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Model problem:

Ow(t, z,y) = L (0, O)w(t, z,y), (z,y) € 2= (0,1)%1t€]0,T]
w(tv "y )‘89 = f(tv " )|8Q

+i.c. and
L(00,0y) = 0u(a(x,)0,) + 0y (b(x, 1)0,)

0 < a,b smooth.
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Model problem:

Ow(t, z,y) = L (0, O)w(t, z,y), (z,y) € 2= (0,1)%1t€]0,T]
w(tv "y )‘89 = f(tv " )|8Q

+i.c. and
ZL(0,0y) = 0z (a(z,y)0z) + 0y (b(x, y)0y)

0 < a, b smooth.
Dimension splitting:

A (0,) = O (a(z,y)0z), B(0,) = 0y (b(z,y)dy).
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Model problem:

Ow(t, z,y) = L (0, O)w(t, z,y), (z,y) € 2= (0,1)%1t€]0,T]
w(tv "y )‘89 = f(tv " )|8Q

+i.c. and
L(00,0y) = 0u(a(x,)0,) + 0y (b(x, 1)0,)

0 < a,b smooth.
Dimension splitting:

A (0,) = Op(a(z,y)05),  B(0y) = 0y (b(z,y)dy).
w(t) =w(t,-,-), t, =nh, h >0

w(ty,) = (eh‘g)nw(O)
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Model problem:

Ow(t, z,y) = L (0, O)w(t, z,y), (z,y) € 2= (0,1)%1t€]0,T]
w(tv "y )‘89 = f(tv " )|8Q

+i.c. and
L(00,0y) = 0u(a(x,)0,) + 0y (b(x, 1)0,)

0 < a,b smooth.
Dimension splitting:

A (0,) = Op(a(z,y)05),  B(0y) = 0y (b(z,y)dy).
w(t) =w(t,-,-), t, =nh, h >0

w(ty) = (eh'(‘”)nw(O) ~ (eh“%eh’%)nw(O) = Wy
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Model problem:

Ow(t, z,y) = L (0, O)w(t, z,y), (z,y) € 2= (0,1)%1t€]0,T]
w(tv "y )‘89 = f(tv " )|8Q

+i.c. and
L(00,0y) = 0u(a(x,)0,) + 0y (b(x, 1)0,)

0 < a,b smooth.
Dimension splitting:

A (0,) = Op(a(z,y)05),  B(0y) = 0y (b(z,y)dy).
w(t) =w(t,-,-), t, =nh, h >0
w(ty,) = (eh‘g)nw(O) ~ (eh“{eh‘%)nw(O) = Wy,

Q: Howtoinclude b. c. fin 2(«), 2(%4)?
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Ow(t,xz,y) = L0, 0y)w(t,z,y), w(0,z,y) =wo(z,y)
w(t, -, )oa = f(t.-")]oa

= Transformation u(t,z,y) = w(t,z,y) — f(t,z,y)
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atw(ta .’E, y) = Dg(a.rv 8y)w(ta CU, y)’ w(07 37, y) = wO(x7 y)
UJ(t, K )’39 = f(ta K )’69
= Transformation u(t,z,y) = w(t,z,y) — f(t,z,y)

atu(taxvy) = g(awaay)u<t7x7y) + g<t7 $7y);
u(tv *y '>‘aﬂ =0

Wlth Q(tv'Tvy) - f(@x,ay)f(t,:r,y) - 8tf(t,:v,y)
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atw(tu .’E, y) = Dg(a.rv 8y)w(t7 CU, y)7 w(07 37, y) = wO(x7 y)
UJ(t, K )’39 = f(ta K )’69
= Transformation u(t,z,y) = w(t,z,y) — f(t,z,y)

atu(taxvy) = f(ax,ay)u(t,x,y) + g(ta 'Z.?y)a
u(tv ) '>‘(3Q =0

Wlth Q(tv'Tvy) - f(@x,ﬁy)f(t,:r,y) - 0tf(t,:v,y)
’U,(t) - u(t7'a')

u'(t) = Lu(t) + g(t), u(0) =ug
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Regularity assumptions:
o (t) = Lu(t) + g(t), u(0) = ug

with (L) = H2(Q) N H (Q).

o ug, ' (0),u”(0) € Hz(Q)  (/(0) = Lu(0) + g(0), ...)
o g€ €H[0,T): Hz(Q)) NE*([0,T); L2(Q)), 6 > 0
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Regularity assumptions:
o (t) = Lu(t) + g(t), u(0) = ug

with (L) = H2(Q) N H (Q).

o ug,w'(0),u”(0) € H2(Q)  (/(0) = Lu(0) + g(0), ...)
o g€ EN([0,T); H2(Q) NE>H([0,T]; L*(52)), 6 > 0

= u € €%(0,T); Hz(Q)) N %°([0,T]; L*(Q))
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Regularity assumptions:
o (t) = Lu(t) + g(t), u(0) = ug

with (L) = H2(Q) N H (Q).

o ug, ' (0),u”(0) € Hz(Q)  (/(0) = Lu(0) + g(0), ...)
o g€ €H[0,T): Hz(Q)) NE*([0,T); L2(Q)), 6 > 0

— u e €2([0,T]; H2(Q)) N €3([0, T]; L2(Q))

Note: g(t) € 2(L") only if < 1!
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Abstract model problem:

u'(t) = Lu(t) + g(t) = (A+ B)u(t) + g(t), t€]0,T],
u(0) = ug

with 2(L) = H*(Q) N Hy' (), 2 = (0,1)?, Lu = Z(9,, 9y)u.
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Abstract model problem:

u'(t) = Lu(t) + g(t) = (A+ B)u(t) + g(t), t€]0,T],
u(0) = ug

with 2(L) = H*(Q) N Hy'(Q), 2 = (0,1)?, Lu = £ (9, 9y)u.

tn = nh, uy =~ u(ty,)
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Abstract model problem:

u'(t) = Lu(t) + g(t) = (A+ B)u(t) + g(t), t€]0,T],
u(0) = ug

with 2(L) = H*(Q) N Hy'(Q), 2 = (0,1)?, Lu = £ (9, 9y)u.

tn = nh, uy =~ u(ty,)

h
u(ta 1) = e ulty) + [ o Og(t, + €)de
0
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Abstract model problem:
u'(t) = Lu(t) + g(t) = (A+ B)u(t) + g(t), t€]0,T],
u(0) = ug
with 2(L) = H*(Q) N Hy'(Q), 2 = (0,1)?, Lu = £ (9, 9y)u.
tn = nh, uy =~ u(ty,)

h
u(ta 1) = e ulty) + [ o Og(t, + €)de
0

~ e (u(tn) + hg(tn)).
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Abstract model problem:

u'(t) = Lu(t) + g(t) = (A+ B)u(t) + g(t), t€]0,T],
u(0) = ug

with 2(L) = H*(Q) N Hy'(Q), 2 = (0,1)?, Lu = £ (9, 9y)u.

tn = nh, uy =~ u(ty,)

u(tn +h) = ehLu(tn) + /h e(h_g)Lg(tn + &) d¢
0
~ e (u(tn) + hg(tn)).
A=4/(0;), B=AB(0y)

Upp1 = ehAghB (un + hg(tn)).
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Convergence analysis:
Local error: e,,+1 = upt+1 — u(tn41) satisfies:

eny1 = AP (en + Bxsxh*L(g(tn) + v (tn))) -
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Convergence analysis:
Local error: e,,+1 = upt+1 — u(tn41) satisfies:

eny1 = AP (en + Bxsxh*L(g(tn) + v (tn))) -

n—1

n—k
lewall < HC 31 {H47) Llgtt) +0/ e
k=0
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Convergence analysis:
Local error: e,,+1 = upt+1 — u(tn41) satisfies:

eny1 = AP (en + Bxsxh*L(g(tn) + v (tn))) -

n—1

n—k
lewal < KO3 (46) " Lo(t) 0/ ()]
k=0

Brutal bound: g(t) € Q(Li“f) b.c.!
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Convergence analysis:
Local error: e,,+1 = upt+1 — u(tn41) satisfies:

eny1 = AP (en + Bxsxh*L(g(tn) + v (tn))) -

n—1

n—k
lewall < HC 31 {H47) Llgtt) +0/ e
k=0

1
4

Brutal bound: ¢(t) € 2(L1i7°) b.c.!

2 S (A BB\ R 1 hA hB e
lens1ll < B2C Y | (h4eP2)" e et E Li |

k=0
1L (g(ts) + /(1)) |
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Convergence analysis:
Local error: e,,+1 = upt+1 — u(tn41) satisfies:

eny1 = AP (en + Bxsxh*L(g(tn) + v (tn))) -

n—1 n—k
lewall < HC 31 {H47) Llgtt) +0/ e
k=0
1
4

Brutal bound: ¢(t) € 2(L1i7°) b.c.!

2 S (A BB\ R 1 Ay e
lensill < B2C DI (P4ehZ) e teh EL i

k=0
1
a

1152 (g(tx) + /' (t)) || < CR™1~*h?n
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Convergence analysis:
Local error: e,,+1 = upt+1 — u(tn41) satisfies:

eny1 = AP (en + Bxsxh*L(g(tn) + v (tn))) -

n—1

n—k
lewall < HC 31 {H47) Llgtt) +0/ e
k=0

Brutal bound: g(t) € Q(Li‘g) b.c.!

n—1
n—k—1
lensall RO (M) et et LA
k=0
HL%*E(Q(tk) + 4/ (tk)) ]| < Ch—1—¢h2n

— consistency order ; — ¢
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Convergence analysis:
Local error: e,,+1 = upt+1 — u(tn41) satisfies:

En+1 = ehAehB (en + t@X—)Xth(g(th) + u/(tn))) .

n—1

n—k
lewall < HC 31 {H47) Llgtt) +0/ e
k=0

Brutal bound: ¢(¢) € Q(Li‘g) b.c.!

n—1
n—k—1 3
lensall RO (M) et et LA
k=0

ILT2(g(ty) + /(1)) ]| < Ch™i*h%n

— consistency order 1 —¢
But: Smoothing || (e"4e"B)" L|| < C(nh)™, a < 1

Katharina Schratz Exponential splitting methods with boundary conditions



Convergence analysis:

n—l n—k
lensall <220 371 (e4”) " Lg(t) + 4/ (80)
k=0

Brutal bound: ¢(t) € 2(L1~¢) b.c.!
Smoothing: || (e"4e"B)" Le|| < C(nh)™, a < 1
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Convergence analysis:

n—l n—k
lensall <220 371 (e4”) " Lg(t) + 4/ (80)
k=0

Brutal bound: ¢(t) € 2(L1~¢) b.c.!
Smoothing: || (e"4e"B)" Le|| < C(nh)™, a < 1

n—1

n—k
lewsall < KIS (M) L1 L (o(t) +4/00)]
k=0
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Convergence analysis:

n—l n—k
lensall <220 371 (e4”) " Lg(t) + 4/ (80) |
k=0

Brutal bound: g(t) € (L1 ) b.c.!
Smoothing: || (e"eh®)" L] < C(nh)~%, a < 1

n—1

n—k
lensill < R2C | (ehAehB) LY Lo (g(te) + o/ (t) |
k=0

n—1
< KO [h(n — k)M
k=0
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Convergence analysis:

n—l n—k
lensall <220 371 (e4”) " Lg(t) + 4/ (80)
k=0

Brutal bound: ¢(t) € 2(L1~¢) b.c.!
Smoothing: || (e"4e"B)" Le|| < C(nh)™, a < 1

n—1

n—=k
lensall < 12037 I (4eM) 7 L0L (gltn) + o/ (00) |
k=0

n—1
< KPCD [h(n - k)M
k=0

— global first-order convergence
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h
Wty + 1) = Mu(ty) + / Oy (t,, + £)dg
0
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h
Wty + 1) = Mu(ty) + / Oy (t,, + £)dg
0
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h
Wty + 1) = Mu(ty) + / Oy (t,, + £)dg
0

~ e"Pu(t,) + g(eth(tn) +g(tn + h))

h h
e (un + 59(%)) + 59(% +h)
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h
zwn+m_eMMM»5/ve”mm+@df
0

h
~ e"Pu(t,) + 5 (eth(tn) + g(ty + h)>
h h
__ _hL e i
= M (tn + S g(ta) ) + S 9t + 1)
Splitting: (Strang B)

h h h h
Upi1 = ei"‘ehBe5A<un + Eg(tn)) + §g(tn + h)
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h
Wty + 1) = Mu(ty) + / Oy (t,, + £)dg
0

h
~ e"Pu(t,) + 5 (eth(tn) + g(ty + h)>
h h
__ _hL e i
= M (1 + S g(ta) ) + 5 9t + 1)
Splitting: (Strang B)

h h
Upt+1 = e%AehBe%A (un + §g(tn)) + §g(tn + h)

+ Same cost as homogeneous Strang splitting
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h
Wty + 1) = Mu(ty) + / Oy (t,, + £)dg
0

~ e"Pu(t,) + g(eth(tn) +g(tn + h))

h h
e (un + §g(tn)) + §g(t” +h)

Splitting: (Strang B)

h h
Upt+1 = e%AehBe%A (un + §g(tn)) + §g(tn + h)

+ Same cost as homogeneous Strang splitting
—up € (L) # u, € Z(L)
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(b) g(tl), t1 >0




h
u(ta 1) = e ultn) + [ o g(t, + €)de
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h
u(ta 1) = e ultn) + [ o g(t, + €)de
0

~ e"u(t,) + he%Lg(tn + h/2)
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h
u(ta 1) = e ultn) + [ o g(t, + €)de
0

~ eMlu(t,) + he%Lg(tn + h/2)
Splitting: (Strang)

h h h
Upt1 = e%AehBe%Aun + heEAeEBg(tn + h/2)
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u(ty + h) = e"Fu(t,) + /Oh =Ly (t, +€)de
~ e u(t,) + he2 g (t, + h/2)
Splitting: (Strang)
Uny1 = e34eMBerdy, + he%Ae%Bg(tn + h/2)

= e%Ae%B (e%Be%Aun —+ hg(tn + h/2)>
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u(ty + h) = e"Fu(t,) + /Oh =Ly (t, +€)de
~ e u(t,) + he2 g (t, + h/2)
Splitting: (Strang)
Upil = c34chBg Au + he3AesB g(tn +h/2)
= e%AegB<e2Be2 U, + hg(tn + h/2)>

— Additional matrix-vector multiplication
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u(ty + h) = e"Fu(t,) + /Oh =Ly (t, +€)de
~ e u(t,) + he2 g (t, + h/2)
Splitting: (Strang)
Uny1 = e34eMBerdy, + he%Ae%Bg(tn + h/2)

= e%Ae%B (e%Be%Aun —+ hg(tn + h/2)>

— Additional matrix-vector multiplication
+ uy € (L) = up € Z(L)
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Strang: up+1 = e3Ae3 B (e%Be%Aun + hg(tn + h/2))

) g(t1), t1 >0

rina Schratz Exponential splitti



Convergence analysis:

n—1
lentall <R'CY || "L
k=0
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Convergence analysis:

n—1
lentall < h3CZ I (e%AehBegA) n—k 2
k=0
(9(te) + LMW (1) + 9 (1)) |

Smoothing: || (e%AehBe%A)nLall < C(nh)™, a <1
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Convergence analysis:

n—1
H6n+1|| < h3CZ ” (eQAehB A) n—kLQ
_ (g(tk) + L_l(u”(tk) + g/(tk)))H

Smoothing: | (eerhB A) Lo < C(nh)™, a <1

_ . K
HeTH-lH < h3cz H (eerhB A) Llfe
k=0

(L' eg(te) + L7 (" (tr) + 9’ (1)) |
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Convergence analysis:

n—1
H6n+1|| < h3CZ ” (eQAehB A) n—kLQ
_ (g(tk) + L_l(u”(tk) + g/(tk)))H

Smoothing: | <e2AehB A) Lo| < C(nh)~®, a < 1
n—1 A n—k
HeTH-lH S h3cz H (eerhB A) Ll—a
(L' g(te) + L7 (" (te) + o' (tx)) |

< CRM™” sup ||LFTg(t)]], 0<v<l.
t€[0,T]
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hg h h
Upt1 = e2Ae2B(e2

Be%Aun + hg(tn + h/2)>.
Convergence result:

Ve >0 |lu(ty)—uyl| < C’hH”supte[&ﬂ]]LE+”g(t)|], 0<v<I.
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h
2

Un 1 = e3e3P (e BesAu, + hy(t, + h/2)>.

Convergence result:

Ve >0 |lu(ty)—uyl| < C’hH”supte[&ﬂ|]LE+”g(t)|], 0<v<I.

Attention: 2(L*) C Ho*(Q) for a > 1!
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hg h h
Upt1 = e2Ae2B(e2

Be%Aun + hg(tn + h/2)>.
Convergence result:

Ve >0 |lu(ty)—uyl| < C’hH”supte[&ﬂ|]LE+”g(t)|], 0<v<I.

Attention: 2(L*) C Ho*(Q) for a > 1!
g(t) ¢ H} () = global order reduction to 1.25 — ¢ in L2(Q).
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Uptl = e34e3B (e%Be%Aun + hg(tn + h/2)>.
Convergence result:

Ve >0 |lu(ty)—uyl| < C’hH”supte[&ﬂ|]LE+”g(t)|], 0<v<I.

Attention: 2(L*) C Ho*(Q) for a > !
g(t) ¢ H} () = global order reduction to 1.25 — ¢ in L2(Q).

Full convergence in:

L3(9) w. weight r = 2(1 — 2)y(1 — y), i.e. w.rt. [|r? - ||
(Theoretical work in progress...)

Katharina Schratz Exponential splitting methods with boundary conditions



Oru = 0y ((zy + 2)0pu) + 8y((xy2 +2)0yu) + g, (z,y) € Q= (0, 1)?,
U(O, Zz, y) = UO($, y)v
U(t, K )’3(2 =0.
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S S
5 5.
- ste[;ﬁsize o o sterl)orzsize 10’2
(a) Order in (L2(), ]l - |I) (b) Orderin (L3(2), ||72-||) w. weight

r=z(l-z)y(l-vy)

Figure: Orders of Lie, Strang and Strang B splitting for g(t) ¢ H}(Q).
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() ustrang — Uref (b) 7 (ustrang — Urer)

Figure: Error of Strang splitting in different spaces for g(t) ¢ H}(Q2).
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Figure: g(t) € H}(Q)
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g(t) € Hy(Q)

error

107 10° 107

step size

Figure: Order in L?(Q) of Lie, Strang and Strang B spilitting for
g(t) € Hg ().
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g(t) € HL(S)

‘,.,,:::mmm”mumm,w,,
7
,me%”: 7
i 7
i
o
Q.o‘,‘ 'o‘ % ,'42,le,ﬂyltmﬂylu,,
X 17
NN
do il
XX

i\\\\\\\\\\\\\\\\\\\\\\\\\" -

i

Figure: Ustrang — Uref
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Summary.

Higher order splitting methods with boundary conditions: order
reduction!

= Full-order in weaker norms:
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