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Abstract delay equations

Idea: The actual state of a system
depends on the past as well

Example: d
dt w(t) = w(t −1)

Initial condition: w(0) = given

and w(σ) = given for σ ∈ [−1,0]

History function: wt (σ) := w(t +σ), σ ∈ [−1,0]

=⇒ d
dt w = Φwt

with Φg = g(−1)
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Abstract delay equations

Idea: The actual state of a system
depends on the past as well

Example: ∂
∂t w(t ,x) = ∆w(t ,x) + w(t −1,x)

Initial condition: w(0,x) = given

and w(σ,x) = given for σ ∈ [−1,0]

History function: wt (σ,x) := w(t +σ,x), σ ∈ [−1,0]

=⇒ ∂
∂t w(t ,x) = Φwt (x)

with Φg(x) = g(−1,x)

Petra Csomós Operator splitting for delay equations, part I
3



Abstract delay equations

In general: X Banach, G operator, 1 ≤ p <∞:


d
dt u(t) = Gu(t) + Φut , t ≥ 0

u(0) ∈ X

u0 ∈ Lp
(
[−1,0],X

)
with Φ : Lp

(
[−1,0],X

)
→ X
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Abstract delay equations

Examples:

∂
∂t w(t ,x) = ∆w(t ,x) + w(t −1,x)

∂
∂t w(t ,x) = ∆w(t ,x) +

0∫
−1

w(t +σ,x)dσ

d
dt u(t) = Gu(t) + Φut

It would be easier to solve them separately...

d
dt u(t) = Gu(t)
d
dt v(t) = Φvt
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Operator splitings

Abstract Cauchy problem: X Banach

{ d
dt u(t) = (A + B)u(t), t ≥ 0

u(0) ∈ X

Suppose A { T(·), B{ S(·) C0-semigroups

Sequential spl. u(t) ≈
(
S(t/n)T(t/n)

)n
u(0)

Strang spl. u(t) ≈
(
T(t/2n)S(t/n)T(t/2n)

)n
u(0)
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Operator splittings

{ d
dt u(t) = Au(t), t ∈ [0,h]

u(0) given

{ d
dt v(t) = Bv(t), t ∈ [0,h]

v(0) = u(h){ d
dt u(t) = Au(t), t ∈ [h,2h]

u(0) = v(h){ d
dt v(t) = Bv(t), t ∈ [h,2h]

v(0) = u(2h)
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Operator splittings

Sequential

Strang
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Operator splittings

Theorem

Suppose A { T(·)
B { S(·)

A + B { U(·) C0-semigroups.

Then: splittings convergent⇐⇒ stable

, i.e.

there exist M ≥ 1, ω ∈R :∥∥∥∥(S(t/n)T(t/n)
)n∥∥∥∥ ≤Meωt for all t ≥ 0, n ∈N.
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Delay equations as ACPs

X Banach

Let E= X ×Lp
(
[−1,0],X

)


d
dt u(t) = Gu(t) + Φut , t ≥ 0

u(0) ∈ X

u0 ∈ Lp
(
[−1,0],X

)

 d
dtU(t) = GU(t), t ≥ 0

U(0) = (u(0)
u0

)

let us observe with

∂
∂t u(t +σ) = ∂

∂σu(t +σ) U(t) =

(
u(t)
ut

)

transport equation G=

(
G Φ

0 d
dσ

)
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How to split?

G = A + B

(
G Φ

0 d
dσ

)
=

(
G 0
0 d

dσ

)
+

(
0 Φ
0 0

)

[Φ]

=

(
G 0
0 0

)
+

(
0 Φ

0 d
dσ

)

[G]

(
G(t) Φ(t)

0 d
dσ

)
=

(
G(t) 0

0 d
dσ

)
+

(
0 Φ(t)
0 0

)

[Φ(t)]
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Convergence theorems – Case [Φ]

(
G Φ

0 d
dσ

)
=

(
G 0
0 d

dσ

)
+

(
0 Φ
0 0

)

↓ ↓(
T(t) 0
Tt L(t)

) (
I tΦ
0 I

)
with Φ bounded

G{ T(·)

(Tt f)(σ) = T(t +σ) for σ ∈ [−t ,0), otherwise = 0

L(·) left shift semigroup
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Convergence theorems – Case [Φ]

Theorem

Suppose G{ T(·) semigroup, Φ bounded.

