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1. INTRODUCTION

These notes introduce a functorial description of probability distributions on arbitrary measur-
able spaces by the so-called Giry monad and the Radon monad. These monads generalize the
definition of a probability functor for finite probability distributions, which we have already in-
troduced in the lecture (see [8, 1.3.16]). As the name already reveals, these functors are equipped
with an additional monad structure, i.e. a unit and a multiplication. This structure is useful to
define categories like Kleisli categories. Going back to probability distributions, we will see that
Kleisli categories are then a categorical way to defining stochastic maps between measurable
spaces.
These notes are organized as follows: In Section 2, we will review monads and Kleisli categories
and discuss both in the context of the finite probability monad. Especially, we show that its Kleisli
category can be understood as the category of finite stochastic processes between sets. In the
second part, we will consider different ways of defining a probability monad that captures more
than just finite probability distributions. Especially, we will introduce the Giry monad (Section 3)
and the Radon monad (Section 4).

2. MONADS, KLEISLI CATEGORIES AND ITS APPLICATION TO THE FINITE PROBABILITY MONAD

In the following, we will briefly review the concept of monads and Kleisli categories and intro-
duce the example of the finite probability monad. For a more detailed exposition of this topic we
refer to [8, Section 5.1].

2.1. Monads and the Kleisli category.

Definition 1. Let C be a category. A monad on C consists of

(i) a functor T : C → C,
(ii) a natural transformation η : idC =⇒ T, called unit,

(iii) a natural transformation µ : TT =⇒ T, called multiplication or composition.

such that the following three diagrams commute:

(1)
T TT

T

ηT

id
µ

T TT

T

Tη

id
µ

TTT TT

TT T

Tµ

µT µ

µ
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Given a monad T on C, the Kleisli category Kl(T) is the category consisting of the same objects
as C and morphisms f : X → TY, g : Y → TZ with composition g ◦kl f : X → TZ given by

X TY TTZ TZ.
f Tg µ

Assuming that f : X → Y being a morphism in C, then the construction of Kleisli categories
allows to construct a more generalized notion of function which contains functions like f by
associating them with ηY ◦ f . In the case of probability distributions, we will see that if X, Y are
finite sets, then f : X → TY is a map to the set of all probability distributions in Y which can be
understood as a stochastic process.

2.2. The finite probability monad. In the following, we want to highlight the use of the monad
structure for the finite probability monad.
We define the finite probability functor as

P : Set → Set

where PX = {p : X → [0, 1] : supp(p) finite} and for f : X → Y, P f := f∗ is the pushforward,
defined by

( f∗p)(y) = ∑
x∈X:

f (x)=y

p(x).

The unit is given by ηX : X → PX : x 7→ δx, where δx is the Dirac distribution on x. Further, the
multiplication is defined as

µX : PPX → PX : p 7→ ∑
q∈PX

q · p(q) = Ep[q].

Therefore, for a given (finite) distribution p over the set of all probability distributions PX, µX(p)
computes the mean distribution over all probability distributions with respect to p.
A nice interpretation of this map can be found in [8, Example 5.1.2]: Assume your space of
distributions PX models two different coins: a fair one which faces on one side head and on the
other tail, and an unfair coin facing on both sides tail. Now you pick a coin randomly and flip it.
What is the distribution of heads and tails? This distribution can be computed as Ep[p] where p
is the uniform distribution over the distributions of the first and second coin.

Proposition 2. (P, η, µ) forms a monad.

Proof. We start by showing that η is a natural transformation. This is indeed the case since

δ f (x)(y) = ∑̃
x∈X

f (x̃)=y

δx(x̃) = ( f∗δx)(y).

To show that µ is a natural transformation, we have to verify that

PPX PPY

P(X, ΣX) P(Y, ΣY)

f∗∗

µX µY

f∗
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commutes for every f : X → Y where f∗∗ := ( f∗)∗ = PP f . In other words, we have to show for
every M ∈ PPX that f∗µX(M) = µX( f∗∗M). For y ∈ Y we have

µX( f∗∗M)(y) = ∑
q∈PY

M( f∗q) · q(y) = ∑
q∈PY

∑
p∈PX
f∗p=q

M(p) · q(y)

= ∑
p∈PX

( f∗p)(y) ·M(p) = ∑
x∈X

f (x)=y

∑
p∈PX

p(x) ·M(p)

= ∑
x∈X

f (x)=y

µX(M)(x) = ( f∗µX)(M)(y)

where we merged both sums in the third equality and used the definition of f∗, f∗∗ and µX in the
remaining steps.
It remains to show that the diagrams in (1) commute. The first diagram commutes since for every
p ∈ PX we have that

µX(δp) = ∑
q∈PX

q · δp(q) = p.

