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Gross-Pitaevskii equation with rotation term

H. Hofstatter

Analysis of a
Method for the

e uation
iz u(t) = Au(t) + Blu(t)]u(t)

Term

A...linear differential operator
1/ 82 ? il . 0. g
Au(x,y) = (‘5 (W + 37)/2) + EW(X +y°) - QLz) u(x,y)
where L,...angular momentum operator

YT
== "My " Vox

B...nonlinear multiplication operator (cubic nonlinearity)

(Blulu)(x,y) = V(x, y)u(x,y) + Blu(x, y) Pu(x, y)

GP equation
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Pseudospectral method for the GP equation with rotation term

H. Hofstatter

Analysis of a

Proposed by Weizhu Bao, Hailiang Li, and Jie Shen (2009) Method for the
Use eigenfunctions of linear operator A as spectral basis functions GP Equation
with Rotation

L) (rcosf,rsinf) =L} ‘m‘(r)e""’e, k=0,1,..., m=0,+1,42,... Term
where ZZ \m|(r). . .scaled generalized-Laguerre functions
- (m+1)/2 Pseudospectral
[n(r) = Tz rme LR (1) e

wCm
where C" = (k+ m)!/k! and L}'(r). .. generalized-Laguerre polynomials

r—mer dk s
L) = g (<777)
(Orthogonality: [ r™e™ LT (r)L]"(r)dr = C"6u, k,I,m=0,1,2,...)
Then it holds
ALL (x,y) = AemLL (%, ¥)
with eigenvalues
Mem = Y(2k + [m| + 1) — mQ

4/17



Pseudospectral method for the GP equation with rotation term

H. Hofstatter

A: D(A) C [*(R?) — L*(R?) self-adjoint, positive definite for |Q| < v n/ﬁ",Zf,yZisfo‘i'tZe

Eigenfunctions £ form complete orthonormal system in L*(RR?) S
wit) otation

- Term
(Lims ﬁZ,,m/hzmw - /]Rz Lzm(x7y)ﬁz,’m,(x,y) Y
27 SR - i( ’ )0
= / / r LZ,\m‘ (r)LZ’,\mq (r)e drdo Pseudospectral
0 0 method

6kk’ 5mm/

Spectral representation for u € L*(R?):

U= Cm(U)L,, ckm(u) = (L], U122
(k,m)

Orthogonal projection Pim @ L*(R?) — Xkm,
Prem(u) = > cim(u)L],
(k,m)e Mkm

onto subspace Xxnv = span{L] : (k,m) € Mxkm}, where
Mim ={(k,m) e M:k=0,...,K—1, m=—M/2,... M/2—1}
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Pseudospectral method for the GP equation with rotation term

H. Hofstatter

Analysis of a
Method for the
GP Equation

27 oo
Chkm(u) = (L}, U) 22y = /0 /0 rLZy‘m‘(r)ef”"Gu(r cos O, rsin0)dr dg "t Rotatien

Here, approximate
inner integral. .. by the Laguerre-Gauss quadrature formula of order

K + M /2 (points and weights p;,wj) after substituting r = \/p/v Pseudospectral
outer integral. .. by the trapezoidal rule (points s = 27s/M, weights method
1/M)

~Spectral “interpolant”

Qkm(u) = Z Cim(U) L

(k,m)e Mkm
with
Ckm(u) = Z %Ezm(rj cos B, rj sin Os)u(rj cos bs, rjsin s)
(,s)ELKkM
where Kk = {(j,s): j=1,...,K+M/2, s=0,...,M —1} and
= pff, e © .. scaled Laguerre-Gauss points and weights
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Pseudospectral method for the GP equation with rotation term
H. Hofstatter
Semidiscretization in time (Strang splitting): e
GP Equation
; At . a
N 5 —igta N with Rotation
uﬂ+1 — ¢Atun _ e—l{AeflAtB[e 2 Ty ]e—IT'Aun Term
Full discretization (Strang splitting):
At . —iftp n _ At
uphr = ORbiui = e '3 AQuume ABle 2 T Qkmukml g =1 A 4t i

Numerical realization:

eii%AQKMU = Z efu“'"%ﬂkm(”)ﬁzm
(k,m)e Mkm
efiAtB[u]u(ij) _ efiAt(V(x,y)+5\u(x,y)|2)U(X’y)

at the points (x, y) = (rj cos 0s, rj sin 0s)
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Convergence Analysis

H. Hofstatter

Analysis of a

Based on previous work by Method for the
Ch. Lubich (2008) GP Equation
L. Gauckler (2010) R
M. Thalhammer (2012)

for
Fourier pseudospectral method: A = —1A
Hermite pseudospectral method: A = —2A + Z=x* 4 ...

