
Real Algebra and Geometry

TimNetzer





Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1 Ordered Fields 3
1.1 Orderings on Fields . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Order Extensions and Real Closed Fields . . . . . . . . . . . . 10
1.3 Real Zeros of Polynomials . . . . . . . . . . . . . . . . . . . . 16
1.4 �e Real Closure . . . . . . . . . . . . . . . . . . . . . . . . 22
1.5 Semialgebraic Sets, Projection�eorem, Transfer Principle . . . 24

2 Globally Nonnegative Polynomials 33
2.1 Hilbert’s 17th Problem . . . . . . . . . . . . . . . . . . . . . . 33
2.2 Sums of Squares of Polynomials . . . . . . . . . . . . . . . . . 34

3 Ordered Rings 45
3.1 Preorderings, Orderings and the Real Spectrum . . . . . . . . . 45
3.2 Positivstellensätze for Rings . . . . . . . . . . . . . . . . . . . 57
3.3 Positivity on Semialgebraic Sets . . . . . . . . . . . . . . . . . 60

4 Schmüdgen’s Positivstellensatz 65
4.1 Archimedean Preorderings . . . . . . . . . . . . . . . . . . . 65
4.2 Schmüdgen’s Positivstellensatz . . . . . . . . . . . . . . . . . 66
4.3 Some Remarks on Quadratic Modules . . . . . . . . . . . . . . 70

5 Convexity andOptimization 73
5.1 Semidefinite Optimization . . . . . . . . . . . . . . . . . . . 73
5.2 Lasserre’s OptimizationMethod . . . . . . . . . . . . . . . . . 78
5.3 Spectrahedra . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.4 Spectrahedral Shadows . . . . . . . . . . . . . . . . . . . . . 89

iii



iv CONTENTS

6 �eMoment Problem 95
6.1 �eMoment Problem and Haviland’s�eorem . . . . . . . . . 95
6.2 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
6.3 Saturation . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

7 Non-Commutative Real Algebra andGeometry 109
7.1 Matrix Algebras and Algebras of Operators . . . . . . . . . . . 109
7.2 Algebras and Representations . . . . . . . . . . . . . . . . . . 116
7.3 Non-Commutative Polynomials . . . . . . . . . . . . . . . . . 122
7.4 Group Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 126
7.5 Matrix Polynomials . . . . . . . . . . . . . . . . . . . . . . . 131

Bibliography 133

Exercises 135



Introduction: What is real algebra
and geometry?

Probably the most fundamental question in mathematics is about solvability of
equations. Systems of linear equations over fields are examined in linear algebra,
systems of polynomial equations over the integers lead to number theory, systems of dif-
ferential equations are considered in analysis...
Classical algebraic geometry deals with systems of (nonlinear) polynomial equa-
tions over fields, the solutions are also taken from the field. �e field is often as-
sumed to be algebraically closed. Solving an equation is algebra, which accounts
for the name algebraic geometry. But it is often useful to consider the whole set of
solutions as a geometric object, called a variety. �is is why the area is also called
geometry. Fundamental results, such asHilbert’s Nullstellensatz, describe these ge-
ometric objects in terms of polynomial functions defined on them. �is leads to
algebraic certificates for solvability of such systems of equations, for example: a
system has no solution if and only if the ideal generated by the equations con-
tains 1. Such certificates can then also be examined algorithmically, for example
via Gröbner bases.
Real algebraic geometry now deals with the special case that all polynomial equa-
tions are defined over the realsR, and one ismostly interested in the set of real so-
lutions. One can also considermore general so-called real closed fields. Whatmight
first look like a subfield of classical algebraic geometry, turns out to be an inter-
esting field in itself, allowing for many completely new questions. For example,
the field of real numbers admits an ordering >. So one can consider polynomial
inequalities as well, which doesn’t make sense overC. �e set of solutions to a sys-
tem of polynomial inequalities is called a semialgebraic set, and it can clearly also
be considered as a geometric object. Semialgebraic sets can have nonempty in-
terior, and so the ring of all polynomial functions on themwill not lead to a good
classification. It makes much more sense to consider the nonnegative polynomial
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2 Introduction

functions on a semialgebraic set, and try to describe them algebraically. Such re-
sults are called Positivstellensätze, and we will see many of them in these lecture
notes. Again, such results can be used to classify solvability of systems of polyno-
mial inequalities, and they also allow for computational approaches, for example
via semidefinite optimization.

�efirst important Positivstellensatz is formulated inHilbert’s 17th Problem: Every
real polynomial p ∈ R[x1, . . . , xn], which is nonnegative at each point ofRn, is a
sumof squares of rational functions. �is result was proven in 1926 by Emil Artin,
and it constitutes the beginning of modern real algebra. We will prove this non-
trivial theorem during the course. Further Positivstellensätze classify nonnega-
tive polynomials on certain subsets ofRn. A particularly important such result is
Schmüdgen’s Positivstellensatz from 1991, being the first statement providing a
sums-of-squares representationwithout rational functions, i.e. without denom-
inators. Also this result we will prove in these lecture notes.

�e mentioned results also allow for numerous applications. �ere are connec-
tion to functional analysis, to optimization, to convexity, and to theoretical quan-
tum physics. One important example is Lasserre’s optimization method, which
uses Schmügen’s�eorem to transform a hard polynomial optimization problem
into amore tractable semidefinite program. Wewill explain some of these appli-
cations here as well.

�ese notes are lecture notes for a master’s course on real algebra and geometry.
�us we do not always cite all references carefully. But to great parts, this text is
basedupon some standard references, in particular the booksRealAlgebraicGeom-
etry by Bochnak, Coste & Roy [2], Positive Polynomials and Sums of Squares by Mar-
shall [4],PositivePolynomialsbyPrestel&Delzell [6], and someunpublished lecture
notes by Claus Scheiderer. But mistakes are clearly my own, and I am happy for
any hint how to improve these lecture notes.



Chapter 1

Ordered Fields

�isfirst chapter dealswith orderedfields. We introduce the notion of a real closed
field, a generalization of thefieldRof real numbers. Weprovidemethods to count
roots of polynomials over real closed fields. We show that every ordered field ad-
mits a unique real closure. We then prove the projection theorem for semialgebraic
sets over real closed fields, and deduce quantifier elimination and Tarski’s transfer
principle. �ese results will lead to a solution of Hilbert’s 17th Problem in the fol-
lowing chapter.

1.1 Orderings on Fields
Definition 1.1.1. LetM be a nonempty set. A linear ordering onM is a binary
relation6, such that for all a, b, c ∈M we have:

a 6 a reflexivity
a 6 b, b 6 c⇒ a 6 c transitivity
a 6 b, b 6 a⇒ a = b anti-symmetry
a 6 b or b 6 a linearity/completeness.

We write a < b if a 6 b and a 6= b. 4

Definition1.1.2. LetK beafield. Afieldordering is a linearorderingonK,which
additionally fulfills the following conditions, for all a, b, c ∈ K :

a 6 b⇒ a+ c 6 b+ c compatibility with addition
0 6 a, 0 6 b⇒ 0 6 ab compatibility with multiplication.

We then call (K,6) an ordered field. 4
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4 CHAPTER 1. ORDERED FIELDS

Lemma 1.1.3. In any ordered field (K,6), the following holds for all a, b, c ∈ K :

(i) 0 6 a2.

(ii) a 6 b, 0 6 c⇒ ac 6 bc.

(iii) 0 < a < b⇒ 0 < b−1 < a−1.

(iv) If b 6= 0, then 0 6 ab⇔ 0 6 ab−1.

(v) 0 < 1 + · · ·+ 1︸ ︷︷ ︸
n

for alln ∈ N. In particular we have char(K) = 0, i.e.Q ⊆ K.

Proof. (i) If 0 6 a, this follows from compatibility with multiplication. If a 6 0,
then by adding−awe obtain 0 6 −a, and so a2 = (−a)2 > 0. (ii) From a 6 bwe
obtain b− a > 0 by adding−a, and thus

c(b− a) = cb− ca > 0.

Byadding ca the result follows. (iii) Assume0 < a. Ifa−1 6 0, then1 = a−1a < 0
(againby compatibilitywithmultiplication, after passing to−a−1), which contra-
dicts (i). So now let 0 < a < b. �en

(a−1 − b−1)ab = b− a > 0.

From 0 < ab we obtain 0 < (ab)−1, and thus finally b−1 < a−1. (iv) follows by
multiplying with b2 or (b−1)2, respectively. (v) follows by iteratively adding 1 to
the inequality 0 < 1, using transitivity of6.

Example 1.1.4. (i) R and Q admit the well-known field orderings. �ese are in
fact the only field orderings here, as we will see later.
(ii) Let R(t) be the rational function field in one variable t over R, i.e. the field
of fractions of the polynomial ring R[t]. Elements of R(t) are thus fractions of
polynomials in t, under the usual equivalence relation. We can understand such
elements also as functions onR, defined up to finitely many points (called poles).
If two fractions define the same element inR(t), they define the same function,
whereever both are defined.
We now want to find all field orderings of R(t). For this we fix some a ∈ R and
set for f, g ∈ R(t)

f 6a+ g :⇔ ∃ε > 0 ∀r ∈ (a, a+ ε) f(r) 6 g(r).
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Since f and g have only finitely many poles, this is well-defined, and its easy to
convince oneself that it defines a field ordering, wich coincides with the known
one when restricted toR. Note that

a <a+ t <a+ b for all b ∈ Rwith a < b.

�e variable t is thus larger than a, but just infinitesimally so with respect toR.
In the same way we get an ordering 6a−, for which t is infinitesimally smaller
than a. �ere are twomore orderings,6∞ und6−∞ .One defines

f 6∞ g :⇔ ∃s ∈ R ∀r ∈ (s,∞) f(r) 6 g(r),

and6−∞ analogously with (−∞, s). For these orderings we have

R <∞ t and t <−∞ R,

respectively. In total we have found the following field orderings onR(t):

{6−∞,6∞,6a− ,6a+| a ∈ R}.

We now check that these are indeed all field orderings. For this we first observe
that a field ordering is already uniquely determined by the position of t with re-
spect toR (by compatibility with addition and multiplication). Now let6? be an
ordering onR(t).We consider

I := {b ∈ R | b 6? t} and J := {b ∈ R | t 6? b}.

In case I = ∅we clearly have t <? R, and obtain6?=6−∞; forJ = ∅ analogously
6?=6∞ . If I 6= ∅ 6= J, then there exists a unique a ∈ Rwith I 6 a 6 J , since
R is Dedekind complete. Now either t < a or a < t, and we thus have either
6?=6a− or6?=6a+ .
(iii) SinceQ(t) canbe embedded toR(t), all orderings fromR(t) canbe restricted
toQ(t). If a is transcendental, then6a− and6a+ coincide onQ(t). If a is alge-
braic, they differ (Exercise 1). 4

Definition 1.1.5. An ordering6 onK is called Archimedean, if for every a ∈ K
there exists some n ∈ Nwith a 6 n. 4

Example 1.1.6. (i) �e well-known orderings onR andQ are Archimedean.
(ii) None of the orderings on R(t) are Archimedean. �ere always exists some
f ∈ R(t)withR < f . For6a+ one can for example take f = 1/(t− a).
(iii) If a ∈ R is transcendental over Q, then 6a− and 6a+ induce (the same)
Archimedean ordering onQ(t). �e other ordering are not Archimedean (Exer-
cise 1). 4
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Lemma 1.1.7. If (K,6) is Archimedean, thenQ is dense inK , i.e. for a < b ∈ K there
is some q ∈ Qwith a < q < b.

Proof. Choosem ∈ Nwith (b−a)−1 < m.Wemultiply with the positive element
b−a and obtain 1 < m(b−a), and thusma < mb−1.Now letn ∈ Z beminimal
withmb 6 n+ 1.�en

ma < mb− 1 6 n < mb,

and thus a < n/m < b.

�eorem 1.1.8 (Embedding �eorem). Every Archimedean ordered field can be order-
embedded intoR.

Proof. Let (K,6) be Archimedean. �enQ is dense inK, by Lemma 1.1.7, andwe
define ϕ : K → R as follows. For a ∈ K consider

Ia = {r ∈ Q | r 6 a} and Ja = {r ∈ Q | a 6 r}.

InR there is some xwith Ia 6 x 6 Ja, sinceR is Dedekind complete. SinceQ is
dense inR, there is exactly one such x, and we define ϕ(a) = x.One checks that
ϕ is additive undmultiplicative, and thus an embedding. �e fact thatϕ respects
the ordering is also easy to see (Exercise 2).

Example 1.1.9. For transcendental a ∈ Rwe have the Archimedean ordering6a−

(=6a+) on Q(t). Indeed, it comes from an embedding into R, namely sending
the variable t to a. Since a is transcendental, this mapping is well-defined and
injective onQ(t). 4

So far, an ordering is a binary relation on the fieldK. But since it is supposed to
be compatible with+, we already know it completely if we knowwhich elements
are larger than 0. In this way we can reduce from a binary to a unary relation, i.e.
to a subset ofK. �is is often much easier to handle.

Definition 1.1.10. LetK be a field. A subset T ⊆ K is called a preordering , if

T + T ⊆ T, T · T ⊆ T, K2 ⊆ T, −1 /∈ T.

Here,K2 denotes the set of squares inK. If additionally

T ∪ −T = K

holds, we call T an ordering ofK. Orderings a mostly denoted by P . 4
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We will justify the double use of ordering shortly. But let us start with some easy
remarks:

Remark 1.1.11. (i) �e set

ΣK2 =

{
n∑
i=1

a2
i | n ∈ N, ai ∈ K

}

of all sums of squares (sos) of elements ofK is a preordering if and only if

−1 /∈ ΣK2.

In this case it is the smallest preordering, i.e. contained in all other preorderings
ofK. In particular, every preordering contains 0 and 1.
(ii) One has

a =

(
a+ 1

2

)2

−
(
a− 1

2

)2

for all a ∈ K, i.e. every element is a difference of two squares. Using this, the
condition−1 /∈ T for preorderings can be replaced by T 6= K.
(iii) For preorderingswe always haveT ∩−T = {0}. Indeed, x,−x ∈ T for some
x 6= 0would imply

−1 = x · (−x) ·
(

1

x

)2

∈ T,

a contradiction.
(iv) IfP ⊆ P ′ are both orderings ofK, thenP = P ′. Indeed, 0 6= x ∈ P ′ implies
that−x ∈ P is impossible, by (3). So x ∈ P , since P is an ordering. 4

�eorem 1.1.12. For every field ordering6 onK, the set

P6 := {a ∈ K | 0 6 a}

is an ordering in the sense of Definition 1.1.10. Conversely, ifP ⊆ K is an ordering in the
sense of Definition 1.1.10, then setting

a 6P b :⇔ b− a ∈ P

gives rise to afield ordering6P onK. Both constructions are inverse to each other, and thus
provide bijections between the sets of orderings of type6 aP .

Proof. Exercise 3.
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Example 1.1.13. OnR(t) the following sets are orderings:

P1 =

{
f/g | fg =

d∑
i=k

ait
i, ad > 0

}
∪ {0}

P2 =

{
f/g | fg =

d∑
i=k

ait
i, ak > 0

}
∪ {0},

by Exercise 4. Which ordering from Example 1.1.4 do they correspond to? 4

We now examine how preorderings can be extended to orderings.

Lemma 1.1.14. LetT be a preordering ofK , and assume x ∈ K \ T . �en

T ′ := T − xT = {s− xr | s, r ∈ T}

is again a preordering, with T ⊆ T ′ and−x ∈ T . In words: If something is not positive,
we canmake it negative.

Proof. T ⊆ T ′ follows from s = s−x·0, and−x ∈ T ′ follows from−x = 0−x·1.
We obviously have

T ′ + T ′ ⊆ T ′, T ′ · T ′ ⊆ T ′, and K2 ⊆ T ⊆ T ′.

It remains to show that−1 /∈ T ′. So assume −1 = s − xr with s, r ∈ T.�en
clearly r 6= 0. From the identitiy

r−1 =

(
1

r

)2

· r ∈ T

we now deduce that

x = r−1 · rx = r−1 · (s+ 1) ∈ T,

a contradiction.

�eorem 1.1.15. Every preordering T of a field is contained in an ordering P . We even
have

T =
⋂

T⊆P ordering

P.
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Proof. Let T ⊆ K be a preordering. �e set

T = {T ′ ⊆ K | T ⊆ T ′ preordering}

is nonempty (T ∈ T ), partially ordered by inclusion, and every chain admits an
upper bound (the union over all chain elements). By Zorn’s Lemma there exists a
maximal elementP ∈ T .To see thatP is actually anordering, letx ∈ K\P.With
Lemma1.1.14we see thatP−xP again lies inT . Maximality impliesP = P−xP ,
and in particular−x ∈ P . So we have shown P ∪ −P = K.
�e inclusion T ⊆

⋂
T⊆P P is obvious. So let x /∈ T . �en by Lemma 1.1.14 there

exists apreorderingT ′ ⊇ T with−x ∈ T ′.Now letP beanorderingwithT ′ ⊆ P .
�en also T ⊆ P, and since−x ∈ P we have x /∈ P.�us x does not belong to the
intersection on the right-hand side.

�eorem 1.1.16. A fieldK admits an ordering if and only if−1 /∈ ΣK2. An element is
nonnegative at each ordering ofK if and only if it is a sum of squares inK.

Proof. IfK admits an ordering P , then

−1 /∈ P ⊇ ΣK2.

If conversely −1 /∈ ΣK2, then the sums of squares constitute a preordering,
which by�eorem 1.1.15 can be extended to an ordering. SinceΣK2 is contained
in each ordering, we have

ΣK2 =
⋂

P ordering

P.

Example 1.1.17. (i) Let f ∈ R(t) be a rational function which is nonnegative at
each point where it is defined. �en f is nonnegative at each ordering on R(t),
which is clear from our complete classification of orderings. �us f is a sum of
squares. �is is the trivial one-dimensional case of Hilbert’s 17th Problem (which
can in fact be improved greatly).
(ii) OnC there is no field ordering, since−1 = i2.
(iii) OnQ there exists exactly one ordering, namelyΣQ2.
(iv) AlsoR admits only one ordering, namelyΣR2.We even haveΣR2 = R2 here.

4

Definition 1.1.18. A field K is called real, if it admits at least one ordering. We
have already seen that this equivalent to −1 /∈ ΣK2. It is also equivalent to the
fact that a2

1 + · · ·+ a2
n = 0 implies ai = 0 for all i. 4
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1.2 Order Extensions andReal Closed Fields
Let L/K be a field extension, and let 6 be an ordering on K.We would like to
extend the ordering to L, i.e. find an ordering6′ on L, that coincides with6 for
elements fromK. In view of orderings as subsets of the fields, it means that for
the ordering P ