s - r)”WT(r)fdr.
t

By (9.6) we obtain that the series

o)f = Z "y

n! dn

is absolutely and uniformly convergent in .Z(X) for all z € C with |z —¢| < ¢+ =7 where ¢ € (0, 1),
and that Ry, (t,s) — 0 for all s > 0 with |s — ¢ < ¢- ;. These yield that T(t) = T(t) for all t > 0
and that T is analytic on the sector Xy with § = arcsin GLM and is uniformly bounded on the sectors
g with 0" € (0,6). O

Proposition 9.18. A densely defined linear operator A generates a bounded analytic semigroup if
and only if

Sr ={A€C:ReX >0} Cp(A

and sup [|AR(\ A)| < co.
ReA>0
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Proof. That a generator of a bounded analytic semigroup has the asserted properties follows from
Proposition 9.8. For the converse implication notice that the assumptions are almost as in the
definition of sectoriality, except we have here the sector Eg. To gain a larger sector one can argue
similarly to the proof of Proposition 7.5. O

Proposition 9.19. A linear operator A generates a bounded analytic semigroup if and only if
for some o € (0, %) both of the operators e7*A and €' “A generate bounded strongly continuous
SeMigroups.

Proof. One implication is already proved in Proposition 9.3.c). For the converse suppose e "' A4 and
el® A generate bounded strongly continuous semigroups. By Proposition 2.26 we have for A € C
with ReA > 0

. . M M
RN A)|| = ||R(e“N, e“A)| < : = if ImA <0
IR A= 1 REEA, A < Re(e®))  Re) - cos(a) — Im \ - sin(a) HmA=
. . M M
MNA) = TN e 1A < - = if Tm A .
IR Al = [ Rle ¢ = Re(e7@))  Re - cos(a) 4+ Im X - sin(«) i A =>0
So altogether we obtain
M M
RN A < =
IR Al = Re\ - cos(a)  cos?(a) - |\’
so by Proposition 9.18 the proof is complete. a

About generators of not necessarily bounded analytic semigroups we can say the following.

Proposition 9.20. For a densely defined linear operator A on the Banach space X the following
assertions are equivalent:

(i) The operator A generates an analytic semigroup (of some angle).
(ii) For some w > 0 the operator A — w generates a bounded analytic semigroup (of some angle).
(iii) There is r > 0 such that
{AeC:ReX >0, [\ >7} Cp(A)
and sup [[AR(A, A)|| < oo.

Re A>0
[A[>r

The proof of this assertion is left as Exercise 5.

9.4 Intermediate spaces

In this section we study the intermediate spaces—introduced in Lecture 7 and 8—for analytic
semigroups. The first result is yet another characterisation of the Favard and Hélder spaces.

Proposition 9.21. Let T be an analytic semigroup of type (M,w) with w < 0 and with generator
A. For o € (0,1] one has

Fo,={f€X :sup ||t1_aAT(t)f|| < oo}
>0
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with equivalent norm
11F. = sup [t~ AT (£) £]].
For o € (0,1) we have
Xo={feX: lim [t AT (t) f|| < o0}

Proof. Tt is easy to see that [ - [, is a norm. For every f € X and ¢ > 0 we have

t

t
HTYAT(t) f = t7*AT(t) / fds and tTt)(T(t)f — f) =t °T(t)A / T(s)fds,
0

0

t
hence t'"*AT(t)f =t *Tt)(T(t)f — f) —t *AT(t /
0

If f € F,, then we obtain for ¢ > 0 that

t
62 ATOF| < MECTE@S - f+ AT [ LITEF - lds )
0

t
1
< M| fllr. + 1 AT @) /Sa;allT(S)f — flids
0

t
< —|[AT(t)]| - <M .
< M|, + — = IAT@ - 1f]15, < M),

Therefore, one inclusion in the first assertion is proved together with the estimate [|f[r, <

Mi||f||F,. Suppose now that f € X is such that [f[r, < oo. Then we have for ¢ > 0 that
the integral on the left-hand side below converges, and we also obtain the equality

/ s)fds = A / s) fds.

From this can conclude

t t
s = 1= | [ areisas| = & [ tseares flas 99)
0 0
<= 1fln.

