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As famously proven by Cantor, for any set X, the cardinality of its power
set P(X) is strictly bigger than that of X. Equivalently, for any set X there
cannot exist a surjective function f : X — P(X). This statement, also known
as Cantor’s theorem, is usually proven by assuming the existence of such a
surjection f. Next, one constructs the following subset of X

S={reX|z¢ f(z)} (1)

This is clearly well-defined. As f was assumed to be surjective, there exist a
xg € X such that f(zg) = S. Finally, one concludes that

zs€ESexs ¢S (2)

so the assumption must have been wrong and such a surjection cannot exist.

Identifying subsets of A C X with their characteristic function x4 : X — 2,
ie. using P(X) = {x : X — 2} = 2%, where 2 := {0,1}, replaces f with
Xf:X — 2X . Besides, now

Xs(z) :=not o x s (z)(x) (3)

where not : 2 — 2 such that not(1) = 0 and not(0) = 1. Now choose z, € X as
before, such that xs(zs) = xs

Xs(rs) =not o xy(zs)(zs) = not o xs(zs) (4)

Observe that this last statement yields a contradiction as not has no fixed point,
i.e. there exists no a € 2 with not(a) = a. It is now obvious, that the same
proof can easily be generalized to f/ : X — X — Y, as long as there exists a
function Y — Y without a fixed point [1]. Proofs that obey this structure are
often called diagonal arguments or proofs by diagonalization. Many important
theorems can be proven in this way, for instance the undecidability of the halting
problem, Godel’s incompleteness theorem, Tarski’s non-definability of truth to
only name a few. All these can be seen as instances of a more abstract theorem,
that uses the language of cartesian closed categories to capture the essence of
these diagonal arguments, the so-called Lawvere’s fixed point theorem.



1 Lawvere’s fixed point theorem

Definition 1 (category with finite products, [2]). A category C is said to have
all finite products if for any finite collection C1,...,C, of objects of C their
product Cy x ... x C,, with projections p; : C1 X ... x Cy, — C; fori=1,...,n
ezists in C

Cy x...xCy

p1 Pn (5)

Cl CQ cee Cn—l Cn

Note that if C has all finite products, in particular it contains the empty
product 1, which by the universal property of the product is terminal in C. If
the above condition only holds for binary products, i.e. for n = 2 we say that
C has all binary products. It can be shown that if C has a terminal object as
well as all binary products, then C has all finite products [2, Proposition 3.7.1].

Lemma 1 (|2, Proposition 3.7.1 & Exercise 3.7.1]). Let C be a category which
has all finite products, then the following 4 statements hold.

1. (x): Cx C — C with (A, B) — A x B defines a bifunctor that on objects,
maps (A, B) — A x B and on arrows maps (f : A — C,g: B — D) to
the unique arrow f x g: Ax B — C x D that make the following diagram

commutative
B—% D
P2 p2
AxB I s oxD (6)
P1 P1
A—T1 B
2. (x) is associative up to natural isomorphism, i.e. for any three objects

)
A, B,C, there exists an isomorphism
aapc:Ax(BxC)— (AxB)xC (7
that is natural in A, B and C.

3. Up to natural isomorphism, 1 serves as two sided identity of (x), i.e. there
ezist two natural isomorphisms ™ and p such that for any object C'

mc:1xC—=C and pc:Cx1—C (8)



4. The diagonal A with component at C A¢ : C — C x C, being uniquely
defined by commutativity of the following diagramm

C
ide Ao ide (9)
Cé——CxC—0w3C

defines a natural transformation between the identity functor and the func-
tor mapping objects as C'+— C' x C' and arrows as (f : C — D) — (f x f:
CxC—DxD,).

Note that item [3| in particular implies that 1 = 1 x 1. Thus also 1 x 1 is
terminal in C and it follows that

T =
nor (10)
o= =4

Definition 2 (cartesian closed category, [2]). A category C is called cartesian
closed if

1. C has all finite products

2. for each object B of C the functor — x B : C — C mapping objects
C +— C x B and arrows f — f xidg has a right adjoint =B : C — C, i.e.
for any objects A, B

Homg(A x B,C) = Homg(A, CP) (11)
natural both in A and C.