For the commutativity of the second diagram we observe that for p, q ∈ PX

(
(ηX)∗q

)
(p) =

{
q(x) : if p = δx

0 : else.

Therefore,
µX
(
(ηX)∗q

)
= ∑

p∈PX
p ·
(
(ηX)∗q

)
(p) = ∑

x∈X
δxq(x) = q

which shows the commutativity.
For the last diagram we have to check that µX ◦ PµX = µX ◦ µPX. Observe that for M ∈ PPPX
and q ∈ PX we have that (

(µX)∗M
)
(q) = ∑

p∈PPX
µX(p)=q

M(p)

Therefore, we have for every M ∈ PPPX

(µX ◦ PµX)(M) = ∑
q∈PX

q ·
(
(µX)∗M

)
(q) = ∑

p∈PPX
M(p) · µX(p)

= ∑
q∈PX

∑
p∈PPX

q · p(q) ·M(p) = ∑
q∈PX

q · µPX(M) = µX ◦ µPX(M)

which shows the statement. □

2.3. The Kleisli category of P. We are now able to define the Kleisli category of the finite prob-
ability monad. By definition, a Kleisli morphism is given f : X → PY mapping each x ∈ X to a
finite probability distribution px on Y. Therefore, f can be seen as a stochastic map

X → PY : x 7→ f (−|x).

Note that for a given morphism f : X → PY, the induced morphism P f is given by

f∗ := P f : PX → PPY : (p 7→ f∗p).
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We will now compute the Kleisli-composition of morphisms f : X → PY and g : Y → PZ. First,
the composition Pg ◦ f is given by

X → PPZ : x 7→
(

q 7→ ∑
y∈Y

g(−|y)=q

q · f (y|x)
)

This finally leads to the Kleisli-composition

g ◦kl f : X → PZ : x 7→
(

z 7→ ∑
y∈Y

g(z|y) f (y|x)
)

which is precisely the composition of finite stochastic processes, also called Chapman-Kolmogorov
formula. Therefore, we can interpret the cateogry Kl(P) as a category of sets with finite stochastic
processes acting as morphisms between these sets.

3. THE GIRY MONAD

In the last section, we have restricted to finite probability distributions. In this situation, it was
possible to specify probability distributions by their probability taking a specific point. In the
following, we want to consider probability measures taking infinitely (even uncountably) many
values. In this situation, it is no longer possible to specify each point’s probability separately. We
have to define a function, which assigns to each subset a “volume” and behaves in a reasonable
way (for example, being additive under the union of disjoint subsets).
Take, for example, the uniform distribution on the interval [0, 1]. Then, we know that p([a, b]) =
b − a for all real numbers b > a in [0, 1]. It would be convenient to extend this condition to a
function p : P([0, 1]) → [0, 1] satisfying that this function is countably additive and translational
invariant. Surprisingly, using the axiom of choice, it can be shown that such an extension does
not exist (see for example [1, Section 1.7]). Therefore, it is, in general, a too strong requirement
asking a measure to be defined on all subsets. A probability measure has to be defined on a
convenient collection of subset Σ[0,1] ⊆ P([0, 1]) which are called σ-algebras. The collection
(X, ΣX), where X is any set and ΣX a σ-algebra is called a measurable space. We refer to [5,
Chapter I - IV] for the discussion of basic notions in measure theory like σ-algebras, measurable
functions, integrals over measurable spaces and basic results like the dominated convergence
and the monotone convergence theorem which will be extensively used throughout this section.
In the following, we will introduce the Giry monad, which precisely captures all probability dis-
tributions over arbitrary measurable spaces. A detailed discussion of this monad can be found
in several works, for example [7, Section 5.2] or [3, Section 4], among others. This monad will act
on the category of measurable spaces Meas specified in the following way:

(i) The objects are measurable spaces (X, ΣX) where ΣX is a σ-algebra over X.
(ii) The morphisms f : X → Y are measurable maps, i.e. f−1(ΣY) ⊆ ΣX.

