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Introduction: What is real algebra
and geometry?

Probably the most fundamental question in mathematics is about solvability of
equations. Systems of linear equations over fields are examined in linear algebra,
systems of polynomial equations over the integers lead to number theory, systems of dif-
ferential equations are considered in analysis...

Classical algebraic geometry deals with systems of (nonlinear) polynomial equa-
tions over fields, the solutions are also taken from the field. The field is often as-
sumed to be algebraically closed. Solving an equation is algebra, which accounts
for the name algebraic geometry. But it is often useful to consider the whole set of
solutions as a geometric object, called a variety. This is why the area is also called
geometry. Fundamental results, such as Hilbert’s Nullstellensatz, describe these ge-
ometric objects in terms of polynomial functions defined on them. This leads to
algebraic certificates for solvability of such systems of equations, for example: a
system has no solution if and only if the ideal generated by the equations con-
tains 1. Such certificates can then also be examined algorithmically, for example
via Grobner bases.

Real algebraic geometry now deals with the special case that all polynomial equa-
tions are defined over the reals R, and one is mostly interested in the set of real so-
lutions. One can also consider more general so-called real closed fields. What might
first look like a subfield of classical algebraic geometry, turns out to be an inter-
esting field in itself, allowing for many completely new questions. For example,
the field of real numbers admits an ordering >. So one can consider polynomial
inequalities as well, which doesn’t make sense over C. The set of solutions to a sys-
tem of polynomial inequalities is called a semialgebraic set, and it can clearly also
be considered as a geometric object. Semialgebraic sets can have nonempty in-
terior, and so the ring of all polynomial functions on them will not lead to a good
classification. It makes much more sense to consider the nonnegative polynomial



2 Introduction

functions on a semialgebraic set, and try to describe them algebraically. Such re-
sults are called Positivstellensitze, and we will see many of them in these lecture
notes. Again, such results can be used to classify solvability of systems of polyno-
mial inequalities, and they also allow for computational approaches, for example
via semidefinite optimization.

The first important Positivstellensatz is formulated in Hilbert’s 17th Problem: Every
real polynomial p € R[zy,. .., z,], which is nonnegative at each point of R", is a
sum of squares of rational functions. This result was proven in 1926 by Emil Artin,
and it constitutes the beginning of modern real algebra. We will prove this non-
trivial theorem during the course. Further Positivstellensitze classify nonnega-
tive polynomials on certain subsets of R". A particularly important such result is
Schmiidgen’s Positivstellensatz from 1991, being the first statement providing a
sums-of-squares representation without rational functions, i.e. without denom-
inators. Also this result we will prove in these lecture notes.

The mentioned results also allow for numerous applications. There are connec-
tion to functional analysis, to optimization, to convexity, and to theoretical quan-
tum physics. One important example is Lasserre’s optimization method, which
uses Schmiigen’s Theorem to transform a hard polynomial optimization problem
into a more tractable semidefinite program. We will explain some of these appli-
cations here as well.

These notes are lecture notes for a master’s course on real algebra and geometry.
Thus we do not always cite all references carefully. But to great parts, this text is
based upon some standard references, in particular the books Real Algebraic Geom-
etry by Bochnak, Coste & Roy [2], Positive Polynomials and Sums of Squares by Mar-
shall [4], Positive Polynomials by Prestel & Delzell [6], and some unpublished lecture
notes by Claus Scheiderer. But mistakes are clearly my own, and I am happy for
any hint how to improve these lecture notes.



Chapter1
Ordered Fields

This first chapter deals with ordered fields. We introduce the notion of a real closed
field, a generalization of the field R of real numbers. We provide methods to count
roots of polynomials over real closed fields. We show that every ordered field ad-
mits a unique real closure. We then prove the projection theorem for semialgebraic
sets over real closed fields, and deduce quantifier elimination and Tarski’s transfer
principle. These results will lead to a solution of Hilbert’s 17th Problem in the fol-
lowing chapter.

1.1 Orderings on Fields

Definition 1.1.1. Let M be a nonempty set. A linear ordering on )M is a binary
relation <, such that for all a, b, ¢ € M we have:

a<a reflexivity
a<bb<c=a<c transitivity
a<bb<a=a=0 anti-symmetry
a<borb<a linearity/completeness.
We writea < bifa < band a # b. AN

Definition1.1.2. Let K beafield. A field orderingisalinear ordering on K, which
additionally fulfills the following conditions, forall a, b, c € K:

a<b=a+c<b+c compatibility with addition
0<a,0<b=0<ab compatibility with multiplication.
We then call (K, <) an ordered field. A
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Lemma1.1.3. Inany ordered field (K, <), the following holds forall a, b, c € K :
(i) 0 <a’
(1) a <b,0<c= ac<be.
(1)) 0<a<b=0<b!'<at
() Ifb # 0,then0 < ab < 0 < ab™ 1.

() 0 <1+---+ 1foralln € N. In particular we have char(K) = 0,i.e. Q C K.

n

Proof. (1) If 0 < a, this follows from compatibility with multiplication. If a < 0,
then by adding —a we obtain 0 < —a, and soa? = (—a)? > 0. (i7) Froma < bwe
obtain b — a > 0 by adding —a, and thus

c¢(b—a)=cb—ca>0.

By adding ca the result follows. (ii7) Assume 0 < a.Ifa™! < 0,thenl =a'a <0
(again by compatibility with multiplication, after passing to —a '), which contra-
dicts (). Sonowlet 0 < a < b. Then

(a'=bNab=b—a > 0.

From 0 < abwe obtain 0 < (ab)™!, and thus finally b= < a~1. (iv) follows by
multiplying with % or (b™)?, respectively. (v) follows by iteratively adding 1 to
the inequality 0 < 1, using transitivity of <. O

Example 1.1.4. (i) R and Q admit the well-known field orderings. These are in
fact the only field orderings here, as we will see later.

(ii) Let R(t) be the rational function field in one variable ¢ over R, i.e. the field
of fractions of the polynomial ring R[t|. Elements of R(¢) are thus fractions of
polynomials in ¢, under the usual equivalence relation. We can understand such
elements also as functions on R, defined up to finitely many points (called poles).
If two fractions define the same element in R(%), they define the same function,
whereever both are defined.

We now want to find all field orderings of R(¢). For this we fix some @ € R and
setfor f, g € R(t)

f<arg &= FJe>0Vre(a,at+e) f(r)<glr).
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Since f and g have only finitely many poles, this is well-defined, and its easy to
convince oneself that it defines a field ordering, wich coincides with the known
one when restricted to R. Note that

<a, t <o, bforallb € Rwitha < b.

The variable ¢ is thus larger than a, but just infinitesimally so with respect to R.
In the same way we get an ordering <,_, for which ¢ is infinitesimally smaller
than a. There are two more orderings, <., und <_., . One defines

f<wg = 3seRVre(s,00) f(r)<g(r),
and <_, analogously with (—oo, s). For these orderings we have
R <, tand t <_o R,
respectively. In total we have found the following field orderings on R(t):
(<00 <oy Sy Sy | € € R},

We now check that these are indeed all field orderings. For this we first observe
that a field ordering is already uniquely determined by the position of ¢ with re-
spect to R (by compatibility with addition and multiplication). Now let < be an
ordering on R(t). We consider

I:={beR|b<;t}andJ:= {beR |t < b}.

Incase I = ()we clearlyhavet <, R, and obtain <,=<_; for J = () analogously
<9=< - If I # () # J, then there exists a unique « € Rwith I < a < J, since
R is Dedekind complete. Now either ¢ < a or a < t, and we thus have either
S?r=Sq_ OF S7=<q,
(4i7) Since Q(t) can be embedded to R(t), all orderings from R(¢) can be restricted
to Q(t). If a is transcendental, then <, and <,, coincide on Q(¢). If a is alge-

braic, they differ (Exerciselt). A

Definition 1.1.5. An ordering < on K is called Archimedean, if for everya € K
there exists some n € Nwitha < n. A

Example1.1.6. (i) The well-known orderings on R and Q are Archimedean.

(41) None of the orderings on R(¢) are Archimedean. There always exists some
feR(t)withR < f. For <,, one can for example take f = 1/(t — a).

(#3i) If a € R is transcendental over Q, then <, and <,, induce (the same)
Archimedean ordering on QQ(¢). The other ordering are not Archimedean (Exer-
cisef). A
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Lemma1.1.7. If (K, <) is Archimedean, then Q is densein K, i.e. fora < b € K there
issomeq € Qwitha < g < b.

Proof. Choose m € Nwith (b—a)™! < m. We multiply with the positive element
b—aandobtain 1 < m(b—a),and thus ma < mb—1. Nowletn € Z be minimal
withmb < n + 1. Then

ma < mb—1<n < mb,

and thusa < n/m < b. O

Theorem 1.1.8 (Embedding Theorem). Every Archimedean ordered field can be order-
embedded into R.

Proof. Let (K, <) be Archimedean. Then Qis dense in K, by Lemmali.1.7, and we
define ¢: K — R as follows. For a € K consider

I,={reQ|r<atandJ,={reQla<r}.

In R there is some x with I, < = < J,, since R is Dedekind complete. Since Q is
dense in R, there is exactly one such x, and we define ¢ (a) = z. One checks that
¢ is additive und multiplicative, and thus an embedding. The fact that ¢ respects
the ordering is also easy to see (Exercise[2). O

Example1.1.9. Fortranscendental a € R we have the Archimedean ordering <,
(=<,,) on Q(t). Indeed, it comes from an embedding into R, namely sending
the variable ¢ to a. Since a is transcendental, this mapping is well-defined and
injective on Q(¢). A

So far, an ordering is a binary relation on the field K. But since it is supposed to
be compatible with +, we already know it completely if we know which elements
are larger than 0. In this way we can reduce from a binary to a unary relation, i.e.
to a subset of K. This is often much easier to handle.

Definition1.1.10. Let K be a field. A subset 7' C K is called a preordering , if
T+TCT, T-TCT, K*CT, —-1¢T.
Here, K2 denotes the set of squares in K. If additionally
TU-T=K

holds, we call 7" an ordering of K. Orderings a mostly denoted by P. A
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We will justify the double use of ordering shortly. But let us start with some easy
remarks:

Remark1.1.11. (7) The set
YK? = {Zaf IneN,a; € K}
i=1
of all sums of squares (sos) of elements of K is a preordering if and only if
~1¢ K>

In this case it is the smallest preordering, i.e. contained in all other preorderings
of K. In particular, every preordering contains 0 and 1.

(27) One has
<a—|—1)2 <a—1)2
a4 — _
2 2

foralla € K, i.e. every element is a difference of two squares. Using this, the
condition —1 ¢ T for preorderings can be replaced by T" # K.
(¢i7) For preorderings we always have TN —T = {0}. Indeed, z, —x € T for some

x # 0 would imply
2
—1l=z-(—2x)- <1> S

X

a contradiction.
(iv) If P C P’ are both orderings of K, then P = P’.Indeed, 0 # = € P’ implies
that —z € P isimpossible, by (3). Sox € P, since P is an ordering. A

Theorem 1.1.12. Forevery field ordering < on K, the set
Po:={ae K|0<a}

is an ordering in the sense of Definition[1.1.10| Conversely, if P C K is an ordering in the
sense of Definition[1.1.10} then setting

a<pb & b—a€eP

givesriseto a field ordering < p on K. Both constructions are inverse to each other, and thus
provide bijections between the sets of orderings of type < a P.

Proof. Exercise[g| O
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Example 1.1.13. On R(?) the following sets are orderings:

d
P = {f/g fo=3 aitaq> o} U {0}
i=k

d
by = {f/g | fg:Zaiti,ak>0}U{0},

i=k
by Exercise[4 Which ordering from Example[1.1.4]do they correspond to? A

We now examine how preorderings can be extended to orderings.
Lemma1.1.14. Let T be a preordering of K, and assume v € K \ T Then
T :=T—a2T={s—uar|sreT}

is again a preordering, with T' C T" and —x € T'. In words: If something is not positive,
we can make it negative.

Proof. T C T follows from s = s—xz-0,and —x € T” follows from —x = 0—z-1.
We obviously have

T+T CT',.T-T"CT', and K2?CT CT'.

It remains to show that —1 ¢ 7”. So assume —1 = s — zr with s, € T. Then
clearly r # 0. From the identitiy

we now deduce that

a contradiction. 0

Theorem 1.1.15. Every preordering T of a field is contained in an ordering P. We even

have
T:ﬂp.

T CP ordering



1.1. ORDERINGS ON FIELDS 9

Proof. LetT' C K be a preordering. The set
T ={T"C K |T C T preordering}

is nonempty (T' € T), partially ordered by inclusion, and every chain admits an
upper bound (the union over all chain elements). By Zorn's Lemma there exists a
maximal element P € T.Toseethat Pisactuallyanordering,letx € K\ P. With
Lemmalt.1.14/we see that P—x P againliesin 7. Maximality implies P = P—zP,
and in particular —z € P. So we have shown PU —P = K.

The inclusion 7' C (), p P is obvious. Solet z ¢ T'. Then by Lemmathere
existsa preordering 7" O T with —z € T". Nowlet Pbe anorderingwith7” C P.
ThenalsoT C P,andsince —x € Pwehavex ¢ P.Thus z does not belong to the
intersection on the right-hand side. O

Theorem 1.1.16. A field K admits an ordering if and only if —1 ¢ Y K?. An element is
nonnegative at each ordering of K if and only if it is a sum of squares in K.

Proof. If K admits an ordering P, then
—1¢ PD YK

If conversely —1 ¢ X K?2, then the sums of squares constitute a preordering,
which by Theorem 1.1.15|can be extended to an ordering. Since Z K is contained
in each ordering, we have

SKP= (] P O

P ordering

Example 1.1.17. (i) Let f € R(t) be a rational function which is nonnegative at
each point where it is defined. Then f is nonnegative at each ordering on R(¢),
which is clear from our complete classification of orderings. Thus f is a sum of
squares. This is the trivial one-dimensional case of Hilbert’s 17th Problem (which
can in fact be improved greatly).

(43) On C there is no field ordering, since —1 = 2.

(#4i) On Q there exists exactly one ordering, namely Q2.

(1v) Also R admits only one ordering, namely R?. We even have YR? = R? here.
A

Definition 1.1.18. A field K is called real, if it admits at least one ordering. We
have already seen that this equivalent to —1 ¢ Y K?. It is also equivalent to the
factthata? + - - - + a2 = 0 implies a; = 0 for all 4. A



10 CHAPTER 1. ORDERED FIELDS

1.2 Order Extensions and Real Closed Fields

Let L/ K be a field extension, and let < be an ordering on K. We would like to
extend the ordering to L, i.e. find an ordering <’ on L, that coincides with < for
elements from K. Inview of orderings as subsets of the fields, it means that for
the ordering P C K we want to find an ordering P’ C L with

PNK =P

Inthiscase, (L, P’) (or (L, <'), respectively) is called an order extension of (K, P)
(or (K, <), respectively).

Lemmas1.2.1. Let (K, P) beanordered field, and L/ K a field extension. Then P extends
to Lifand only if

i=1
i.e.if T (P) is a preordering on L.

Proof. If Tr,(P) isa preordering on L, by Theorem [1.1.15|there exists an ordering
P’ of L with

T.(P)C P

From P C Ty (P) we obtain P C P’ N K. Butsince P’ N K is clearly an ordering
of K, we obtain P = P’ N K from Remark[1.1.11)(iv). So P’ extends P.

Let conversely be P’ an ordering of L, extending P. Then
—1¢ P' D TL(P)
proves the other implication. O

The following result states that orderings can be extended to quadratic extensions
ifand only if they are obtained by adjoining the square root of something positive.

Theorem1.2.2. Let (K, P) bean ordered field, a € K \ K?, and

L= K(va) = K[t)/(£ - a).

Then P extendsto L ifand onlyifa € P.
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Proof. Let P’ be an extension of P to L. In L we have a = (y/a)> € P/, soa €
P'N K = P. Conversely, let a € P, and assume there exists an identity

—1= Zpi<ai + biv/a)?
with p; € P,a;,b; € K. Expansion yields
—1= Zpiaf +pibia + 2\/52 aibi,
and comparing coefficients shows

-1 = me?%—p&?a & P,

a contradiction. Sowe have —1 ¢ T} (P), and Lemmalt.2.1implies that P admits
an extensionto L. []

Theorem 1.2.3. Let L/ K be a finite field extension of odd degree. Then every ordering of
K extendsto L.

Proof. Assume for contradiction that the statement if false. Then there exists a
field extension L/ K of odd degree, and an ordering P of K that does not extend
to L. We choose such field extension of minimal degree.

In characteristic zero, every algebraic extension is separable, and thus by the Prim-
itive Element Theorem the extension L/ K is simple, i.e. of the form

L= K(o) = K[t}/(f),

where f is the minimal polynomial of the generator o over K. Here, deg(f) =
2n + 1 is the degree of the field extension.

Since P does not admit an extension to L by assumption, Lemma [1.2.1implies
the existence of an identity —1 = Y. p;¢/? with all ¢; € L. This translates to the
polynomial identity

L+ pifl =h-f, (B)

with f;, h € K|[t]. We can assume deg(f;) < 2n for all i here. So the degree on
the left hand side of (1.1) is at most 4n, and it is even. Every term p; f? indeed has
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even degree, and a leading coefficient from P. These coefficients cannot sum to
zero, since PN —P = {0}.

Sodeg(h) < 2n— lisodd. Nowlet h; € K|[t] be anirreducible factor of 4 of odd
degree, and let 3 be a zero of h; (from its splitting field). We set L’ := K () and
obtain a field extension L’/ K of odd degree < 2n — 1, and by substituting /3 into
the equation (1.1), we obtain an identity

—1=> pd;,

where §; = f;(8) € L'. By Lemmali.2.1, P does also not extend to L', contradict-
ing the minimality of L. O

Theorem 1.2.4. Every ordering of K extends to the rational function field K (t).

Proof. If some ordering P of K did not extend, we would obtain an identity

(i)

with f;,g € K[t]andp; € P\ {0}, again by Lemmalt.2.1 We can assume that g
does not have a common divisor with all f;. We multiply with ¢ and evaulate at
0:

—9(0)* = pifi(0)* € P.

If g(0) # 0, we obtain —1 € P by multiplying with the square ¢g(0)~2, a con-
tradiction. If g(0) = 0, we conclude f;(0) = 0 for all ¢, and all polynomials are
divisible by ¢. This is also a contradiction. O

Definition 1.2.5. A field K is called real closed, if it is real, but none of its non-
trivial algebraic extensions is real. A

Example 1.2.6. The real numbers R admit an ordering. The only nontrivial alge-

braic extension of R is C, which does not admit an ordering. Therefore, R is a real
closed field. A

Note that the notion of a real closed field does only imply that atleast one ordering
exists, but does not specify a particular ordering. The next lemma says that this
is indeed not necessary.

Lemma1.2.7. If K is real closed, it admits exactly one ordering, namely P = K?.



1.2. ORDER EXTENSIONS AND REAL CLOSED FIELDS 13

Proof. Let P be an ordering of K. Fora € P\ K? we could extend P to the
nontrivial extension K (1/a), by Theorem|t.2.2]. This is impossible, since K is real
closed. So we have P = K?. O

Before we can prove one of the most important theorems on real closed fields, we
need the following auxiliary lemma:

Lemma 1.2.8. Let K be a field for which K2 is an ordering. Then every element from

K (\/—1)isasquare.

Proof. Letz = a+by/—1beanelement from K (v/—1),i.e.a,b € K. There exists
c € K with ¢ = a? + b%, and in fact we can choose ¢ > 0 with respect the (only)
ordering P = K% on K. From

(c+a)c—a)=c—a®>=b">0

and the fact that either ¢ + @ > 0 or ¢ — a > 0, both inequalities must in fact
hold. So there are d, e > 0 with

d*=(c+a)/2 and * = (c — a)/2.
Then (2de)? = (¢ + a)(c — a) = b*, and thus +2de = b. We finally obtain
(dtev—1)P=d*—e*+2ev/—-1=a+b/—1=2. O

The following theorem is an important and very useful characterization of real

closed fields:

Theorem1.2.9 (Artin & Schreier, 1926). Forafield K, the following properties are equiv-
alent:

(1) K isreal closed.

(i1) K?is an ordering of K, and every polynomial p € K |[t] of odd degree has a zero in
K.
(ii) K # K(v/—1)and K(\/—1) is algebraically closed.

Proof. (i) => (i7): Lemmalt.2.7says that K2 is an ordering of K. Now letp € K|t
be of odd degree. By passing to an irreducible factor of odd degree, we can as-
sume that p is irreducible. Then L := K|[t]/(p) is a field extension of K of odd



14 CHAPTER 1. ORDERED FIELDS

degree, onto wich the ordering extends by Theorem[1.2.3] Since K is real closed,
thisimplies L. = K, i.e. deg(p) = 1. Sophasazeroin K.

(i1) = (i17): From —1 ¢ K? we get K # K(y/—1). Now we have to show that
K (1/—1) does not admit a nontrivial algebraic extension. To this end, let L be
a finite algebraic extension of K(1/—1). We can assume the extension L/K to
be Galois, by passing to the normal hull if necessary. Let G = Gal(L/K), H a
2-Sylow-subgroup of GG, and F' the intermediate field corresponding to H:

L {id}
2 | | 2¢
F H
odd | | odd
K G

Since by (i7) there do not exist nontrivial odd extensions of K, thisimplies /' = K
and |G| = 2¢. For the subgroup G := Gal(L/K(y/—1)) we thus have |G;| =
2¢=1 and we will showe — 1 = 0, i.e. L = K(y/—1). If this wasn't true, we could
find a subgroup H; of G; with |H;| = 2°72. For the corresponding intermediate
field F; we would have the following:

I fid}
2672| |2672
F H;

2] | 2
K(vV-1) Gy

2] | 2
K G

By Lemma K (v/—1) does not have a quadratic extension, since each such
extension arises by adjoining a square-root. So e = 1, and thus L = K (y/—1).
(i79)=>(i): We first show X K? = K2 Soleta,b € K. Since K(1/—1) is alge-
braically closed, there are ¢, d € K with

(c+dyv=1)? = a+bV—1,
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soc? — d* = aand 2cd = b. We now compute
a? +0* = c* — 22d* + d* + 4Pd* = 4 23 4 dt = (P 4+ dP)? e K2

From K # K(y/—1) weobtain —1 ¢ K? = K2 and so K is real. Since every
algebraic extension of K embeds into the algebraic closure K(v/—1), K(1/—1)
is the only such extension. It is obviously not real. O

Corollary1.2.10. Let R be areal closed field, and R' C R algebraically closed in R. Then
R’ is also real closed.

Proof. Exercise|g]| O
Theorem 1.2.11. Let R be a real closed field. Then the following is true:

(1) Theonlyirreducible monic polynomialsin R|[t] are of the formt—aand (t—a)*+0?,
witha,b € R, b # 0.

(i1) (Intermediate Value Theorem for polynomials) Ifforp € R[t]anda,b € Rwe have
p(a) < 0 < p(b), then thereis some c € (a, b) withp(c) = 0.

Proof. (i): Since R(+/—1) is algebraically closed, irreducible polynomials over R
are of degree at most 2. If they are monic, the only possibilities are thus ¢ — a and

t* —2at+c= (t—a)* + (c —a?),

witha, ¢ € R. Polynomials of the second type are irreducible if and only if they do
nothavearootin R, i.e.ifa® —c ¢ R? andthisisequivalenttoc—a® € R?*\ {0}.
(i1): Write p as a product of irreducible polynomials. A sign change between a and

b can only come from a linear factor ¢t — cwith ¢ € (a, b), which gives rise to a root
as desired. O

Theorem 1.2.12 (Rolle’s Theorem for polynomials). Let R be a real closed field and
p € RIt]. If p(a) = p(b) holds for some a < bin R, then there exists c € R with
a < c < bandp'(c) = 0. Here, p denotes the usual (formal) derivative of p.

Proof. Exercise[7] O
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1.3 Real Zeros of Polynomials

In this section we describe a method to count real zeros of polynomials, without
actually having to compute them. The results are interesting for themselves, but
also play an important role in the proof of the Theorem of Tarski and Seidenberg,
which is most fundamental for the proof of Hilbert’s 17th Problem below.

First let K be an arbitrary field, and
p=tr+atT +agt? + - Fagt+aq € K|t]

a monic polynomial over K. We denote the zeros of p (from the algebraic closure
of K)byay, ..., aqy. Forevery r € N we define the r-th Newton sum of p as

ve(p)i=aj + -+ ay.

In word, these are the sums of r-th powers of the zeros of p. It is well-known
that it is hard (almost impossible) to compute the zeros from the coefficients of
p exactly, in general. But surprisingly, the Newton sums can be computed easily
from the coefficients of p alone.

Definition 1.3.1. The companion matrix of the polynomial p € K|t] is defined as

0 —Qaq
C(p) = L . T e My (K) A
1 —Qaq

It is easy to check
det(tla — C(p)) = p,

i.e. p is the characteristic polynomial of the matrix C'(p) (Exercise [13). So the
eigenvalues of C'(p) are the zeros of p (all over the algebraic closure of K). The
eigenvalues of C'(p)* are thus the k-th powers of the zeros of p. So we have

tr(C(p)*) = vi(p)

where tr denotes the trace. Note that the trace of a matrix over K is the sum
of its eigenvalues on the one hand, and the sums of its diagonal elements, on the
other hand. This is clear since both values are (the negative of) the second-highest
coefficient of the characteristic polynomial of the matrix.
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Now we can deduce from this argument that the Newton sums are integer poly-
nomial expressions in the coefficients of p, which can easily be computed. For
example, we obtain

vo(p) =d
vi(p) = —ay

va(p) = a3 — 2as.
In fact, v; is of total degree :.

Definition1.3.2. Let K be a field and p € K|[t] a monic polynomial of degree d.
The matrix

wp) wnlp) - vaa(p)
Hp) = gy a = | 0 0 )
vaa(p) valp) - vaaa(p)

is called the Hermite matrix of p. AN

The (i, j)-entry of H(p) only depends on i + j, i.e. is constant along the counter-
diagonal. A matrix of this form is also called a Hankel matrix. The (i, j)-entry of
H(p) is a polynomial expression of degree i + j in the coefficients of p. So H(p)
can be computed explicitly from p.

Let M € Sym,(K') be a symmetric matrix over the field K, where we assume
char(K') # 2. Then there exists an invertible matrix S € Gl (K), such that

S*MS = diag(ay, . . ., aq)

is of diagonal form. Now if (K, P) is an ordered field (which requires char(K') =
0), we define the signature of M as follows:

d
signpM := Z signp(a;).

i=1
Here we set
1: ae P\ {0}
signp(a) :=¢ —1: —a€ P\ {0}

0: a=0
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In other words, the signature is the number of positive minus the number of neg-
ative diagonal elements in a diagonalization of M (as a symmetric bilinear form).
Sylvester’s Law of Inertia states that the signature is well-defined, i.e. does not de-
pend on the choice of diagonalization. The proofis usually done over R, but works
over an arbitrary ordered field analogously.

The following theorem provides a method to count zeros of polynomials over real
closed fields, without actually having to compute them. Since the Hermite matrix
is easy to compute, this is an important and relevant result.

Theorem 1.3.3. Let R be a real closed field and p € R|[t] a monic polynomial of degree
> 1. We then have:

(i) rank H(p) = number of different roots of pin R(v/—1).
(i1) sign H(p) = number of different roots of pin R.

