Lecture 13

Rational Approximation and Analytic Semigroups

As we have seen in the previous lecture, rational approximations behave in a nice way for selfadjoint
generators. This is due to the fact that

1. we have a well-established stability and convergence theory in the scalar case, and

2. since selfadjoint operators can be considered multiplication operators, we were able to extend
the scalar estimates in a uniform way depending only on geometric conditions on the spectrum.

Notice that though we could define rational functions of operators using various formulae in Section
12.2, we could not make direct use of these formulae but needed a more refined and intimate relation
between the function of an operator and the original scalar function itself. Such a relation is usually
called a functional calculus.

Recall from Lecture 9 the notion of sectorial operators: Let A be a linear operator on the Banach
space X, and let § € (0, §). Suppose that the sector

Tays = {xeC\{0}:|arg\| <5 +d}
is contained in the resolvent set p(A), and that

sup  [|AR(A, A)|| < oo for every &' € (0,9).

)\EE?}_H;/

Then the operator A is called sectorial of angle §. For a sectorial operator A we defined

T(z) =e*4 = % /eAzR()\,A)d)\, (z € Xs) (13.1)
v

with a suitable curve «y. This definition yields a strongly continuous, analytic semigroup in case A
is densely defined. We also saw that densely defined sectorial operators are precisely the generators
of analytic semigroups.

This lecture is devoted to the study of rational approximation schemes for this class of semigroups.
To prove convergence of such schemes (in the spirit of Lecture 12, Section 12.3) we first need to
develop a functional calculus, which is a bit more general than the one above for the exponential
function.

13.1 The basic functional calculus

Let A be a sectorial operator of angle § € (0, %) and let 6 € (5 — 0, 5). We consider the sector

"o:={z€C\{0}:|arg(—2)| <8} = -y =C\ Z,_y,
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150 Lecture 13: Rational Approximation and Analytic Semigroups

and define

HF (Ky) = {F : Ly — C: F is holomorphic

and there are ¢ > 0 and C' > 0 with |F(z)] < % for all z € Zg}.

We would like to plug the operator A into functions F' € Hi°(Xy), and as we saw a couple of times
before, the operator F'(A) will be defined by means of line integrals. First we specify the integration
paths. For ¢’ € (§ — 6,0) consider the curves given by the following parametrisations

vi(s) == s ZH) and A2 (s) = seEFY) for s € [0, 00).

Then we consider the curve g := —fy(?, + 'yg,. By an admissible curve we shall mean a curve of
this type, see Figure 13.1. These ingredients are fixed for remaining of this lecture.

Definition 13.1. Let A be a sectorial operator of angle § > 0, and let 6 € (§ — delta, 5]. For

2
F e H(Zy) we set

F(A) = BA(F) = % FO)R(, A)dA
v

where v = 75 with ¢’ € (§ — 6,6) is an admissible curve.

Figure 13.1: An admissible curve ~y.

Some remarks are in order.

Remarks 13.2. 1. The integral is absolutely convergent because of the assumed decay of F €
HF(Zp) near 0 and oo and because of the sectoriality of A. Hence F(A) € Z(X).

2. It is easy to see that the value of the integral defining F'(A) is independent of the particular
choice of ¢’ (use Cauchy’s theorem, cf. e.g. Lemma 9.12).

3. The set H3°(Xp) is an algebra with the pointwise operations.
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Proposition 13.3. The following assertions are true:

a) The mapping
Dy H(Zy) — Z(X)

is linear and multiplicative (i.e., an algebra homomorphism).

b) For F € H(Zy) if a closed operator B commutes with the resolvent of A, then it commutes
with F(A).

¢) Forall F € HP(Zp), u € C\y = S, _g and for G(z) := (u—2) " F(2) we have that G € HF (L)
and

G(A) = R(u, A)F(A).

Proof. a) Linearity follows immediately from the definition. Multiplicativity can be proved based
on the resolvent identity, and similarly as in Lecture 7 for the power law of fractional powers, or in
Lecture 9 for the semigroup property.

b) The proof is left as an exercise.