We define the Giry monad as a functor

P : Meas → Meas with P(X, ΣX) =
(

P(X, ΣX), ΣPX

)
where

P(X, ΣX) :=
{

p : ΣX → [0, 1] : p is a prob. measure
}

and ΣPX is the smallest σ-algebra over P(X, ΣX) which makes the evaluation map

evA : P(X, ΣX) → [0, 1] : p 7→ p(A)
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measurable for every A ∈ ΣX. In other words:

ΣPX = σ
({

ev
−1
A ([0, r]) : 0 ≤ r ≤ 1, A ∈ ΣX

})
where

σ(U) :=
⋂

U⊆Σ
σ-algebra

Σ.

For a morphism f : X → Y (i.e. a measurable function), we define

P f := f∗ : P(X, ΣX) → P(Y, ΣY) : p 7→ f∗p := p ◦ f−1

This assignment is well-defined, i.e. f∗p is indeed a probability measure since f is measurable.
P f is also a valid morphism, as the following lemma shows.

Lemma 3. Let f : X → Y be ΣX - ΣY measurable. Then,

f∗ : P(X, ΣX) → P(Y, ΣY) : p 7→ f∗p

is ΣPX - ΣPY measurable.

Proof. Since the pre-images of the evaluation maps generate ΣPY, we have to show that for every
A ∈ ΣY and every 0 ≤ r ≤ 1

( f∗)−1
(
ev

−1
A ([0, r])

)
∈ ΣPX.

Note that for every p ∈ P(X, ΣX) and A ∈ ΣY we have that

(evA ◦ f∗)(p) = evA( f∗p) = p( f−1(A)) = ev f−1(A)(p).

Therefore,

( f∗)−1
(
ev

−1
A ([0, r])

)
= (evA ◦ f∗)

−1 ([0, r]) = ev
−1
f−1(A)

([0, r]) ∈ ΣPX. □

Since unitality and functoriality of P are immediate we can conclude that P is a functor.
Before starting with the construction of the monad structure, we present a lemma which will be
very useful for further discussion. It relates integrals over different measures connected via a
pushforward f∗ and can therefore be understood as a generalization of the change-of-variables
formula for integrals over arbitrary measurable spaces. For a proof we refer to [1, Theorem 3.6.1].

Lemma 4. Let f : X → Y and g : Y → R be two measurable functions. g is integrable with respect to
f∗p ∈ P(Y, ΣY) if and only if g ◦ f is integrable with respect to p ∈ P(X, ΣX). Furthermore, we have∫

X
(g ◦ f )(x) dp(x) =

∫
Y

g(y) d( f∗p)(y).

We are now able to introduce the monad structure on P. In a nutshell, the idea behind the
construction of the two morphisms η, µ is very similar to the finite probability monad. Again,
the unit morphism ηX embeds every element x ∈ X into the probability space P(X, ΣX) by
associating it with the the Dirac measure δx. Furthermore, the multiplication component µX :
PPX → PX maps a distribution on the space P(X, ΣX) to the mean distribution with respect to
the given distribution.
We first show that ηX is indeed a morphism, i.e. it is measurable. Let 0 ≤ r ≤ 1 and A ∈ ΣX.
Then,

η−1
X

(
(evA)

−1([0, r])
)
=

{
Ac r < 1
X r = 1 ∈ ΣX

since δx(A) ∈ {0, 1}.
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Further, η is a natural transformation, since

δ f (x)(A) = δx( f−1(A)) = ( f∗δx)(A)

for every x ∈ X, morphism f : X → Y and A ∈ ΣY. Therefore, the naturality square

X Y

P(X, ΣX) P(Y, ΣY)

f

ηX ηY

f∗

commutes.
We define the multiplication µ : PP ⇒ P via

µX : PPX → PX : M 7→
(

A 7→
∫

P(X,ΣX)
p(A) dM(p)

)
We will prove that µ is a natural transformation in three steps.

(i) µX(M) is a measure for all M ∈ PPX: Obviously, µX(M) : ΣX → [0, 1] and

µX(M)(X) =
∫

P(X,ΣX)
p(X) dM(p) =

∫
P(X,ΣX)

1 dM(p) = 1

since M is a probability measure. Furthermore, let {Ai}i∈N be a countable set of disjoint
sets in ΣX. Then

µX(M)

(
∞⋃

i=1

Ai

)
=
∫

P(X,ΣX)
p

(
∞⋃

i=1

Ai

)
dM(p)

=
∫

P(X,ΣX)

∞

∑
i=1

p(Ai) dM(p)

=
∞

∑
i=1

(∫
P(X,ΣX)

p(Ai) dM(p)
)
=

∞

∑
i=1

µX(M)(Ai)

where the second equality uses the fact that p is a measure and the third equality holds by
the dominated convergence theorem, since p 7→ ∑n

i=1 p(Ai) is measurable by definition
of ΣPX and bounded by 1 for every n ∈ N.