Proof. Letay,...,aqbeall the roots of pin R(v/—1). We set

wi = (1, ... ,ozf_l)t

and observe
d
H(p) = Z wiw}.
i=1

Now assume w.l.o.g. that o, ..., a; are the pairwisely different roots of p, and
that a; has multiplicity n;. The vectors wy, ..., w; are then linearly independent
(over R(y/—1)), since the Vandermonde matrix to pairwisely different numbers
has full rank. From

H(p) = an F Wiy, (1.2)
i1

we can thus read off that 7 (p) as rank s (c.f. Exercise [8and note that n;w;w! =
(/miw; ) (y/miw;)" holds). This proves (7).

Since p has coefficients from R, its zeros come in complex conjugate pairs, i.e. if
a = a+ by/—1isazero, thensois@ = a — by/—1. We can thus assume that

(a1, ..y as) = (1, ooy Oy Qg1 ooy Qg Qg1 - -, Q)
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witha; € Rfori < rando; € R(v/—1) \ Rfori > r. Equation then reads

an wiw! + Z ni - (wiw! + wwt)

i=r+1
= an wiw! + Z 2n; - Re(w;)Re(w;)"’ Z 2n; - Im (w; ) Im (w;)".
i=1 i=r+1 i=rt1
Furthermore, since
Wiy ooy Wry Wiy e v vy Wy, Wrg, - - - 5 Wy

are linearly independent, so are
Wi, - W Re(wpg), - .o, Re(wy), Im(wy, 1), - .., Im(w,) € R

This implies
signH(p) =q—(¢—71)=r,

by Exercise[8} Note again that the multiplicities n; are positive and thus admit
square-roots in R, which allows to replace n;w;w! by (\/m;w;)(y/miw;)*. O

Example 1.3.4. Consider p = t* + 1 € R[t]. We compute

o= (5 %)

The rank of this matrix is 2, its signature is 0. So p has two different roots in
R(+v/—1), but none in R. This can of course be confirmed easily in this example,
by computing the two zeros ++/—1. A

Corollary 1.3.5. The monic polynomial p € R|[t] has zeros only in R if and only if H(p)
is positive semidefinite, i.e. if its diagonalization has no negative entry.

Proof. By Theorem[1.3.3] all zeros of p lie in R if and only if
rank H(p) = sign H(p)

holds. But this just means that the diagonalization has no negative entries. [
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We will also need to count zeros under additional side constraints. For this pur-
pose we now generalize the Hermite matrix. Again let p € K|[t] be a monic
polynomial over the field K, whose zeros in the algebraic closure are denoted by
aq,...,aq. Letq € K|t] be another polynomial, and define the generalized New-
ton sums as

Vr(p7 Q) = O/{ . q(al) +eee 042 : Q(ad)

as well as the generalized Hermite matrix as

77777

For ¢ = 1 we obtain the already established notions from above. It is easy to see
that also the generalized Newton sums are integer polynomial expressions in the

coefficients of p and ¢, which can easily be computed: for ¢ = Z?,:o b;t’ we have
ve(pa) =D op - Y bl =Y 0y ol = b (p):
( J J ( J

This gives rise to the following generalization of Theorem([1.3.3}

Theorem 1.3.6. Let R be a real closed field and p € R([t] a monic polynomial of degree
> 1. Letq € R[t] be another polynomial. We then have:

(i) rank H(p, q) = number of different roots o« of pin R(v/—1) with q(«) # 0.

(i) sign M (p,q) = Xacrp(a)—o S8R ().
Proof. With the same notation as in the proof of Theorem[1.3.3we have

=1

with linearly independent vectors w;. This proves (i), after merging the coeffi-
cients n,;q(«;) as square-roots in R(/—1) with the vectors. For (ii) we get terms
of the form

niq (o )wiw?

with o; € Rand

t — —t
nig(oy) - wiw; + nig(a;) - Wiw;
with a; ¢ R. A term of the second type can be rewritten as

Uﬂ)i — 1}2’03
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with new vectors v1, v, € R?, spanning the same space as w;, ;. We just have to
replace w; by \/n;q(;)w; and then continue as in the proof of Theorem m For
the signature only the terms with o; € R are relevant. We can again replace a
term n;q(«;) by either 1, —1 or 0, depending on the sign. This proves the claim.

O]

We can now also increase the number of side-constraints, and take prescribed
signs into account. So for p,q1,...,qn € R[t] with p # 0 we want to compute
the number

#{aeR|pla)=0,q(a) >,...,qn(a) > 0}.

Note that by replacing ¢; by —¢; we have also covered the condition ¢;(«) < 0, and
by replacing p by p? + ¢? we have covered the condition ¢;(a) = 0. Fore € {1,2}™
we set

qe - Q? . _qrenm_

Corollary1.3.7. Let R be a real closed field, and let p, q1, . . . , ¢, € R|[t] be polynomials
with p monic. We then have

#{a e R|pa)=0,q0(a)>0,....gna) >0} = zim S signH(p, ).

ec{1,2}m

Proof. From Theorem]l.3.¢we already know

signH(p,¢°) = Y signg’(a).

a€R,p(a)=0
This implies
> signHpg) = D Y signgi(a)--g(a)
ec{1,2}m a€ERp(a)=0ee{1,2}™
= Z H(sign gi() + sign gi(@)?).
a =1

Now sign ¢;(c) + sign ¢;(a)? equals 2 if and only if ¢;(a) > 0, and in all other
cases it is 0. This proves the claim. O
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1.4 'The Real Closure

Definition1.4.1. Let (K, P) be an ordered field. A field extension R of K is called
real closure of (K, P), if R is real closed, R/ K is algebraic, and the ordering on
R extends P. A

Theorem 1.4.2. Every ordered field admits a real closure.
Proof. Fix an algebraic closure K of K, and consider the nonempty set
M={(L,P)|KCLCK,PPNK =P}.
It is partially orderd by
(L1, P)) =< (Ls, P») & Ly C Lyand PN Ly = P,,

and each chain (L;, P;);er admits in M the upper bound L = J,.; L;, equipped
with the ordering ;. P;. Thus by Zorn's Lemma there exists a maximal element
(R, Q) in M, and we will show that R is real closed.

Every element a € () must be a square in R, otherwise the ordering could be ex-
tended to the proper extension R(y/a) (Theorem|1.2.2), contradicting maximal-
ity. So Q = R?, and thus each field extension with an ordering is automatically
an order extension of R (cf. Remark[1.1.11)(:v)). By maximality of R there can thus
not exist any proper real field extension of R, and thus R is real closed. ]

Our next goal is to show uniqueness of the real closure. We will need some aux-
iliary results first. The first lemma can already be seen as a weak version of the
transfer principle of Tarski & Seidenberg, that we will later prove.

Lemma1.4.3. Let K beafield and Ry, R, two real closed extensions that induce the same
ordering on K. Then forany p € K|t], the numbers of (different) roots of pin Ry and R,
coincide.

Proof. By Theorem]l.3.3], the number of roots of p in R and R, coincides with the
signature of the Hermite matrix 4 (p) over the respective field. The entries of the
Hermite matrix lie in K, however. Since R; and R, induce the same ordering on
K, this signature is the same in both fields. O

We now need two results on extendability of order-embeddings.
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Lemma 1.4.4. Let R be a real closure of the ordered field (K, P),and K C L C R
an intermediate field with [L : K] < oo. Let p: K — S be an order-embedding into
anotherreal closed field S. Then  admits an extension to L, i.e. anembedding): L — S
that respects the ordering R> N L on L, withvy) = o on K.

(R, R?)

(L,R?N L) 2~ (S,S?)

e

(K, P)

Proof. By the Primitive Element Theorem we have L = K («a/) for some o € L. Let
p € K|[t] be the minimal polynomial of « over K. Then p has in R the zero . By
Lemmall.4.3) p also has a zero in S, and thus there exists at least one extension
: L — Sofy. Letiy, ..., beall of these extension, and assume none of them
preserves the ordering R? N L. Then there are elements by, . .., b,, € Lwithb; €
R? and ;(b;) < 0in S. We now consider the field L' = L(v/by,...,vbn) C R.
None of the 1); extends to L/, since squares must clearly be mapped to positive
elements in S. Thus also ¢ cannot admit an extension to L’ (because that would
also be an extension of some v;), contradicting the first part of the proof. O

Theorem 1.4.5. Let (K, P) be an ordered field with a real closure R, and ¢: K — San
order-respecting homomorphism into another real closed field S. Then there exists a unique
extension): R — S of o, which automatically respects the ordering.

Proof. First note that each homomorphism from L to S is automatically order-
respecting, since positive elements are squares. Now consider the nonempty set

M={(LY)|KCLCRY: LS, Y(R*NL)CS* v =yponK}.

As usually, it is partially ordered by the extension relation, and each chain admits
an upper bound. Thus by Zorn’'s Lemma there exists a maximal element in M,
and by Lemma it must fulfill L = R. So there exists an order-respecting
extensiony: R — S.

For the uniqueness let p € K[t] be an irreducible polynomial. Then p has simple
roots oy < --- < o, in R, and by Lemmal[.4.3]it hasroots 3, < --- < 3, in S
as well. Any extension ¢ maps the «; to the 3;, and since it is order-respecting,
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we must have ¢)(«a;) = f; for all i. Since every element o € R is the zero of some
polynomial over K, 1 is uniquely determined. O

Corollary 1.4.6. The real closure of an ordered field (K, P) is uniquely determined, up
K-isomorphism. Even the isomorphism is uniquely determined.

Proof. If Ry, Ry are two real closures of (K, P), Theorem guarantees the
existence of two uniquely determined K-homomorphisms ¢;: R, — Ry and
19: Ry — R;.Again by uniqueness we must have 1, 01y = idg, (and vice versa),
thus both homomorphisms are isomorphisms. O

Remark 1.4.7. So it makes sense to speak of the real closure of an ordered field,
since it is uniquely determined up to isomorphism. We have seen that even the
isomorphism is uniquely determined! It is known from the algebra course that
alsothe algebraic closure of a field is uniquely determined up to isomorphism, but
here several isomorphisms may exist. For example, both the identity and complex
conjugation yield R-automorphisms of C. A

Example1.4.8. Let
Ry := {a € R | v algebraic over Q}

be the relative algebraic closure of Q in R. From Lemmal[1.2.10|we know that R,
is real closed, and it is thus the real closure of Q. So R is the smallest real closed
field, i.e. it is contained in any other real closed field in a unique way. A

1.5 Semialgebraic Sets, the Projection Theorem, and
the Transfer Principle of Tarski & Seidenberg

In the following let R always be a real closed field, and A an arbitrary subring of
R.Wesetx = (z1,...,x,). For polynomials py, ..., pm € R[z] = Rz, ..., x,]
we define

Or(p1y---,Pm) :={a € R" | pi(a) > 0,...,ppn(a) > 0}

and
Ve(p1, .- pm) i={a € R" | pi(a) =0,...,pn(a) =0}.

In case it is clear which field R we have chosen, we often omit the index R.
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Definition1.5.1. (1) Asubsetof R"iscalled A-semialgebraic, ifitisa finite Boolean
combination (unions, intersections, complements) of sets O(py, ..., pmn) With

pi € Alz]. Instead of R-semialgebraic we also just say semialgebraic.

(47) A set of the form V' (p1, ..., pm) with p; € A[z] is called A-algebraic. Instead

of R-algebraic we also just say algebraic. A

Remark1.5.2. (i) Every A-algebraic setis A-semialgebraic. The condition p(a) =
0 can indeed rewritten as

~(p(a) > 0) A = ((=p)(a) > 0).
In terms of sets, this corresponds to the following Boolean combination:
V(p) = O(p)*NO(-p)*.
(¢7) In the definition of a semialgebraic set we can thus use conditions of the form
p(a) =0, p(a) 2 0, p(a) <0, p(a) >0, p(a) <0
and Boolean combinations thereof. A

Lemma1.5.3. (i) Every A-algebraic setis of the form V' (p) forsomep € Alx].
(ii) Every A-semialgebraic set S C R™ has a description of the following form:

Proof. (i) follows directly from the observation

V1, pm) = V(T + -+ 17,
cf. Definition[1.1.18] For (ii) one first checks that the class of all sets of this form is

closed under finite Boolean combinations. Sinceitclearly containsallsets O(py, . . .

this proves the claim. O

Example 1.5.4. (i) The subset Z C R is not semialgebraic. The graph of the sine
function
{(a,sina) | a € R} C R?

is not semialgebraic. The graph of the exponential function
{(a,e”) [ a e R}

is not semialgebraic (Exercise[17).
(i7) Countable unions and intersections of semialgebraic sets are in general not
semialgebraic (as can for example be seen with Z). A

7pm>;
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We can completely classify the semialgebraic subsets of the line:

Theorem 1.5.5. The semialgebraic subsets of R are precisely the finite unions of intervals
(closed, open, half-open, bounded and unbounded intervals with boundaries from R; in par-
ticular also single points).

Proof. Obviously all intervals are semialgebraic. Conversely, the set of all finite
unions of intervals is closed under finite Boolean combinations. So it is enough
to show that each of the sets

O(p) ={a € R|p(a) >0}

for p € R|x]is such a finite union. By the Intermediate Value Theorem
(i1), a polynomial cannot change its sign in between two consecutive zeros. But a
polynomial has only finitely many zeros, and thus O(p) is indeed a finite union of
(open) intervals. O

Theorem1.5.6. Letpy,...,p, € Alxy, ..., x,] and
p: R — R™
at— (pl(a)a st >pm(a))

the corresponding polynomial map. Then theinverseimagep~ (T) ofany A-semialgebraic
(A-algebraic) set T C R™ is again A-semialgebraic (A-algebraic).

Proof. Forq € Alzy,...,x,] we have

p 1 (0(q)) = {a € R* | ¢(pr(a), ..., pm(a)) > 0} = O(h)

where h := q(p1,...,pm) € Alz1,...,x,]. The general case follows from the fact
that taking inverse images is compatible with Boolean combinations. The case of
an algebraic set is similar. O

Remark 1.5.7. (i) The polynomial image p(V') of an algebraic set V' C R" is in
general not algebraic in R™, and not even a Boolean combination of algebraic
sets. For example, when projecting the set

{(z,y) e R |y —2* =0}

onto the y-axis, one obtains [0, c0). But algebraic subsets of R are either finite or
the full line R. Boolean combinations thereof are thus finite and cofinite sets.

(i1) The A-polynomial image of an A-semialgebraic set is again A-semialgebraic.
This follows from the Projection Theorem, that we will now prove. A
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We start with a technical lemma, saying that the signature of a matrix depends
in a semialgebraic way on its coefficients:

Lemma1.5.8. Foranyn € Nand k € Z, the set

2

{M € Sym,,(R) | sign M =k} C M,(R) = R"

is Z-semialgebraic. The semialgebraic description can be chosen independent of the real
closed field R.

Proof. We prove the claim by induction on n, the case n = 1 is obvious. In the
general case we proceed as in the diagonalization procedure for M as a bilinear
form (a.k.a. the symmetric Gauf3 Algorithm). We write M = (m;;); ; and can as-
sume M # 0. After a suitable change of basis we can even assume my; # 0.
It is one of finitely many fixed base changes that will work, depending on which
entry of M is nonzero. The matrix entries after such a base change can be com-
puted Z-polynomial from the initial entries. The different possible cases precisely
translate to a union of semialgebraic sets.

After assuming my; # 0, the vectors e, := myje; — mye; fori = 2,....n,
together with e;, form a basis R", with respect to which M has the form

miq 0
0o M

for some symmetric matrix M’ of size n — 1. M’ can be computed Z-polynomial
from M, by multiplication with the base change matrix from both sides. Now
for M’ the desired claim is true by induction hypothesis, and this also settles the
general case. O

The following is one of the most important general results on semialgebraic sets.

Theorem 1.5.9 (Projection Theorem). Let.S C R™ x R" be an A-semialgebraic set,
andm: R™ x R" — R";(x,y) > y the projection. Then w(S) C R" is again A-
semialgebraic.

Proof. It is enough to consider the case m = 1, the general case then follows by
iteration. Since the image of a union is the union of the images, and by using
Lemma (i7), we can assume S to be of the form

S=V(p)NnO(q,--,qm)
={(a,a) € Rx R" | p(a,a) = 0,q1(a,a) > 0,...,qn(a,a) > 0},
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with p, ¢; € At,z]. Fora € R" fixed, deciding whether a € 7(S) holds means
deciding whether there exists some o € R with (o, a) € S. We can use the
method of Hermite matrices for this. So we understand all polynomials as poly-
nomials in the variable ¢, parametrized by the variables x:

d dj
p=Y_p@t, g=) gt
i=0 i=0
with p;, ¢;; € Alz]. Fora € R™ and arbitrary h € A[t, x| we set
hq(t) := h(t,a) € R]t].

Applying the method of Hermite matrices requires a case distinction, by the de-
gree of p,. So let
Y :={a € R" | deg(p,) = k},

where we also allows for k = —oo, in case p, = 0. Each of the sets ¥, is A-
semialgebraic in R", since it is defined by the vanishing or non-vanishing of the
pi. The full space R" is a disjoint union of the ¥;. So we are done, once we have
shown that each set 7(.S) N X, is A-semialgebraic.

For k = 0 we have 7(S) N X) = (), since a polynomial of degree 0 has no zeros.
The empty set is clearly A-semialgebraic.

Soassume k > 1. For a € ¥, we write p, = po(a) + p1(a)t + - - - + pr(a)t* with

pi(a) # 0. By Corollary[1.3.7we have

1
acm(S) & sin?-[(—a, Z)>O.
(S)& > sig @

ec{1,2}m k(a)

The entries of the Hermite matrices on the right are all integer polynomials in
the p;(a)/pr(a) and the g;;(a), see Section[1.3| The degree is bounded, depending
on the degree of the appearing polynomials p, ¢;. For computation of the signa-
ture we can clearly multiply all matrices with py(a), for large enough (even) N.
Then all entries are integer polynomials in the p;(a) and the g;;(a), and thus A-
polynomial in . Since all appearing signatures lie in between —k and +#, there
are only finitely many possibilities for these signatures to sum to a positive value.
Each condition on the signature of a single matrix is A-semialgebraic in a, by
Lemmalt.5.8] This proves the claim.

The remaining case is k = —oo, i.e. p, = 0. In this case we can add another
equation to the description of S, without changing 7(S) N X _ . This reduces the
problem to the previous case. A suitable equation is described in the following
lemma. O
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Lemmas1.s.10. Letqy,...,qn € R[t]andsetq := q - - - ¢,,. We consider
p=(01-q.

Ifthereisapointa € Rwithq(a)) > 0, ..., qm(a) > 0, then there is also such a point
with p(a) = 0, additionally.

Proof. The case that g (and thus all ¢;) are constant is clear. We thus assume that
¢ is not constant. Let oy < ay < --- < «, be the zeros of ¢ in R. In none of the
intervals
(—00, 1), (a1, 02), ..., (ap_1,4.), (a, 00)

any of the ¢; changes its sign (Theorem (12)). So we are done, once we have
shown that p has a zero in all of these intervals. In the bounded intervals, ¢’ has
a zero, by Rolle’s "lheore. Since 1 — ¢? takes the value 1 at both ; and a,.,
but is negative for large absolut values (g is not constant!), it must have a zero in
both unbounded intervals as well. O

Corollary 1.5.11. Every A-polynomial image of an A-semialgebraic set is again A-
semialgebraic (cf. Remark[1.5.7(i7)).

Proof. Exerciselfi9] O

Remark1.5.12. Note that the semialgebraic description of 7(.S) in the projection
theorem does only depend on the initial description of .S, and not on the specific
real closed field R. This is immediate from the proof, and admits a strong corol-
lary known as quantifier elimination. A

Let us first introduce some notions from logic and model theory.

Definition 1.5.13. Again let A be a ring. A prime formula over A is a formula of
the type

p(z) >0

wherep € Alz] = Alzy,...,x,]is a polynomial with coefficients from A. A gen-
eral formula over A is then defined inductively. Every prime formula is a formula,
and if , ¢ are formulas, then so are

¥ A ¢7 2 Elxz -
One can also use the well-known logical connectives:

eV, o=, Ve
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as abbreviations for
() A (), —e VY, =(3x(—p)).
We can also understand
p(z) =0 and p(z) > 0
as formulas, as abbreviations for
~(p(z) > 0) A=((=p)(z) > 0) and —(—p)(z) > 0.

The expression p(x) = ¢(x) is short for (p — ¢)(z) = 0.

The appearance of a variable x; in a formula ¢ is called free, if it is not within the
scope of a quantifier dx;. Otherwise the appearance is called bounded. The set
of all variables with a free appearance in ¢ is denoted Fr(y). A formula ¢ with
Fr(p) = () is also called a statement. A

Now let R be a real closed extension field of the ring A. Then every A-formela ¢
with Fr(¢) C {x;,,...,x; } canbe used to define a subset of R". In fact, just take
all elements a = (ay,...,a,) € R", such that the formula ¢ is true in R, when
every free appearance of each x; is replaced by a;. Being true of a statement is
defined exactly as one would expect here (and we will not go into technical details
thus). The set defined like this is denoted ¢(R) :

¢(R) ={a € R" | p(a) holdsin R} .

A statement is either true of false in the field R. The connection to the above is
the following important observation:

Semialgebraic sets are precisely the sets p( R) for quantifier free formulas .
Example1.5.14. (i) Let A = Z and
w: oy (T129 = 1).

Then Fr(yp) = {z2}, and thus ¢ defines a subset ¢(R) of each real closed fiel R.
On easily checks

p(R) = R\ {0}.
(i7) Examples of statements are
w1 Yy (xl >0 — dzg x% = xl)

and
Qo1 Jzy (22 = —1).

We already know that ¢ holds in every real closed field, and ¢ in none. A
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We now obtain the following strong result.

Theorem1.5.15 (Quantifier Elimination). Let A bearing and @ aformula over A. Then
there exists a quantifier free formula ~y over A, with Fr(p) = Fr(y) and

foreach real closed extension field R of A.

Proof. We can proceed inductively over the construction of . Prime formulas
have no quantifiers, so there is nothing to show. Also the two constructions p A ¢
and —¢ do not add quantifiers. So finally assume ¢ = Jz; ¢ and that ¢ is already
quantifier free, by induction hypothesis. For each real closed extension field R of
A, the set p(R) is the projection of the set ¢/( R) along the z;-axis. The set )(R)
is semialgebraic, since ¢ does not involve quantifiers. By the Projection Theorem
[1.5.9| we obtain that also ¢(R) is semialgebraic, and can thus be described by a
quantifier free formula . But we have already observed that v can be chosen
independent of R. This finishes the proof. O

This immediately implies the following strengthening of the above observation:
Semialgebraic sets ave precisely the sets ¢( R) for arbitrary formulas .

Remark 1.5.16. In theory, quantifier elimination can be done algorithmically. As
in the above proof, one proceeds inductively over the construction of the formula.
Every existential quantifier is eliminated by the method described in the proof
of the projection theorem. However, this method is not applicable in practice in
general. A

Example 1.5.17. Consider the following formula over Z:
o: (2 +at+y=0.

We have Fr(¢) = {z,y} and the set o(R) C R? can be understood as the set of
monic quadratic polynomials with a zero in R. Itis well-known that a polynomial
t? + xt + y has a zero in R if and only if its discriminant 2% — 4y is a square in R,
and this happens if and only if it is nonnegative. Thus the following quantifier
free formula defines the same set as ¢, over every real closed field:

2 — 4y > 0. A
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Quantifier elimination is a very strong statement. We can see this for example
that the following corollary, known as the Transfer Principle of Tarski & Seiden-
berg.

Theorem 1.5.18 (Transfer Principle of Tarski & Seidenberg). Let K be a field with two
real closed extension fields Ry, Rs, inducing the same ordering on K. Let o be a statement
over K. Then ¢ holds in Ry if and only ifit holds in Rs.

Proof. Let ~y be a quantifier free statement over K, which is equivalent to ¢ over
each real closed field (Theorem [1.5.15). Now whether + holds in R; is determined

already in K, since no quantifiers are involved. O

Example 1.5.19. (i) If a system of polynomial equations and inequalities (with
polynomials over K) has a solution in some real closed extension field of K, then
is has one in each such field (which induces the same ordering on K). The exis-
tence of a solution can indeed be formulate as a statement over K:

wr, 3o Aps(e) 208 Agila) # 04\ fi2) = 0.

(47) Statements such as the Intermediate Value Theorem [1.2.11] (i7) can be formu-
lated as statements over Z (Exercise18). Since every real closed field contains Q
and induces the unique ordering there, we immediately obtain that the inter-
mediate value theorem holds over any real closed field (however, we have used
this fact in the above proofs leading to the transfer principle already, if one looks
closely enough). But one can obtain many other important results for real closed
fields easily in this fashion. A



Chapter 2

Globally Nonnegative Polynomials

In this chapter we will use our previous insights to study polynomials that are
nonnegative at each point of R". We will start with a positive solution to Hilbert’s
17th Problem, and then examine some special cases more carefully.

2.1 Hilbert’s 17th Problem

Let R be a real closed field. A polynomial p € R[z] = Rlxy,...,x,] is called
nonnegative, if it takes a nonnegative value at each point of R™:

Va € R": p(a) > 0.

If one tries to write down a nonnegative polynomial explicitly, one usually comes
up with something like p = z2. Alittle more general, every sum of squares

p=di++a,

with ¢; € R|[z] is obviously a nonnegative polynomial. This rises the question
whether these are all, or whether there exist nonnegative polynomials which are
not sums of squares. Trying to find an explicit such example turns out to be very
hard. However, already in 1888 Hilbert has shown that there do exist nonnegative
polynomials that are not sums of squares. His proof was not constructive how-
ever, and it took until 1967 until an explicit such example was found by Motzkin.
We will see this example later in these notes. Hilbert conjectured however that ev-
ery nonnegative polynomial is a sum of squares of rational functions, i.e. fractions
of polynomials. This conjecture, which became known as Hilbert’s 17th Problem,

33
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is indeed true, as was shown by Artin in 1926. Using the theory developed in the
last chapter, we can now give a proof.

Theorem 2.1.1 (Hilbert’s 17th Problem). A polynomialp € Rz, ..., x,]isnonnega-
tive if and only if it is a sum of squares of rational functions, i.e. if there exist
¢ a1, - qm € R[z], q # Owith

Cp=qi+ -+

Proof. "<":1f p(a) < 0 for some a € R", there would exists such a with g(a) # 0
additionally. But this would imply (¢?p)(a) < 0, a contradiction to being a sum
of squares.

"=": Let p be nonnegative. We will show that p, as an element of the field R(z),
is nonnegative for each field ordering. The statement then follows directly from
Theorem[L.1.16l

Assume to the contrary that p is negative for a field ordering < of R(z), i.e. we
have p < 0. We denote by R the real closure of R(z) with respect to this ordering.
Then in R the following formula over R is valid:

Jry Jxg -+ 3z, p(xq, ..., 2,) <O.

In fact, we can choose the variables z; themselves, which are elements in R. If
the variables are plugged in for the variables, the polynomial remains unchanged,
and it is negative as an element of R(z) and thus of R.

Since R is a subring both of the real closed fields R and R, the Transfer Principle
implies that the statement also holds in R. So there exists a € R™ with
p(a) < 0, contradicting nonnegativity of p. O

So for every nonnegative polynomial there exists an algebraic certificate that makes
the nonnegativity obvious. However, the certificate involves denominators, which
mightbe surprising, since pitselfis a polynomial. We will examine to what extend
denominators are necessary in the next section.

2.2 Sums of Squares of Polynomials

Let again R be a real closed field throughout this section. We start with the sim-
ple observation that univariate polynomials do not require denominators in the
representation from Hilbert’s 17th Problem.
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Theorem 2.2.1. Let p € R|[t] be a univariate polynomial. Then p is nonnegative if and
only if p is a sum of two squares of polynomials.