Given an arrow f : A x B — C we will denote its transpose as Ag(f) :
A — CPB. Conversely, given g : A — CP, its transpose will be denoted as
es(g) : Ax B—C.

The counit of the adjunction ep 4 := ep(id45) € Homg(AP x B, A) is called
evaluation map. If we now take any f : A x B — C, and Ag(f) : A — CB,
naturality of eq. implies that the following diagram commutes

Ax B
A (f)xidp f (12)
CExB— 5 C
€B,C

The pair (CB,ep ¢) can thus be characterized by the following universal prop-
erty: for any f : A x B — C there exists a unique A\g(f) : A — C® such that



f =c¢€p.co(A(f) xidg). Considering any category with all binary products
and any two of its objects A, B, an object AP for which there exists such an
evaluation map €p 4 : AP x B — A such that the pair (A5, €p,4) satisfies the
above condition is called exponential object. It can be shown that the second
requirement in definition [2] can equivalently be replaced by the condition that
for any two objects A, B in C, there exists an exponential object A [3| 4].

Definition 3 (point surjectivity, |5, [6]). Let C be a category and 1 be terminal
i C, an arrow f : A — B is called point surjective if for every arrowb: 1 — B
there exists an arrow a : 1 — A that satisfies f oa = b.

(13)

a

— =

b
— B

S

If C additionally has all binary products, an arrow f : A x B — C is called
weakly point surjective, if for every g : B — C there exists an arrow x4 :1 — A
such that for everyb:1 — C, fo(zyxb)oAy = gob, i.e. the following diagram
commutes.

1

A b

1x1 B (14)
2y xb g

AxB ! C

Let C be cartesian closed, an arrow f : A — CB is called weakly point surjective
if its transpose ep(f) is weakly point surjective.

Remark. Note that using eq. together with the functoriality of X and
eq. (11)), we can rewrite the condition for weak point surjectivity of f : A — CP
as

egco((foxy) xb)oAy =gob (15)
This is how weak point surjectivity is presented in [5].

Example 1. Consider the category Set with terminal object 1 any one element
set and products given by the set theoretic cartesian product. In Set morphisms
a:1 — A can uniquely be identified with elements of A, via their only value,
a(l) € A. Thus a function f : A — B is point surjective if and only if for all



b € B there exists an a € A with f(a) = b, i.e. if and only if [ is surjective.
A function f : A x B = C is weakly point surjective if for any g : B — C
there exists an x4 € A such that for any b € B, f(z4,b) = g(b). By functional
extensionality, this is equivalent to f(xg4, —) = g, so also in this case f, or more
precisely its transpose, is surjective as a function f: A — CB.

Example 2. Consider the category Grp of groups and group homomorphisms.
The trivial, one-element group 1 is terminal in Grp. The product of groups is
given as the direct product. Note that any group homomorphism f : A — B
necessarily maps the identity of A to the identity of B. Hence the trivial group
1 is also initial in Grp and therefore any morphism in Grp is point surjective.
For the same reason every morphism f : A x B — C' is weakly point surjective.

Lemma 2. Let f : A — CB be point surjective. Then f is weakly point surjec-
tive.

Proof. For f to be weakly point surjective, we need to show that for all g : B —
C' there exists x4 such that for all b: 1 — B the following holds:

gob=cu(f)o(ay xb)oh, (16)

This is essentially diagram eq. with f replaced by eg(f). Using the following
identity for the counit (which follows from eq. (12))

es(f) =€ep,co(f xidp) (17)
the surjectivity of f: A — CP (choosing z, accordingly)
foxy=Xg(gomp):1—CP (18)
and eq. ,we can rewrite (eq. ):

eg(f)o(xzg xb)o Ay =egco(fxidg)o(zgxb)oAy
=epco(Ap(gomp) xb)olA
=ep,co(Ap(gomp) xidg) o (idy x b) o A4 (19)

=gompo (id; X b)o Ay

=gobom ol

=gob

Where we additionally used the naturality of 7 and the fact that 7; ' = A;. [

Definition 4 (fixed point, [5]). Let C be a category with terminal object 1. An
arrow f : A — A is said to have a fixed point if there exists an arrow a : 1 — A
such that foa=a.

Theorem 1 (Lawvere’s fixed point theorem, [5, Theorem 1.1]). Let C be a
cartesian closed category and f : A — B4 be weakly point surjective, then every
arrow g : B — B has a fized point.



Proof. Consider the transpose of f, e4(f) : Ax A — B. Takeany g: B — B
and construct h:=goes(f)oAs: A— B

AP, ax a2 p 9 p (20)

As f was assumed to be weakly point surjective there exists an arrow x : 1 — A
such that for every a : 1 — A it holds that

goea(f)oAgoa=cea(f)o(xp xa)ol; (21)
Now chose a = xj,. Naturality of A implies that the following diagram commutes

1 —& s1x1

Th ThXTh (22)

A—24 L axA
Thus, in total we find that
goea(f)oAgoxy =€ea(f)o(axp Xxp)o Ay =€a(f)oAgoxy (23)
which simply states that e4(f) o Ajq oz : 1 — B is a fixed point of g. O

Corollary 1 ([5]). Let C be a category that has all finite products and f :
A x A — B be weakly point surjective, then every g : B — B has a fixed point.

Proof. Follows immediately from the proof of the previous theorem. O

2 Applications of Lawvere’s fixed point theorem

2.1 Cantor’s theorem

Cantor’s theorem states that for any set X there cannot exist a surjective func-
tion f: X — P(X) from X to its power set. This can be seen as an instance
of Lawvere’s fixed point theorem by considering the category Set of sets and
functions between them.

Lemma 3 ([3]). The category Set is cartesian closed with
1. product x the cartesian product of sets

2. for sets A, B, their exponential provided by the function set AP .= {f :
B — A} together with the conventional function evaluation e a(f,b) :=

f(0)

Theorem 2 (Cantor, [5], [7, Theorem 1]). Let X be a set and f : X — P(X),
then f is not surjective.



Proof. Consider the category Set. By the previous lemma Set is cartesian
closed. Let 1:= {0} and 2 := {0,1}. Note that 1 is terminal in Set. We can
identify P(X) with 2%, by the usual bijection that maps subsets Y C X to their
characteristic function yy : X — 2. To be more precise, P(X) = 2%, naturally
in X. This is precisely the representability of the contravariant powerset functor.
Thus a function from X to its powerset can be seen as f : X — 2%X. Now assume
there exists such a function f that is surjective. Let §:1 — 2% and y := (0).
As f is surjective there exists a € X such that f(z) =y, so defining 7 : 1 — X
by Z(0) := = shows that f oZ = 3. Hence, f is point surjective and thus by
(lemma 2) in particular weakly point surjective. But then Lawvere’s theorem
applies, stating that every function 2 — 2 has a fixed point. But not : 2 — 2,
defined by not(0) = 1, not(1) = 0 clearly has no fixed point. Hence no such
surjective f : X — 2% can exist. O

2.2 The halting problem

The halting problem states that there cannot be a computer program/an algo-
rithm H that when given the description of any other computer program 1" as
well as an input X of T decides whether T" halts on input X or loops forever.
Also this can be proven by applying Lawvere’s fixed point theorem to a suitable
category. To that end we consider the category of assemblies Asm.

Definition 5 (Category of assemblies, [8,9]). Fiz some notion of computability
of functions N¥ — N'. The category of assemblies Asm consists of

1. objects (X, ~x) where X is some set and ~x is a relation ~xC N x X

2. morphisms [ : (X,~x) — (Y,~y) where f is a function from X toY
such that there exists a (partial) computable function ¢y : N — N that for
all x € X and all n € N with n ~x = satisfies

n~xz=ncdom(®;) and ér(n)~y f(x) (24)

We say that ¢ realizes f and whenever n ~, x, that n realizes x. For any
S C N, Asm contains an object S’ := (S, ~g/), where for any n € S, m ~g n
by definition if and only m = m. Hence, Asm in particular contains 2’ and
N’. Besides, Asm has all finite products. Fix some computable bijection with
computable inverse

P:NxN=N (25)

Given any two objects (X, ~x) and (Y, ~y ), their binary product has the carte-
sian product X x Y as underlying set, and

P(n,m) ~xxy (z,y) :&n~x x and m~y y (26)

Lemma 4. For any S C N, Homasm (N, S’) is the set of total computable
functions from N to S.



Proof. Take f € Homagm(N,S’). Clearly f is total. Take any n € N. As
n ~n n, f(n) ~s ¢s(n) and thus by definition of ~g/, f(n) = ¢¢(n), so
in fact f = ¢ and thus f is in particular computable. Vice versa, any total
computable function g : N — S clearly defines an arrow Homa g (N, S”), simply

by ¢4 =: g. O

Lemma 5. The arrows in Homagm (N XN, S") are exactly the total computable
functions from N x N to S.

Proof. The proof follows essentially the same arguments as the proof of the
previous lemma. Take any f € Homagm (N xN| S") and any (z,y) € NxN. Now
P(z,y) realizes (z,y) and hence ¢ o P(z,y) = f(z,y). As both ¢; and P are
computable, so is their composite f. Conversely, any computable g : NxN — S
defines an arrow in Homasm (N' XN/, S’), ¢, is simply given as ¢, := goP~ 1. O

Theorem 3 (Halting). Let e be some Gddel numbering of partial computable
functions from N to N, i.e. a not necessarily total surjection e : N — {f : N —
N | f is partial computable}. The halting function w.r.t. e is defined as

halt, : N x N — 2

1 if m € dom(e) and n € dom(e(m)) (27)
0 else

halt.(m,n) := {

This function is not total computable.

Proof. Assume halt, is total computable, then according to lemma [f] halt, is
an arrow in Asm, halt, : N’ x N’ — 2/, This arrow is weakly point surjective,
i.e. for any total computable function g : N — 2, we find a my € N such that
halt.(mg,—) = g. Given g : N — 2, my can be constructed as follows: first
define o : 2 — 2 by dom(a) := {1}, (1) = 1. « clearly is partial computable
and hence so is a0 g. Now consider any m, € e~ (aog) € N. As e is surjective
such a mg exists. Take any n € N, then

halt.(mg,n) =1 < n € dom(a o g)
< g(n) € dom(a) (28)
<g(n)=1

so indeed halt.(mg4, —) = g. Therefore, Lawvere’s theorem applies to the given
situation, implying that every morphism 2’ — 2/, i.e. every total computable
function 2 — 2 has a fixed point. But this is clearly not true for not : 2 — 2, so
the assumption that halt. is total computable must have been wrong. O

In |7] there is also a proof of Halting by Lawvere’s fixed point theorem, that
however works by considering a slightly different category.

Remark. Note that by essentially the same arguments, there cannot exist a
weakly point surjective, total computable function U : N x N — N. For such a



function U, weak point surjectivity states that for any total computable function
g : N = N there exists a natural number my such that g = U(mg,—). Con-
sidering Turing machines as underlying model of computation, by the existence
of universal Turing machines, such a U clearly exists. However, by Lawvere’s
theorem it has to be partial.

Remark. Note that the above proof, showing that for any Gédel numbering e
of computable functions halt, cannot be total computable, is independent of the
particular model of computation, as long as

1. the chosen model of computation yields a well-defined category Asm,

2. allows for the existence of the Gédel numbering e,

8. allows for the definition of

4. and contains at least one fixed point free, total computatadble function 2 —
2

2.3 Fixed-point combinator

In A-calculus a fixed-point combinator [10] is a term fix which yields a fixed
point for any term n when applied to it, that is:

n(fixn) = fixn (29)

Such a term can be used to define recursion in the following way: Suppose
we want to define the function mul_14 : n — 14n recursively, that is:

def mul_14(n: int) -> int:
if n ==
return O
else:
return 14 + mul_14(n-1)

mul_14(3) 14 + mul_14(2)
14 + 14 + mul_14(1)
14 + 14 + 14 + mul_14(0)