Now generalized-Laguerre-Fourier method: Convergence

Analysis

1

A=—sA+ %(x2 +y%) - QL,

Note: Nonlinear part B formally the same for all three methods
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Convergence Analysis — Functional Analytic Framework
A positive definite; powers of A for arbitrary exponents o € R
A% : D(A%) C L*(R?) — L*(R?),

A= cm(U)Aen Ll U € D(AY),
(kom)

D(A*) = ue L*(R?): HAauHiz(Rz) = Z | ckm (1) |2 A2g, < 00

(k,m)
Fractional power spaces: X, = D(A%)
Norms on these spaces:
lullxa = [A%ull2@2y = [ D leam(u)PA2e
(k,m)eM

In particular, Xo = L*(R?)

H. Hofstatter

Analysis of a
Method for the
GP Equation
with Rotation
Term

Functional
Analytic
Framework
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Convergence Analysis — Auxiliary Results

Lemma. For any a > 0 it holds

xulx.
[lyullx.,

<C
1xullx lullx,
16, ullx.

with a constant C independent of wu.
Proof for Hermite pseudospectral method based on identity
Vk
XH(x) = f?—t b+
+ similar identity for xH} (both follow from construction of Hermite
functions #, by ladder operators)
Proof for generalized-Laguerre-Fourier pseudospectral method based on

, ueX 1

1
2

Hk+1( x)

vk v ktm v Vkimi1 oy _ vkt oy
B i T R e a t YT i~ S L am ™0
vy o_)_ Vk Vk+1 Vk+1 py _ VEk pv _
L R N I 2f I ot Pl v 2 SR m=0,
vk v vk bl Vk—mi1 .~ _ Vk+1 oy .
2f£ 1m—1+ 2\F £k m+1+ 2./y L:km 1 2y k+1,m+1’m<0’
v %
+ similar identities for y L}, <L} .. O, L} .

H. Hofstatter

Analysis of a
Method for the
GP Equation
with Rotation
Term

Auxiliary Results
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Convergence Analysis — Auxiliary Results

Lemma. For any a > 1 it holds

ullLoe w2y < Cllullpzz) < Cllullxo, v € Xa
and

uvlixe < Cllullxellvlix., u€ Xo, v € Xa.
Forany a € N, o > 1 it holds

luvlixe < Cllullxallvlixa, u,v e Xa.
Proof using the previous lemma is formally the same both for Hermite
and for generalized-Laguerre-Fourier pseudospectral method
Lemma. Let « € N, a« > 1 and let ( =0 or ( = «. Then for u € X,,
v € X¢ it holds
2
IBlulviix, < CIVIxa + [Blllullx)Ivllx,,

—itB[u] eC(HVHxQHBHIU\IiQ)t

lle vilx, < [Ivlx -

Furthermore, for u, v, w € X, it holds
[(Blu] = BlvDwlix, < CIBI(Nullxa + Iviixa)llwlixq llu = viix,-
Proof is formally the same both for Hermite and for

generalized-Laguerre-Fourier pseudospectral method

H. Hofstatter
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Convergence Analysis — Auxiliary Results

H. Hofstatter

Analysis of a

Sobolev-type inequality (1D) for an interval (a, b): Method for the
()] < = lullztoay + V= 2kl i B
Sobolev-type inequality (2D) for a rectangle Q = (a, b) x (¢, d):
)| € el + Y= ol
YT 0wl + 20/ = 0@~ V0D, iz

Using such inequalities + results about the asymptotic distribution of
scaled Hermite-Gauss points and weights z;, w; one obtains
(Guo et al., 2003)

Auxiliary Results

M—-1M-1

[Qmmullxe = | D D wiwlu(z,z,), ueXe, x>1

Jx=0 jy=0

¢ (Ilullxg + M~ A 2 ullxg + M~ Aullx, )

IN

for 2D Hermite pseudospectral method 12/17



Convergence Analysis — Auxiliary Results

H. Hofstatter

Analysis of a

In the case of generalized-Laguerre-Fourier one needs Sobolev-type Method for the

inequality (2D) for curved rectangles GP Equation
. wi otation

R={(x,y) = (rcosO,rsinf): r € (ra,re),0 € (0a,08)}: Terrm

( m’;}xﬁ lu(x, y)I < Adllull2(ry + (A11 + Arz + Az) ([|0xull2r) + 110y ull2(r))
x,y)€E

+Az ([|0x0xull2(ry + 10y Oy ull 2y + 10x0y ull2(r)) »

where 1 1

0o = = 2
VVoIR \/%(ré —r2)(08 — 0a)
1 I’2 _ r2
An = < flog 2 < 4
- o \/m g \/m 2/% Auxiliary Results
\/1(68 — 0a)(ra + 18)
A12 =
reB —ra

A1z = 1/(93—9A)|0gf<2\/93—9,4“

A2 = 2VvVolR _2\/ (r3d —r2)(0s — 6a). 13/17




Convergence Analysis — Auxiliary Results

H. Hofstatter

Results about the asymptotic distribution of scaled Laguerre-Gauss ,\,ﬁ';Zf,yj"io‘Z',Ze
points and weights rj, w;: GP Equation
with Rotation
GN™' < <CN, CGN' < wj < CN'Y3 e
2 2
Ciwj < ,'1.2 _ fj2—1 < Cawj, W,% < CNTL/3
-1

Follow from results in

E. Levin and D. Lubinsky Orthogonal polynomials for exponential
weights x**e =29 on [0, d). Journal of Approximation Theory
(2005, 2006)

Discrete norm: Auxiliary Results

N M-
1
lullvm = MZZ u(rj cosbs, rjsin6s)]2, u e C(R?).

j=1 s=0

A

< Nollienam < € (lullx + MYSNA 2ullxy + M2 | Aullx,)
Here, N = K + M/2 and K proportional to M

| Qrmullxo
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Convergence Analysis — Semidiscretization in Time

H. Hofstatter

Analysis of a

2o integer > 1. ~ Method for the
Estimates for Lie commutators of A(u) = —iAu and GP Equation
@ . . 2 with Rotation
B(u) = —iBlulu = —i(V + |u]?)u: —

IIA, Bl(0)llxa < Cllullkasss A A, BII(W)lIxa < Cllulllesss v € Xana
Local error bound (u(-,0) € Xat1, ®2*. .. semidiscrete Strang splitting):
2% u(-,0) — u(-, At)||x, < CAL,
2% u(-,0) — u(:, At)||x, < CAE
Stability (u,v € Xa):
162 — 02%||x, < Alu — v]|x,.,
9%y — 0% v|Ix, < e [|u— v]|x,
Theorem. Exact solution v in X413 for 0 <t < T. Then ST o
u" — u(-, t2)lIx, < CAt, in Time
[u" = u(-, t)l|x, < CAL,
0 <th=nAt < T forall At < Atg, where C and Aty depend on «, T,

and SUD¢elo,T) H u('7 t)Hxa+1 -
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Convergence Analysis — Full Discretization

H. Hofstatter

Analysis of a

«...integer > 1; K proportional to M. ey S
Interpose time-semidiscrete solution u": GP Equation
with Rotation

llukm — u(- ta)llxe < [lu” = u(es ta)llx0 + [lukm — u”lx0 Term

Stability (u, v € Xkm, ®khy. .. semidiscrete Strang splitting):
At < eCllullxa lIviixg |

Hd’KMU—(D%/IVHXo lu—vllx

Local error bound (u € X,):

| PR Qrmu — QrmPrirul|x
< CAtM~(e=1-1/2) (eCAtHQKM“”Xa Qkmullx, HUHX + Hq:’AtUHX )

Theorem. Exact solution v in X,11 for 0 < ¢t < T. Then
lukm = (-, ta)llxe < C(AE 4+ M™(@7171/2)),
Full
0<th=nAt <T forall At < Aty, M > My. Here, C, Atg, and My Discretization

depend on «, T, and sup,cj, 7llu(:; t)lI X041 -

Note: For 2D Hermite 2/3 instead of 1/2 in the exponent
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