Proof. Factor pinto irreducible factors, which by Theorem[1.2.11]are all of the form
t —aor(t—a)®+b*witha,b € R,b # 0. Polynomials of the second type are
obviously sums of two squares. But each factor of the form ¢ — a must appear with
an even power, since otherwise p would take negative values either left or right of
a. Since the product of sums of two squares is again a sum of two squares (see the
following remark), this proves the claim. O

Remark 2.2.2. In any commutative ring A we have for a, b, c,d € A:
(a® 4+ b*)(c* + d*) = (ac + bd)* + (ad — bc)?. A

Another easy case is that of quadratic polynomials. We need the following lemma
first:

Lemma 2.2.3. Let M € Sym,(R) be a symmetric matrix. Then the following are equiv-
alent:

() v'Mv > 0forallv € RY.
(ii) Thereis S € GL4(R) with S'M S = diag(ay, . . .,aq) and a; > 0foralli.
(ii1) All principal minors of M are nonnegative (in R).
(iv) M =" vl forsomem € Nandv; € R°.
@) M =S ot forsome v, € RO
Proof. For R = R, the statement is well-known from linear algebra. The general
case is proven in exactly the same way, and also follows directly from the transfer

principle. O

Definition 2.2.4. A matrix M € Sym,(R) fulfilling the conditions from Lemma
is called positive semidefinite. A

Theorem 2.2.5. Letp € R|xy,...,x,| bea polynomial of degree 2. Then p is nonnega-
tive if and only if it is a sum of squares of polynomials of degree 1.
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Proof. We can assume that p is homogeneous of degree 2. In fact we can homo-
genize p with the new variable x, i.e. we multiply each term with z, until is has
degree 2. It is easy to see that the resulting polynomial is still nonnegative, if p
was. If the homogenized polynomial is a sum of squares of linear polynomials,
we obtain the desired representation for p by setting z, to zero.

Every homogeneous quadratic polynomial is of the form

n
p=z'Mx = E M Ti %

ij=1

for a symmetric matrix M = (m;;), ; € Sym,, (R). Nonnegativity of p is now just
condition (;) from Lemmal|2.2.3} so M is positive semidefinite.
If we then write M = " v} for certain v; € R"™ (condition (iv) from Lemma

[2.2.3), we obtain
e (Z ) z=3 ()"

7 %

This is the desired sums of square representation. O

Remark2.2.6. Hilbert has shown thatalso each nonnegative polynomialin 2 vari-
ables of degree 4 is a sum of squares of polynomial. The proof is quite involved,
so we do not cover it here. A

In all other cases there do exist nonnegative polynomials which are not sums of
squares of polynomials. This was also already shown by Hilbert in 1888, but the
first explicit such example is the Motzkin polynomial from 1967:

rvhy? + 2%yt — 3%y + 1 € Z[x,y).

Theorem 2.2.7. The Motzkin polynomial is nonnegative.

Proof. 1st version: For positive numbers a,b, ¢ > 0 we know that the geometric
mean is smaller or equal than the arithmetic mean:

Vabe <

(a+b+c).

Wl =

By settinga = 1,b = 2%y?, ¢ = 2%y* we obtain the result.
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Figure 2.1: Graph of the Motzkin polynomial

2ndversion: Let p be the Motzkin polynomial. The following identity is easily checked
to be true:

(1+2%)-p=(1-2*")?+2*(1 - y*)* + 2*°(1 — 2*)°.

This is a sums of squares representation with denomintor, which proves nonneg-
ativity, as we have seen in Theorem[2.1.1,

3rd version: Again let p be the Motzkin polynomial. The following identity is easily
checked to be true:

P ) =g+ + a5+ 34+ 3¢ + 34

with
2 1,45 1,6, 3 2 1,.3,6 1,5 4
G =2Y—5TY 3Ty, =y — 5Ty — 5Ty,
1,2 4 1, .4 2 2.4 4. 2
@=1—32%y —307y", =2y —ay,

3,6 5,4 4,5 6,3
5 =LY —TY, G=TY —TY.

So p(x?,4?) is a sum of squares of polynomials, and thus clearly nonnegative.
Since every real number admits a third root, this implies nonnegativity also of
p. O]
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We now want to show that the Motzkin polynomial is not a sum of squares. This
can be done very elementary, but for an elegant proof we need some preliminar-
ies.

Definition 2.2.8. Letp € K|x1,...,z,| be a polynomial over the field K. Write
P = aenn Pax®, where 2 = 7" - - - 20" and p, € K. The Newton polytope of
pis defined as

N(p) := conv{a € N" | p, # 0},

i.e. as the convex hull in R” of the powers that appear in p. A

Example2.2.9. The Newton polytope of the Motzkin polynomial is the convex hull
of the points (0, 0), (2, 2), (4, 2), (2,4) in the plane:

A

The Newton polytope carries information about the behavior of the polynomial
function at infinity. We will now make this precise. Forv € R" and d € R con-
sider the halfspace

H,q:={aecR"| (a,v) >d}.

It is well-known that each polytope is the intersection of all its containing half-
spaces.

Lemma 2.2.10. Let R be a real closed field andp € R[zy,...,x,]. Forv € Q" and
d € Q the following are equivalent:

(Z) N(P) g Hv,d-
(11) Foreacha € R™ we have

lim [t plart™, ..., @t
tl\I‘%‘ p(al ) @ )|<007

i.e. along the curvest — (a1t™, ..., a,t'") fort \, 0, the polynomial p grows at
most of degree d.
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Proof. Writep = > pox® withp, € R.
()= (i7): By assumption we have («, v) > d for all « € N" with p, # 0. Thus

All exponents here are nonnegative, and this implies (i7).

(i1)= (i): Assume there exists an exponent o € N" with p, # 0and (o, v) = e <
d. Choose e minimal and let {a"), ... a(™} be the set of all such exponents a.
Thereisapointa € R" withy := """, p,» a®” # 0. Then

et at™) =31

where all terms in h have a degree larger than e — d in ¢. Since e — d is negative,
the expression is unbounded for ¢ \ 0. O

Now the crucial corollary for sums of squares representations is the following:
Corollary 2.2.11. Forallp,q,q1,. .., qn € R[x]we have:
@ N(p*) =2N({p) (={2a]aeN(p)}).
(13) Ifp, q are nonnegative, then N'(p) C N(p + q).
(iii) Forp = ¢; + - + q2, we have N (¢;) € 3N (p) foralli.

Proof. (i): Forv € Q" and d € Q we have N'(p?) C H, 4if and only if for all a the
function t~4p(a,t**, ... a,t'")? remains bounded for ¢ \, 0, by Lemma .
But this is clearly equivalent to

= 2p(ayt™, ... ant®™)

being bounded, and thus to N'(p) C H, 42 = %Hv,d, i.e. 2N (p) C H, 4. But two
polytopes that are contained in the same (rational) halfspaces coincide.
(i): Let N(p+q) C Hyq,ie.

¢ (p(art™, ... ant™ ) + q(ait™, ..., a,t*"))

remains bounded for ¢ \, 0. Since p and ¢ are nonegative, also the expression
with p alone is bounded, and thus N'(p) C H, 4. This again proves the claim.
(127) is immediate from (2) and (¢7). O
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Theorem 2.2.12. The Motzkin polynomial is not a sum of squares of polynomials.

Proof. Assumep = ¢f + --- + ¢2,. Then N'(¢;) C 3N (p) for all ¢, by Corollary
. But this means that only the monomials 1, xy, 2%y, x> can appear in the
q;-

The monimial 2%y thus arises in ¢? in a unique way, as the square of the mono-
mial zy. In particular, its coefficient is nonnegative, and thus the coefficient of
2?y? in p would also be nonnegative. But this coefficient in p is actually —3, a
contradiction. O

Remark 2.2.13. One can add an arbitrary positive constant to the Motzkin poly-
nomial, and it will still not be a sum of squares of polynomials, by the same ar-
gument. So there exist very positive polynomials that are not sums of squares of
polynomials. A

We will extend our examination of sums of squares a little further. Using Newton
polytopes, we can give an elegant proof of the following result.

Lemma2.2.14. Letqy,...,qn € Rlxy, ..., x,)andp = @2 + -+ + ¢2,. Then
deg(p) = max{2-deg(q;) | i =1,...,m}.
Proof. "<" is obvious. Now note that

de = max (a,e
glg) = max (a,€)

holds fore = (1,...,1), for all polynomials ¢. Thus Corollary[2.2.11](ii7) implies

de = max (a,e) > max (a,e) =2 - max (a,e) =2 -deg(q),
g(p) aeN(p)( >/a€2N(qi)< ) aeN(qi)< ) 8(q:)

forall . O
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Now let us introduce Gram matrices of polynomials. By R|[z]; we denote the R-
vectorspace of all polynomials inz = (x1,...,z,) of degree < d. We again use
the notation

a

%=t

o and |a| = a1 + -+ .

The space R[z], has for example the monomial basis
Xg=(2)penn jajca = (L, 21,22, ... X2 T Ty, . ),
and its dimension is A, := (/). Now we consider the following linear map:
G: Symp,(R) — Rlzlog; M — XiMX,.

For M = (mag),,| |5<4 We thus have

GM)= > mapzz’ = > g |27
ol JBl<d m<2d \ o=y
ol Bl <d

The map G is obviously surjective. For p € R[z]s, the set
G (p) ={M | XsMX, = p}
is thus a nonempty affine subspace of Sym ,(R?).
Definition 2.2.15. The elements of G~!(p) are called the Gram matricesof p. A

Example 2.2.16. R[z1,x2]; has the monomial basis X, = (1, x;, z2). The Gram
map
G: Symg(R) — R[Z‘l,IQ]Q

thus has the following form:

a b ¢ a b ¢ 1
b d e — (1,I1,ZE2) b d e 1
c e f c e f X

= a + 2bxy + 2cxy + da? + 2ex a9 + fh.
The polynomial 2% — 215 + 23 + 22, — 27 + 1 for example has the Gram matrix

1 1 -1
1 1 -1
-1 -1 1

In this example, every polynomial has a unique Gram matrix. But for d > 2 this
fails. A
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Theorem 2.2.17. A polynomial p € R|x]oq is a sums of squares of polynomials if and
only ifit admits a positive semidefinite Gram matrix M . Inthis case pis a sum ofrank(M)
many squares, in particular of at most (") many.

Proof. Let M € Sym, (RR)beapositive semidefinite Gram matrix of p. By Lemma
We can find rank(M) many vectors v; € R* with M = Y. v;v!. This im-
plies

p=XGMX, =) XpwiXy=) (1 X,)",

i i

i.e. pis a sum of squares of polynomials, since v! X ; € R[z]q.
Let conversely p = Y. ¢? be a sum of squares representation of p with ¢; € R|z].
From Lemmalz2.2.14lwe obtaing; € R[z], foralli. We can thuswrite ¢; = v! X, for
some v; € R4, i.e. v; is precisely the vector of coefficients of ¢; in the monomial
basis. We obtain

p=Y (X, =) XpwlX,= X} (Z ) Xy,

i
and p thus possesses the positive semidefinite Gram matrix >, v;v}. O

Example 2.2.18. (i) The (only) Gram matrix of p = 2 — 27129+ 235+ 22, — 229+ 1
from Example is positive semidefinite. We can even write it as vv’ with
v = (1,1, —1)". This implies p = (z; — x5 + 1)2.

(13) Changing this slightly to p = 23 — 22129 + 23 + 221 — 279, the (only) Gram
matrix of p has a zero in the upper left corner. The upper left 2 x 2 minor is —1,
and therefore p is not a sum of squares. A

Remark 2.2.19. We have seen that each sums of squares representation of p leads
to a positive semidefinite Gram matrix. Conversely a positive semidefinite Gram
matrix can lead to different sums of squares representations, since the decompo-
sition M = ), v;v! is not unique in general. However, the positive semidefinite
Gram matrices correspond to equivalence classes of similar sums of squares rep-
resentations, when defined in the right sense. A

Sometimes the Newton polytope gives a better bound on the number of squares
needed in a representation of a polynomial.

Theorem 2.2.20. Letp € R[zy, ..., x,) be a sum of squares of polynomials, and let
r=[tN(p) NN"|

be the number of integer lattice points in LN (p). Then p is a sum of r squares of polynomi-
als.
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Proof. Ifp = ¢? + - -- + ¢2, for some ¢; € R|[x], then in each ¢; we can only have
exponents from 3\ (p), by Theorem (¢i7). So if we write

.t
qi = Ui_dX )

in all of the v; we have at most the same r entries nonzero. Thus the rank of M =

>, vulisat most r, and since M is a positive semidefinite Gram matrix of p, the
claim follows from Theorem|2.2.17. O

Example2.2.21. Ifa sum of squares has the same Newton polytope as the Motzkin
polynomial, it is a sum of at most 4 squares:

The general upper bound from Theoremis only (*}?) = 10 here. A

3

In the following chapters we will examine polynomials that are nonnegative not
globally, but only on certain semialgebraic subsets of R". For this we will first
develop the theory of ordered rings.
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Chapter3

Ordered Rings

Let A be a commutative ring with 1 throughout this chapter. Ring homomor-
phisms are assumed to map 1 to 1. If A is an integral domain, we denote its field
of fractions by Quot(A). Again we will denote by R a real closed field.

3.1 Preorderings, Orderings and the Real Spectrum

Definition 3.1.1. A preordering on A isasubset 7' C A with
T+TCT, T-TCT, A*CT, —-1¢T.
The set T'N —T is called the support of 7" and denoted by supp(7T'). A

The definition of a preordering is the same as for fields. However, there are dif-
ferences regarding its properties.

Remark 3.1.2. (i) The set X A? of sums of squares in A is a preordering if and only
if —1 ¢ Y. A% In that case it is again the smallest preordering, i.e. contained in
any other preordering.

(12) If % € A, then every element from A is a difference of two squares, as in
Remark(1.1.11 The condition —1 ¢ T can thus be replaced by 7' # A again.

(¢i7) Let A = R[z| = R[z1,...,x,] be the polynomial ring over the real closed
field R. For every nonempty subset S C R™ we obtain the preordering

Ts :={p € Rlz] | p(a) > 0Va € S}.
We have
supp(Ts) =Ts N —Ts = {p € R[z] | p(a) = 0Va € S}.

45
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For certain subsets S the support thus contains more than just the zero polyno-
mial. This cannot happen in fields, as we have shown in Remark|i.1.11. Its proof
in fact used division by elements, which is impossible in general rings. A

Lemma3.1.3. IfT C Aisapreorderingwith T U —T = A, then supp(T) is an ideal
in A.

Proof. Setp :=T N —T.ThenO0 € pand p + p C pis clear. We also clearly have
+T -p Cp.From A =T U —T thus follows A - p C p. O

Definition 3.1.4. An ordering on A is a preordering P, for which PU —-P = A
holds, and for which supp(P) is a prime ideal of A. A

Example 3.1.5. (i) The preordering Ts of R[z] from Remark[3.1.2]is an ordering if
and only if | S| = 1.

(i) If A = K is afield, the new notion of an ordering coincides with the old one.
By Remark|1.1.11](¢4¢) we in fact have supp(P) = {0}, which is a prime ideal in K
(the only one).

(13i) If p: A — Bisaringhomomorphismand P C B anordering, then o ~!(P)
is an ordering of A. We have supp(p~!(P)) = ¢! (supp(P)). In particular, for
each integral domain A, we obtain via the embedding

A C Quot(A)

an ordering with support {0}, for every field ordering of Quot(A)

(iv) Let P C A be an ordering with p := supp(P). Let A/p be the factor ring
modulo p and 7,: A — A/p the canonical projection. Then P := 7,(P) is an
ordering of A/p with supp(P) = {0} (Exercise|zs).

(v) Consider the embedding R[t] C R(t). On R(t) we have the orderings

Payy Pa s Pos, P,

see Example[1.1.4)(i7). These orderings induce orderings on R[t] with support {0}.
For example, we have

P, ={p€R[t]|Fe>0:p>0o0n(a,a+e)}U{0}.
But on R[t] we have more orderings! One example is

P, ={p € R[t] | p(a) = 0}



3.1. PREORDERINGS, ORDERINGS AND THE REAL SPECTRUM 47

where we have

supp(F%) = {p € R[t] | p(a) =0} = (t — a).

We now observe P,, C P,and P, C P,. Forexample, wehavet —a € P,\ F,_

anda —t € P, \ P,,.
P,
Py P,

Such phenomena cannot occur in fields, as we have seen in Remark[1.1.11(iv). But
the ordering P, does indeed not come from R(t).

(vi) As for fields, one can understand P as the set of elements larger than zero,
with respect to a binary order relation < on A. The axioms then translate to cer-
tain compatibility properties with the ring operations, similar to the case of a
field. But now it can happen that both @ < 0snd a > 0 holds, without a being
zero (exactly if a € supp(P).) The relation is thus not necessarily antisymmetric.
If we visualize the ordered ring by a line, it thus looks as follows:

-P 0 P
—_— ——e——
supp(P) A

Lemma3.1.6. Let P, P, P" be orderings on A. We then have:
(i) P C P' = supp(P) C supp(P").
(i) P C P’ supp(P) = supp(P’) = P = P'.

(iii) PC P, PCP'=P CP'orP"CP.

Proof. (i) is obvious. For (i7)leta € P\ P. Then —a € P C P’ andthusa €
supp(P’) = supp(P) C P, a contradiction. For (iii)leta € P\ P”and b €
P\ P'.Setc = a — b.Now ¢ € P would imply ¢ € P” and thusa € P”,
a contradiction. But on the other hand, —¢ € P would imply —¢ € P’ and thus
b € P’ alsoacontradiction. This yields a total contradictionto PU—P = A. [

As for fields, we now examine how preorderings on rings can be enlarged.

Lemma 3.1.7. Let T C A be a preordering and a,b € Awithab € —T. Then either
T + aT orT + VT is again a preordering.
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Proof. We only have to show that —1 is not contained in one of the two potential
preorderings. So assume that we have identities

—1:t1+a81 and —1 :t2+b82,
for certain ty, to, 1, so € T This implies
(1 + tl)(l + tz) = &68182

and thus
—1= tl + tg + tltg — ab8152 c T,

a contradiction. O
Theorem 3.1.8. Every preordering of A is contained in an ordering of A.

Proof. Let T be a preordering. Just as in the proof of Theorem 1.1.15|we use Zorm’s
Lemma to choose a maximal preordering that contains 7. Now let a € A. Since
a(—a) = —a* € —P, we obtain from Lemma3.1.7that either P+ aP or P — aP
is a preordering. Maximality of P thus implies eithera € P or —a € P. Sowe
have shown PU—P = A. Lemmaf.1.3jnow implies that p := supp(P) isanideal,
and what remains to show is the prime ideal property. So assume a,b € A fulfill
ab € p,buta ¢ p. Sowe either have a ¢ P or —a ¢ P. Let's assume w.l.o.g. that
a ¢ P (just replace a by —a in the other case). Then P + aP is not a preordering
anymore, by maximality of P. So Lemma[3.1.71and maximality of P imply:

abe —P = P+ bPisapreordering = P=P+bP>30
a(-b) e =P = P —bPisapreordering == P=P—-bP>—b

But this just means b € p. O
Corollary 3.1.9. Aring possesses an ordering ifand onlyif —1 ¢ S A2,

Definition 3.1.10. (i) A ring is called semireal if —1 ¢ Y A?. It is called real if
a?+ -+ a? = 0alwaysimplies0 = a; = ... = a,,.

(¢i) Anideal I C Ais called semireal/real, if A/I is semireal/real. JAN

Remark 3.1.11. (i) Real implies semireal.
(i1) For fields, the notions real and semireal coincide, as we have already seen in

Definitionf1.1.18l.



3.1. PREORDERINGS, ORDERINGS AND THE REAL SPECTRUM 49

(i13) For rings, the two notions are not equivalent. For example, consider
A= Rlz,5)/(5* + ).

Then Ais not real, since 22 +4? = O holdsin A, where x, y # 0. But A is semireal.
To see this, note that elements from A can be evaluated at the origin, and sums
of squares will be nonnegative there.

(iv) A ring is semireal if and only if it admits an ordering (Corollary[3.1.9). An
integral domain is real if and only if it admits an ordering P with supp(P) = {0}.
To see this, let first be P such an ordering, and assume a? + - - - + a2, = 0. If we
resolve for a? we get a? € supp(P) = {0} and thus a; = 0 for all 4, using that A
does not have zero divisors. Let conversely A be real. Then Quot(A) is areal field,
as is easily checked. So Quot(A) admits an ordering (which has trivial support),
and this induces an ordering on A with trivial support.

(v) An ideal is semireal if and only if it is contained in the support of an ordering.
A prime ideal is real if and only if it is the support of an ordering, by (iv). A

Proposition 3.1.12. Let A be an integral domain and K = Quot(A). Then the field
orderings () of K are in bijection with the ring orderings P of A with supp(P) = {0}.
The bijection is as follows:
Q—QNA
a
P — Quot(P) := {5 | ab € P}.
Proof. Exercise [26] O

For a general prime ideal p of A we consider its residue field

Ky := Quot(A/p).
There is a natural ring homomorphism
pp: AR Alp B K,
where 7, is the canonical projection (with kernel p), and ¢,, is the inclusion into the

die quotient field. The following results shows that the notion of a ring ordering
can be reduced completely to the field case:
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Theorem 3.1.13. There is a bijection between the set of all ring orderings P of A, and the
set of all pairs (p, Q)), where p is a prime ideal of A and Q) is a field ordering of its residue
field KK,,. The bijection is as follows (using the notation from Proposition[3.1.12):

P > (p := supp(P), Quot(y(P))
(0, Q) = p, Q).

Proof. For aring ordering P of A we already know that Quot(m,(P)) is an order-
ing of the field K,. This follows from Example (iv) and Proposition3.1.12]
Conversely, for any ordering @ of the field K, the inverse image p,'(Q) is an
ordering of the ring A, as seen in Example[3.1.5|(iii).

We now show that both constructions are mutually inverse. First take some P and
set p := supp(P). Then

oy (Quot(my(P)) = 7, (my(P) = P+ p = P.

For the first equation we have used Proposition[3.1.12] If conversely (p, Q) is given,
we have

P = p, Q) =m, (1, 1(Q)).

Since ;' (Q) is an ordering of A/p with support {0} by Proposition[3.1.12], the

support of P is exactly p (cf. Example[3.1.5|(ii2)). If we apply m, to P, we obviously
get 1! (Q), and by Proposition We are done. O

Definition 3.1.14. Let A be a ring. The set of all orderings of A is called the real
spectrum of A:

Sper(A) : = {P C A | P ordering}
= {(p, Q) | p prime ideal, () ordering of K} . A
Example 3.1.15. (i) A real closed field R has exactly one ordering, so Sper(R) is a

singleton. The same is true for Sper(Q).
(i) Let A = R[t]. We have already constructed the orderings

P, FPa_; FPo, Fa,, P

in Example[3.1.5|(v). Nowlet P = (p, Q) be anarbitrary ordering of A. Since Aisa
principal ideal domain, every ideal is of the form (p) for some p € A. Primeideals
are generated by irreducible polynomials (or zero). Ifp = (0), then by Proposition
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B.1.12)the ordering P comes from R(t), and is thus one of the P_,, P,_, Py, Po.
Ifp = ((t — a)* + b*) with b # 0, then

Ky = A/p = RIi]
which is easily checked. Thus K, is not real. For p = (¢ — a) we have
Ky =A/p=R,
and () is thus uniquely determined. Here, p,: A — R isjust the point evaluation
in a, and thus P = p,*(Q) = P,. So we indeed already know all orderings of A:
Sper (R[t]) = {P-oc, Pa_, FPu, P

[ )

Py |a€R}.

(13i) For A = 7Z one can check directly that ©Z? is the only ordering. Alternatively,
we can use Theorem [3.1.13]as follows. The prime ideals of Z are (0) and (p) with
p € Z prime. We have K,y = Z/(p), and since char(K,)) # 0, this field is not
real. We further have K o) = Q, and here we have the single ordering ¥Q?. Thus
the only ordering of Z is XQ? N Z = XZ>. A

We will now introduce a point of view that might look very abstract at first, but
has some nice conceptual advantages later on. Although the approach is strictly
speaking not necessary to formulate the coming results, it makes them look much
more illuminating.

We can understand elements of A as functions on Sper(A), evenif Aisan abstract
ring. Fora € Aand P = (p, )) € Sper(A) we define

a(P) = a(p,Q) = ppla) € K,.

So when applying a to P, the element a € A itself is mapped to the residue field
of p = supp(P), via the canonical homomorphism. Note that the image a(P)
might lie in different fields, depending on P. To make it uniform, we must say

a: Sper(A) — U K,.
p prime
Also note that the element a(P) only depends on the support p = supp(P) of P.

Example 3.1.16. (i) For a real field K’ we know that p = supp(P) = {0} holds for
all P € Sper(K). Thus always K, = K and p, = id. We obtain

a: Sper(K) - K
P—a
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foralla € K, 1i.e. each element induces a constant map.
(i1) For any real closed field R, we can understand R" as a subset of the real spec-
trum Sper R[zy, ..., x,) of the polynomial ring, by identifying a € R™ with

P, ={p € R[z] | p(a) = 0}.
In this setup we have

p =supp(Fa) = {p € Rlz] [ p(a) =0} = (21 — a1, ..., 20 — an)

and thus p,: R[z] — Risjust point evaluation in a. So

p(P) = pla),

i.e. the function p coincides on R" with the polynomial function p. But note that
Sper R[z] has more elements than just the P,, on which p is also defined, and on
which it might take values in other fields.

(4i7) In case A = R|[t| we have determined Sper(A) completely. We have elements
P,witha € R,and p(P,) = p(a) holds, as shown in (i7). But for P,, we havep =
supp(F,,) = (0), thus K, = R(t) and p,: R[t] — R(t) is just the embedding.
The same is true for the orderings P, , P_,, and P,,. For p € R|t] we thus have

p: Sper(R[t]) = RU R(t)
P,—pla) € R

Py, P, ,P_o, Py p€R(). A

a+>

For the just defined functions we can now define a notion of positivity. Fora € A
and an ordering P = (p, (), a(P) is an element of K, and () is and ordering of
this field. We now define

a(P)>0 = a(P)>q0inkK,
a(P)>20 &= a(P)>¢0inkK,
a(P)=0 = a(P)=0inK,.

Q>

Here we now really use (), whereas for the definition of a(P) only p = supp(P)
was relevant. For the reader who does not like these abstract function approach,
the same can state without it. From the correspondence in Theorem[3.1.13|we get

a(P)>0 < a¢-—-P
(P)>0 < a€cP
a(P)=0 < ae€supp(P).

Q>
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Remark3.1.17. Understanding elements from aringas a function on Sper(A), al-
though quite abstract and strictly speaking not necessary, has some great advan-
tages. For example, we can often do computations in the ordered fields (K, Q),
with which we are already very familiar. But more importantly, it allows to under-
stand some results as geometric Positivstellensitze, where the more elementary
formulation wouldn't make this clear.

Theorem [1.1.15|and Theorem [1.1.16) from the first chapter are such examples. For

the preordering of sums of squares in a field, the initial formulation was

ﬂ P = K2

P ordering

In words: if an element belongs to every ordering of K, then itis a sum of squares
(and vice versa). This is algebraic and quite elementary, but does not admit a di-
rect geometric interpretation. But now we can also look at it as follows. An ele-
ment a is contained in every ordering if and only if the function a is nonnegative
on the whole of Sper(K’). So suddenly the result looks like an abstract Positivstel-
lensatz:

a > 0on Sper(K) & a € XK*.

For Hilbert’s 17th Problem we applied this to K = R(z), and we could even relax
the abstract positivity on Sper (R(z)) on the left to a much more concrete one,
namely positivity on R". This turned the abstract Positivstellensatz into a con-
crete Positivstellensatz (Hilbert’s 17th Problem):

p=0onR" & pe XR(x).

Reducing the abstract positivity to concrete positivity was the hardest part in the
proof, we had to use the transfer principle and knowledge about real closures.
However, this hard part also works for the polynomial ring, as we will now show,
in a slightly more general version even. A

Theorem 3.1.18. Let R be a real closed field and p1, ..., pr q1, -, qs, f1,---, ft €
Rlxy, ..., x,)]. Then the following are equivalent:

(1) Thereexistsa € R™ with

pi(a) =0,...,p(a) >0
q(a) #0,...,qs(a) #0
fi(a)=0,..., fi(a) =0
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(ii) Thereexists P € Sper(R|[z]) with

ﬁl(P)>O’ 7]§r(P>>O
@ (P)#0,...,4s(P) #0
AI(P):Oy 7ft<P):0

In particular, if some p € R|x] is nonnegative as a function on R"™, then p is nonnegative
as a function on Sper(R|x]).

Proof. (i) = (i7) is clear from the fact that R" embeds into Sper (R|z]), by identi-
fying a with
P, ={p € R[z] | p(a) = 0}.

For (ii) = (i) let P = (p, Q) be given as claimed. Let p,: R[z] — K, be the homo-
morphism to the residue field and R the real closure of K, with respect to ():

T
Rz] — (K. Q)

N

R

In K, and thus also in 1 we then have:

0 < p;(P) = pp(pj) = pi(pp(T1), - - -, pp(0))
0 # éj(P) = pp(qy) = qy‘(ﬂp(xl)a . aPp(%))
0= f5(P) = py(f;) = fi(pp(x1).- ., pplan))

So in R™ the point (p, (1), ..., pp(,)) fulfills all the desired equalities and in-
equalities, and by the Transfer Principle[r.5.18|there exists such a point in R" as
well. O

In the next section we will prove some abstract Positivstellensitze for arbitrary
rings, similar to Theorem [1.1.15|for fields. Using Theorem 3.1.18|they can then be

turned into concrete Positivstellensitze for the polynomial ring.
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But let us first continue with the study of the real spectrum of rings. So let again
be A an arbitrary ring. For ay, ..., a,, € Awe set

O(ay,...,an) :={P € Sper(A) | a;(P) > 0,...,a4,(P) > 0}
V(ai,...,ay) :={P € Sper(A) | a1(P) =0,...,a,(P) =0}.

Without the function notation we have

O(ay,...,an) ={P € Sper(4) | ay,...,an ¢ —P}
V(ay,...,ay) ={P € Sper(A4) | ay,...,a, € supp(P)}.

Definition 3.1.19. A semialgebraic subset of Sper(A) is a finite Boolean combi-
nation of sets of the form O(ay, . .., a,,), with a; € A. YAN

Remark 3.1.20. Itis easily checked that Lemmal[1.5.3/holds here as well, i.e. every
semialgebraic set can be written as

U V(@) O, ... bim,))
for certain a;, b;; € A. A
Example 3.1.21. If R" is embedded into Sper(R|[z]) as in Example[3.1.16|(i7), then

the semialgebraic subsets of Sper(R[z]) induce exactly the already defined semi-
algebraic subsets of R". A

Definition 3.1.22. Let A be aring.

(1) The spectral topology on Sper(A)has the sets O(ay, ..., a,,) as a basis of
open sets. The open sets are thus arbitrary unions of such sets.

(¢i) The constructible topology on Sper(A) is the topology having all semialge-
braic sets as a basis of open sets. For example, the sets O(ay, . .., a,,) and
their complements form a subbasis. A

Obviously, the constructible topology is finer than the spectral topology, i.e. it has
more open sets.

Theorem 3.1.23. Foranyring A, the constructible topology on Sper (A) is Hausdorffand
quasi-compact (i.e. it has the finite open covering poperty). The spectral topology is also
quasi-compact, but not Hausdorffin general.
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Proof. Take P,Q € Sper(A) with P # . Then w.l.o.g. there exists some a €
P\ Q.Sowehave ) € O(—a)and P € O(—a)¢, and thus P and () are separated
by two disjoint open sets. So the constructible topology is Hausdorft.

The space Sper(R][t]) for example, equipped with the spectral topology, is not
Hausdorft. Some ordering P, belongs to O(p) if and only if p(a) > 0. But then p
is strictly positive on some interval (a — €, a+¢), and thus pis also strictly positive
at P,_and P,, . Sonone of these two orderings can be separated by disjoint open
sets from P,.

We will now show quasi-compactness of the constructible topology. This implies
quasi-compactness of the spectral topology, since it has less open sets. We un-
derstand Sper(A) as a subset of

{0,1}" = {g9: A = {0,1}}

by identifying a subset P C A with its characteristic function. The finite set
{0,1} is clearly quasi-compact with respect to the finest topology, and by Ty-
chonoff’s Theorem, the product space {0, 1}* is thus also quasi-compact. The
product topology is the coarsest topology that makes all projections continuous,
and the projections are just the evaluation maps in points of A, if elements from
{0, 1} are understood as functions on A. On Sper(A), the induced topology is
thus generated by sets O(a) and their complements, i.e. it is the constructible
topology. Since closed subsets of quasi-compact spaces are quasi-compact, it suf-
fices to show that Sper(A) is a closed subset of {0, 1}*. So take

M € {0,1}* \ Sper(A)

i.e. M C Aisnotan ordering. We will construct an open set O that contains M,
but no element from Sper(A). M can fail to be an ordering for different reasons.
For example, there might exista,b € M with a + b ¢ M. Inthis case,

O={NCAla,beN,a+b¢ N}
is such a set. All other possibilities are proven similarly (Exercise[28). O

For the polynomial ring R[z|, we have seen that R" embeds into Sper(R|z]), and
the latter space is quasi-compact with respect to both topologies defined by semi-
algebraic sets. The space R" is clearly not quasi-compact, the spectral topology
for example induces the Euclidean topology on R™. As it turns out, the larger
space Sper(R|[z]) is not too large, and thus serves as a compactification of R".
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Corollary 3.1.24. R" isdensein Sper(R|[z]), with respect to the constructible (and thus
also the spectral) topology.

Proof. Thisis adirect consequence of Theorem[3.1.18}, to be spelled out in Exercise
29l O

3.2 Positivstellensitze for Rings

For fields we have proven inTheorem [1.1.16|that

ﬂ P =%K?

P ordering

or respectively
a>0on Sper(K) < a € YK

holds. This statement is not true for all rings. Theorem implies that the
Motzkin polynomial belongs to each ordering of A = R|[z, y], but it is not a sum
of squares in A, as we have seen. So we have to adapt Theorem 1.1.15|suitably to
the ring case.

Proposition 3.2.1. Let A bearing, T a preordering, I anideal, and G a multiplicatively
closed subset of Awith 1 € G. Then the following statements are equivalent:

(i) Thereismnoordering P € Sper(A) with

t(P)=0forallt €T (i.e.T C P)
i(P)=0forallieI (ie. I C supp(P))
G(P)#0 forall g € G (i.e. G Nsupp(P) = 0).

(ii) Thereexisti € I,g € Gandt € Twithg® +t = 1.

Proof. (ii) = (i) is easy: a possible counterexample P = (p, Q)) € Sper(A) would
yield

~

0=i(P) =g+ t(P) = §(P)* + i(P) > 0,

a contradiction in the ordered field (/,, Q).
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(i) = (i1): Set B := A/, consider the canonical projection m: A — B and set
G = 7(G),T = n(T). Since G is a multiplicatively closed subset of B, we can
consider the localization of B by G, i.e.

—_ b —_
C:=G 1B:{§]aeB,beG},
where we have the usual equivalence relation:
~=— & f(bh—cg) =0 forsome f € G.

There is again a canonical homomorphism, namely

t: B— C; br—>%

So in total we have the following diagram
A5 B=A/I4%C=G 'B.

Now consider
t _ _
T’:={—2|teT,geG}gO.
g

We distinguish two cases.

1stcase: —1 € T',i.e. f(¢g> +t) = Oforsomet € T,f g € G. This implies
(fg)? + f?t = 0in B, and by pulling everything back via m we obtain the desired
identity in A.

2nd case: —1 ¢ T", soT" is a preordering of C. By Theorem [3.1.8there exists an
ordering P’ of C'with 7" C P’. Then the inverse image

P:=(tom) (P

is an ordering of A. We obviously have 7' C P and also I C supp(P), since
already 7(i) = Ois true for all: € I. Since for g € G the element «(7(g)) is
invertible in C, it cannot belong to the ideal supp(P’). Thus g ¢ supp(P). So P
fulfills all conditions from (i), and this means the second case cannot happen. [

For an arbitrary subset " C A we write

W(T) := {P € Sper(A)
V(T) := {P € Sper(A)

(P) >0 forallt € T} = {P € Sper(A) | T C P}

K
| {(P) =0forallt e T} = {P | T C supp(P)}.
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The following results always use the function notation for elements from the ring
A. The reader might translate them to the more elementary algebraic formula-
tion, if desired.

Theorem 3.2.2 (Abstract Positivstellensatz). Let T C A be preordering. Then for each
a € Awehave

a>0mW(T) < tia=1+ty forcertain t1,ty € T.
Proof. "<":For P € W (T') we have
t1(P)a(P) = tia(P) = 1(P) + t3(P) = 1 + £5(P) > 0in K,

By dividing through the positive element ¢, (P)we get a(P) > 0. For "=" use
Proposition[3.2.with I = (0), G = {1} and the preordering 7" — aT. O

Theorem 3.2.3 (Abstract Nichtnegativstellensatz). LetT" C A bea preordering. Then
foreacha € A wehave

a>0mW(T) < tia=a+t, forcertain ty,ty € T,m € N.

Proof. Exercise[30] O

Theorem 3.2.4 (Abstract real Nullstellensatz). Let [ C A be an ideal. Then for each
a € Awehave

a=0mV(I) < a* +oclforcertainmcN,oc XA
Proof. Exercise3o] O
Definition 3.2.5. Let Abearingand I C A anideal. The set

rrad(]) := {a € A| a®" + 0 € [ forsomem € N,o € £A*}
is called the real radical of /. A

The usual radical of anideal I is defined similarly, but without the sums of squares
0. The radical coincides with the intersection of all prime ideals above the ideal.
For the real radical have instead have:

Theorem 3.2.6. Foreveryideal I C A we have

rrad (/) = ﬂ p.

ICp real prime ideal
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Proof. "C”is clear from the definition of a real ideal. For "D” let a be contained in
every real prime ideal above /. This implies a(P) = 0 for every ordering P with
I C supp(P). From Theorem[3.2.4we thus get a € rrad(I). O

Note that an ideal I is real if and only if I = rrad([). This follows from the fact
thata? + -+ +a?, € [ implies a; € I foralli, if T is a real ideal.

3.3 Positivity on Semialgebraic Sets

We will now transform the abstract Positivstellensitze to concrete ones, exactly
as for field. This can easily be done with Theorem[3.1.18] For finitely many polyno-
mials pq,...,p, € R[z1,...,x,] we consider the smallest (potential) preordering
that contains them:

T(pr,-opr) =% Y oepit--pf" | oo € SR[z)”
e€{0,1}"
as well as the so-called basic closed semialgebraic set in R":
Wgr(p1,...,pr) :={a€ R"|pi(a) 20,...,p(a) = 0}.

For fi, ..., f; we recall the definition of the (real) variety

Ve(fi,..., fi) ={a € R"| fi(a) =0,..., fi(a) = 0}
and the ideal

I(fr, .- fo) = {Zgifi | 9: € R[@}

defined by the f;.

Theorem 3.3.1 (Concrete Positivstellensatz). Letpy,...,p, € R[z]. Forp € R[z]
we then have

p>00mWg(py,...,pr) < tip =1+t forcertain ty,to € T(py1,...,pr).

Proof. This is an immediate consequence of the abstract Positivstellensatz
since by Theorem [3.1.18|the condition p > 0 auf Wg(p1, ..., p,) is equivalent to
p>0onW(T(p1,...,pr)). O
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In the same way we obtain:

Theorem 3.3.2 (Concrete Nichtnegativstellensatz). Letpy,...,p. € R[x]. Then for
p € R[z] wehave

D= OOHWR(ph...,pT) = t1p2p2m+t2 with m € N, t1,t5 € T(p17~--7pr)-

Theorem 3.3.3 (Concrete real Nullstellensatz). Let f,. .., f; € R[z]. Thenforp €
R|[z] we have

p=0o0nVr(fi,..., f1) & perrad(I(f1,..., fi))

Example 3.3.4. (i) Forq = 1 — 2% — y* € R[z,y], the set
Wr(q) = {(a,b) € R* | a® +b* < 1}

is the unit disk:

We have T'(q) = {01 + 02q | 01,02 € X R[x]*} . So if a polynomial p € R[z,y] is
strictly positive on Wr(q), there exists a representation

(o1 4+ 02q)p=1+7 +72q

with sums of squares oy, 09, 71, T2, and this makes the positivity of p obvious. If
p is only nonnegative on Wg(q), the representation looks like this:

(o1 + 02q)p = p*" + 71 + Taq.

(1) For the same g = 1 — 22 —y? € R[z, y|, the real variety Vz(q) is the unit circle:
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We have I(f) = {gf | g € R[x,y|},and a polynomial p vanishes on the unit cir-
cleifand onlyifp € rrad(I(f)),i.e. p*™ + o € I(f). One can show that I(f)isa
real ideal (Exercise31), and thus even p € I(f) in this case.

(133) For f = x* + y* € R|x,y] we have Vz(f) = {(0,0)}. Soif p(0,0) = 0, then
p*™ +0 = g- (2? + y?). Here the ideal is not real. For example, = vanishes at the
origin, but does not belong to /(f). However, a representation as from the real
Nullstellensatz is 2 + y* € I(f). JAN

Remark 3.3.5. Hilbert’s Nullstellensatz classifies polynomials that vanish on the
complexvariety Vi(I), where C' = R]i] is the algebraic closure of R. A polynomial
vanishes on V(1) ifand only if some power lies in . In Example[3.3.4|(iii) we can
see that this fails for the smaller real variety Vz(I). No power of x lies in (2% +3?).
Butin fact 2 does also not vanish on V(- (1), since for example (1,7) € Vo (I). A

Theorem 3.3.6. Let I C R[z] be an ideal. Then the following holds:
(1) Iissemirealifand onlyif Vr(I) # 0.
(i) IfIisaradicalideal, then I isvealifand onlyif Vr(I)is R-Zariski-densein Vi (I).

Proof. (i) "=": By Remark[3.1.11] (v) there exists some P € Sper(R[z]) with I C
supp(P). Nowif I = (fi,..., fi), then by Theorem[.1.18|there also exists a point
a € R"with f;(a) = Oforalli,ie Vg(I) # 0. "< is clear from the fact that
point evaluation in a point from Vi (/) defines an algebra homomorphism from
Rz]/I to R, which proves that R[z]/I is semireal.

(ii) "=": Let p € R|x] be a polynomial with p = 0 on Vg (I). Then the concrete
Nullstellensatz implies p € rrad(/) = I, and thus alsop = 0 on Vo ([). "<=": Let
p € rrad([). Thenp = 0 on Vg(I) and thus also p = 0 on V(/), by denseness.
Hilbert’'s Nullstellensatz implies p € rad(I) = I, which proves that [ isreal. [
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Remark 3.3.7. The concrete Positivstellensatz yields an algebraic criterion for a
polynomial system of inequalities

to be solvable/unsolvable. It is obviously unsolvable if and only if —1 > 0 holds on
Wr(p1,...,p.). Thisisequivalentto —t; = 1+t forcertainty, to € T(py,...,pr),
and thus in fact to

—1€Tp1,- - pr) A

The Positivstellensitze that we haven proven so far all require denominators. In
other words, the positive polynomial has to be multiplied with a certain polyno-
mial, before it admits a good representation. The first Positivstellensatz without
denominators is Schmiidgen’s Theorem, that we will prove in the next chapter.
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Chapter 4

Schmiidgen’s Positivstellensatz

In this chapter we will prove Schmiidgen’s Theorem about positive polynomials
on compact sets. We will not give Schmiidgen’s original proof from 1991, which is
of functional analytic flavor, but a more algebraic proof, going back to Wormann.

4.1 Archimedean Preorderings

Let again A be a commutative ring with 1.

Definition 4.1.1. A preordering T" C A is called Archimedean, if foralla € A
there exists some r € Nwithr —a € T. A

Note that we have encountered the same notion for orderings of fields already in
the first chapter. Under the Archimedean assumption, we can strengthen the ab-
stract Positivstellensatz[3.2.2]significantly, getting rid of the denominator almost
completely. The following result is also true without the assumption Q C A, but
with a much more technical proof.

Theorem 4.1.2 (Abstract Archimedean Positivstellensatz). LetQ C AandT C A
an Archimedean preordering. Then fora € A we have

a>0mW(T) < ka=1+tforcertaink € N;t €T.

Proof. "< is clear as usual. For "=" we first use the abstract Positivstellensatz
B.2.2Jand obtain a representation

tlazl—l—tg

65
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with t{,t, € T. We have ¢ — t; € T for certain ¢ € N, since T' is Archimedean.
Now consider the identity

la+(rt—1)=—t1)(a+r)+ (t1a — 1) + rt;.

We can conclude that whenever a + r € T for some r > 0, then also

1
— = T
a+<r £>E

holds (we havetodivide by ¢ € N for this conclusion). But since 7"is Archimedean,
we do have a 4 r € T for some r > 0. By iterated substraction of ; we finally
even obtain some negative such r, and in particular

a— % cT
for some k£ € N. This proves the claim. O

Surprisingly, a similar Nichtnegativstellensatz cannot be proven! We will later
see some counterexamples.

4.2 Schmiidgen’s Positivstellensatz

We can now make the abstract Archimedean Positivstellensatz concrete, using the
tranfer principle as usual. But there is one more nice detail: if the semialgebraic
setisbounded, the corresponding preodering is automatically Archimedean. How-
ever, this is only true over Archimedean real closed fields, i.e. subfields of R. We
will first prove this.

Proposition 4.2.1. Let R be an Archimedean real closed field. Then a preordering T C
R|x] is Archimedean if and only if

n
r—Zx?ET
i=1

forsomer € N.

Proof. "= is clear. For"<=” assume r — Y,z € T This implies

1 1 2

i#i
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All the variables can thus be exceeded with respect to 7" by some positive integer,
and all coefficients from R as well, since R is Archimedean. For arbitrary poly-
nomials we will now prove it by induction over their complexity. Therefore let
p1,p2 € Rlz],r1,70 € Nand ry +p; € T,y £ py € T. We then clearly have

(ri+r) £ (Pr1+p2)eT
and
3rirg — pipe = (11 +p1)(re — p2) +r1(re +p2) +ra(ry —p1) €T
3rire + pipe = (r1 4+ p1)(ra + p2) + 11(r2 — p2) + 1r2(r1 —p1) € T.

Since every polynomial arises from coefficients and variables by summation and
multiplication, this finishes the proof. O

We call a subset S C R" bounded, if there exists some r» € R with
lal* = al <r
7

foralla € S.

Theorem 4.2.2. Let R be an Archimedean real closed field and p1, . . ., p, € R|z|. Then
the following are equivalent:

(i) Wgr(p1,-..,pr) € R"™isbounded.
@i1) T(p1,--.,Dpr)is Archimedean.

Proof. SetT :=T(p1,...,pr) and W := Wg(p1,...,p.). (ii) =(0) is easy: Since
T is Archimedean, we have r — > 27 € T for some r € N, and since elements
from T are clearly nonnegative on W, W is bounded.

For (i)=(i?) first choose r € Nwithp := r — >, 27 > 0 on W. The concrete
Positivstellensatz[3.3.1/implies ¢1p = 1 + ¢ for certain t;, ¢t € T'. We then have

(1+t)p=tp*eT. (4.1)

Now consider
Ty := T(p) = ER[z]* + ZR[z]* - p.

This preordering is Archimedean by Proposition[4.2.1, and we have

1+t)Ty €T, (4.2)
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by (4.1). Furthermore, also implies

pttr=p+tp+ty a’eT.

We now choose some s € Nwith s — ¢ € T. Then
(1+8)(s—t)=(1+t)(s—t)+(s—t)? €T,
by (4.2). After dividing by the the positive number 1+ s we get s—t € T So finally

r(s—l—l)—Zx?:rs—l—p:(p—l—t'r)—l—r(s—t)GT,

and thus 7" is Archimedean by Proposition4.2.1 O

Theorem 4.2.3 (Schmiidgen’s Positivstellensatz, a.k.a. Concrete Archimedean Pos-
itivstellensatz). Let R be an Archimedean real closed field, and letpy, ..., p, € R[x] be
such that Wg(p1, . . ., pr) is bounded. Then forall p € R|x] we have

p>0mWg(pr,...,0r) = peT(p1,---,pr)
Proof. SetT :=T(p1,...,pr). Asusual, fromp > 0on Wgr(py,...,p.) we get
p>0onW(T).

By Theorem [4.2.2] the predordering 7" is Archimedean, and we can apply the ab-
stract Archimedean Positivstellensatz[4.1.2]. We obtain kp = 1+t € T, and since
we can divide in R[z] through the positive number £, this implies p € 7. O

Remark 4.2.4. (i) Again consider the unit disc in R?, defined by 1 — 2% — 3> > 0.
Every polynomial p that is strictly positive on the disc is of the form

p200+01(1_x2_y2)

with 01,05 € XR[z]%. This is a significant strengthening of Example 3.3.4] (i) for
positive polynomials.

(¢i) If the number r of defining polynomials p; grows, the number of terms in a
representation of pin T' grows exponentially. The representationin7'(py, ..., p,)
uses all products of the p;, of which there are 2" many. In the next section we will
comment on how to decrease this number. Is is in particular important for the
applications of the Positivstellensitze that we will discuss in the next chapters.
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(i17) The condition p > 0 in Schmiidgen’s Positivstellensatz can in general not be
replaced by p > 0. Consider

p1= (1 —#)% e R[t].

Then
We(p1) = [-1,1]

is bounded, and the polynomial p = 1 — 2 is nonnegative on this set. Assume
there exists a representation

1—t2200+01(1—t2)3

with sums of squares o;. Then oy would have to vanish at the points 1. Since
0y is a sum of squares, it vanished with an even multiplicity, and thus (1 — ¢%)?
would divide oy. After cancellation this would yield a representation

1 =501 =) +o1(1 —t%)°

with another sum of squares &y. Plugging in 1 for ¢ then gives 1 = 0, a contradic-
tion.

(iv) Boundedness of Wg(p1, . . ., pn) in Schmiidgen’s Positivstellensatz cannot be
omitted. For example, consider p; = t* € R[t], for which we have Wg(p;) =
[0,00). We have t + 1 > 0 on Wg(p;). Butif

t+120'0+0'1t3

was a representation with sums of squares o;, the degree of oy is even, whereas
the degree of o1t? is odd. Thus the degree on the right hand side is either even,
which is a contradiction, or it is odd and > 3, which is also a contradiction.

(v) Schmiidgen's Positivstellensatz does not hold over non-Archimedean real
closed fields. If R is a non-Archimedean extension of R, it contains an infinites-
imal positive element ¢, i.e. we have 0 < ¢ < rforallr € R,r > 0. For p;, pasin
(i17) we have that p + ¢ is strictly positive on Wg(p;). But one can show thatp + ¢
does not belong to T'(p; ) in R[t], see Exercise[41]

(vi) We don't have any control over the degrees of the sums of squares o; in the
representation of p in Schmiidgen’s Positivstellensatz. They can in fact be much
larger than the degree of p itself. Otherwise the result could be written as a for-
mal statement, which would then hold over any real closed field, by the transfer
principle. This contradicts (v). A
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4.3 Some Remarks on Quadratic Modules

Aswe have already explained in Remark[4.2.4|(¢/), the number of terms in a repre-
sentationofp € T'(py, ..., p,)is 2" in general, it thus grows exponentially with .
In applications this can soon lead to computational problems, which one would
like to avoid. For this reason, the theory of quadratic modules is developed. We in-
troduce the notion and give an overview about the most important results, but do
not give any proofs here (see [6] for a through treatment). The reader who wants
to skip this section just has to replace quadratic modules by preorderings in all of
the following chapters.

Definition 4.3.1. Let A be aring. A subset M C A s called a quadratic module
of A, if the following conditions are satisfied:

leM, M+MCM,A*> MCM, —1¢ M. A

Remark 4.3.2. (i) The smallest quadratic module in A is again the set of sums
of squares X A? (at least if —1 ¢ Y A?, otherwise no quadratic module exists).
The (only) difference to preorderings is that quadratic modules need not be closed
under multiplication, only under multiplication with (sums of) squares. So every
preordering is a quadratic module, but in general not every quadratic module is
a preordering. The name comes from the fact that quadratic modules resemble
classical modules from algebra, but instead of a ring one uses the set of sums of
squares as the underlying domain of scalars.

(i7) Given aq,...,a, € A, the smallest (potential) quadratic module contain-
ing the a; arises from multiplying them with sums of squares and adding the
terms, but multiplication of the a; among themselves is not necessary! So we obtain the
quadratic module generated by a4, . .., a, as

M(ay,...,a,) = {00+01a1+---+0rar | UZ-GEAQ}

and the representation of its elements involves only sums of length r + 1. To see
an example, in A = R[z, y] we have the quadratic module M (z,y), which is not
a preordering. One can easily check that zy ¢ M (z,y) holds (see Exercise[42).

(¢47) Similar to orderings, one can develop a theory of semiorderings, which is built
upon quadratic modules. Since we don't prove the coming results, we also do not
develop the theory here. A

Definition 4.3.3. Aquadratic module M is called Archimedean, if foreverya € A
there exists some r € Nwithr —a € M. A
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We will now focus only on the polynomial ring R[x] over a real closed field. Given
D1, - .-, pr € R[z], itis easily checked thatif M (py, ..., p,)is Archimedean, then
Wr(p1,...,p.) € R™isbounded. This is proven exactly as in the easy direction
of Theorem|4.2.2] For quadratic modules, the other implication is false in general.

Example 4.3.4. Choosep; =z — 3,po =y — 1, p3 = 1 — zy € R[z,y]. The set
Wr(p1, ..., ps)is bounded:

Now assume

1 1
r—x =09+ 0, T- 5 + o9 y—3 + o3 (1 — xy)

for some r € N and sums of squares o;. The homogeneous terms of highest de-
gree on the right are
50a &1$7 52.% _&3$y7

where all 7;, as terms of highest degrees of sums of squares, are again sums of
squares. At least one of these terms has to have a degree > 1. We now consider
the term of highest degree. If it is the first or the fourth, it has to cancel with
the respective other one, since n — = has odd degree. But from 69 — zyd3 = 0
we obtain 6y = 3 = 0, since all these terms are nonnegative on the second
orthant. This contradicts maximality of the degree. Thus the maximal degree
must be realized by the second or third term. But since &y« + doy = 0 is also not
possible (this time by nonnegativity on the first orthant) we must have

5'1.1’ + 6’2y = —XT.

When we pluginz = 1andy = 1, then the right hand side becomes nega-
tive, the left hand side is nonnegative, a contradiction. So M (p1, p2, p3) is not
Archimedean. A
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However, if R is Archimedean real closed, and Wx(py, ..., p,) is bounded, there
exists some r € N with

=1

If the extra generator

n
- 2
Pr41 =T — E Z;
=1

is added, the semialgebraic set thus remains the same, but the quadratic module

M(plu o 7pT'7pT+1)
is now Archimedean. In fact by Proposition4.2.1)already the quadratic module

M(pT+1) g M(ph s 7p7’7p7"+1)

is Archimedean, since for one generator we always have M (p) = T'(p). So making
M Archimedean is not a big problem, and will increase the number of generators
by at most one.

The following is the most important Positivstellensatz for quadratic modules.

Theorem 4.3.5 (Putinar’s Positivstellensatz, a.k.a. Concrete Archimedean Posi-
tivstellensatz for Quadratic Modules). Let R be an Archimedean real closed field, and
D1y, Pr € Rlz]suchthat M (py,...p.) is Archimedean. Then forallp € R[z]| we
have

p>0mWr(p1,...,p;) = p€M(pi,...,p)
Example 4.3.6. Consider the unit cube
W=[-1,1"CR"

defined by 1 + x; > Ofori = 1,...,n. The corresponding quadratic module M
consist of all elements of the form

oy + 0'1(1 — 1’1) =+ O'2<1 + 1'1) 4+ -+ 0'21171(1 — l’n) =+ 02n(1 + .I'n)
We first check that M is Archimedean. We have
(1= 2)*(L+a3) + (L +2:)*(1 = 2) = 2(1 — ),

thus 1 — 2? € M, and thusalson — >, 27 € M. So as explained before, M is
Archimedean. So every polynomial p that is strictly positive on W is of the above
form, whereas the representation from Schmiidgen’s Positivstellensatz would in-
volve 4™ terms. A
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Convexity and Optimization

The results that we have obtained so far can be used for polynomial optimization.
To be able to explain this connection, we first explain some basics about semidefi-
nite optimization.

5.1 Semidefinite Optimization

Let Sym,(R) denote the real vectorspace of symmetric d x d-matrices. For two
symmetric matrices A = (a;;);; and B = (b;;); ; we set

<A, B> = tI"(AB) = Z ai]’bi]’.
V)

Here, tr denotes the trace of a matrix, i.e. the sum of its diagonal entries, and also
the sum of its eigenvalues. (-, -) defines an inner product on Sym,(R).

We denote by P, the set of positive semidefinite symmetric matrices of size d (cf.
Definition[2.2.4Jand Lemmalz.2.3). The set P, is a closed convex cone in Sym,(R).
By Lemmal2.2.3|we see that P, is even basic closed semialgebraic, i.e. of the form

Pd = WR(pla s 7p7“)

for certain polynomials p, € Rlz;; | 4,5 = 1,...,d]. For example, the principal
minors of the matrix form such a set of defining polynomials. We write A = 0
for A € Pyand B = Afor B — A = 0. Similarly, > denotes strict positive
definiteness, i.e. A > 0 means that all eigenvalues of A are strictly positive, or
that v’ Av > 0 holds forallv € R?\ {0}.

73
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Proposition 5.1.1. (i) For A € Pyand P € My(R) we have PAP' € P,.
(ii) (-, -) is invariant under conjugation with orthogonal matrices O, i.e.

(A, B) = (0AO',0BOY).
(ii1) The convex cone P, is self-dual with respect to (-, -), i.e.

A BeP;=(A,B) >0
(A,B) > 0forallB € Py = A € P,.

() IfA = 0,B > 0and (A, B) = 0,then A = 0.
Proof. (i) Clearly PAP" is symmetric, and

v'PAP'w = (P')' A(P'v) > 0.
(2) We have

(OAO',0BO") = tr(OAO'OBO") = tr(OABO")
= tr(ABO'O) = tr(AB) = (A, B).

Here we have used cyclic invariance of the trace, and O'O = I, since O is orthog-
onal.

(ii7) Let A, B € Py. By (i) and (i7) we can assume A to be diagonal with nonnega-
tive diagonal entries. But the diagonal entries of the positive semidefinite matrix
B are also nonnegative. This implies

(A, B) = Z a;ibi; = 0.

i

The same formula also shows that for a diagonal matrix A, all entries have to be
nonnegative, for (A, B) > Otoholdforall B € P,. Thus A really has to be positive
semidefinite then. Now if A is not diagonal, then some D := OAOQ" is, and thus
for B € P, we have

(D, B) = (OAO", B) = (A, 0'BO) > 0.

Thus D = 0, and so also A 3= 0.

(iv) We can assume that B is diagonal with strictly positive diagonal entries. Then
all diagonal entries of A must vanish, and this implies A = 0, since A is positive
semidefinite (for example, look at the principal minors of size 2). O
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Definition 5.1.2. Let M, M, ..., M,, € Sym,(R) and 54, ..., € R. The fol-
lowing optimization problem is called a semidefinite optimization problem (in
primal form):

find inf (M, A)
s.t. (M;, Ay =p; fori=1,...,m
A= 0.

A feasible point is a matrix A = 0 with (M;, A) = f3; for alli. An stricty feasible
point is a feasible point A that is positive definite, i.e. that also fulfills A > 0. The
corresponding problem in dual form is:

find sup Z i3
i=1

8.t. ZMM%M

Here a feasible pointis some A € R™ with ) ° \;M; < M, and itis strictly feasible

Remark 5.1.3. (i) For fixed M € Sym,(R), the map A — (M, A) is linear on
Sym,(R), and every linear map is of this form (this is true for any inner product
on a finite-dimensional space). The conditions (M;, A) = [, define affine hy-
perplanes in Sym,(IR). So a semidefinite optimization problem in primal form
formalizes the optimization of a linear function over an affine linear section of
the convex cone P, of positive semidefinite matrices.

(47) In the dual problem, the linear function A — /'), defined on R™, is opti-
mized. The domain of optimization is the set defined by the condition

ZMM%M

which is clearly a closed convex set in R™.
(¢17) The dual problem can be brought into the form of a primal problem, and vice
versa. The dual problem can be seen as optimization inside the affine space

M + Span}R(Mlv s >Mm) g Symd(R)
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over the section with P,. But this is exactly what is done in a primal problem as
well. Conversely, after choosing a basis of the affine space in the primal problem,
the problem looks like a dual problem.

(iv) Semidefinite optimization problems are usually solved with numerical interior
point methods, which can often determine the optimal value and even the optimal
point efficiently.

(v) If the matrices M, M, are all diagonal, the dual condition >, \;M; < M de-
fines a polyhedron, i.e. a finite intersection of halfspaces. So a linear function is
optimized over a polyhedron, which is known as linear optimization. Semidefi-
nite optimization is thus a generalization of linear optimization. A

Theorem 5.1.4 (Duality Theorem of Semidefinite Optimization). Let p* denote the
optimal value of the primal problem and d* the optimal value of the dual problem. Then

holds. If both problems admit a feasible point, and one of them even a strictly feasible point,
we even have
d=p*.

Proof. If the dual problem does not have a feasible point, then d* = —oo and the
inequality is trivially fulfilled. The same is true if the primal problem does not
have a feasible point.

Solet A\ € R™and A € P, be feasible for the dual and primal problem, respec-
tively. From M — }~, \;M; € P, and Proposition[s.1.1)(iii) we thus obtain

0< (M- Z)\iMiaA> = (M, A) - Z)‘i<Mi>A>>

i.e.

Z)\zﬂi < (M, A).

Since d* is the supremum over all expressions on the right, and p* is the infimum
over all expressions on the left, this proves d* < p*.
Now let A € R™ be strictly feasible for the dual problem, i.e. we have

M =Y " \M; = 0.
We first show that the following set is a closed convex cone:

K o= {({A, M), (A, M), ..., (A, M,)) | A€ P} CR™.
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It is obvious that K is a convex cone. Now let (4;) ey be a sequence in Py, such
that the tuples
((A;, My, (A, My), ..., (A, M)

converge to some rr € R™*! for j — oo. We can assume A; # 0 forall A;. Let
|| - || be any norm on Sym,(R), for example the one induced by (-, -). Thenw.l.o.g.
there exists some A € P, \ {0} with

Aj Jj—00
A
1A; ]l

by the Bolzano-Weierstray Theorem and closedness of P,. By Proposition
(2v) we have

<(A,M—Z)\iMi) lim ”AH(AJ,M ZAM

= hmm (<Aj,M> - ;Ai<Aj, Mi)> :

The second factor converges to
—>\17‘1—"'—/\me

and thus remains bounded. So the first factor cannot converge to zero, the norm
of the A; is thus also bounded. So we can assume w.l.0.g. that the sequence A,
itself converges, and this implies » € K. This proves closedness of K.

Since both problems admit a feasible point, we have

—oo < d" <p"<o0.

Now let p < p*. Then the tuple (p, 51, . . ., 5,n) does not belong to K, since oth-
erwise there would exists a primal feasible point A with (A, M) = p < p*. So by
the separation theorem for closed convex cones there exists a vector v € R™*!
with

<o A, M) + v (A, My) + -+ - + v (A4, M,,) VA € Py (5.1

Yop + 7161 + -+ -+ Ymfbm < 0. (5.2)
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By plugging in a primal feasible point A into (5.1),and comparing with (5.2), we
get vy > 0. We divide by v, and see from that

(=71/%05 - - - s —"m/Y0)

is feasible for the dual problem (using Proposition[s.1.1)(ii7) again). From we
then see that the corresponding dual value is > p. So d* > p, and since p < p*
was arbitrary, this proves d* = p*.

The case of a strictly feasible primal problem is proven similar, or reduced to the

above case by formulating the dual problem as a primal problem, and vice versa.
[

Remark 5.1.5. The duality theorem shows how semidefinite optimization prob-
lems can be solved numerically with error bounds. One just solves both primal and
dual problem simultaneously. This usually means that d* is approximated from
below, and p* is approximated from above. From d* < p* we thus clearly know
how far we are from the actual optimal values, at most. If d* = p* holds, the two
approximating sequences even converge to each other. A

In the following section we will see how Schmiidgen’s and Putinar’s Theorem can
be used to compute the optimal value of a polynomial function on a semialgebraic
set, using semidefinite optimization.

5.2 Lasserre’s Optimization Method
Let polynomials py, ..., p. € Rlzy,...,x,] be given, and let
W= Waps,....p) = {a € R* | pi(a) > 0,...,p,(a) > 0}

be the basic closed semialgebraic set defined by the p,. For another polynomial
p € Rlzy,...,x,] we are interested in its infimum on W

ps = inf{p(a) | a € W}.

Note that we do not assume W to be convex, nor p to be linear. So the problem is
not in the form of a semidefinite optimization problem, nor in any other convex
optimization form for which there exists efficient solution methods. Computing
ps will indeed be very hard in general.
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By R[z]; we denote the finite-dimensional space of polynomials of degree < d,
and by My(p1,...,p,) the set of those elements from the quadratic module
M (pa, ..., p,) that obviously belong to R[z],. To be precise, we define

My(pr,....pr) ={0o0 +0o1p1 + -+ opp, | deg(oy), deg(opi) < d} .

So we take those elements that are of degree at most d because all summands in
the representation are of degree at most d. Of course this can also be stated as

deg(o;) < d — deg(p;).
However, note that obvious inclusion

Md(pb s 7p7') g M(pb cee 7p7"> N R[z]d

will be strict in general (cf. Example[4.2.4(vi))! We have

M(plv‘ . 7p7") = U Md(pb' .. 7p7’>
deN

and we call M,(py, ..., p,) a truncated quadratic module. Now for each d € N
we set
pea:=sup{s e R|p—se& My(ps,...,p)}

The following theorem describes Lasserre’s optimization method.

Theorems5.2.1. Each p,. ;isthe optimalvalue of a semidefinite optimization problem that
can be constructed explicitly fromp, py, . . ., p,. We have

Px.d g D«

foralld, andthe sequence (p. 4) ;o\ is monotonically increasing. If M (p, . . ., p, ) is Archimedean,
it converges to p..

Proof. Set M := M(p1,...,py), My := My(p1,...,p.)andW = Wg(p1,...,p).
Ifp—s € Mgy, thenclearlyp—s € M andthusp—s > 0onWW. Sowe get s < p.

and thus clearly p, 4 < p.. The sequence of the p, 4 is obviously monotonically

increasing, since My C My.4.

Now assume M is Archimedean and fixe > O arbitrary. Then p— (p. —¢) is strictly

positive on W, and by Theorem[4.3.5|we have

p—(p.—e)eM=|]JM,.

deN
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So there exists some d with p — (p. — €) € My, i.e. p.q4 = p. — €. This proves
convergence.

What remains to show is how p, , is the optimal value of a semidefinite optimiza-
tion problem. For this we use the Gram matrices from Section [2.2] We consider
the finite-dimensional vectorspace

V =R x Symg (R) x --- x Symg, (R).

Here we choose d; so that G(1V;) has degree at most d — deg(p;), for every N; €
Symyg, (R). In V' we consider the affine linear subspace

H = {($>N07 s 7N7“) ’ p—5s= G<N0) + G(N1>pl +oeee G(Nr)pr} .
Then p, 4 is the supremum of the linear function
(S,NQ,...,NT) =S

over the intersection of H with the set defined by the conditions /V; = 0 for all ,
by Theorem[2.2.17 This already shows that we have a semidefinite optimization
problem. If we want an affine linear section of just one cone of positive semidefi-
nite matrices, we can embed V' into Sym, 5. ,...,s (R) by the rule

(s, No....,N,) — diag(s, No, ..., N,). Il

Remarks.2.2. (i) Firstrecall thatif M (py, ..., p.)isapreordering (for example, if
instead of the p; we use all of their products as generators), then the Archimedean
assumption can be replaced by the condition that Wg(py, . . ., p,) isbounded (The-
orem[4.2.2). Also recall that the Archimedean condition for general M (p1, . .., p,)
can be ensured by adding some polynomial p,,; = N — Y, 27 to the defining
polynomials. If Wg(py, . .., p,) is bounded, set set will not be changed, at least if
N is large enough.

(i1) Lasserre’s optimization method is implemented, for example in the free Mat-
lab plugin Yalmip. As long as the number of variables and the degree of the in-
volved polynomials is not too large, it solves such optimization problems quite
efficiently. Often some refinements of the described methods are used to reduce
complexity. For example, depending on the structure of the polynomials, certain
more specific Positivstellensitze can be employed. A
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5.3 Spectrahedra

The set of feasible points of a semidefinite optimtization problem is called a spec-
trahedron. For a given set it might be hard to decide whether it is a spectrahedron
or not, let alone find some explicit realization. We have already seen this phe-
nomenon in the proof of Theorem[s.2.1, where we had to employ the Gram matrix
method. But to be able to apply semidefinite programming successfully to many
problems, it is important to understand its feasible sets better. We will thus go
into this topic a little deeper now. We will restrict to spectrahedral cones, since
this makes some things a little easier.

Definition 5.3.1. A spectrahedral cone is a set of the form
S(My,...,M,) ={aeR" | a My + -+ a, M, = 0}
for certain symmetric matrices M, ..., M,, € Sym,(R). A

Remarks.3.2. (i) A spectrahedral cone is the inverse image of the convex cone P,
of positive semidefinite matrices under a linear map R” — Sym,(R), where the
map is given by

a—a My + -+ a,M,.

If the matrices M; are linearly independent (what we will usually assume), we can
also understand is as an intersection of P, with a subspace.

(i1) Spectrahedral cones are basic closed semialgebraic (and thus closed) convex
cones. This is immediately clear from the fact that P, has these properties.

(i17) A polyhedral cone is of the form

{aeR" | via>0,...,05a >0}

for certain v; € R™. Each such polyhedral cone is also a spectrahedral cone. In
fact, if all M; are diagonal, the condition a; M; + - - - + a,, M,, = 0 gives rise to
precisely such finitely many linear inequalities.

(iv) Intersections of spectrahedral cones are spectrahedral. One just has to form
block-diagonal sums of the defining matrices. A

Example 5.3.3. (i) The spectrahedron S(M, M, M3) C R? defined by

10 10 0 1
(o 7) e (o 5 ) e (V)
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is the set defined by the following polynomial inequalities, as is easily checked:
r}— a3 —25 >0, 2, >0.

This is a circular cone, which is clearly not polyhedral:

(i7) The convex cone defined by the conditions z{ — x5 — x3 > 0,2; > 0 looks
similar, but we will later see that it is not spectrahedral:

(127) The convex cone whose cross-section is the set
[—1,0] x [-1,1]U B C R?

where B is the unit disk, is not spectrahedral. In fact it is not basic closed semi-
algebraic (Exercise34).
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Example 5.3.4. Let R[ |5 denote the dual space of the finite-dimensional space
Rlz]s = R[x1, ..., x,)a. An element ¢ € R[z]} is thus just a linear map

¢: Rlz]s = R.

Since linear maps are uniquely defined by their values on a basis, we can identify
¢ with the tuple of its values on the canonical monomial basis of R[z]4, i.e.

¥ = (@(ga))aEN";\(ﬂgd :

In this way R|[z]}; identifies with R?4,
Now let py,...,p, € Rlz] be given. Again we consider the truncated quadratic
module

Mg = My(p1,...,pr) CRlzly
as in the last section. Now let

My ={p eRlz];| ¢ > 00n M}

be the dual cone of M,. It is not hard to see that A/ is in fact a spectrahedron in
R[z]; = R?¢. Indeed, the condition ¢ > 0on M, consists of the single conditions

e(@°pi) =20 Vg e R[]y,

where k; is chosen so that ¢*p; € R[z],. Writing ¢ = Y, go2® we have

= <Z Gaqsz®’p ) anqg z*p)).
o

This being nonnegative for all choices of coefficients ¢, just means that the matrix

(@), 5

@,

is positive semidefinite. Its entries are linear combinations of the values ¢(z%)
(of course depending on p). This proves the claim. A

Every convex set has nonempty interior in its affine hull. So after replacing the
ambient space by the affine hull of the convex set, one can always assume it to
have nonempty interior.
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Proposition 5.3.5. Let.S C R" be a spectrahedral cone with interior point e. Then there
exist symmetric matrices My, . .., M, with S = S(M, ..., M,) and

61M1+"'+6nMn:]-
The interior of S is then defined by the condition a; My + - - - + a, M, > 0.

Proof. First write S = S(Ny,..., N, ) with certain symmetric matrices N;. We
set
ae N :=a Ny +---+a,N,.

Since e is an interior point of S, we have

O%(e:l:&éi)ON:eoN:I:ENi

for some smalle > 0 and all i, where ¢; is the i-th standard basis vector. For every
vector v € ker(e e N) we thus have

0< v (ee N+eN;)v=Fev'Nw.

This implies v N;v = 0 and thus also 0 = v* (¢ ¢ N £ &N;) v. Sincee @ N + &N;
is positive semidefinite, this implies

(e N +eN;)v =0,

as can for example be seen from a decomposition into squares of rank 1 as in
Lemmal2.2.3|(iv). But this further implies /V;v = 0, so we have shown

ker(e o N) C ker(1V;).

After a change of basis all V; simultaneously split off a block of zeros, that we can
simply omit for the definition of S. The resulting new matrices )M, then fulfill
ker(e @ M) = {0},i.e. e ® M > 0. After conjugation with an invertible matrix we
can thus ensurec e M = [.

Itis clear thata @ M > 0 implies that a is an interior point of S. Conversely, if a
is an interior point, then a — e € S for some € > 0. This implies

O0x(a—ce)eM =aeM —ccoe M =aeM —cl.
So0<el<ae M. [l

The following result reveals a connection between the geometry of spectrahedra
and some property of real polynomials.
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Theorems5.3.6. Let M, ..., M, € Sym,(R), and assumee, My + -+ - + e, M, = I
holds for some e € R™. Set

h:=det (z1 My + -+ x,M,) .

Then the polynomial h € Rz, ..., x,] is homogeneous of degree d, one has h(e) = 1,
and for each a € R™ the polynomial

ha(t) := h(a — te) € R[]
has only real roots. One has
S(My, ..., M,) ={a € R"| allrootsof h, are > 0}.
Proof. Itis obvious that i is homogeneous. For a € R™ we have
ho(t) = det((a — te) @« M) = det(a @ M — tI),

so h, is the characteristic polynomial of @ @ M. The zeros of h, are thus the Eigen-
values of the symmetric matrix a ® M, which are all real. Furthermore, a e M
is positive semidefinite if and only if all of these Eigenvalues/zeros are nonnega-
tive. O

Definition 5.3.7. (i) Ahomogenous polynomial 4 € Rz, ..., z,]is called hyper-
bolic in direction e € R", if h(e) # 0 and all zeros of h,(t) := h(a — te) are real,
foralla € R".

(i2) If h is hyperbolic in direction €, the set

Ac(h) = {a € R" | all zeros of h, are > 0}
is called the hyperbolicity cone of & (in direction e). JAN

Example 5.3.8. (i) The polynomial h = 2% — 23 — 22 is hyperbolic in direction
e = (1,0,0), as can be seen for example in the following picture:




86 CHAPTER 5. CONVEXITY AND OPTIMIZATION

On each vertical line there are 2 real intersection points, and since h is of degree 2,

there can be no further complex zeros. The same is true for the following degree

3 polynomial h = 23 — 2223 — 1122 + 2123 + 23:

The corresponding hyperbolicity cones are the upwards pointing and filled cones.
(i7) The polynomial h = x} — x4 — x4 is not hyperbolic in direction e = (1,0, 0).
On each vertical line there are only 2 real zeros. Since h is of degree 4, there must
always exists two more non-real zeros, that cannot be seen in the picture. h is also

not hyperbolic with respect to any other direction.

(i77) The elementary symmetric polynomials

Sron = Z Tiy o Ty, GR[wl,...,$n]

1< < <ip<n

are all hyperbolicin directione = (1, ..., 1). This is best seen as follows. We have
Spn = X1 - Ty, and thus

)

Spn(a—te) = spplar —t,...;a, —t) = (a1 —t) -+ (an — 1)



5.3. SPECTRAHEDRA 87

has the real zeros ay, . .., a,,. Now s, ,,(a — te) is precisely the r-th derivative of
Snn(a — te) with respect to ¢ (up to constants). By Rolle’s Theorem we always get
a real zero of the derivative in between to consecutive zeros of the initial polyno-
mial. Thus the derivative also just has real zeros. The following pictures show the
real zero sets of s3 3, 523 und sy 3:

A

Remarks.3.9. (i) Hyperbolicity cones are really convex cones. However, this is not
obvious from the definition. It can be proven elementary but with a quite techni-
cal proof. We will instead deduce it from the Helton-Vinnikov Theorem (Theorem
below (see Exercise[50).

(¢i) If his hyperbolic in direction e, then for any ¢’ in the interior of A.(h), his also
hyperbolic in direction ¢/, with A.(h) = A./(h). Also this can be proven directly,
or with the Helton-Vinnikov Theorem (Exercise [50). It is also quite plausible in
the above pictures.

(i17) Every spectrahedral cone is a hyperbolicity cone. This follows from Theorem

(together with Proposition][s.3.5). A
Example 5.3.10. The cone K from Example[5.3.3|(ii), defined by

4_ 4 4
T, — Ty — T3 20,21 20
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is not hyperbolic, and thus also not a spectrahedron. Indeed, if it was hyperbolic,
there would exist a hyperbolic polynomial » with ~ = 0 on K. By homogeneity
we had i = 0 on the whole real zero set

Ve(zf — 25 — r3) C R

The real Nullstellensatz then implies i € rrad(I(z] — 23 — 3)). But this ideal is
real, which is checked similar to the case 1 — 2% — 2 (settled in Exercise[31). So h
would contain x{ — x5 — z3 as a factor. But since this polynomial is not hyperbolic,

h is also not hyperbolic. This is a contradiction. A

Every spectrahedral cone is hyperbolic. Hyperbolicity of a cone is often easier to
check than the spectrahedral property. We have seen this in Example[s.3.10| This
motivates the following conjecture:

Conjecture 5.3.11 (Generalized Lax Conjecture). Every hyperbolicity cone is spectra-
hedral.

The conjecture is still open, there are only partial results. An important one is
the Helton-Vinnikov Theorem, which we only cite. Its second part immediately

follows from Theorem]|s.3.6].

Theorem 5.3.12 (Helton & Vinnikov). Let h € R|[xy, 24, x3] be hyperbolic in direction
e € R, withh(e) = 1. Then there are matrices My, My, M3 € Sym,(R) with e; M, +
€2M2 + €3M3 = Jand

h = det (l’lMl + {L‘QMQ + fL’3M3) .
In particular, every hyperbolicity cone in R is spectrahedral.
The full statement of the Helton-Vinnikov Theorem fails in higher dimensions:

Example 5.3.13. The polynomial h = 2?2 — 23 — 22 — 22 € Rz, 12, 73, 24] is

hyperbolic in direction e = (1,0, 0, 0). We indeed have
ho(t) = h(ay — t, a9, a3,a4) = (a1 —t)* — a3 — a3 — a3,

and both zeros of this univariate polynomial are real. Now assume

h = det (l’lMl + xQMQ —+ IE3M3 -+ £L'4M4)
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for certain symmetric matrices M;, which must be of size 2, by homogeneity.
Then the M; must be linearly independent in the space Sym,(RR). If one was ex-
pressible as a linear combination of the others, we would have h = ¢(Az) for
some polynomial ¢ in only three variables, and some matrix A € Mz, 4(R). For
0 # v € ker Aand A € R we would obtain

1 = h(e) = h(e + Mv) = Nh(v) + 2 v, + 1,

implying 0 = v; = h(v) = —v3 — v — v} and thus v = 0, a contradiction.
Butin Sym,(R) there exist at most three linearly independent matrices. So h does
not admit a determinantal representation. A

Remarks.3.14. Assume h" = det(z1M; + - - - + x,,M,,) with symmetric matrices
ande e M = I, forsomer € N. Then

Ao(h) = A(B7) = S(M, ..., M)

is spectrahedral. In Example[s.3.13} and more general for all quadratic hyperbolic
polynomials it is in fact always possible to find a determinantal representation of
some power.

But there also exists a hyperbolic polynomial h of degree 4 in 4 variables, of which
no power admits a determinantal representation as above. A

Remark5.3.15. Brandén has shown that the hyperbolicity cones of all elementary
symmetric polynomials s, ,, are spectrahedral. He produced a determinantal rep-
resentation of certain multiples h - s, ,,, with a factor h that does not change the
hyperbolicity cone. Much more is still not known about the generalized Lax con-
jecture. A

5.4 Spectrahedral Shadows

Definition 5.4.1. A spectrahedral shadow is the image of a spectrahedral cone
under a linear map. A

Remark 5.4.2. (i) Any linear image of a polyhedron is again a polyhedron. This
is not true for spectrahedra however, so spectrahedral shadows are strictly more
general than spectrahedra. For example, consider the following convex cone:

K = {(a,b,c,d,e) € R’ | V* < da,c® < ea,d® + & §a2,0<a,d,e}.
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The conditions b* < da, 0 < a, d for example translate to

a b
(b d)io’

and in this way one checks that K is indeed a spectrahedron. If we now project
K toR3, using the map (a, b, ¢,d, e) — (a, b, c) , we obtain the convex cone

K' ={(a,b,c) | a* 2 b* 4+ *,a >0}

which is thus a spectrahedral shadow. In Examples.3.10/we have seen that K" is
not a spectrahedron.

(i7) In contrast to spectrahedra, the class of spectrahedral shadows is closed under
most operation that apply to convex sets, for example duals, polars, Minkowski
sums, closures and interiors. A

There exists basically just one method to construct spectrahedral shadows directly.
This method goes back to Lasserre and Parillo, and works as follows. Let again
D1, .-, Pr € R[z] be given. We consider the semialgebraic set

Wgr(p1,---,pr) ={a €R" | pi(a) 20,...,p.(a) = 0}
and the truncated quadratic module
My = My(p1,...,pr) C Rz]y.
We have seen in Example[5.3.4]that
M) = {¢: R[z]; — Rlinear | ¢ > 0on M} C Rlz]; = R*4

is a spectrahedron. We now project this spectrahedron to R", via the following
map

m: Rz]; — R”
@ = (p(x1), ... o(Tn)).

Written down explicitly in coordinates, we project the tuple ¢ = (0(z%)),,<4 to
its coordinates indexed by z1, . . ., z,,.

Foraset W C R" we denote by cc(W) its conic hull, i.e. the smallest convex cone
in R™ that contains . By cc(W )we denote its closure, the smallest closed convex
cone containing K.
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Theorems5.4.3. Letpy,...,p,. € Rlz]and W := Wr(p1, ..., p,). We then have:
(1) The cone L4 := 7(M)) is a spectrahedral shadow with

cc(W) C Ly C Ly

foralld € N
(ii) If forsome d € N every homogeneous linear polynomial ¢ € R[z|; that is nonnegative
on W belongs to M, then

cc(W)C Ly Ccec(W).

Proof. (i): We already know that £, is a spectrahedral shadow. The inclusion £4,1 C
L is also clear, since every ¢ € My, , gives rise to an element of M}’ by just re-
stricting it to R[z],;. Now every a € W defines a linear functional

do: Rlz] = R
p — pla)

on the whole polynomial ring (even a ring homomorphism), which is nonnegative
on the full quadratic module M (py, ..., p,). By restricting it to R[z]|, we obtain
da € M) foralld € N. Thus

a= (0a(x1),...,0a(x,)) € Ly foralld.

Since L, is a convex cone, this implies cc(W) C L, for all d.

For (i7) assume that d € N is as required. By the classical separation theorem
for closed convex cones, for any a ¢ cc(W) there is some homogeneous linear
¢ € Rlz]; with ¢ > 0oncc(W) and ¢(a) < 0. By assumption we have ¢ € M,,
and thus for each ¢ € M/

This means ¢ > O on L4, and thus a ¢ £,. We have thus shown £, C ce(W). O

Remark 5.4.4. (i) The last theorem says, that if all nonnegative linear polynomi-
als on W have a representation in the quadratic module M with a uniform degree
bound, then the conic hull of W is a spectrahedral shadow (up to closures).

(i7) It is easy to see that it suffices to represent the strictly positive polynomials
with a uniform degree bound in M. The concrete Archimedean Positivstellen-
satz for quadratic modules provides the existence of representations in the
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Archimedean case. The problem of uniform degree bounds has to be settled in-
dependently.

(¢i7) There are cases in which such a uniform degree bound exists, and such where
it does not, see Examples|s.4.5,[5.4.6/and|s.4.7/below.

(tv)There are further works of Helton & Nie, in which the method of Lasserre and
Parillo is applied locally. They lead to large classes of sets which are indeed spec-
trahedral shadows.

(v) Scheiderer has recently shown that every convex semialgebraic cone in R? is
a spectrahedral shadow. He uses the above explained method and some deep re-
sults about sums of squares on curves.

(vi) Scheiderer has also shown that not every convex semialgebraic cone is a spec-
trahedral shadow. This refuts the so-called Helton-Nie conjecture. A

We will demonstrate the problem of representing nonnegative linear polynomials
in some M, in some examples. To keep the computations simple, we restrict to
convex sets which are not convex cones. The results can be directly translated to
the corresponding cones that have the given sets as compact cross-sections.

Example 5.4.5 (Farkas’ Lemma). Let/y, ..., /. € R[z], be of degree 1. Then
W = Wg(ly,....0,) CR"

isa polyhedron. If another ¢ € R[z]; isnonnegative on W # (), there exist certain
Xos - -+ A = O with
C=X+ Ml + -+ N4

In other words, we have ¢ € M;(¢y,...,¢,). This follows for example from the
Duality Theorem for linear/semidefinite optimization (Exercise[45). A

Example5.4.6. Thisis another example in which uniform degree bounds exist for
nonnegative linear polynomials. The set

W = Wg(1 — 2] — 23) C R?

arises as the intersection of the cone from Example[s.3.3| (i) with an affine plane.
Let ¢ € R[z]; be nonnegative on W, and w.l.o.g. assume ¢(a) = 0 for some a €
OW. Up to scaling ¢ is then uniquely defined; for a = (r, s) we obtain

(=1—71% — s3xs.

The polynomial
=M1 —af —23)
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is then globally nonnegative, for some suitable A > 0. This can be checked for
example by checking its critical points. Since this polynomial is of degree 4 in 2
variables, it is a sum of squares of polynomials of degree 2 (see Remark 2.2.6).
This shows ¢ € My(1 — z} — x3). A

Example 5.4.7. We finally provide an example in which uniform degree bounds
for linear polynomials do not exist. Consider the set

W:WR(y_$37y71_y7x+1) gRQ

For 0 < r < 1we have the pointa = (r,7?) in the boundary of W, and the unique
(up to scaling) linear polynomial ¢,, which is nonnegative on W and vanishes at
ais

Uy =2 = 3r’z +y.
Now assume {, € M, for some fixed dand alla = (r,r3) withr > 0. That means
we have representations

b, = 0(()&) + U@(y — %)+ Oéa)y + Uéa)(l —y) + Jfla)(x +1) (5.3)

a)

with sums of squares a§ whose degrees are all uniformly bounded. By plugging
(a)

in a we see that 0;"'(a) = 0 must hold for alli # 1. We now pass to the limit
fora — (0,0). We can do that by scaling everything to keep all coefficients of
the sums of squares bounded and then applying the Bolzano-Weierstraf Theo-
rem. Alternatively, we could formulate the existence of representations for
all 7 > 0 as a first order statement, and apply it in some non-Archimedean real
closed field for some infinitesimal » > 0. Similar to Exercise[41we then obtain a
representation over R. We so obtain a representation

y =00+ 01(y —2°) + ooy + o3(1 —y) + ou(z + 1) (5.4)
with 0;(0,0) = 0 forall 7 # 1. By setting y = 0 we obtain

0 = oo(z,0) + o1 (x,0)(—2%) + o3(2,0) + o4(z,0)(x + 1).
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Since —x? and z + 1 are nonnegative on the whole interval [—1, 0], this implies
o1(x,0) = 0, i.e. y* divides o1. If we now set z = 0 in , we get

y =00(0,y) +01(0,y)y + 02(0, )y + 03(0, y) (1 — y) + 04(0,y).

Since 0;(0,0) = 0 foralli # 1, y? divides all 5;(0, y) fori # 1. But y* divides o,
and thus also 04 (0, y). So y? divides the whole right-hand side, and thus also y,
an obvious contradiction.

This contradiction reallyjust arises from the assumption of a uniform degree bound,
which allows us the pass the limit as a — (0, 0). One can indeed show that all 7,
do belong to the quadratic module M (y — 23, y,1 — y, 1 + ). But the degrees of
the sums of squares go to infinity, as a approaches the origin.

This example can be extended to a much more general theorem. As soon as a con-
vex and basic closed set IV has a non-exposed face, uniform degree bounds for rep-
resentations of nonnegative linear polynomials do not exist (in this example the
origin is a non-exposed face). So for such sets, the method of Lasserre and Parillo
cannot be used (directly) to show that they are spectrahedral shadows. JAN



Chapter 6

The Moment Problem

The moment problem is a classical question from functional analysis. One is given a
(multi-)sequence of real numbers, and wants to check whether it is the sequence
of moments of some measure. In coordinate-free formulation, one is given a
linear functional on the space of polynomials, and wants to check whether this
functional is integration with respect to a measure. Haviland’s Theorem provides
a link to positive polynomials. If positive polynomials can be characterized by
sums of squares/preorderings/quadratic modules, this leads to a classification of
functionals with a measure representation which is quite easy and can often be
checked with semidefinite optimization.

6.1 The Moment Problem and Haviland’s Theorem

Let p: R[z] — R be a linear map (also called functional). We ask whether there
exists a (Borel)-measure 1 on R™, such that

w(p)z/npdu

holds forall p € R[z]. Note that this requires all the integrals on the right to exist,
of course. In particular we must have

n(®) = [ 1= (1) < o0,

Since ¢ is linear, it is enough to check whether
pla) = / z®dp

95
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holds for all @« € N". The numbers on the right are called the moments of the
measure /. So we ask whether the prescribed multi-sequence (¢(2%)),cnn Of
real numbers is the sequence of moments of a measure. One can also ask for the
support of the measure to be contained in a prescribed set. These questions are
known as the moment problem. Here are some classical results on the moment
problem. We will later deduce them from Haviland’s theorem and some of our
Positivstellensitze.

Theorem 6.1.1 (Hamburger Moment Problem). A functional ¢: R[t] — R hasa
representing measure pon R ifand only if o(p*) > 0 holds forall p € R[t].

Note that the condition ¢(p?) > 0 for all p € R[¢] is clearly necessary for a rep-
resenting measure to exist. Squares are globally nonnegative, and integrating a
nonnegative function gives a nonnegative number. Further note that the condi-
tion can also be written as

p € My(1)"

for all d, using the notation from Example|s.3.4. So the condition states contain-
mentin asequence of spectrahedra, which is accessible by semidefinite optimiza-
tion.

Theorem 6.1.2 (Stieltjes Moment Problem). A functional o: R[t] — R has a repre-
senting measure j,on [0, 00), i.e. u((—o0,0)) = 0, ifand only if

p(p®) =0 and o(p* - 1) > 0
forallp € R[t],i.e.ifp € My(t)" foralld.

Theorem 6.1.3 (Hausdorff Moment Problem). A functional p: R[t] — R has a rep-
resenting measure . on [0, 1] ifand only if

¢(p®) = 0 and p(p* - t) = 0 and p(p*(1 —t)) = 0
forallp € R[t],i.e.ifo € My(t,1 —t)" foralld.

Avery general classification of functionals with a representing measure is the fol-
lowing:

Theorem 6.1.4 (Haviland’s Theorem). Let W C R™ be an arbitrary closed set and
¢: R[z] — Rafunctional. Then the following are equivalent:

(i) Thereisameasure jron W with o(p) = [, pdpforallp € Rlz].
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(ii) Foranyp € Rlz]withp > 00on W one has p(p) > 0.

Remark 6.1.5. (i) The implication (i) = (é¢) in Haviland’s Theorem is clear: the
integral over a nonnegative function is nonnegative. So the other implication is
the interesting one. One can deduce Haviland’s Theorem from Riesz’s Represen-
tation Theorem for functionals on the algebra of continuous functions on a locally
compact Hausdorff space. This can for example be found in [4].

(¢7) Unfortunately, the condition

“©(p) = 0 for all nonnegative polynomials p”

is a priori not easier to check than the question for a representing measure. But

we can use results from real algebra here! In case that the set of nonnegative poly-

nomials can be replaced by a finitely generated preordering/quadratic module,

it becomes much simpler and accessible by semidefinite optimization. This can

work even if not every nonnegative polynomial belongs to the preordering.

(¢i7) Every globally nonnegative polynomial p € R[t] in one variable is a sum of
squares (Theorem [2.2.1). So Hamburger’s result immediately follows from Havi-

land’s Theorem!

(iv) Everyon [0, co) nonnegative polynomial belongs to the quadratic module M ()
(Exercise. So also Stieltjes’ result follows from Haviland’s Theorem.

(v) Every on [0, 1] nonnegative polynomial belongs to the quadratic module

M(t,1 — t) (Exercise[32). So also Hausdorff’s result follows from Haviland’ The-

orem. A
These considerations justify the following definitions. Let py,...,p, € Rlz] =
Rlzy, ..., z,]| be given. We again consider the finitely generated quadratic mod-
ule

M= M(p1,...,pr) = {ao—l—alpl—i-”-—l—orpr | o EER[@]Z}.

The case of a finitely generated preordering is covered by this as well, since it is
the quadratic module generated by the products of the p;.
We consider its dual cone in the algebraic dual space R[z]* :

MY = M(py,...,p)" = {¢: Rlz] = Rlinear | ¢ > 0on M}
and the double dual

MY = M(py,...,p,)"" ={peRz] | ¢(p) = 0Vp e M"}.
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Note that we define the double dual in R[] instead of the larger space (R[x]*)*.
The basic closed set

W = WR(pla"'7p7‘) = {CL € R" |p1(a) 2 07-"7p7‘(a’) 2 O}

is also familiar already, and we have already worked with the set of polynomials
that are nonnegative on . We call it the saturation of M from now on:

M= = M(py,....p.)* ={peRz]|p=0onW(pi,...,p.)}.

From now on we ignore the condition —1 ¢ M for quadratic modules and pre-
orderings, to avoid some extra case distinctions. Incase —1 € M,i.e. M = R]z],
everything is trival anyway.

Theorem 6.1.6. M "V isa quadratic module, and even a preovdering, if M was. The satu-
ration M** is always a preovdering. We have the following inclusion:

M g M\/\/ g Msat.
Proof. M C M"Y is clear from the definition. We now show that MV is indeed
a quadratic module. For p,q € M"Y and ¢ € M" we have
o(p+q) = »(p) +v(g) = 0.

Thus MV is closed under +. Now let f € R[z] be arbitrary. We have to show that
©(f*p) = 0holds. For this we define a new functional

v Rlz] > Ry g o(fg).

Foranym € M we have ¢)(m) = o(f*m) > 0, since f>m € M.Soy € MV, and
thus

0 < ¥(p) = ¢(f°p).
This shows that M"Y is a quadratic module. A similar argument shows that MY
is a preordering, if M was.
The set M** of all polynomials that are nonnegative on W is clearly a preordering,
see Remark 3.1.2] (ii7) (it was called Ty there). What remains to show is MV C
M**, For every point a € W we have the evaluation map

6a: Rlz] = R; g+ g(a)

which is clearly linear and belongs to M (since polynomials from M are nonneg-
ative on W). Thus for p € MV we have

0 < 0a(p) = pla)
i.e.pe M=, ]
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Remark 6.1.7. One can show that MV is a closure of M with respect to a suitable
topology, namely the finest locally convex topology on the vectorspace R[z]. In this
topology a set is closed if and only if each intersection with a finite-dimensional
subspace of R[z] is closed (w.r.t. the euclidean topology on the finite-dimensional
space). This is why we call MV the closure of M. A

Definition 6.1.8. (7) M is called closed if M = M"YV holds.
(4) M has the strong moment property (SMP) if MY = M** holds.
(#31) M is called saturated if M/ = M holds. A

The significance of (SMP) is summarized in the following result:

Theorem 6.1.9. Let M/ = M (py,. .., p,) have SMP) and set W = Wxg(p1,...,p;).
Then a linear functional  on R [x] admits a representing measure on W ifand only if o €
MY,

Proof. Any ¢ € MV is nonnegative on MY = M?** and thus has a representing
measure on W by Haviland’s Theorem. ]

Example 6.1.10. In Hamburger’s, Stieltjes’s and Hausdorff’s moment problems,
the quadratic modules M (1), M(t) and M (t,1 — t) are even saturated (see Re-
mark[6.1.5](¢ii)-(v)), and thus have (SMP). A

Now Schmiidgen’s and Putinar’s Positivstellensitze give us the following strong
result for bounded sets:

Theorem 6.1.11. Letpy, . .., p, € Rlz] and assumethat M = M (p., . .., p,) is Archi-
medean. Then M has (SMP). This is automatic in case that W = Wg(py,...,p,) is
bounded and M is a preordering.

Proof. Takep € M. Thenp+ ¢ > 0on W foralle > 0, and thusp + € € M by
Theoremlf4.3.5 For every ¢ € M" we thus have

0<plp+e) =) +ep(l),
and this implies p(p) > 0. Sop € M. Thelast statement is Theorem[4.2.2 [

Example 6.1.12. For deciding whether a functional ¢: R[z] — R is integration
with respect to a measure on the unit ball of R”, we have to check whether

o) =20, e -(1—ai——22)=0

holds for all p € R[z]. In fact the quadratic module M (1 — 2% — --- — 22) is
Archimedean (as argued in Section4.3). A
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In case of anon-compact set, there exists another result of Schmiidgen that allows
the reduce the dimension when checking (SMP). We will just illustrate this in one
example.

Example6.1.13. Letp; = 1—2% € R[z, y]. ThenW = Wg(p1) C R?is the vertical
strip over the interval [—1, 1]. So far we don't know whether

M = M(p1) = P(p1)

has (SMP). The Nichtnegativstellensatz only provides sums-of-squares certificates
with denominators here, and thus no direct relation between M/%2* and MVV.
Now there exists a non-constant polynomial g that is bounded on W, for example
q = x. Schmiidgen's Fiber Theorem says that we can restrict to all fibers of a bounded
polynomial when checking (SMP). A fiber is the set of all points on which the poly-
nomial takes a prescribed constant value. For example, ¢ = x takes the value
r € [—1, 1] on the vertical line {x = r}. Restricting to this line means to plug in
r for x everywhere, giving rise to the quadratic module

M(1—7?%) = ZR[y]” C R[y].

This module however has (SMP), by Hamburger’s result. Since this is true for all
r, and thus for all fibers of the bounded polynomial ¢, M itself has (SMP). So a
functional p: R[z,y] — R admits a representing measure on the vertical strip if
and only if

p(p*) 2 0 and p(p* - (1 —2)) 2 0
holds for allp € R[z, y]. A

After having states several positive results on the moment problem, we will see
some negative results in the next section.

6.2 Stability

Definition 6.2.1. Let py,...,p, € R[z]. The quadratic module M (py,...,p,) is
called stable, if for every d € N there exists some ¢ € N with

M<p17 s 7p7") ﬂR[@]d g Me(pla s 7p7“)-

Here we use again the truncated quadratic modules introduced in Section 5.2}
A
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Remark 6.2.2. (i) Stability just says that every polynomial p € M (py, ..., p,) ad-
mits a representation with sums of squares of bounded degree, where the bound
depends only on the degree of p.

(¢1) A priori, itlooks as if stability might depend on the generators of the quadratic
module. However it can be shown that it does not, it is really a property of the
quadratic module alone (Exercise[s3).

(¢77) We have seen in Example [4.2.4] (v7) that degree bounds cannot exist in gen-
eral. So not every quadratic module is stable.

(iv) Stability seems to appear exactly in the cases where the set Wk (p1, ..., p,) is
very non-compact. This is illustrated in the following result. A
Theorem 6.2.3. If Wg(p1, ..., p,) contains a full-dimensional convex cone (with arbi-

trary vertex), then M (p1, . . ., p,.) is stable.

Proof. We can clearly assume that the vertex of the cone is in the origin. So let
B C R" be a full-dimensional ball such that

CC(B):{)\a|aeBa)‘>0}gWR(pl7'-'7pT’) =W

If a polynomial ¢ is nonnegative on W, we have 0 < ¢(Ab) forallb € Band A > 0.
So the homogeneous term of ¢ of highest degree must be nonnegative on B. In
fact,if ¢ = qo + - - - + qq is written as a sum of homogeneous terms, we have

0<q(Ab) =qo+ Aqi(b) + -+ )\dqd(b),

and a polynomial with a negative leading coefficient would take negative values
for some large enough .

If two polnomials are nonnegative on a set B with nonempty interior, they cannot
sum to zero. There in fact exists a point at which both are positive.

So when adding two polynomials that are nonnegative on W, their leading forms
cannot cancel. If we apply this to the single terms in the expression

0o+ 01p1 + -+ OrPr,
we directly obtain stability of M, even with e = d. O

Remark 6.2.4. In Theorem[6.2.3)we not just get the strong statement e = d, but
also that every representation of an elementin M (py, . . ., p,) reveals these degree
bounds. This wouldn't be necessary for stability, in which just the existence of
at least one such representation for every elements is required. But in fact most
known results on stability prove this stronger statement. A
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Example 6.2.5. (i) The quadratic module/preordering M (1) = XR|[z]? is sta-
ble. But if we look closely at the definition of stability, we see that this is in fact
trivial by definition. But since Wg(1) = R™ contains a full-dimensional convex
cone, the argument from the last proof gives something even stronger, namely
the statement of Lemmal[2.2.14|

(¢i) The quadratic module/preordering M (¢t) C R[] is stable, since Wg(t) =
[0,00) C R contains a full-dimensional convex cone. If we have

p =09+ 01t

with sums of squares ;, we even get deg(oy), deg(o1t) < deg(p).
(¢i7) The quadratic module M (z,y) C R|x, y| is stable, since Wg(z, y) is the pos-
itive orthant in R?, which contains a full-dimensional convex cone. A

Stability allows us to show an equality in the chain M C MYV C Mt .

Theorem 6.2.6. If M = M (ps,...,p,) is stable and Wg(p1, . . ., p,) has nonempty
interior in R™, then M is closed, i.e. we have M = MYV

Proof. We will show that M N U is closed in U, for every finite-dimensional sub-
space U of R[z]. This means closedness in the finestlocally convex topology, which
is equivalent to M = MV,
Since every finite-dimensional subspace U is contained in some R[z]4, it is suf-
ficient to show that M N Rz, is closed in R[z],4, for alld > 0. By stability we
have

M NRz]lq = M. NR[z]4,

and it is thus enough to show closedness of each M..

But this is done as in Example[s.4.7, Since in any sequence from M, (p1, ..., p,)
the degrees of all sums of squares remain bounded, one can pass to a limit (for ex-
ample by using the Bolzano-Weierstrafl Theorem coefficientwise, after a suitable

normalization/scaling). It is needed that Wg(py, ..., p,) has nonempty interior
to see that scaling is in fact not even necessary (Exercise[54). []

Example 6.2.7. (i) The sums of squares YR[z]? are stable, and thus closed.
(i) The quadratic module M (z,y) C R[z, y] is closed, i.e. we have

M(z,y) = M(z,y)"Y C M(z,y)*™". A

In the last section we introduced the strong moment property (SMP). The follow-
ing result provides a connection to stability.
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Theorem 6.2.8. Letn > 2 and assume Wg(p1, .. ., p.) has nonempty interior in R".
Then stability and (SMP) for M (p1, . . ., p,) are mutually exclusive.

Proof. Assume w.l.o.g. that p; # Oforalli = 1,...,r. Then there exists a point
inW := Wg(p1,...,pr) at which all p; are strictly positiv. Otherwise the prod-
uct p; - - - p, would vanish on W, implying p; - --p, = 0 in R]z], since W has
nonempty interior. We can also assume that the origin is such a point, meaning
that all p; have a strictly positive constant term.

Now assume that M = M(p1, ..., p,) is stable and has (SMP). By Theorem6.2.¢]
we then even have M = M52 i.e. M is saturated.

Now letp € R[z]| be a globally nonnegative polynomial thatis not a sum of squares
in R[z]. This exists since n > 2, we can take the Motzkin polynomial for example.
For A > 0 we consider

oy = p(Ax) = p(Axy, ..., A\x,) € Rlz].

Then also each p, is globally nonnegative and thus belongs to M = M in par-
ticular. The degree of all p,, is the same, so by stability we get that all p, belong to
sime fixed M,;. When writing down a corresponding representation for each p,
and then replacing x by 1z again, we obtain representations

p=05 +0"m(\z) 4+ oMp (A )

with sums of squares O’ZQ\) of bounded degree, independent of \. Now as in Exam-
ple[5.4.7.and Theorem|[6.2.6/we pass to the limitas A\ — oo, after scaling to keep
all appearing coefficients bounded (use the Bolzano-Weierstraf} Theorem again).
The p;(A\~'z) converge to p;(0) > 0. So if a nontrivial scaling was really neces-
sary, the left-hand side becomes 0, the right-hand side becomes a nontrivial sum
of squares. This is a contradiction. If no scaling was necessary, we obtain a sum
of squares on the right, again a contradiction. O

Example 6.2.9. (i) The sums of squares YR[z]? are stable and do thus not have
(SMP) for n > 2. So for n > 2 there are positive functionals ¢: R[z] — R which
do not admit a representing measure!

(19) For n = 1 the sums of squares XR[{]? are stable and have (SMP). In fact we
have already seen that every globally nonnegative polynomial in one variable is a
sum of squares, i.e. YR[t]? is even saturated. So the condition n > 2 cannot be
omitted in Theorem[6.2.8]

(#i7) M (z,y) C R[x,y] is stable, thus closed and does not have (SMP).

(iv) We see again that an Archimedean quadratic modules in dimension > 2 is

never stable (cp. Remark|[6.2.2(¢7)). By Theorem they have (SMP). A
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To summarize, we have seen the following phenomenon (at least in dimension
> 2): If the set W is relatively small (compact, for example), then M tends to have
(SMP) and not to be stable. If W is very large instead (contains a full-dimensional
cone, for example), then M tends to be stable and not have (SMP).

A nice exact definition of large is for example that no non-constant polynomial
is bounded on . With this definition, sets containing a full-dimensional cone
are large, and compact sets are not large. However, whether stability holds pre-
cisely for such large sets is an unsolved problem. We will finally look at two more
interesting examples.

Example 6.2.10. (1) Assume W C R? contains a full-dimensional strip in both
coordinate directions:

Then no non-constant polynomial is bounded on W (so W is large). From the
vertical strip we deduce that a bounded polynomial cannot involve the variable y,
from the horizontal strip we get the same for the variable . Now one can see that
when adding to polynomials that are nonnegative on W, the total degree can in
fact decrease (other than in Theorem|6.2.3), but at most to one half of the origi-
nal degrees (Exercise[ss). If we apply this to the terms in a representation from
M(py,...,p,), we get

M NR[z]g C Maq,
and thus M is indeed stable.
(#7) Consider the quadratic module M ((1 — 2%)y?) C R[z, y], whose semialge-
braic set Wg((1 — 2?)y?) is a vertical strip, together with the z-axis:

7
777
777
777

7
17777777777

ey
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Again there are no non-trivial bounded polynomials. The vertical strip implies
that a bounded polynomial contains no y, but no non-constant polynomial in x is
bounded on the whole z-axis.

But here, M ((1 — 2?)y?) is not stable. If it was, then so would be M (1 — z?) (Ex-
ercise[56). But this quadratic module has (SMP), as we have explained in Example
and it is thus not stable. But this example is quite artificial, since the set W/
contains a lower-dimensional component (the z-axis), which leads to a strange
behavior. A

6.3 Saturation

In this section we will look at saturated quadratic modules in a little more detail.
Recall that a quadratic module M = M(py, ..., p,) C R[z]| is saturated if

M —_ Msat

holds, i.e. if M contains every polynomial that is nonnegative on the set W =
Wr(p1,-..,pr). Alternatively, it means that M is closed and has (SMP) at the
same time:

M = MV\/ — Msat'

Apart from some examples in dimension 1 we haven't seen this property at all so
far. Our Archimedean Positivstellensitze indeed always just applied to strictly pos-
itive polynomials.
We will first go back to the one-dimensional case, where everything works nicely
(see Theorem [6.3.2). We next show that in dimension > 3 in fact no saturated
finitely generated quadratic module does exist (Theorem[6.3.4). Dimension 2 is
a special case in which some interesting things happen (which we will only cite).
But note that we have shown closedness M = M V" only via stability so far (Theo-
rem|6.2.6). Already in dimension 2 this doesn’t appear together with (SMP), and
we thus cannot prove saturation in this way.
Now assume n = 1, i.e. we consider polynomial in one variable ¢, and semialge-
braic subsets of R. The basic closed semialgebraic sets are finite unions of closed
intervals

(—OO, a]v [a’7 b]v [bv OO)

by Theorem[1.5.5|. For every such basic closed set there exist so-called natural gen-
erators. These are the polynomials that first come to mind when trying to define
the set. Precisely, they are defined as follows. If I/ contains a smallest element a,
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thent — a is one of the natural generators. If W contains a largest element b, then
b — t is one of the natural generators. If a,b € W witha < band (a,b) "W =0,
then (t —a)(t — b) is a natural generator. This altogether gives rise to polynomials
1y, pr € Rt with W = Wi(py,...,pr).