This completes the proof of the statement concerning F.
For f € X, we obtain by using (9.7) that t'=*AT(t)f — 0 as t \, 0. Whereas (9.8) implies the

converse implication. O

In Lecture 8 we related the domain of fractional powers to the abstract Holder and Fravard
spaces. As an immediate consequence we obtain the next fundamental result.
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Corollary 9.22. Let A generate a bounded analytic semigroup of type (M,w) with w < 0, and let
a > 0. Then the following assertions are true:

a) For each t >0 the operator T(t) maps X into D((—A)%).
b) For each t > 0 the operator (—A)*T(t) is bounded, and

|(—A)T(t)|| < Mat™®  holds for all t > 0.
¢) If a € (0,1] and f € D((—A)%), then
[~ AT (t) || < Mal|(=A)*f||  for all t > 0.

d) If a € (0,1] and f € D((—A)®), then

IT(t)f — fI| < Kat®||(—A®)f||  for all t > 0.

Proof. a) For each ¢ > 0 the operator T'(¢) even maps into D(A™) for all n € N, see proof of
Proposition 9.17.

b) The statement is trivially true for o« = 0, while for a = 1 it follows from Proposition 9.17. By
Remark 7.10 we have

I(=A)*fIl < KIIFI'=Af]* for all f € D(A),
whence we can conclude by Proposition 9.17
« l1—-a « Ma
I=A*T@)fI < KINT@ I NAT@ ™ < =5 F1l-

Suppose now « > 1. For a € N the assertion follows again from Proposition 9.17: For ¢ > 0 we have

| 1) = (AT < AT(L)|” < 2

t
n n — tn

Suppose o > 1. Then we can write « = n + o with n € N and o’ € (0, 1]. From the above we can
conclude

/
/ 2¢

I(=A)° TN = (= TE) (AT < = 22 Mo2 My _ Mo

s e = e

M, ,
LA < T = 2

for all t > 0.

¢) By Theorem 8.20 we have the continuous embedding D((—A)®) < F,. In view of Proposition
9.21 the asserted inequality is just a reformulation of this.

d) For a € (0,1) the statement is just the reformulation of the continuous embedding D ((—A4)%) <
Xq, which we proved in Theorem 8.20. Suppose o« = 1, and let f € D(A). Then we have

t

7)1 - £l = |4 [ T6) 15| < Ktlag). o

0
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Before stating to Proposition 9.21 analogous characterisation of (X, D(A)).p spaces, we need to
recall® the following result.

Proposition 9.23 (Hardy’s inequality). Let f : (0,00) — R be a positive Lebesgue measurable
function, let a > 0, and let p € [1,00). Then

7t-ap ( / Fep) s /Oot—apfa)pdt
0 0 0

Proposition 9.24. Let T be an analytic semigroup of type (M,w) with w < 0 and with generator
A. For o € (0,1] one has

(X.D(A)), , = {f € X it n(t) = [ AT (1) f]| € L2(0, 00)}

with equivalent norm

[l x.pa))a, = IFI + 10llL20,00)-

Proof. Suppose f € (X,D(A))ap holds. By (9.7) it suffices to estimate

[1eearle( [ ires - flas)" T
0 0

By Hardy’s inequality (see Proposition 9.23) and by Proposition 9.17 we have that

¢ o .
d ds\rd
/ leearp( [ s - sias)" S < ar [t / T - L)
0 0
1 7 @ dS o dS
<G | T 197 = p/s T(s)f - fP
0 0

Therefore Hf[l(X,D(A))a,p < MleH(X,D(A))a)p'

Conversely, suppose that f € X is such that n € L{(0,00). Then again by Hardy’s inequality we
obtain

19 xoue = | 5l TOF = AP < / | / AT(s)fas" Y = / ey / sar(s) 2|
0

< / P PNAT() TIPS = Ll :

3See, e.g., page 158 of D. J. H. Garling: Inequalities. A Journey into Linear Analysis, Cambridge University Press,
2007.
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Exercises

1. Work out the details of Example 9.4.
2. Show that T" defined in Example 9.6 is a bounded analytic semigroup.
3. Prove the assertions in Example 9.7.

4. Let X,Y be Banach spaces. Show that if A is a sectorial operator on X and S : X — Y is
continuously invertible then ST S™IT is a sectorial operator on Y.

5. Prove Proposition 9.20.

6. Suppose that A generates an analytic semigroup and that B € £(X). Prove that A+ B generates
an analytic semigroup.