(ii) µX is a morphism, i.e. it is ΣPPX - ΣPX measurable: By definition of ΣPX it suffices to show
that for every A ∈ ΣX and 0 ≤ r ≤ 1

µ−1
X
(
ev

−1
A ([0, r])

)
∈ ΣPPX

In other words, we have to show that the map

evA ◦ µX : PPX → [0, 1] : M 7→
∫

P(X,ΣX)
p(A) dM(p)

is measurable for every A ∈ ΣX. Note that for every A ∈ ΣPX we have that

M 7→ evA(M) = M(A) =
∫

P(X,ΣX)
F(p) dM(p)

where F = 1A is measurable by definition of the σ-algebra of PPX. This implies that
extending F to any simple function P(X, ΣX) → [0, 1] keeps the mapping still measurable.
Since µX can be represented by choosing F := p 7→ p(A) we can deduce that µX is
measurable by applying the dominated convergence theorem and using the fact that the
limit of measurable functions is still measurable.
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(iii) µ is natural: For every morphism f : X → Y, we define the induced morphism f∗∗ := PP f
which reads

f∗∗ : PPX → PPY : M 7→ M◦ f−1
∗

Then, for every A ∈ ΣY, every M ∈ PPX and every morphism f : X → Y we have

( f∗µX(M)) (A) =
∫

P(X,ΣX)
p( f−1(A)) dM(p)

=
∫

P(X,ΣX)
evA ◦ f∗ dM

=
∫

P(Y,ΣY)
evA d ( f∗∗M)

=
∫

P(Y,ΣY)
q(A) d ( f∗∗M) (q) = µX( f∗∗M)(A)

where we have used Lemma 4 on the measurable spaces P(X, ΣX) and P(Y, ΣY). This
shows that the naturality square

PPX PPY

P(X, ΣX) P(Y, ΣY)

f∗∗

µX µY

f∗

commutes for every f : X → Y.

We are left to show that (P, η, µ) forms a monad, i.e. it satisfies Eq. (1). Showing this statement
we need again a technical lemma.

Lemma 5. Let f : PX → R be bounded and measurable.1 Then,∫
PX

f d(µPX(M)) =
∫

PPX

(∫
PX

f dM
)

dM(M)

Proof. To show this statement, we use a commonly used proof technique in measure theory which
consists of the following steps:

(i) First, we show the statement for the characteristic function f = 1A on every measurable
set A ∈ ΣPX

(ii) By linearity, this implies that the statement holds for all simple functions (i.e. finite linear
combinations of characteristic functions).

(iii) To proof the statement for arbitrary measurable f , we use the fact that every measurable
function can be approximated arbitrarily well by simple functions.

We start by showing the statement for simple functions. Let f = 1A, where A ∈ ΣPX. Then,∫
PX

1A d(µPX(M)) =
(
µPX(M)

)
(A) =

∫
PPX

M(A) dM(M) =
∫

PPX

(∫
PX

1A dM
)

dM(M).

By linearity, this shows the statement for any simple function. Now, let si ↗ f a monotone
increasing sequence of simple functions converging to f . Then, by monotone convergence theo-
rem, we have

(2) Si(M) :=
∫

PX
si dM ↗ S(M) =

∫
PX

f dM

1This is a sufficient criterion being integrable with respect to all probability measures on PX
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Therefore, ∫
PX

f d(µPX(M)) = lim
i→∞

∫
PX

si d(µPX(M))

= lim
i→∞

∫
PPX

Si(M) dM(M)

=
∫

PPX
S(M) dM(M) =

∫
PPX

(∫
PX

f dM
)

dM(M)

where we have used Eq. (2) in the first equality, the statement for simple functions in the second
equality and monotone convergence together with Eq. (2) in the third equality. □

We are now able to proof the main statement.

Theorem 6. (P, η, µ) forms a monad.

Proof. Since we have already shown that P is a functor and η, µ are natural transformations, it
remains to show that the diagrams in Eq. (1) commute.

(i) We check µX ◦ ηPX = idPX. Let p ∈ P(X, ΣX). Then, for every A ∈ ΣX we have

(
µX ◦ ηPX(p)

)
(A) = µX(δp)(A) =

∫
P(X,Σ)

q(A) dδp(q) = p(A).