Example 6.3.1. The set W = [—1,0] U [1, 00) has natural generators ¢ + 1 and

tt—1):
X/
S A

Theorem 6.3.2. Ifpy,...,p. € R[t] are the natural generators of W C R, then the
preordering T'(py, . . ., p.) is saturated and stable.

Proof. Takep > 0 on W. We factor p into irreducible polynomials, as in Theorem
[1.2.11 We will show that the single factors can be grouped such that the products
belongto T = T'(p1, . .., p,)- Since the preordering 7" is multiplicatively closed,
this proves the statement.
Factors of degree 2 are sums of squares and thus clearly belong to 7". Without
these factors, the polynomial is still nonnegative on W.
If alinear term ¢ — ¢ for some ¢ € int(W) appears in the factorization, it has to
appear with even multiplicity. Otherwise p would be negative in a neighborhood
of cin WW. We can also ignore such factors.
If W has a smallest element a, and a factor t — a’ for some ¢’ < a appearsinp, it
liesin 7. Thisis becauset —a’ = (t — a) + (a — a’) and t — a is one of the natural
generators of 7. The case of a largest element is similar.
Now what can finally still happen is that p has a zero in an interval [a, b] with
a,b € W,a < band W N (a,b) = (). But then p must have another zero in
the same interval, since otherwise it wouldn't be nonnegative on . Thus p con-
tains a factor (t — ¢)(t — d) witha < ¢ < d < b. So we are done, once we have
shown

(t— o)t — d) € T((t — a)(t — b)),

since (t —a)(t —b) € T. Now one can show that there exists some A € (0, 1] such
that
(t—c)(t—d)— At —a)(t—0>)

is globally nonnegative (Exercise [58). Since it is a sum of squares then, we are
done.



6.3. SATURATION 107

Note that the proof already yields stability. In each step we have produced a rep-
resentation with the best possible degree bound on the sums of squares. This re-
mains true for products and thus even implies

TAR[t)y C Ty O
Remark 6.3.3. Without the natural generators, the preordering will in general not
be saturated, as can be see from ¢ ¢ T'(t3). A
We now pass to dimension > 3. The following result says that M (py,...,p,) is

in fact never saturated, or equivalently that M is never finitely generated as a
preordering/quadratic module.

Theorem 6.3.4. Letn > 3andpy,...,p, € Rx] be such that Wg(p1, ..., p,) has
nonempty interiorin R™. Then M (p1, . . ., p,) is not saturated.

Proof. As argued before, we can assume that W = Wg(py,...,p,) contains a
point at which all p; are strictly positive, and this in fact the origin is this point.
So all p; have a strictly positive constant term.

Now let h € R[z]| be homogeneous and globally nonnegative, but not a sum of
squares. Forn > 3 such a polynomial exists, take the homogenized Motzkin poly-
nomial, for example. Then clearly h € M**'. Now assume h € M(py,...,p,),1.e.
there is a representation

h:<70+<71p1+'--+07~pr (6.1)

with sums of squares o;. In each of the terms o;p;, the homogeneous term of low-
est degree is a sum of squares (this uses that all p; have a strictly positive constant
term). The homogeneous term of lowest degree on the right in is thus a non-
trivial sum of squares. But since h is homogeneous, this term must coincide with
h, a contradiction. O

Remark 6.3.5. In the proof of Theorem 6.3.4]it might look as if it was always the
same polynomial / that does not belong to M (py, ..., p.). But of course this is
impossible, since it could just be added to the p;, and would then clearly belong
to the quadratic module. But in fact we have assumed h to be homogeneous with
respect to the origin, and that all p; are strictly positive there. In general, this
requires a shift, and thus a shift of the polynomial /. But one thing is true: there
is one fixed polynomial & (for example the Motzkin polynomial), of which always
a suitable shift doesn’t belong to M. A



108 CHAPTER 6. THE MOMENT PROBLEM

So only in dimension 2 we can expect to find more interesting quadratic modules
which are saturated. But usually it requires deep and/or technical methods to
prove this. We will thus only state two examples:

Example 6.3.6. The quadratic module M(1 — 2? — 3?) and the preordering
T(1 — 2%, 1 — y?) are saturated. They define the unit disk and the unit square,
respectively.

More generally, if W = Wg(py,...,p,) € R?is bounded, the polynomials p; are
irreducible, and at each point of the boundary of W either just one of the p; van-
ishes smoothly, or at most two of the p; vanish smoothly and intersect transver-
sally, then T'(p1, . . ., p,) is saturated. This result was proven by Scheiderer and
relies on a local-global principle and results for power series rings. A

Example 6.3.7. The quadratic module M (1 — z?) C R[z, y] is saturated. This is
very surprising, since the set Wg(1 — 2?) C R? is a vertical strip and thus not
even compact. This rare case was found by Marshall, with a technical and highly
nontrivial proof. A



Chapter 7

Non-Commutative Real Algebra and
Geometry

In this chapter we discuss some aspects of a relatively new branch of real algebra
and geometry, namely the non-commutative theory. For example, one tries to prove
Positivstellensitze in non-commutative algebras. The corresponding geometry
turns out to be much more complicated, but also much more insightful than in the
classical setup. A good principle is to use matrix algebras or algebras of operators
as guiding examples to develop the theory. This is why we start with an overview
of these and some of their properties.

7.1 Matrix Algebras and Algebras of Operators

Let us consider two classes of examples that will guide us through the coming
theory.

Matrix Algebras

For d € Nlet My(C) be the set of d x d-matrices with entries from C. The set
My4(C) is endowed with the structure of a C-algebra with multiplicative identity
1,;. For d > 2 it is not commutative!

In context of positivity, we have usually used R as our ground field. But since we
will always use an involution in the non-commutative setup anyway, whose set of
fixed points play the role of real elements, we can pass to C here. This will make
some of the later arguments simpler.

109
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The involution that we will use on matrix algebras is the well-known x-operation,
i.e. for M = (m;;);,; we set
M* = (my;)

This defines a conjugate-linear self-inverse antiautomorphism on My(C), i.e. it fulfills

(VI

(AM +yN)* = AM* +FN*, (M*)* = M, and (MN)* = N*M*

for all matrices M, N € M4(C)und A,y € C. These are precisely the axioms that
we will later also use to define an involution abstractly.

A fixed point of the involution, i.e. a matrix that fulfills M* = M, is called a Her-
mitian matrix, and the set of all these matrices forms an R-subspace of M,(C),
but not a C-subspace:

Hery(C) := My(C)p, :={M € My(C) | M* = M}.

Note that for d > 2, the space Her,(C) is also not an algebra, i.e. not closed under
multiplication.

In Definition[2.2.4/and Lemmal2.2.3jwe have already encountered a notion of pos-
itivity that makes sense for matrices, also with complex entries. Recall that a ma-
trix M € Her,(C) is called positive semidefinite if

v'Mv >0 forallv e C%

Here, v* denotes the conjugate-transposed vector of v € C¢. We denote this also
by

M = 0.
Note that we define positivity only for Hermitian matrices, just as we have re-

stricted to real symmetric matrices before. This makes sense, for example since
the numbers v* Mv might not even be real otherwise:

Positivity takes place in the space of Hermitian elements only!

Now it can happen that the product of two positive matrices is not even Hermi-
tian, and thus not positive again:

(on) (ii)=(52)

So the notion of a preordering cannot be defined in a general non-commutative
setup, and we will have to restrict to quadratic modules.
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Note that the statement of Lemmal2.2.3]remains true when adapted to the Her-
mitian setup. For example, M is positive semidefinite if and only if there exists a
decomposition

M =G5S

for some Matrix S € M,(C) (which can even be chosen Hermitian and positive
semidefinite again). One just diagonalizes U* MU = D with a unitary matrix U
and sets S = U+/DU*, where v/D is the diagonal matrix obtained from taking
the real positive square-roots of the diagonal entries of D. This particular S is
also denoted by /M. One also obtains this S as a polynomial expression p(M)
for some p € R[t]. In fact, any p that coincides with the square-root function on
the spectrum of M will do. If we want some uniform polynomial expressions that
work for all M, we can take a limit p,, (M) for n — oo. We have to choose the p,,
to approximate the square-root function ever closer, on ever larger intervals.

So this is already a first nice non-commutative Positivstellensatz:

M = 0ifand only if M is a Hermitian square in M,(C).

We see here: In the non-commutative setup, squares are defined via the involution, i.e. we
always consider Hermitian squares. This is because usual squares of the form @ - Q)
will in general not even be positive, as can already be seen in the 1 x 1-case:

1-1=—1.
We finish this class of examples with two interesting results on matrix algebras.

Theorem7.1.1. My(C)isacentral simple algebra, i.e. it has only the two trivial two-sided
ideals, and the center consist of only C - 1.

Proof. Let0 # M € My(C). We show that the two-sided ideal generated by M is
already the full ring:
(M) = Mq(C).

Let E;; be the matrix with a 1 at the (¢, j)-position, and zeros elsewhere. The E;;
span M,(C) as a C-vectorspace, and thus it is enough to show

Ei; € (M)

forall 7, j. The identity
EyiEiiEj = By
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shows that it is enough to prove this for one of the matrices £;;. Now if the (3, j)-
entry of M ism # 0, then

Ej=m"" E;ME;; € (M).

Now assume that M belongs to the center of M4(C), i.e. commutes with all other
matrices. The identities

then show that M must be diagonal with identical diagonal entries. O

The next important statement is about subalgebras of matrix algebras. If A C
My(C) is a subalgebra, a subspace V' C C?is called A-invariant, if Mv € V
holds forallv € V and M € A. The two spaces {0} and V' are the two trivial
invariant subspaces for any subalgebra A.

Theorem 7.1.2 (Burnside’s Theorem). Ifthe subalgebra A C M,(C) does not admit a
non-trivial invariant subspace, then A = M4(C).

Proof. A operates transitively on C? \ {0}: for every 0 # v € C? the set
{0} S {Mv | M e A}

is clearly an A-invariant subspace, and thus coincides with C?¢. We will now first
show that A contains a matrix of rank 1. Choose 0 # P € A. Ifrank(P) > 2,
choose vy, v, € C?%with Pvy, Pv, linearly independent. Then choose M € A
with M Pv; = wvy, using transitivity of the action. Now PM Pv; and Pv, are
linearly independent, and thus PM P — AP # 0 holds for all A € C. But there
exists some )\ for which PM — \y1, is not invertible on the space PC?, since C
is algebraically closed, and each linear map thus has an eigenvalue (here we see
why working over C is beneficial). Thus

(PM — Al P

has a strictly smaller rank than P, but not zero. By iteration we obtain a matrix
Q € Aofrank 1.
Every other matrix of rank 1 then also lies in .A. This uses transitivity of .A on C?

again (Exercise[59). Since every matrix is a sum of matrices of rank 1, this proves
A =My(C). O
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Now assume that A C M,(C) is even a *-subalgebra, i.e. for M € A we also
have M* € A. If A admits a non-trivial invariant subspace V, then V* is also
A-invariant. This uses that A is closed under *:

(Mw,v) = (w,@} =0
ev
for M € A,v € Vandw € V1. So after a unitary change of basis, all matrices
from A have block-diagonal form, i.e. A is becomes a subalgebra of some algebra
Mg, (C) & Mg, (C) with 1 < dy, dy and dy + dy = d. This can clearly be iterated
until the single blocks don’t admit a nontrivial invariant subspace anymore, and
then Burnside’s Theorem says that they form a full matrix algebra. So in total we

can assume
ACMy;(C)@ - &My, (C)

with d; + - - - + d, = d, and the projection to each summand is surjective on A.

Example 7.1.3. Let A C M,(C) be a commutative x-subalgebra. Asjust explained,
we can assume
ACMy(C)® - & Mg, (C)

and the projection to each block is surjective on A. On the other hand, all ele-
ments of A commute, and this implies d; = 1 for all i. So after a suitable unitary
conjugation, A consists of only diagonal matrices. A

Operators on Hilbert Space

The second important class of examples are algebras of operators on a Hilbert
space. Strictly speaking, this contains all the matrix algebras, which arise from
finite-dimensional Hilbert spaces. But now we will mostly think about infinite-
dimensional spaces.

Let H be a Hilbert space over C. A linear map

T-H—H
(also called operator) is continuous if and only if it is bounded, i.e. fulfills
[ T]| < Cllv]]

for some C' > O and all v € H. The smallest such C (in infimum, to be precise)
is called the operator norm of 7', and is usually denoted by || T’||o,. The set of all
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continuous/bounded operators on # is denoted by B(# ). Now the set 3() turns
out to be a Banach space (with respect to the operator norm), and it is also an al-
gebra with involution. Multiplication is composition of operators, the involution
is given by the adjoint of an operator, which exists and is uniquely defined by the
condition

(Tv,w) = (v, T"w)

forall v, w € H. A fixed point of the involution is called a self-adjoint operator,
and again the set
BH),:={TeB(H)|T =T}

of all self-adjoint operators is an R-subspace of B(H).

Example 7.1.4. Consider

H = EQ(Z) = {(ai)iez ’ a; € C,Z |ai\2 < OO} ,
the Hilbert space of all square-summable sequences, with inner product
((@i)i, (bi)i) = Z az’l—)i~

(@) Let m = (my);ez € (°°(Z) be a bounded sequence, i.e. |m;| < C holds for some
C' > 0and all i. Then the following defines a bounded multiplication operator
M,, on H, with || M,, o, < C:

Mmi (az)z — (mzaz),

This is a straightforward generalization of a diagonal matrix. The adjoint opera-
tor M is multiplication with the complex conjugate sequence m = (7;);, and
thus M,, is self-adjoint if and only if all m; are real.

(i7) The left-shift operator L is defined as

L: (az)z — (ai_l)i.

Itis norm-preserving, i.e. fulfills || Lv|| = ||v|| forallv € H, in particular we have
|L||op = 1and L € B(H). Its adjoint operator is the right-shift operator

L"=R: (az)z — (aiﬂ)i.

So L is unitary but not self-adjoint. A
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A self-adjoint operator 7' € B(#H )y, is called positive semidefinite, if
(Tv,v) 20 YveH.

We also denote this by 7' = 0. The notion is thus a direct generalization of the
known one for matrices. Also here we assume self-adjointness to ensure that all
the numbers (T, v) are real:

(Tv,v) = (v, Tv) = (T"v,v) = (Tv,v).
The spectral theory and functional calculus for self-adjoint operators in Hilbert
spaces provide an exact analog to the Positivstellensatz for matrices: A self-adjoint
operator T' € B(H), is positive semidefinite if and only if

T=5"S
holds for some S € B(H).

Example7.1.5. The multiplication operator M,, from Example[7.1.4|(i), with a real
sequence m = (m;);, is self-adjoint, and positive semidefinite if and only if all
m; > 0. In this case, the multiplication operator M /- with \/m = (y/m;); pro-
vides a square decomposition of M,,. A

Sometimes it will be necessary to consider unbounded operators, i.e. operators
thatare not continuous, and the underlying space need not even be a Hilbert space
then. So let D be a C-vectorspace with inner product, not necessarily complete.
By

L(D)
we denote the set of all linear maps 7': D — D, this time without any continu-
ity/boundedness condition. They again form an algebra. If T" € £(D) is contin-
uous on D, we can extend 7" uniquely to a linear bounded map to the completion
H of D, i.e. we can understand 7" as an element of B(#) (see Exercisefor an
even more general statement).
Now in general, the definition of adjoint operators in £(D) is problematic. We
will just need the following: We call an operator T' € £(D) self-adjoint, if

(Tv,w) = (v, Tw)
holds for all v, w € D, and we call a self-adjoint operator positive semidefinite,
if
(Tv,v) 20
holds for allv € D.
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7.2 Algebras and Representations

We will now consider general x-algebras and their representations. Again we as-
sume that every algebra has a unit element 1, and homomorphisms map 1 to 1.

Definition 7.2.1. (2) A x-algebra is a (not necessarily commutative) C-algebra A,
together with an involution %, i.e. a conjugate-linear self-invers antiautomor-
phism:

(Aa +7b)* = Xa* +7b*, (a*)* =a, (ab)* =b*a*

foralla,b € A, \,v € C.
(¢1) For a given x-algebra A, the R-subspace

Ay ={ac A|la" =a}
is called the space of Hermitian/self-adjoint elements.

(ii7) By
Z.Az = {Za;‘ai | meN a; € .A}

=1

we denote the set of sums of Hermitian squares. Clearly > A% is a convex cone
in A, and

YA Y
holds foralla € A.

(iv) A x-algebra homomorphism is an algebra homomorphism
T A—B

between x-algebras, that also fulfills 7(a*) = 7(a)* foralla € A.
(v) A (bounded) *-representation of A is a x-algebra homomorphism

7 A— B(H)

for some Hilbert space H. A x-representation is called finite-dimensional, if
is finite-dimensional. After fixing a basis it just means

T A— Md(C)
(vi) An unbounded x-representation is a x-algebra homomorphism

n: A— L(D)
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for some inner product space D, fulfilling
(m(a)v, w) = (v, 7(a”)w)

forallv,w € Dandalla € A.
(vii) A state on A is a C-linear functional ¢: A — C, that fulfills

©(1) =1 and p(a*a) >0

forall a € A. Often one additionally requires p(a*) = ¢(a) for all a, but this
in fact already follows from nonnegativity on squares (Exercise[60). In particular,
¢: A — Risan R-linear functional. A

Remark 7.2.2. The x-representations of a general x-algebra play the roles of geo-
metric points corresponding to the algebra. One can evaluate an algebra element
a at such a point 7, by applying the representation to the point

a(m) = 7(a)

and the result is a concrete operator/matrix. We will argue in the next example
that in the commutative setup this corresponds to classical point evaluations.

Example7.2.3. (i) Let A be acommutative x-algebraand 7: A — M,(C) afinite-
dimensional *-representation. When we apply the result from Example[7.1.3]to
the image of 7, we see that we can assume

m: A= M(C)@ - dM(C),

i.e. 7 is just a d-tuple of x-algebra homomorphisms ¢;: A — C. So increasing
the dimensions of representations does not add anything new in the commutative
case.

(¢i) Consider A = C[xy, . .., x,], with involution which is just complex conjuga-
tion of coefficients. We have

Clay,..., o)y =Rlzy,...,2x,)and Y Clay,... 2> =Y Rlzy,... 2,

so we are precisely in the well-known context of the previous chapters. By (i), the
only relevant finite-dimensional *-representations of C[z, ..., xz,] are (after a
possible change of basis) evaluations at points of R". A
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Remark 7.2.4. (i) Leta € > A% and let 7 be a (bounded or unbounded) *-re-
presentation of A. Then 7(a) is positive semidefinite. In fact, fora = ) ajq;
and any vector v we have

(n(a)v,v) =) (m(af)m(ai)v,v) = (m(a)v, w(a;)v) = Z I(ai)v]]* > 0.

7 %

So every sum of squares is nonnegative on the geometric set of x-representations.
(i) Every (bounded or unbounded) x-representation 7 of A gives rise to many
states ¢ on A. Indeed, for every v € H (v € D, respectively) with ||[v|| = 1 we get
a state defined by

o(a) := (m(a)v,v). A

The important construction of Gelfand, Neumark and Segal, also called the GNS-
construction, provides a converse to the last remark. Given a state p: A — C,
one can construct a x-representation

i, A— L(D)
with a distinguished vector v € D, such that
pl(a) = (my(a)v, v)
holds for all a € A. Before explaining this in detail, we first provide two lemmas.

Lemma 7.2.5 (Cauchy-Schwarz Inequality). Let p: A — C be a state. Then for all
a,b € Awe have

o(b*a)]* < p(b"D)p(a"a).

Proof. The Hermitian matrix

_ [ pla*a) @(a*d) .

is positive semidefinite. In fact, for v = (v;,v5)" € C? we have
v*Muv = ¢ ((via + veb)*(via + v9b)) = 0.
Thus M has a nonnegative determinant, and we compute
det(M) = p(a*a)p(b"d) — p(a*b)p(b*a) = p(a*a)p(b*b) — [p(b"a)|*.

This proves the claim. O
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Lemma7.2.6. Letp: A — C beastate. Then
N, :={aec A|p(a*a) =0}
is a (nontrivial) left-ideal in A.
Proof. Exercise[61 O

Now the GNS-construction works as follows. All statements that we do not prove
are covered by Exercise[62] Let p be a state on A. We first equip the C-vectorspace
A with a sesquilinear form defined by

{a,b)y = p(b"a),

which is clearly positive semidefinite, i.e. fulfills (a,a), > 0 for all a. To make
(-, ), strictly positive definite, i.e. an inner product, we have to factor out N,,.
On the C-vectorspace

D := A/N,

we get a well-defined inner product (-, -),. Since N,, is even a left-ideal, multipli-
cation with elements from .4 from the the left is well-defined, and so everya € A
gives rise to a linear operator

mgy: D — D; d— ad.
In this way we obtain a x-representation

.. A — L(D)

a— myg

of A.If v € Dis chosen as the residue class of 1, we get ||v||, = 1 and

(mp(a)v,v)p = p(17-a- 1) = ¢(a)
forall a € A. This is exactly what we wanted to show.

Since sets of x-representations can be seen as geometric spaces corresponding to
the algebra, it is clear that positivity of elements should be defined by positivity on
such representations.

Definition 7.2.7. Let A be a x-algebra and F a class of *-representations of A.
An element a € A, is called nonnegative on F, if 7(a) is a positive semidefinite
operator, forallm € F. A
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Remark 7.2.8. By Remark(7.2.4(¢), sums of squares from .4 are nonnegative on
every class F of x-representations of A. A

Example 7.2.9. Let A = Clay,...,z,] be as in Example[7.2.3| (i4), and let F be
the set of all finite-dimensional *-representations of 4. We now already know
thatp € R[zy,...,x,]is nonnegative on F if and only if p is nonnegative at every
point of R™. It would also be enough to consider the set of all one-dimensional *-
representations only. We also know that not every such nonnegative polynomial
is a sum of squares. A

Let us consider
VvV
(Z AQ) :={a € A, | p(a) > 0forall states p on A}

just as we have done for sums of squares in R[z] (the extra condition p(1) = 1
for states does not change anything, see Exercise[63). Again, this coincides with
the closure of > A? in the finest locally convex topology on the R-vectorspace A;,.
The following result is a general Positivstellensatz for arbitrary %-algebras.

Theorem 7.2.10. Let A be a x-algebra and F the class of all x-representations (bounded
and unbounded) of A. Then forall a € Aj, we have:

. 9 VvV
anonnegativeon F <& a € (ZA >

Proof. "<": Let m: A — L(D) be a x-representation and v € D with ||v|| = 1.
Then the rule
b— (m(b)v,v)

defines a state on A, and by assumption we thus have (7(a)v,v) > 0. So a is
nonnegative on 7, and thus on the whole of F.
For =" let ¢: A — C be a state. From the GNS-construction we obtain a x*-
representation

.. A — L(D)

and some v € D with ¢(a) = (n,(a)v, v),. From 7, € F we thus get
p(a) =0,

the desired statement. O
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Remark 7.2.11. From the proof of Theoreml7.2.10|we see that we can choose F as
the set of all x-representations on spaces D with

dim(D) < dim(.A).

The space D that we construct in the GNS-construction is indeed always a quo-
tient of A. A

Example 7.2.12. For C|z] we have seen in Example[6.2.7](:) that

(S cw?)” = (CRuP) " = Y RLp

holds. So p € R]z] is a sum of squares if and only if p is nonnegative at each
(bounded and unbounded) *-representation of C[z]|. Nonnegativity at all finite-
dimensional *-representation is not enough for this in general, since it is only
equivalent to nonnegativity of p on R" (see Example[7.2.9). A

As we have seen in the commutative setup already, Positivstellensitze become
much strongerin case of Archimedean preorderings/quadratic modules. The same
is true in the non-commutative case.

Definition 7.2.13. We call }_ A? Archimedean, if for every a € A, there exists

some r > 0 with
r—ac€ ZAQ.

After dividing by r this is equivalent to

1—5@62.%12

for some € > 0, i.e. to 1 being an algebraic interior point of }_ .A? in the R-
vectorspace A, (meaning you can walk a little in each direction, starting from 1,
without leaving the set). A

The following result is an Archimedean Positivstellensatz for *-algebras. We can
significantly weaken the assumptions from Theorem)|7.2.10|, and also obtain a stronger
result.

Theorem 7.2.14. Let A be a x-algebrainwhich > A? is Archimedean. Let F be the class
of all bounded x-representations of A. Then forall a € A}, we have:

anonnegativeon F & a+¢c € Z.AQ Ve > 0.
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Proof. "< is proven as in Theorem|7.2.10] For ”=" it is enough to show that a €
(3" A2)"" holds. Since 1 is an interior point of 3 .A2 this in fact implies a + ¢ €
>~ A%foralle > 0, using a suitable version of the Hahn-Banach Theorem.

We now proceed as in the proof of Theorem we just have to ensure that
all states on A give rise to bounded *-representations via the GNS-construction.
So let ¢ be a state on A and 7, the corresponding GNS-representation on D =
A/N,.Fora € Awehaver—a*a € > A?*forsomer > 0, using the Archimedean
property. Each vector v € D is the residue class of some b € A, and we have

b*(r —a*a)b =rb"b — b*a*ab € Z A%
This implies
Ime(a)v]ly = (mo(a)v, mp(a)v), = (b a”ab) < (rb*d) = (b, b), = rllv]l3,

where the inequality follows from nonnegativity of ¢ on Y A% So m,(a) is a
bounded operator on D (with operator norm < /7, not even depending on ¢),
which extends uniquely to a bounded operator on the completion H of D. In this
way we can interpret

T, A— B(H)
as a bounded *-representation (see Exercise[64). ]

Remark 7.2.15. In Theorem [7.2.14] we can restrict to the class of all bounded x*-
representations on Hilbert spaces  that admit a dense subspace D C H with
dim(D) < dim(.A). If A has countable dimension, these are precisely called the
separable Hilbert spaces. A

We have now proven two very general Positivstellensitze for x-algebras. In the
following we will consider special classes of algebras, for which we can signifi-
cantly improve upon the results, and also state the positivity more concretely.

7.3 Non-Commutative Polynomials

In this section we consider the algebra
A= C<§> = C<217 s 7Zn>

of polynomials in non-commuting variables. A is also called the free algebra. A
word (or monomial) w in the variables zy, . . ., 2, is just a finite formal product

W = Zj, %y * " sz
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of some of the variables. The number £ is called the word length (or degree) of
w. Since the variables do not commute, z; 25 and 292, are different words, for
example. Words are multiplied by concatenating them formally, for example we
have

Z1R3 * R9Z1 — Z1R3%2%1.-

Now as a C-vectorspace, the words form a basis of C(z):

C(z) = {ch-w | Co EC}

w

where all sums are finite. By C(z),; we denote the finite-dimensional subspace
spanned by words of length at most d.

Multiplication of words extends uniquely to an associative and distributive multi-
plication on C(z), making it an algebra which is non-commutative for n > 2. We
finally consider the involution that is uniquely defined on C(z) by the conditions

¥ =z and \* =\

for A € C. Recall that involutions interchange the order of products, so it does
not just act as conjugation on the coefficients here! We for example have

(i21z2)* = —iZQZl.

This also implies that C(z)y, is not equal to R(z), in contrast to the commutative
polynomial algebra. For example, z; 25 is not Hermitian, whereas iz; zo — iz92; in
fact is. But note that we still have

D CEPNRZ) =) R(z),

which can easily be seen by splitting polynomials into real and imaginary parts
with respect to its coefficients.

Proposition 7.3.1. In the real vectorspace C(z);, we have

ZC<§>2 _ (ZC<§>2)W.

