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Problem class

Consider the time integration of large systems of stiff DEs:
u'(t) = F(t,u(t)), u(to) = u

characterized by a Jacobian that possesses eigenvalues with
large negative real parts.

Stiffness: the implicit Euler method works better than the
explicit Euler method (Explicit methods lack stability and are
forced to use tiny time steps).

— Exponential Integrators: very good approach!
Hochbruck, Ostermann (Acta Numerica, Vol. 19, 2010).
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Method: Linearised exponential integrators

J(t) = F(u(t)), F(u)=Au+g(u), u(ty) = wp.

Idea: Linearising the problem in each step at u, to get

= Jou+ g,(u),
Jy = DF() = A+ %), () — () — %(up)u

By the variation of constants formula:

h
u(ty1) = ehJ"u(t,,) + / e(h*T)J"g,,(u(t,, +7))dT
0

Hochbruck, Ostermann, Schweitzer (SINUM, Vol. 47, 2009),
Tokman (JCP, Vol. 213, 2006)

Vu Thai Luan Higher-order exponential Rosenbrock-type methods



Exponential Rosenbrock-Euler method

Approximating g,(u(t, + 7)) ~ gn(u,) yields the exponential
Rosenbrock-Euler method:

h
i1 — Mt / e rg (un)dT = ™y th oy (hy) gl )
0

where  1(hJ,) = hfo e(h=m) g r — f (1-0)hdn 4.
The method can be reformulated as

Up1 = €™ uy + hoy(hdy) (F(un) — Jnun)
— Uy + hoon(hJ,)F ().

p1(z) = <=
The method has order two.
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Exponential Rosenbrock-type methods (EXPRB)

i—1

Uni = tp + Cihnp1(Cihndn) F(n) + ho > a(hndn) Doy,

j=2

Up+1 = Up + hn(;pl(hn«ln)F(un) + hn Z bi(thn)Dni

i=2

e D,i = g,(Uyi) — gn(u,) are expected to be small in norm
e a;i(z) and b;(z) are linear combinations of

1 (1-0) ek—l
= —b)z > .
vk(2) /0 e *k=1) do, k>1

» Advantage for efficient implementation.
See: Hochbruck, Ostermann, Schweitzer (SINUM, Vol. 47, 2009).
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Analytic framework

Let 5F
J=J(u)=—
()= ()
be the Fréchet derivative of F in a neighborhood of u.
Assumption 1. The linear operator J is the generator of a (
semigroup ¢ on a Banach space X. This implies

le¥|xex < Ce*t, t>0.

Assumption 2. The problem possesses a sufficiently smooth
solution u with derivative in X;

g is sufficiently often Fréchet differentiable in a strip along the
exact solution.

Typical examples: advection-diffusion-reaction equations, the
Chafee-Infante problem, Allen-Cahn equations (D. Henry, 1981).
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New approach to construct stiff order conditions

e Previous approaches: Insert the exact solution into the
estimate

numerical scheme = defects = order conditions.
e New approach:

@ exponential Rosenbrock-type methods

S

Upt+1 = Up + hnpl(thn)F(Un) + hn Z bi(thn)Dni

i=2

can be seen as small perturbations of exponential
Rosenbrock-Euler method which has order two

Ups1 = Up + hyo1(hd,)F(u,).

To get higher order methods = investigate D,;
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EXPRB: local error analysis

We also consider:

here g
J,=A+ %(un)
o= F(u) ~ Ty = g(u) - %wn)u
Ui = i + ihpr (cihndy ) E (i) + hy Za,, Dy,

an+1 = Eln + hn\rjl(hnjn)":(an) + hn Z bi(hnjn)Bnia

~ ~
Dni — gn(Uni) - gn(un)~
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A new approach to construct stiff order conditions

Expanding Bn,- into a Taylor series at i,, we get:

k
~ ha i, -
Doy = 3 2 (@) (Vi V) + O(HE™),
q=2 q—times
where
1~ y i- J)D
Vi = h_(Uni — Up) = cip1(cihndn) F(T,) + Zj:é 3jj(hnJn) Dj.

Remark. As u(t) is smooth, we have
a)  &(ln) =0.
b)  J,u¥)(t) are bounded for all k = 0,1,2, ... In particular,

Jntly =l Jpl = 6S) — g (Gn) (i), ).
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A new approach to construct stiff order conditions

Lemma

For k = 4, by employing the above remark, we obtain:

= 1
or(6ihaTn) F(in) = B, + i

1
+ 5 PR (8 = 3ls(crhnJn)n (@) (&, ) ) + O(B2).