Then the splittings are convergent for delay.

Proof.

Reminder: convergence⇐⇒ stability

∥∥∥∥(S(
t
n

)
T

(
t
n

))n∥∥∥∥ ≤Meωt

�
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Convergence theorems – Case [G]
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Convergence theorems – Case [G]

Assumptions

1 X = H Hilbert

2 G{ T(·) contraction

3 Φ : W1,p
(
[−1,0],H

)
→ H: Φ = g ◦Ψ

with g Lipschitz continuous

and Ψ(f) =
∫ 0
−1 dη(σ)f(σ) for f ∈ C([−1,0],H)

where η : [−1,0]→L(H) of bounded variation

and η(−1) = 0, lim
σ→−1

η(σ) , 0
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Convergence theorems – Case [G]

Theorem (Brezis-Pazy, 1970, Kobayashi, 1987)

Suppose A+B closed,

A, B, A+B ω-m-dissipative generators.

Then the sequential splitting is convergent.

Proposition (Webb, 1976)

∃ new equivalent norm in E: G−γI m-dissipative

(γ can be determined)
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Convergence theorems – Case [G]

Corollary

A and B “special cases” of G

=⇒ ∃γ s.t. A, B, G γ-m-dissipative

=⇒ sequential splitting convergent 4
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Convergence theorems – Case [Φ(t)]

Non-autonomous case:


d
dt u(t) = G(t)u(t) + Φut , t ≥ s

u(s) ∈ X

us ∈ Lp
(
[−1,0],X

)
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Convergence theorems – Case [Φ(t)](
G(r) Φ(t)

0 d
dσ

)
=

(
G(r) 0

0 d
dσ

)
+

(
0 Φ(r)
0 0

)

↓ ↓(
T (r)(t) 0

T (r)
t L(t)

) (
I tΦ(r)
0 I

)
with us ∈ L1

(
[−1,0],X

)
Φ(r) bounded for all r ∈R

G(r){ T (r)(·)

(T (r)
t f)(σ) = T (r)(t +σ) for σ ∈ [−t ,0), otherwise = 0
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Convergence theorems – Case [Φ(t)]

Further assumptions

1 s 7→ Φ(s)f bounded and continuous ∀f ∈ L1
(
[−1,0],X

)
2 D(G(s)) =: D for all s ∈R

3 s→ R(1,G(s))y continuous ∀y ∈ X
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Convergence theorems – Case [Φ(t)]

Theorem for general non-autonomous problems

The sequential splitting is convergent if it is stable.

Corollary (delay)

sup
s∈R

∥∥∥∥∥∥ 1∏
p=n
S
(s−p t

n )( t
n )T (s−p t

n )( t
n )

∥∥∥∥∥∥ ≤Meωt

(almost) the same computation as in case [Φ]
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Numerical experiments – case [Φ]


d
dt u(t) = −u(t) +

∫
−0.1

−1
u(t +σ)dσ, t ≥ 0

u(0) = 1, u0(σ) = 1−σ
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Numerical experiments – case [Φ(t)]
d
dt u(t) = −u(t) +

∫ 0

−1
(1−sin t)u(t +σ)dσ, t ≥ 0

u(0) = 1, u0(σ) = 1−σ
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Numerical experiments – case [G] ∂
∂t w(t ,x) = ∆w(t ,x) + w(t −1,x), t ≥ 0, x ∈ [0,π]

u(0,x) = x(π−x), u0(σ) = (2 + x(π−x)) ·eσ+1
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Summary

F Delay equations→ ACP

F Operator splittings for ACP

F Convergence for delay:

– bounded Φ

– unbounded Φ, dissipative case

– bounded Φ, non-autonomous case

F Order of convergence? See part II ¨̂
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