Proof. This is proven similar to the commutative case in Section[6.2] see Exercise

65l u
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Remark 7.3.2. Since the variables z; fulfill no relatios besides z; = z;, the *-
representations of C(z) are easy to describe. For any n-tuple of self-adjoint op-
erators 71, ..., T,, € L(D) we obtain a x-representation

w: C(z1,...,2n) — L(D)
pHp(Th"'?Tn)a

and each *-representation is of this form. So Theorem can be stated as
follows here: a Hermitian polynomial p € C(z), is a sum of squares if and only if

p(T17“'7Tn) ?0

holds for all choices of (bounded and unbounded) self-adjoint operators 7;. Al-
though the sums of squares are not Archimedean here, there is a very surprising
strengthening of this result, which is not true in the commutative setup (cp. Ex-

ample[7.2.12). A
Theorem 7.3.3 (Helton's Theorem). Ifp € C(z), fulfills

p(MlaaMn)ko

peY C)*

In other words, p is a sum of Hermitian squares if and only if it is nonnegative on the set of
all finite-dimensional x-representations.

Proof. By Theorem|7.2.10and Proposition[7.3.1it is enough to show that nonneg-
ativity of p on all finite-dimensional x-representations already implies nonnega-
tivity on all x-representations.

Solet D be an inner product spaceand 77, . .., T,, € L(D) self-adjoint operators.
We have to show

(p(Ty,...,T,)v,v) =0

forallv € D. So fix such v € D, choose d € Nwith p € C(z)q, i.e. only words of
length at most d appear in p. We now consider

H:={q(Th,.... To)v | g € Clz)a},
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which is clearly a finite-dimensional subspace of D containing v. Let P € L(D)
be the orthogonal projection to #, i.e. if uy, . . . , u, is an orthonormal basis of H,
then

T

P(w) =3 (w, ;) -,

j=1

forallw € D. We now set
M;:=PoT;, € L(H)=B(H) fori=1,...,n.

Now it is easily checked that the M, are self-adjoint on H (using that P is self-
adjoint). So we obtain a new and in fact finite-dimensional x-representation

7m: C{z) — B(H)
g q(My, ..., M,).

By definition of , for every product M;, - - - M;, with k < d we have

(Milo...oM, )U: (E o...oj—%k)v‘

In fact, as long as at most d of the T; are applied to v consequtively, the result
always lies in 74, and application of P in between does not change anything! Since
all words in p are of length at most d, we thus have

p(My, ..., M,)v=p(Ty,...,T,)v

and so also
(p(Ty, ..., Ty)v,v) = (p(My, ..., M,)v,v).

Now since p is nonnegative at all finite-dimensional *-representations, the ex-
pression on the right ist nonnegative. But this is what we wanted to show. O

Remark 7.3.4. (i) The dimension of the matrices M; in Theorem[7.3.3|can even be
bounded. The space # that we have constructed in the proof is of dimension at

most "
nttt —1
di S
im C(z)4 —
if p € C(z)4. So we have to check nonnegativity of p only on matrices of (at most)
this size. This bound depends only on the degree of p and the number of variables.
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(i) Let m € C(z1, 22),, be a non-commutative Hermitian version of the Motzkin
polynomial (meaning we get the Motzkin polynomial when we let the variables
commute). We could for example take

1 1 1 3 3
m = §zfz§ + Ezng + 52%23 + Ezng — 52%23 — ngzf + 1.

Then there exists some 2 < d < 127 and M;, M, € Her,(C) such that
m(My, Ms) € Hery(C)

is not positive semidefinite! Otherwise m would be a sum of Hermitian squares
by Theorem and if we then let all variables commute, this would yield a sums
of squares decomposition of the commutative Motzkin polynomial. A

7.4 Group Algebras

Let I" be a group with identity element e (we will use multiplicative notation for
groups). We take the elements of I as a basis for a complex vectorspace, denoted
Cr:

Cl'= {Z ¢y g | cg € C, only finitely many ¢, # O} :

gel’

Now multiplication of I" yields a multiplication of the basis vectors of CI', and
thus an associative and distributive multiplication on CT" :

(o) () 2 )

In this way CI" becomes an algebra, called the (complex) group algebra of I'". It is
commutative if and only if I is. The identity element is 1 - e. We equip CI" with
the following involution:

g g g

Soanelement ) ¢, - gis Hermitian if and only if

Cg = Cgfl

holds forallg € T'.
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Example 7.4.1. (1) Consider I' = Z with the usual addition. Then CZ is commu-
tative, and in fact isomorphic to the algebra

CZ = C[t,t 7]

of Laurent polynomials in one variable. Under this isomorphism, the basis vec-
tor m € Z of CZ corresponds to ¢™. The corresponding involution on Laurent
polynomials thus fulfills (¢)* = ¢~*. So the Hermitian elements are not the real
Laurent polynomials, which we would prefer however. Now note that we can also
generate the algebra C[t, ¢~!] by the Hermitian elements

ottt t—t!

: and v :=
. 2 y %

These fulfill the relation
4yt =1,

and so there is a *-algebra isomorphism to the algebra
Clz,y]/(2* +y* — 1) = C[S"]

of polynomial functions on the unit circle, now with involution z* = z,y* = y.
So a Hermitian element is really just a polynomial with real coefficients. More
general, CZ" is isomorphic to the algebra

C[S" x -+ x §Y]

n

of polynomial functions on the n-dimensional torus, with canonical involution.
(#i) If I' = S is the permutation group of 3 elements, we obtain a 6-dimensional
algebra CS3 which is not commutative.
(i13) By I' = F,, we denote the free group with n generators (which we usually call
21, ...,2n). An elementin F,, is thus a word in the letters

21,...,znand 27t 2t

Y ¥ n
The group operation is concatenation of words. The only valid relations are

-1, _ -1 __

for all i, where e is the empty word. The group algebra CF,, thus contains the free
algebra C(zy, ..., z,) as a subalgebra, but not as a x-subalgebra! In C(z) we have
ja zf = z;, whereas in CF), we have 2} = ;' A
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Remark 7.4.2. Let us determine all x-representations of a group algebra CI'. For
each *-representation
m: CI' — L(D)

we obtain a group homomorphism
m: ' = U(D)
g = m(9)-

into the group of unitary operators on D. Here we call T' € £(D) unitary, if there
exist some S € L(D) with

(Tv,w) = (v, Sw) Yv,w € D and TS = ST = idp.

We use that g* = ¢! holds in CT for this. This already implies that eachx-
representation of CI'is in fact a bounded representation, since unitary operators
are bounded of norm 1. Conversely, every group homomorphism

m: ' - U(D)

provides a x-representation of CI', by the rule
ch cg = ch -m(g).
g g9

So the x-representations of CI" are in one-to-one correspondence with group ho-
momorphisms from I into groups of unitary operators. A

Example 7.4.3. The group homomorphisms of F}, into an arbitrary group G are
obtained by prescribing an arbitrary image ¢g; € G for each of the generators z;
of F),. Aword like for example 2, z, ' 2, z3 is then mapped to g1 g, *g19s.

So the x-representations of CF,, are given by n-tuples of unitary operators U; €
U(H) on a Hilbert space. A

Proposition 7.4.4. For every group T, the sums of squares > CT'? are Archimedean.

Proof. Fora=}_ c,-g € CI'weset

lally = legl-

g
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Now one immediately checks the following identity:

. cch 1 e CoCh , _
HaH?—aa— Z\cgchl . Yo)"(1 - —==h""g).

g,hEF ’ |cgcnl

This shows ||a]|? — a*a € Y CT'?. For an Hermitian element a € CI', and r =
||a||; we thus have

1 * 2
T—a:§((r—a) (r—a)+ (r* —a*a)) ZCF O
The next result in fact follows from Schmiidgen’s Theorem|4.2.3}

Theorem 7.4.5. Let I be a finitely generated Abelian group, and let F be the set of all one-
dimensional x-representations of CT". Then for a € CI'}, we have

anonnegativeon F < a+¢ € Z(CF2 Ve > 0.

Proof. Exercise[66], similar to Example (7). O

For the group algebra of the free group, a similar result is true, resembling Hel-

ton’s Theorem|7.3.3}

Theorem 7.4.6. LetI' = F,, be the free group and F the set of all finite-dimensional *-
representations of CI'. Then for a € CI', we have

anonnegativeon F & a+¢ € ZCW Ve > 0.

The nonnegativity on the left just means that any replacement of the z; in a by unitary ma-
trices results in a positive semidefinite matrix.

Proof. By Theorem|7.2.14]and Proposition it suffices to show that nonnega-

tivity on F implies nonnegativity at each (bounded) *-representation. So let
7m: CI' — B(H)

be a x-representation and fix v € H. We have to show
(m(a)v,v) > 0.

Let d € N be such thata € CI'y, i.e. a is a linear combination of words in the z;
and z; ! of length at most d. We consider the finite-dimensional subspace

H' :={xw(b)v | be Cly}
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of H and the orthogonal projection P: H — H onto H'. With
ﬂ = 7T(ZZ') € Z/{(H)

we set
M;:=PoT;,,h € B(H).

We thenhave M = PoT; = PoT, ' onH'. Fora product Mfll 0-+-0 Mi‘i’“ with

)

6; € {1,*} and k < d we thus have, just as in the proof of Theorem[7.3.3}
(Mfl1 0---0 ng)v =(T;lo...0 Tiik)v.

But now the M; will not be unitary in general, and thus not provide a new x*-
representation of CI'. But the M, are contractions, i.e. both

idHl — MZ*MZ and ld’H’ - MZMZ*

are positive semidefinite on H’. This is a direct computation, using that the 7;
are unitary and thus norm preserving. Now the following construction is known
as Choi’s matrix trick. We set

M, = ( M, Vidye = MM ) cBH o).

idy — MM, M

7

The ]\A/[/z are now in fact unitary (Exercise , and for a product ]T/[’;sll 0-:-0 ]\Zi" as
above, and ¢ := (v,0) € H' © H' we have

(Mo 0 MX™)5,0) = (M o0 M¥)v,0) = (T o -+ 0 TP*)v, )

(Exercise @) Since the M; as unitary matrices provide a finite-dimensional *-
representation 7 of CI', and since a € CT'y, this implies

0 < (7(a)0,0) = (m(a)v,v).
This finishes the proof. O

Remark 7.4.7. (i) In Theorem one can even strengthen the statement

a+€EZ(CF2 Ve >0

a € ZCFQ.

to



7.5. MATRIX POLYNOMIALS 131

But this requires a technical refinement of the proof.

(#9) For T' = Z" with n > 3 we will not get the same strengthening a € > CI™
in Theorem In the commutative setup, there do not exist saturated pre-
orderings in dimension > 3, by Theorem|[6.3.4] We have proven this only for sets
with nonempty interior in affine space R", but it also holds for general real vari-
eties. A

7.5 Matrix Polynomials

Let A = My(Clxy, ..., x,]) be the algebra of d x d-matrices with polynomial en-
tries (but commutative polynomials!). Addition and multiplication are defined in
the obvious way, the involution as follows:

(pij)" == (05;)

where () cqaz®)* =) Cox® is the canonical involution on the polynomial ring
Clz] = C[xy,...,x,]. Elements of A are called matrix polynomials or polyno-
mial matrices. Every point a € R" yields a d-dimensional x-representation

7a: Ma(Clz]) — My(C)
M = (pij) = M(a) = (pij(a)).

Let F = {7, | a € R"}. So a Hermitian matrix polynomial is nonnegative on F,
if any only if it is positive semidefinite pointwise on R".

The following looks like a result of the non-commutative theory, but it in fact ad-
mits a completely commutative proof. The case of d = 1 is exactly Hilbert’s 17th
Problem.

Theorem 7.5.1 (Gondard & Ribenboim). For A = My(Clxy, ..., x,])and M € A,
we have

M (a) = Oforalla € R" < p'p- M € ZAQforsomeO #p € Clry, ...,z

In other words, M is nonnegative on F = {m, | a € R"} if and only if it is a sum of
squares with scalar denominatorin A.

Proof. "<=": For a € R" we have

0= ma(p"p - M) = |p(a)]* - M(a).
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For p(a) # 0 this already implies M (a) = 0, and a denseness argument implies
the same forall a € R™.

"="We firstassume M € M,(R[z]),i.e. M isreal symmetric. Over the field R(z)
we can thus diagonalize M as follows:

M = P'-diag(fi,..., f4)- P (7.1)

for some P € GL4(R(z)) and f; € R(z). From nonnegativity of M on R" it
follows that the f; € R(x) are nonnegative wherever they are defined. Theorem
k.1.1implies f; € > R(z)? as is easily checked. By multiplying with some
suitable p?, we can clear all denominators. This proves the claim.

The general case M € M,(C[z]), can be reduced to the real case. Write M =
My + 1My with My, M, € MdaR[&]) Then

= 20 08 ) € Mut®la),

is real symmetric, and again pointwise nonnegative. The statement for M now
follows from the already proven result for M (Exercise. O

The End

(now solve Exercise[69)
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Exercises

Exercise 1. (i) Show that for a € R the orderings <, und <,, on Q(t) from
Example[1.1.4)are different if and only if @ is algebraic over Q ist.

(19) Show that the orderings <, and <,, respectively, are Archimedean on Q(¢)
if and only if a is transcendental over Q.

Exercise 2. Show that the mapping used in the proof of Theorem[1.1.8]is an order-
preserving ring homomorphism.

Exercise 3. Prove Theorem|1.1.12].

Exercise 4. Show that the following sets from Example are orderings on
R(t):

d
P = {f/g | fg=> ait' as> 0} u {0}

i=k

d
Py = {f/g | fg:Zaiti,ak >0}U{0}

i—k
Towhich of the already constructed binary ordering relations do they correspond?

Exercise 5. Determine all orderings of Q(v/2).

Exercise 6. Prove Corollary[1.2.10]

Exercise 7. Prove Rolle’s Theorem[1.2.12]for polynomials over arbitrary real closed
fields.

Exercise 8. Let K beafieldand vy, ..., vy linearly independent (column) vectors
from K. Show the following:

(¢) The matrix M = Zle v;v! has rank d.

(#) The matrix N = 327 vl — 327 vl has signature s — (d — s), with
respect to every ordering of K.
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Exercise9. We call an extension (K, <) C (L, <) of ordered fields Archimedean,
if forall b € L there exists some a € K with b < a.
Show that if L./ K is algebraic, then the extension is automatically Archimedean.

Exercise 10. Let (K, <) be an ordered field and A C K a subring. Show the
following: The set

O:={be K|+b<aforsomea € A}
is again a subring of K, with the following properties:
s ACO
e by <c < bywithby, b € O = c€ O (order convexity)
cce K\O=c'!'eO (Oisavaluationringof K).

Exercise 11. Let O C K be a valuation ring of the field K (i.e.a € K\ O =
a~! € O). Show that O has exactly one maximal ideal, namely

m={ac0|a'¢0}=0)\0"

Exercise12. Let (K, <) = (K, P) be an ordered field and A a subring of K. Let
O be the convex valuation ring from Exercise[10] m its maximal ideal (Exercise[11),
and 7: O — O/m the projection map. Show that

(P NO)
is an ordering of the residue field O /m. For A = Z it is archimedean.

Exercise 13. Show that
det (tI; — C(p)) =p

holds for all (monic) polynomials p € KTt].

Exercise 14. Compute the Hermite Matrix (see Definition of the general
polynomial p = 3 + at® + bt + ¢ € R[t]. Find conditions on the coefficients
a, b, c, stating that p has at least two real zeros.

Exercise1s. Let (K, <)beanordered field, and 0 # p € K|[t]a polynomial whose
roots all lie in K. Show the following:

The roots of p are all > 0 if and only if the coefficients of p have alternating signs,
ie.p= Y0 a;t' with (—1)'a; > 0.
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Exercise16. Find an explicit ordering < of R(z, y), such that for polynomials p €
Rz, y] we have
0 <p(0,0)=0<p.

Exercise 17. Show that the sets from Example[1.5.4|are not semialgebraic.

Exercise 18. (1) Formulate the statement of the Intermediate Value Theorem for
polynomials of fixed degree d as a formal Z-statement.

(i7) Formulate the statement, that every polynomial (of fixed degree d) takes a
maximum on each interval [a, b] as a formal Z-statement.

(i17) Can you formulate the statement that < is Archimedean on R as a formal
R-statement?

Exercise 19. (i) Prove Corollary[t.5.11
(i7) Show that closure and interior of semialgebraic subsets of R" are semialge-
braic.

Exercise 20. Let R be real closed. A function f: R — Ris called definable, if its
graph
L(f) = {(a, f(a)) |a € R} C R

is semialgebraic. Let f be such a definable function.

(¢) Show that there exists a polynomial 0 # p € R[z,y] that vanishes on I'(f).
(¢7) Show that there exists some ¢ € R[t] with | f(«)| < ¢(«) for all large enough
a € R.

(222) Does (¢2) also hold on the whole of R?

Exercise 21. Let S = §(R) = ¢'(R) C R" be a semialgebraic set, defined by the
two formulas § and ¢’ in the free variables x4, . . . , x,,. Show the following:
(¢) For every real closed extension field R; of R we have

S(Ry) = &'(Ry).

We denote this set by Sg, .
(19) If S C R? s the graph of a function, then so is Sg, C R2.

Exercise 22. Let f: R — R be a definable function. By Exercise|21|(i7), for each
real closed extension field S of R we can canonically extend f to fs: S — S. Show
that injectivity/surjectivity transfer from f to fs.
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Exercise 23. Show that for polynomials p,q € Klxy,...,z,| (over an arbitrary
field K) we always have

N(pq) = N(p) + N(q).

Exercise 24. Let A = R[[t]] be the ring of formal power series in one variable.

(¢) Show that A is an integral domain.

(i1) Show that p € Ais invertible if and only if p = >~°° p;t* with py # 0. Con-
clude that A has exactly one maximal ideal (i.e. A is alocal ring).

(i79) Show that p € Aisasquarein Aifandonlyifp = Y .°, p;t* with k even and
pr > 0.

(¢v) Find all orderings of the ring A.

Exercise 25. Prove the statement from Example (iv).
Exercise 26. Prove Proposition[3.1.12}

Exercise 27. Let X be a compact Hausdorff space. Find all maximal orderings of
the ring C'(X, R) of continuous real-valued functions on X.

Exercise 28. Complete the proof of Theorem|3.1.23]

Exercise 29. Prove Corollary[3.1.24

Exercise 30. Prove the abstract Nichtnegativstellensatz (Theorem [3.2.3) and the
abstract Nullstellensatz (Theorem3.2.4).

Exercise 31. Show that theideal (1 — 2% — 4?) C R|[z, y] is real.

Exercise 32. Let T'(py,...,pm) C RJ[t] denote the preordering generated by the
polynomials py, . .., p,,. Show the following:

o)t ¢ T(t).

(@) Ifp > 0on[0,00), thenp € T'(¢t).

(#i7) If p > 0on [—1,1],thenp € T(1 —¢,1 4 t).

@) T(1—t,1+1t) =T (1 —t2).

Exercise 33. Let R[[xy,...,z,]] be the formal power series ring in n variables.
Show that for polynomials p € R[zq,. .., z,] we have

p = 0in a neighborhood of zero = p > 0 on Sper(R|[[z1, ..., z,]]).
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Exercise 34. Let B be the unit disk in R%. Show that the set
([-1,0] x [~1,1]) U B C R?

is not basic closed semialgebraic, i.e. not of the form Wg(py, ..., p,) for certain
pi € Rz, y].

Exercise 35. Let / be a nonempty set. A filter on [ is a subset 7 C P([) of the
power set of I, with the following properties:

W¢F ABeF=ANBeF AeF, ACB=BeF
An ultrafilter is filter F with the additional property
A¢dF=>1\AeF.

Show the following:

(i) Foreachi € I theset F; := {A C I | i € A}isan ultrafilter (such ultrafilters
are called principal ultrafilters).

(¢i) If I isinfinite, then {A C [ | I\ A finite} is a filter (called the filter of cofinite
sets).

(222) Each filter is contained in some ultrafilter.

(¢v) An ultrafilter is principal if and only if it does not contain the filter of cofinite
sets.

Exercise 36. Let / be an infinite set and F an ultrafilter on /. Let (K, <;) be an
ordered field, for each i € I. Consider the commutative ring

R=]]Ki={(a)ier | a; € K;foralli € T}.
el

Show the following:
(¢) The set
m = {(ai); [ {7 ] a; = 0} € F}

is a maximal ideal in R.
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(¢7) The relation

induces a well-defined ordering on the field R/m.
(i73) If F is not principal and if I is countable, then the ordered field from (i) is
not Archimedean.

Exercise 37. Let [ be a set and F an ultrafilter on /. Let (K}, <;) be an ordered
field, for each i € I, and let (K, <) be the ordered field constructed in Exer-

cise[36](i7). Let ¢ be formula over Z in the free variables x4, ..., x,, and leta; =
(a13)icps - - - > an = (ni);; be elements from K = ([],; K;) /m.

Prove Los’s Theorem:

The statement ¢(ay, . . ., a,) holds in (K, <)
= {Z el | gp(ali, R ,(Zm) holds in (KZ, \1)} e F.

Hint: Proceed by induction over the construction of the formula; considering 3 instead
of V might be easier.

Exercise 38. Show that the property of being Archimedean of an ordered field
cannot be formulated as a statement over Z (i.e. there is no statement over Z that
holds in an ordered field if and only if it is Archimedean).

Hint: Use Exercises[3g6land g7

Exercise39. Let F be anon-principal ultrafilteron N, and foralli € Nlet R, = R
always be the same real closed field. Let

R:= (HR) /m

be the real closed extension field of R that we have constructed in Exercises36land
(why is R real closed? Why does it contain R?). Prove that R is N;-saturated,
ie.:

If a semialgebraic set in R"™ is covered by countably many semialgebraic sets,
then there exists a finite subcover.
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Hint: If no finite subcover exists, then there is a sequence of elements a;, such that each
a; belongs to the initial set but not to the i-th set from the covering. Then use a diagonal
argument to construct an element from the initial set that does not belong to any of the
covering sets.

Exercise 40. Prove existence of degree bounds in Hilbert’s 17th Problem: For n,d € N
there exists some d’ € N, such that for each real closed field R, and each globally
nonnegative polynomial p € R[z1, ..., z,] of degree d, there exists a representa-
tion

¢*p=pi -+ +pp,
with polynomials ¢, p1, ..., pm € Rlzy,. .., x,] of degree at most d'.
Hint: Apply Hilbert’s 17th Problem in some X; -saturated field R; cp. Exercise[39}

Exercise 41. Let R be a non-Archimedean real closed extension field of R, and let
¢ be an infinitesimal positive element from R. Show that

1-t*+e¢T((1-t*)°) CR[t].
Hint: Consider the order-convex hull O of R in R, and apply the factor map
O —0O0/m=R.
Exercise 42. Show thatin Rz, y| we have zy ¢ M(x,vy).

Exercise 43. Find py,...,p, € Rlz1, ..., x,], such that Wgr(p1, ..., pm) = 0 but

—1¢M(p1,...,pm).

Exercise 44. Show that for diagonal matrices M, M, ..., M,, we can omit the
strictly feasibly condition in the Duality Theorem (this is then known as the
Duality Theorem for linear optimization).
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Exercise 45. Prove Farkas’ Lemma (cp. Examplels.4.5):

Letlq, ..., 0y € Rlz] = R[zy,...,x,] be polynomials of degree at most one, and
assume the polyhedron

P={aeR"|l(a)>20,...,0y,(a) >0}

that they define is not empty. Let ¢ € R[z] be another polynomial of degree < 1.
We then have

(>200nP < {=rog+mrly+ -+ ryly, forcertainr; € Ry.

Hint: You can for example use the Duality Theorem with suitable diagonal matrices.

Exercise 46. Constructa semidefinite optimization problem for which strong du-
ality d* = p* fails.

Exercise 47. Construct a semidefinite optimization problem for which both pri-
mal and dual problems have feasible points, but in which the optimal values in
both problems are not attained.

Exercise 48. Use a method of your choice (e.g. Lagrange’s method) to compute
minimum and maximum of the polynomial 2> + y + 1 on the planar unit disk
W1 —z%—y?).

Exercise 49. Let S C R" be a spectrahedral cone with nonempty interior. Show
that there exist symmetric matrices My, ..., M, with S = S(M;, ..., M,), such
that

int(S) ={a € R" |a; My + -+ +a,M, > 0}.

Exercise 50. Let h € R[xy,...,x,] by hyperbolic in direction e € R™. Show the
following:

(4) The hyperbolicity cone A.(h) is a closed convex cone.

(i) For €’ € int(A.(h)) the polynomial / is also hyperbolic in direction ¢’

(¢i7) For €’ as in (i7) we have A.(h) = Ao (h).

Hint: You can use the Helton-Vinnikov Theorem[s.3.12}, if you explain why.

Exercise 51. (i) The interior of a spectrahedral cone is a spectrahedral shadow.
(¢1) The interior of a spectrahedral shadow is a spectrahedral shadow.
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Exercise 52. Show the following:
(¢) The dual cone of a spectrahedral cone S is a spectrahedral shadow.

Hint: W.l.o.g. assume that S has nonempty interior. You should now look closely at the
proof of the Duality Theorem[s.1.4again.
(i7) The dual cone of a spectrahedral shadow is a spectrahedral shadow.

Exercise 53. Show that stability of a quadratic module does not depend on the
generators, i.e. if

M= M(p,...,pr) = M(q1,--.,qs)
and for each d € N there exists some d’' € N with
MNR[z]g € Ma(ps,---,pr),
then the same is true for M (qy, . . ., q), maybe with a different d'.
Exercise 54. Do the limit process from Theorem|6.2.6|exactly.

Exercise 55. Prove the statement from Example[6.2.10|(7): If the set
WR(plv s >pr) g RQ

contains a vertical and a horizontal strip, then M (p,, ..., p.) is stable.

Exercise 56. Prove the statement from Examplel6.2.10|(ii): M ((1 — 2%)y?) is not
stable.

Exercise 57. A finitely generated quadratic module M = M (qi,...,q.) in R[z]
is called decidable, if the set M N R|z], is a semialgebraic subset of the finite-
dimensional space R[z],, for all d > 0. Show the following:

(1) If M is stable, then M is decidable.

(22) If M is saturated, then M is decidable.

(¢17) Can you find an undecidable quadratic module?

Exercises8. Leta,b,c,d € Rwitha < ¢ < d < b. Show that there exists some
A € [0, 1] for which the polynomial

(t—e)(t —d) — At — a)(t — b)

is globally nonnegative.
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Exercise 59. Complete the proof of Burnside's Theorem(7.1.2} If A C M,(C) isa
subalgebra that acts transitively on C?\ {0} and contains a matrix of rank 1, then

A = M,(C).

Exercise 60. Let ¢: A — C be a state. Show that p(a*) = ¢(a) holds for all
ac A

Exercise 61. Prove Lemmal7.2.6|
Exercise 62. Check all details from the GNS-construction in Section|7.2}
Exercise 63. Let ¢: A — C be a state with ¢(1) = 0. Show that ¢ = 0 holds.

Exercise 64. Let D be an inner product space, and assume 7: A — L(D)isa
«-representation for which 7(a) is a bounded operator on D for all a € A. Show
that one can understand

7 A— B(H)

as a bounded *-representation on the completion H of D.
Exercise 65. Prove Proposition[7.3.1]
Exercise 66. Prove Theorem|7.4.5|

Exercise 67. Prove the statement from Choi’s matrix trick in the proof of Theorem

Exercise 68. Reduce the complex case to the real case in the proof of Theorem

.51

Exercise 69. Lean back and relax.
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