¢) Let p € C\ Xy and let y be an admissible curve. Then

R(u AF(A) = 5 [ POIRGARO A = 5 [ FO) = X)7 (RO A) = R, A)dn
Y Y
_ 2% FO)(i— A" R(\, A)dA — 2% /F(A)(u ~ LR, A)dA = G(A) 40,
Y Y
where the second term is 0 by Cauchy’s theorem. O

The missing details of the proof above are left as Exercise 1.

The above functional calculus does not include the function F(z) = 1:2 corresponding to the

implicit Euler scheme or the exponential function exp. To be able to cover these functions we set

E(Zg) == HF (L) + lin{1} +lin{ (1 — 2)"'}.
Lemma 13.4. a) The sum defining the linear space £(Xy) is a direct sum.
b) The linear space £(Lg) is an algebra.
¢) If F € E(Zy) then the function G, defined by G(z) := F(L), is an element of £(Zy), too.
Proof. a) Let F € £(Xp). Then the limits

¢:= lim F(z) and d:= lim F(z)
ZEZG ZEZQ

exist, and we have

1
1—2z

=G(z)+dl —(d—c¢)

’

Fz) = (Fe) — 1+ (d— )

—Z

)+d1—(d—c)1_z

where G € H3°(Xp). This yields the assertion.
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b) We only have to prove that for F' € H°(Xp) and G(z) = 1 one has FG, G* € £(Xy). This
statement about F'G is trivial, since even FG € HE°(Jy) is true by definition. As for G? we have

1 1 z
GQ(Z):(l—z)QZ 1—z+(1—z)2’

where the second function belongs to H°(Zy). So G? € £(Xy).

c) We leave the proof as exercise. O

Part a) of the lemma above implies that we can extend the functional calculus to £(Xy) as follows:
For F' € £(Xy) we introduce the abbreviations

F(0):= lim F(z) and F(oo):= lim F(z).

z—0 zZ—»00
zeze ZEZO

Then

with G € H5°(Zp). Then we set
F(A) := ®4(F) := P4(G)+ (F(0) — F(0))R(1,A) + F(o0)I.

Before proving algebraic properties of this extended mapping, i.e., that it is a functional calculus,
we show that this new definition is at least consistent with the one developed in Lecture 9 for the
exponential function.

Proposition 13.5. a) Let F' : Xy — C be a holomorphic function that extends holomorphically to
0 and that, for some C' > 0 and € > 0, satisfies

|F(z)] < for all z € Xy.

1+ |z[¢

1
2/ yax,
/

where v = 5 o s a suitable curve as depicted in Figure 13.2 (see Eq. 9.1) lying in the domain
where F' is holomorphic.

Then F € £(Xp) and we have

b) For pe€ C\Zy and F(z) = (u — 2)*, k € N we have

(I)A(F) = R(N7A)k

Proof. a) We can write

with G € H§°(Xp). Indeed, since G(0) = 0 and G is holomorphic at 0 we have |G(z)| < C|z| near
0. Besides that the estimate near co remains valid, so we see F' € £(Xy).
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Figure 13.2: The curve vy ,.

Next notice that the convergence of the integral above is only an issue at oo and is assured by the
decay of F. First consider the term
G(A )dA.
2mi /

Since G € H®(Zy) we can let a — 0 and the value of the integral remains unchanged. So we can
conclude

/G )\—hm/G R(X, A)dX = P4 (G).
2 b—0 271
Vs b

We now prove

1 1

R(u, A)F — R\, A)dA.
(04 = 55 | RO A)
v

This identity will finish the proofs of both part a) and part b). Consider the curve 4 = —Vm,at|ul-

By Cauchy’s theorem
R(M\ A)
———=dA =0,
/ (n = A)¥

as can be seen by the usual trick of closing the curve 4 by increasing circle arcs on the right.
Therefore we obtain

¥

1 [ RAA) L[ RO, 1
27Ti’y (M—/\)k’d)‘ 27‘(17/(/1 A)E /(
k—1
:2%1 mdA:‘(_l) (i TR(p, A) = —(=1)"(=1)* 'R, A)
Y+

= R(Ma A)k
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by Cauchy’s formula for the derivative. O

Proposition 13.6. The following assertions are true:

a) The mapping
Dy 5(19) — .iﬂ(X)

1s a unital algebra homomorphism.
b) If a closed operator B commutes with the resolvent of A, then it also commutes with F'(A).
c¢) For F(z) = z(1 — 2)~! we have
F(A)=AR(1,A) = R(1,A) — I
Proof. a) Linearity is immediate just as well the fact that ® 4 preserves the unit. We only have to
prove multiplicativity on products F'- G, F(1—2)~1, (1 —2)71(1 —2)~L. The first case is contained
in Proposition 13.3.a), while the second one is in Proposition 13.3.c). It remains to show that for

G(z) = (1 — 2)~2 one has
G(A) = R(1, A)>.

This is proved in Proposition 13.5.
b) The statement follows directly from the definition and from Proposition 13.3.b).

c¢) The proof is left as exercise. O

We close this section by the following useful formula, whose proof we nevertheless leave as Exercise
2.

Proposition 13.7. Let F' : Xy — C be a holomorphic function that is holomorphic at 0 and at oc.
Then F € £(XZp) and we have

27
5

BA(F) = F(o0) + — / FOOR(N, A)d,

where 7y the positively oriented boundary of B(0,b) \ (Zg_(;/ UB(0,a)) for b > 0 sufficiently large
and a > 0 sufficiently small.

13.2 Examples

Exponential function

If A is a sectorial operator of angle § > 0, then so is hA for every h > 0: Indeed, we have that

M
IR = 1B (. A < 57
For every 0 € (§ — 4, 5) we have exp € £(Xy), hence we can evaluate

®p4(exp) = .

By Proposition 13.5 this is just the same as the exponential function of hA from Lecture 9, i.e., we
have

27

1
hd = — / "M R(N, A)d,
¥
where v is a curve as in Proposition 13.5, see Figure 13.2.
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Rational functions

Suppose 7 is an A(«)-stable rational function. Then r belongs to £(Xy) for every 6 € (0,a]. If A
is sectorial operator of angle 0 € (§ — «, 5), then so is hA for h > 0, and we can evaluate ®4(r)
by the functional calculus and ask whether this would be the same as r(hA) defined in Lecture 12,
Section 12.2. That these indeed coincide can be proved based on the partial fraction decomposition
and Proposition 13.5. In particular we have

r(A) = r(00) + — / (r(A) — r(00)) R(N, A)dA, (13.2)

27
5

where 7 is a curve as in Proposition 13.5, see Figure 13.2.

Fractional powers

For 8 > 0 and k € N with k£ > 8 consider the function

(=2)°
(1-2)

Fpr(2) :=

Then Fgj, € H(Xp), so we can define
(—A)? = (I = A)*Fy(4)
with the natural domain
D((-A)°) = {f € X : Fgx(A)f € D(A")}.

The next result shows, among others, that the preceding definition is meaningful.
Proposition 13.8. a) The definition of (—A)? does not depend on the choice of k € N.
b) For h >0 we have (—hA)? = hB(—A)B,
¢) Forn € N we have that (—A)P is the usual B power of —A.
d) If 0 € p(A), then this new definition coincides with the one in Lecture 7, i.e., for § > 0 we have

(1= ) Fpal) = (5 [(NPROAN)

2mi
v

where v is admissible curve as in Lecture 7.

The proof of this proposition is left as Exercise 5.

13.3 Convergence of rational approximation schemes

Based on the functional calculus ® 4 developed we study rational approximation schemes for analytic
semigroups. We first investigate convergence results, analogous to the ones in Lecture 12.
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Theorem 13.9 (Convergence theorem 1.). Let A be a sectorial operator of angle 6 > 0 and let
r be an A(«)-stable rational approzimation of the exponential function of order p with |r(co)| <1
and o € (5 — 6, 5]. Then there is a constant K > 0 such that

hr K
hA)™ — et Ko =— t=nh
Jrthay — et < k2 Ky
holds for allm € N, t > 0, i.e., one has the convergence of the rational approrimation scheme in

the operator norm.

Proof. Fix ¢’ € (§ — a,6), the admissible curve v = 7y, and let ' = 5 — §'. We set

which is of course a function belonging to £(X,). We have to estimate || F,,(hA)||. Since F,(0) = 0,

we have ; ; ;
_Fn = Un _Fn y
T, (00)1— = Gnl(2) (00)7—

Fo(z) = Fo(2) + Fa(oo)
with G, (2) € HF(Xy). Thus
F,(hA) = Gp(hA) — F,(00)AR(1, A).

Since F},(00) = r(00)™ and since |r(c0)| < 1 we obtain

!

K
| Fr(c0)AR(1, A)|| < o for all n € N. (13.3)

We turn to estimating Gy, (hA). Since G,, € Hi°(X,), we have

1
5 / Gn(NR(A, hA)dA.
vy

Gn(hA) =

We shall split the path of integration into two parts: 71 is the part of v that lies outside of B(0, hg),
while 7 is the part inside of this ball. Since |r(co)| < 1 we can choose hg > 1 so large that

sup{|r(z)|: z € &y and |z| > ho} =: g < 1.
For some constant C' > 0 we have

for all z € Ly with |z| > hy.

r(z) —r(o0)| < &

[El

This and the telescopic formula yield the estimate

. Cnrp !
Ir(2)" —r(00)"| < |r(z IZ\T‘ )" e (o0) < |Z(|’ ,
from which we obtain
-1
Cnry

| (2) — Fp(00)] = €] + |r(2)" — r(o0)™| < e eos(@lzl 4.

2|
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On the other hand we can write

H;ﬂ/(}n()\)R(/\,A)d)\H - H;ﬂi/(Fn()\) — Fo(00)) R\, A) + 1;”(00)
2

Y2
s n—1
< M/<e—ncos(a)s + CnTO + ‘Fn(oo)‘)s—lds
™ S S
ho

"

M 1 M M
' = + ?C’m“g_l + ?C'rg <

Si
s np

— forallneN. (13.4)
np

We next estimate the integral on ;. Recall from Proposition 12.8 that there are constants C,c > 0
so that

|T(Z)n _ enz| < Cn|2’p+1e—nc|z\
holds for all 2z € Xy with |z| < hg, and for all n € N. Whence we conclude

|G (2)] < CnlzPle™ U 4 C')2] - | Fy(00)).
This in turn yields
ho

H% / Gn(A)R(A,A)d)\H < 20Mn / sPe5eds + 20" ho| Fp (00)|
1
71

0
00

/tpetds + 2C" ho| Fy,(00))|
0

pl2CM K"
= ey + 20 halr(co)" < —

2CMn
- CP+1nP+1

for all n € N. (13.5)

By putting everything, i.e., the estimates in (13.3), (13.4) and (13.5), together we conclude the
proof. O

An analogue of the next result we already saw in Lecture 12: Convergence for smooth initial data.

Theorem 13.10 (Convergence theorem II.). Let A be a sectorial operator of angle 6 > 0 and
let r be an A(«)-stable rational approximation of the exponential function of order p with |r(oco)| < 1
and o € (5 — 6, 5]. For all B € (0,p] there is a constant K > 0 such that

[r(hA)"f = ™A f]l < KRZ||(=A)°f |
holds for all f € D((—A)®), h >0 and n € N.
Proof. We set
Fo(z) = (—2)7" (r(z)™ —e").

Since F;, € HF (X, ), we have
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for some admissible curve . Recall from Proposition 12.8 that we have

|7,(2)n - enz‘ < Cn’Z‘erlefncM

for all z € &, with |z| < 1, and for all n € N. By this and by splitting v into two parts v1 and 72,
inside and outside of the ball B(0,1), we can estimate ||F},(hA)| as follows:

1
[1En(hA)] < 27T/!Fn(/\)! RO RA) - (A

= ;/!Fn(A)HHR(Q,AW : !dAH1/yFn(A)\-}LHR(g,A)H-\dA\

CM o eni AL, 21 |\
AP Bpe—ena 1Al / gldAl
o [ e MRS [

IN

71

1
20M sPPne=msds + 4]\4/5_('8‘”'1)&9
27

<
- 27

0
< 2CM P Ppe="sds + —— 4M s~ (B4,
- 27 2T

0

o0

< 2CM sPBe—sds —|— / —(B+tl)gs =
- 27

0 1

Let k € N be fixed with £ > 3, and consider the function
Gu(z) = (r(2)" —e™)(1 — 2) ™% = F,(2)(—2) (1 — )7,
Then we have
Gn(hA) = (r(hA)" — "N R(1, hA)k = F,(hA)(—hA)PR(1, hA)F.
by Proposition 13.3.c). So for f € D((—A)?) we can conclude

[(r(RA)" f — ™) £l < || Fu(RA)(—RA) £ < KRP||(—=A)P f]]. O

13.4 Stability of rational approximation schemes

Finally, let us investigate the stability of of rational approximations. The question is delicate, and
we restrict our treatment here to a special case! first.

Theorem 13.11. Suppose that A generates an analytic semigroup, i.e., it satisfies the resolvent
condition

1RO, A)) < o

|)\| over the sector |arg \| < Z+0.

!Ch. Lubich, O. Nevanlinna, “On resolvent conditions and stability estimates,” BIT 31 (1991), 293-313.
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Let m — 0 < a < 3, and let the rational approximation r be A(c)-stable, i.e., suppose that
|r(2)] <1 holds for |argz — 7| < a,
and satisfies |r(oco)| < 1. Then there is K > 1 so that for h >0 and n > 1 we have
|r(RA)"|| < K.

Proof. The proof is a delicate analysis of the curve integral representation of r(hA)™. To do that, for
n € N consider the curve which is the union of 1 : |arg z| = §+6, [2| > 1/n, and g : |arg z| < 549,
|z| = 1/n see Figure 13.3. By the identity in (13.2) we have the representation
1
r(hA)" — r(co)" = (r(N)"™ —r(c0)™) R(A\, hA)d. (13.6)

~ 27

Figure 13.3: The curve .

To estimate the right-hand side, we split the integration path into four parts and use the following
inequalities. Note first that since r is an approximation of the exponential function, we always have
p > 0 such that there is C, ¢ > 0 with

r(2)| < [1+ Cz| < o™

for |z| < p and Rez < 0. From now on we suppose n > +. Further, by the condition |r(c0)| < 1,
there is co > 0 and 0 < 79 < 1 such that for all Re z < —cg with |arg z — 7| < a we have |r(z)| < ro.
Note the following:

a) If |z| = 1/n, then
[r(2)"] < (1+ CJz))" < €€,
b) If —psin(§) < Rez < —1sin(d), then

Ir(2)| < e .
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c) If —cog <Rez < —psin(d), then
Ir(z)] < 1.

d) If Rez < —co, then

r(2)] < ro,

The contribution of this last term to the path integral (13.6) is

o0 n—1 n—1
/ ()" — r(00)"] - [|R(A A - [dA] < 2 / Onry — Mg, - 20Mnry G 5),
S S (&)
Re )\%—c2 C2/Sin(5)

which is uniformly bounded in n € N.

The integrals over the parts defined in a) and c) are clearly bounded. We only have to check the
boundedness on part b). But this follows from

e—Cnlz| ooe—Cs
/M ]dz]ﬁZM/ ds < K’
R 1

E s

—psin(§)<Re zg—% sin(d)

and
np
n M n 1 n "
(o) " 2| < 20[r(0)]" [ S = [r(o0)|"2M log(np) < K.
z S
g 1
—psin(§)<Re zg—% sin(d)
This completes the proof. O

One can extend? the previous result and get rid of the condition |r(cc)| < 1. For the sake of
completeness we state the result but omit the proof.

Theorem 13.12. Suppose that A generates an analytic semigroup, i.e., it satisfies the resolvent
condition

IR(A, A)|| < ’I)j over the sector |arg A\| < § + 0.
Let m — 0 < a < 5, and let the rational approximation r be A(c)-stable, i.e., suppose that
|r(2)| <1 holds for |argz — | < a.
Then there is M > 1 so that for h > 0 and n > 1 we have

|r(RA)"™| < M.

2M. Crouzeix , S. Larsson , S. Piskarev , V. Thomée, “The stability of rational approximations of analytic semi-
groups,” BIT 33 (1993), 74-84.
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Exercises

1. Work out the details of the proof of Proposition 13.3.
2. Prove Proposition 13.7.

Prove Proposition 13.6.b) and c).

Lol

Prove Lemma 13.4.c).

5. Prove Proposition 13.8.