= 42

This construction is however not possible in A-calculus, as there is no way
of referencing a function in its own definition. Using a fixed-point combinator,
however, allows for the following construction:

def gen_mul_14(f: (int -> int)) -> (int -> int):
def g(n: int) -> int:
if n ==
return 0
else:



return 14 + f(n-1)
return g

mul_14 = fix(gen_mul_14)

mul_14(3) = fix(gen_mul_14)(3)

= gen_mul_14(fix(gen_mul_14)) (3)

= 14 + fix(gen_mul_14) (2)

= 14 + 14 + fix(gen_mul_14) (1)

=14 + 14 + 14 + fix(gen_mul_14) (0)
= 42 + gen_mul_14(fix(gen_mul_14)) (0)
=42 + 0

= 42

The existence of a fixed point for any term n is given by Lawvere’s theorem
11 [12].

The idea is to consider a cartesian closed category with a (non-trivial) reflex-
ive object, that is, an object A # 1 together with two morphisms app : A — A
and lam : AN — A with appolam = id. Such categories can be used to describe
A-calculus|12-14]. For any equivalence class of lambda terms (where the equiv-
alence is given by a-, S- and n-reduction) there is a morphism A — A in the
category, such that all equations and transformations can be reproduced in the
category. Note that app is a split epimorphism and hence point surjective. That
is, for any b: 1 — A? there is a = lam o b such that appoa = appolamob =b.
Applying Lawvere’s theorem yields the fact that any morphism A — A has a
fixed point. So in particular, any lambda term has a fixed point.

Informally, a concrete example of fix can be found by reproducing the proof
of Lawvere’s theorem.

It can be shown that ej(app) o Ay = Az.z(x) [9). Then, any term ¢ : A — A
has a fixed point. Using the construction from the proof of theorem [I] we find an
explicit fixed point h(h), where h = t o ep (app) o A and composition is defined

as fog=Av.f(g(x)).
A By A ANRER Nty (30)
where explicitly:
h =toep(app) o Ap
=to (Ax.z(x))
= Ayt(Az.z(2))(y)) (31)
= Ay-t(y(y))
= \z.t(z(z))
then
h(h) = (Az.t(z(x)))(h) = t(h(h)) (32)

By A abstraction we can then define fix := At.h(h) = At.(Az.t(z(2))) (Ax.t(z(x))).
This instance of fix is called the Y-combinator.

10



2.4 Godel’s first incompleteness theorem

Godel’s incompleteness theorem states that for any formal system 7' in which
enough elementary elementary arithmetic can be carried out, there is a sentence
S in T such that neither S nor =S can be proven in S. This theorem, as well as
Tarski’s undefineblility theorem, which states that there cannot be a definable
map truth mapping Godel numbers of formulas to their truth value, can be
seen as consequences of Lawvere’s theorem. The main idea is that both truth
and the notion of provability, together with other assumptions, yield a point
surjective morphism while consistency, i.e. the property that no sentence S in
T should be equivalent to its own inverse S = -5, leads to a morphism without
a fixed point.

Definition 6 ([5)). The Lindenbaum category C of a (single sorted first-order)
theory T is given by:

1. Objects 1,2 and A and finite products thereof.

2. Morphisms are equivalence classes of formulas or terms of the theory,
where equivalence is given by logical equivalence or equality proven in the
theory.

8. Composition of morphisms is defined as substitution.

That is, morphisms 1 — A are (equivalence classes of ) constant terms in T,
morphisms A — 2 are formulas with one free variable and morphisms 1 — 2
are sentences of T. Composing a : 1 — A with a formula f : A — 2 yields a
sentence fa: 1 — 2.

In particular, Home (1, 2) contains two morphisms true, false corresponding
to the classes of provable sentences and sentences for which the negation is
provable, respectively.

Remark. Models of the theory can be seen as functors C — Set.

A theory T is said to be consistent if there is no sentence ¢ such that both
¢ and —¢ are provable in the theory. In our context this can be phrased as: if
the theory is consistent, then there is a morphism not : 2 — 2 (playing the role
of =) such that not(¢) # ¢ for all morphisms ¢ : 1 — 2.