Corollary

1 1
Vi = il A= 2 h, i+ = B 20 +-heaps 187 (1,) (), T)+O(h2),

21 31
where
i—1 . C-2 .
7vb3,i = Z aij(thn)2_J| - C?903(Cihn-/n)~
Jj=2 '

Vu Thai Luan Higher-order exponential Rosenbrock-type methods



Numerical and exact solution at time t,,

Using the above Lemma, we obtain:

L an+1 =

iy + hn‘Pl( nJn
h

e

> i (

VF(En) + b3 (3272 bi(haJn) 5y ) &4 () (T, ) +
J)5 )M+ b5 (32 b,-(hnjn)%>N+
)G ) 0y 20 1) + O,

Exact solution t,y1 by the variation-of-constants formula:

1 .
fpe1 = U(tns) = Mg, + by, / e(I=0hadg (u(t, + 0h,))d6.
0
Expanding g,(u(t, + @h,)) in a Taylor series at u(t,) = Up:

® U1 = u(tps1) = U + hnéﬁl(hnjn)F(an) + h3893(hnjn)gr/1/(an)(a:w i)
+ hhoa(hndn)M 4 h3ps(hnJn)N + O(hS).
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New stiff order conditions (up to order )

» Comparing i1 and u(t,.1) = l,.1 we obtain the stiff
order conditions:

No. order condition order
1 > bi(Z) = vi(2) 1
2 | Yihia(2) =cm(aZ) | 2
3 | Yiobi(Z)c =2p3(2) 3
4 | Y iobi(Z)c =6p4(2) 4
5 | Yoi,bi(Z)ct =24¢s(2) 5
6 27:3 b,’(Z)C,'K\U&,'(Z) =0

» Again, we see the result up to order 4 which resulted in
exprb43 by Hochbruck, Ostermann, Schweitzer (SINUM, Vol.
47, 2009).

Luan, Ostermann (submitted, 2012a)



Error analysis: Stability bounds

Solving the error recursion yields

n—1 n—i—1

o= YA TT )T ).

i=0 j=1

= stability bounds for the discrete evolution operators are
crucial.

Theorem (M.Hochbruck, A. Ostermann, J. Schweitzer, 2009)

Under Assumptions 1 and 2, there exist constants C, Cg and
Q such that

| TTg e xx < Ce@hot-+h)+Ce 357, el

as long as the numerical solution remains in a neighborhood of

the exact solution.

v
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Convergence results: main result

Theorem ( Th. 3.7 (V.T. Luan, A. Ostermann, 2012) )

Under the previous assumptions, consider an EXPRB method
that fulfills the order conditions up to order p for some

2 < p < 5. Further, let the step size sequence h; satisfy
SIS WP < Gy (uniformly in ty < t, < T). Then, for
Cy sufficiently small, the method converges with order p. In
particular, the numerical solution satisfies the error bound

n—1
lun — u(ta)| < C Y A
i=0

uniformly on ty < t, < T. The constant C is independent of
the chosen step size sequence satisfying the above condition.
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Convergence results: refined result

Assumption 3. We assume that the operators A and g(u):

jnN and jné"n(ﬂn)<ﬂ;,¢3’,<g~”n(ﬂ,,)(ﬂ:” fl;))

are uniformly bounded on X for all 2 < <'s.

Theorem (Th. 3.8 (V.T. Luan, A. Ostermann, 2012) )

In extension of the above theorem, assume the above
reasonable assumption holds and that the order conditions are
satisfied up to order p — 1 and 1,(0) = 0. The conditions for
order p are satisfied with b;(0) instead of b;(z) for2 < i <s.
Then, the method converges with order p.

No. order condition order
1 > i1 bi(2) = ¢a(2) 1
2 | YD) =cap(aZ) | 2
3 | Yiabi(Z)ci =2¢5(2) | 3
4 | Yi.bi(Z)ci=60(2) | 4
5 Soo o bi(0)ct = 2445(0) 5
6 27:3 b,(O)C,K\U3,(Z) =0
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The 5-stage methods of

bi = bi(thn)7 aj = aij(thn)7 and Pij = @/(thnjn)

exprb54s5:
0
2 3912
% %801,3 — ¢33 ©33
% %8014,4 - %@3,4 as2 %993,4 — da2
1 15 — 835 — 3354 as2 as3 a5y
w1 — 50¢3 + 360, — 864¢ps 0 bs by bs
1~ 503 + 3604 0 bs 8Lps — 72905 03 — 154

with by = —32¢3 + 384, — 1152¢s,
b4 = 81()03 - 729(,94 + 1944()05\.} b5 = 3 — 15(,94 + 72(,95,
dso = 8(,93,5 — 3354 — ds3, b3 = —32903 + 384@4 .
Coefficients azo, as3, and asy: free parameters.
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The 3-stage and 4-stage methods of

exprb53s3:
0
2 2912
% %% 3— %993,2 329933 %903,2 + %2993‘3
o1 P03+ 500 1803 - 60ps  —Fl0s+ Pos
o1 — 83 83 0
exprb54s4:
0
% %801 2
% % —4p33 4p33
% 0 2991,4 - ?Zﬁ P34 ?;g% 4 0991,4
o1 — 12085, | 1120, 0 183 — 60ps  —20py + W,
1 — bbp3 + 288y,  64ps3 —384p,  —8ps + 96, 0

Vu Thai Luan Higher-order exponential Rosenbrock-type methods



Non-autonomous case

u'(t) = F(t,u(t)), u(to)= uo.
By rewriting the problem in autonomous form:
Uni = Up + Cihnpl(cihnjn)F(tnf Un)
i-1

+ hr21Ci2992(Cithn)Vn + hn Z aij(thn)Dnj7

j=2
Upny1 = Up + hnpl(hnjn)l:(tnf Un) + hi\p2(hnjn)vn

+hy Y bi(hndn) Dy,
i=2

with J, = ‘g—f(tn, Up), Vp= %—f(tn, up)
Dnj = gn(tn + thm Unj) - gn(tm Un)7
gn(t,u) = F(t,u) — Jou — v,v.



Example 1: 1D semilinear parabolic problem

Hochbruck-Ostermann’s example: for u = u(x, t)
Oou

__axx = o ), 7t€0a12
=t (), (1) € [0.1]
BC: homogeneous Dirichlet.

® is chosen in such a way u(x, t) = x(1 — x)e’.

Standard FDM, Ax = 1/200 = stiff problem! ().« ~ —10°)

—#- exprb54s5
10° L ——exprb54s4||
= —@—exprb53s3
2 exprb43
- slope 5
3 —slope 4
© -10
1077 1
107"k x :
10° 10' 10° 10°

Number of time steps
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Example 2: 2D advection-diffusion-reaction eq.

For u= u(x,y,t): (x,y) €[0,1]? t € [0,0.08], we consider

0 1
G_Ltl = (Ot + Oyyu) — a(ux + uy) + yu(u — 5)(1 — u)

IC: u(x,y,0) =256((1 — x)x(1 —y)y)*+0.3
BC: Homogeneous Neumann

Parameters: ¢ =1/100,« = —10, and v = 100
Using standard FDM with Ax = Ay = 1/100

—> mildly stiff problem!

This example was considered in Hochbruck, Ostermann,
Schweitzer (SINUM, Vol. 47, 2009) in which used exprb43.
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Example 2: 2D advection-diffusion-reaction eq.

107 10
—#-exprb54s5
4 —4—exprb54s4
10 ¢ —@- exprb53s3];
- exprb43
10 ¢ slope 5
£ —slope 4
107 .
—+—exprb54s5
—A—exprb54s4 7
——exprb53s3 10 ¢ 3
~ exprb43
107 ‘ ‘ ‘ 10 - .
0 0.02 0.04 0.06 0.08 10 10 10

(a) Time versus step sizes
TOL : accuracy =~ 4.1073

(b) Number of time steps versus
accuracy

ATOL = RTOL =

107410745, ...,107%°
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Conclusions

@ A new and simpler approach has been proposed to derive
high-order EXPRB methods (even extend to methods of
arbitrary order)

e EXPRB methods of order 5 were constructed with five,
four and three stages only!

@ Convergence results were proved for variable step size
methods.

Reference: V. T. Luan, A. Ostermann, Exponential
Rosenbrock methods of order five - derivation, analysis
and numerical comparisons (submitted, 2012a).

Thank you very much for your attention!
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