(ii) We check that µX ◦ PηX = idPX. Let x ∈ X. Then, for every A ∈ ΣX we have

(µX ◦ PηX(p)) (A) =
∫

P(X,ΣX)
evA d((ηX)∗p)

=
∫

X
evA ◦ ηX dp

=
∫

X
δx(A) dp(x) = p(A)

where we have used in the second equality Lemma 4.
(iii) We have to check that µX ◦ PµX = µX ◦ µPX. We start by manipulating the left-hand side.

Let M ∈ PPPX and A ∈ ΣX. Then

(µX ◦ PµX)(M)(A) =
∫

P(X,ΣX)
evA d((µX)∗M)

=
∫

PPX
µX(M)(A) dM(M)

=
∫

PPX

(∫
P(X,ΣX)

p(A) dM(p)
)

dM(M)

On the other hand, the right-hand side yields

(µX ◦ µPX)(M)(A) =
∫

P(X,Σ)
evA d(µPX(M))

=
∫

PPX

(∫
P(X,ΣX)

evA dM
)

dM(M)

=
∫

PPX

(∫
P(X,ΣX)

p(A) dM(p)
)

dM(M)

Comparing both manipulations shows the statement. □
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This concludes the construction of the Giry monad. Similar to the finite probability monad we
would now be able to again construct the Kleisli category Kl(P) which we will skip here. In
a nutshell, it can be shown that the category Kl(P) captures all possible Markov kernels be-
tween measurable spaces (X, ΣX) and (Y, ΣY). Again, composition of morphisms is given by the
Chapman-Kolmogorov formula. We refer to [3, Section 4] for further details.

4. THE RADON MONAD

Although we are now already equipped with a monad structure capturing all probability distri-
butions on measurable spaces there are other approaches describing particular classes of prob-
ability distributions. In this section, we will construct the Radon monad R which captures all
Radon probability distributions on compact Hausdorff spaces. We will explicitly show that R
is a functor on the category of compact Hausdorff spaces CHaus (consisting of compact Haus-
dorff spaces as objects and continuous functions as maps) and introduce unit and multiplication,
which are of a similar flavor to the discussed monadic structure in the Giry monad. Similar to the
other probability monads, the corresponding Kleisli category Kl(R) captures a certain class of
stochastic maps. In this case the construction would characterize the class of continuous Markov
kernels, i.e. conditional probability distributions which are continuous in the condition variable.
For a detailed exposition of topological Hausdorff spaces and Radon measures, we refer for ex-
ample to [2, Chapter 1] and [10, Chapter 2]. Different (extended) constructions of the Radon
monad can also be found in [6, Section 2.1], [4] or [3, Section 5].

4.1. Borel and Radon measures. We are now considering a subclass of measurable spaces and
measures on them, namely measures on space of the form (X,B(X)) where X is a compact topo-
logical Hausdorff space and B(X) being the Borel σ-algebra generated by the topology of X,
i.e.

B(X) = σ
({

U ⊆ X : U open
})

.

Measures
µ : B(X) → [0, ∞]

are called Borel measures.
Here, we restrict to Radon measures which are Borel measures behaving “continuous” under
changing the measurable subsets U ∈ B(X). In other words, µ is called a Radon measure, if
it is

(i) inner regular, i.e. for any open set U ⊆ X, µ(U) = sup{µ(K) : K ⊆ U compact}.
(ii) finite, i.e. µ(X) < ∞.

Consider in the following the integral of a continuous function f ∈ C(X, R) with respect to the
Radon measure µ. This defines a function

Iµ : C(X, R) → R : f 7→
∫

X
f dµ.

Since C(X, R) is a Banach space (using the supremum-norm), Iµ can even be understood as a
linear operator which is in addition positive (i.e. if f (x) ≥ 0 for all x ∈ X, then Iµ( f ) ≥ 0).
Further, Iµ is continuous, i.e. ∃C ≥ 0 such that Iµ( f ) ≤ C∥ f ∥sup. This follows directly from the
fact that X is a compact space and the fact that µ is a Radon measure. In a nutshell, Iµ is an
element of the space C(X, R)∗, the space of linear bounded functionals on C(X, R).
Surprisingly, this statement can also be reversed. More precisely, every bounded linear functional
C(X, R) → R which is in addition positive arises exactly in this way. This is the statement of the
following theorem by Riesz (see for example [10, Theorem 2.14]).
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Theorem 7. Let X be a compact Hausdorff space and A : C(X, R) → R a continuous functional which
is positive. Then, there exists a unique Radon measure µ such that A = Iµ.
Therefore, this theorem establishes a one-to-one correspondence between Radon measures on X
and a subset of C(X, R)∗. Equipping C(X, R)∗ with the operator norm we obtain the unit ball

AX := {A ∈ C(X, R)∗ : |A[ f ]| ≤ ∥ f ∥sup}.

In the following we define

RX := AX ∩ {A ∈ C(X, R)∗ : A is a positive functional}.

Therefore we leverage the correspondence to Radon measures on X which are subnormalized
(i.e. µ(X) ≤ 1).2

It remains to show that RX is a compact Hausdorff space. Equipping C(X, R)∗ with the weak
∗-topology3 makes AX to a compact set by the Banach-Alaoglu theorem (see for example [9,
Thm. 3.15]). Since the space of positive functionals is closed this shows that RX is compact and
Hausdorff.
This motivates the functor

R : CHaus → CHaus : X 7→ RX

where for every morphism f : X → Y we have

f∗ := R f : RX → UY, µ 7→ µ ◦ f−1

is well-defined. Note that R f is indeed a morphism since for every function g ∈ C(Y, R) we
have that

I f∗µ(g) = Iµ(g ◦ f ).

We will now again extend R to a monad by defining ηX : X → RX : x 7→ δx the Dirac measure
and

µX : RRX → RX

defined as

µX(M) := f 7→
∫
RX

(∫
X

f dµ

)
dM(µ)

where M is a Radon measure on RX.

Theorem 8. (R, η, µ) forms a monad.

Proof. We have already proven that R is a functor.

(i) We start by showing that η is a natural transformation. First ηX is well-defined, i.e.
δx ∈ RX since

|δx( f )| = | f (x)| ≤ ∥ f ∥sup.

Further, ηX is continuous, since ev f ◦ δx = f . Therefore, by definition of the weak ∗-
topology, ηX is continuous. Moreover, η is natural since for every morphism g : X → Y
and f ∈ C(Y, R) we have that δg(x)( f ) = δx( f ◦ g).

2In fact it is also possible to restrict just to normalized measures which correspond to the positive unit sphere in
C(X, R)∗.

3the coarsest topology such that every linear map C(X, R)∗ → R is continuous, i.e. the integration functional
Iµ : f 7→

∫
X f dµ is continuous for every Radon measure µ.
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(ii) We continue by showing that µ is a natural transformation. First µX is well defined, i.e.
for M ∈ RRX we have µX(M) ∈ RX since

|µX(M)( f )| ≤
∫
RX

(∫
X
| f | dµ

)
dM(µ) ≤

∫
RX

∥ f ∥sup dM ≤ ∥ f ∥sup

where we have used the triangle inequality in the first inequality and the fact that µ and
M are subnormalized measures in the second inequality.

To show that µX : RRX → RX is continuous, we use again the definition of the weak
∗-topology and show that ev f ◦ µX is continuous for every f ∈ C(X, R).

Therefore, let f ∈ C(X, R) be fixed. Note that RX → R, µ → Iµ( f ) is continuous by
definition. Therefore, for M ∈ RRX we have

ev f ◦ µX(M) =
∫
RX

Iµ( f ) dM(µ) = IM(G)

where G := µ 7→ Iµ( f ) ∈ C(RX, R)∗. Therefore, ev f ◦ µX = evG which is continuous by
the definition of the topology on RRX.

(iii) It remains to show that the diagrams in Eq. (1) commute. But this is very similar to the
proof of Theorem 6 and therefore we skip its verification. □

Concluding this section, we note that similar to the case of the finitary probability monad and the
Giry monad, it is again possible to construct the Kleisli category Kl(R). We refer to [3, Section
5] for details. In a nutshell, Kl(R) captures now continuous Markov processes which map to
Radon measures.

5. CONCLUSION

We have considered different ways of constructing categories of probability distributions. Start-
ing with finite probability distributions we have extended the probability functor to arbitrary
measurable spaces via the Giry monad and to compact Hausdorff spaces via the Radon monad.
Furthermore, we have discussed an interpretation of the corresponding Kleisli categories as cat-
egories of Markov kernels.
This formulation gives a unified way of axiomatizing probability distributions independent of
finite or infinite support and independent of using measure theoretic foundations. In addition
to the presented constructions, the corresponding Kleisli categories can be equipped with addi-
tional structure (for example to be symmetric monoidal). Therefore this new level of abstraction
allows to treat probability theory on arbitrary measurable spaces using a similar reasoning as
finite probability distributions and highlights possible differences in both frameworks.
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