For, if there would not be such a morphism, — could not be defined or there
would be sentences ¢ = —¢ rendering the theory inconsistent.

In such a category, we say that satisfaction is definable if there exists a
morphism sat : A x A — 2 such that for every formula f : A — 2 there is a
constant ¢ : 1 — A such that for every constant a : 1 — A the following diagram

commutes:
lf (33)
2



In words, ¢ is some kind of Goédel number for the formula f and the condition
reads for all constant terms a : 1 — A sat(a,c) (i.e. the formula indexed by ¢
applied to a) is provably equivalent to the sentence f(a).

Then,

Corollary 2. If satisfaction is definable, then the theory is not consistent.

Proof. As sat is a point-surjective morphism A x A — 2, by theorem [1] all
morphisms 2 — 2 will have a fixed point. Thus, there cannot exist not : 2 — 2
without a fixed point as defined above. O

This result is the base for the following two theorems. In words, it says that
if we can find a formula sat with two free parameters which ”decodes” constants
to formulas, then the theory is not consistent.

Definition 7 (|15]). A Godel numbering is an injective map:
F—7:Homc(A",2) - Home(1, A) (34)
defined for alln € N.

In particular, it is defined for Homg(1,2) = Homg(AY,2). It encodes any
formula as a constant term.

Remark. This definition is more general than what is usually done. Namely,
formulas can not only be encoded as natural numbers but as any constant term
the theory provides.

We say that substitution is definable if there exists a morphism subst : A x
A — A such that:

V(if:A—=2),(a:1—= A): subst(a,”f7) =" f(a)” (35)

This morphism substitutes a in the formula encoded by " f7 and returns the
Godel number of the resulting sentence f(a).

We say that truth is definable if there exists a formula truth : A — 2 such
that its image under Homg (1, —):

truth o — : Homg(1, A) = Home(1, 2) (36)
is a retract of "—". That is:
(truth o —) o "=" = Idyome(1,2)- (37)
More concretely, for any sentence ¢ € Homg(1,2),
((truth o —) o ™=")(¢) = trutho "¢ = ¢ (38)

In words, truth maps the Goédel number of any sentence ¢ to the sentence ¢
itself (or to some equivalent sentences).
Using those definition we can phrase Tarski’s undefinability theorem:

12



Theorem 4. In a consistent theory where substitution is definable (relative to
F—7), then truth is not definable (relative to ™—7).

Hence, if substitution is definable, there is no way (in the theory itself)
to map any Godel number to its corresponding sentence or its truth value,
respectively.

Proof. If both substitution and truth are definable, then the following diagram
commutes for all a :— A:

1 —— A

(o) \ \ 50

Ax A

subst truth

which shows that truth o subst is a definition of satisfaction (eq. (33))) and

yields a contradiction by corollary [2}
O

To finally arrive at Goédel’s incompleteness theorem, two ingredients are still
missing: provability and completeness.
We say that provability is representable in a theory if and only id there is a
unary formula pr : A — 2 such that for any sentence ¢ : 1 — 2
ProT¢=true & ¢ = true (40)

That is, "¢ is provable if and only if ¢ is true.

Furthermore, a theory is called complete if Homa(1,2) = {true, false}, that
is, if every sentence in T is either provably true or provably false.

Then, we get a version of Gddel’s incompleteness theorem:

Theorem 5. A theory where substitution is definable and provability is repre-
sentable (relative to "—7) is not complete if it is consistent.

Proof. Assume the theory is complete (i.e that Homg(1,2) = {true, false})
and consistent. Consistency implies false # true, then, by the definition of Pr
for any sentence ¢ € Homc(1,2):

¢ =true = Pro"¢ = true (41)
¢ # true = Pro"¢7 # true (42)
Then, by using completeness, the second line reads:
¢ = false = Pro"¢" = false (43)
Hence, for all ¢ € Home(1,2):

Pro™¢ = ¢. (44)
Which shows that Pr is a truth definition (eq. ), yielding a contradiction
by theorem [ O
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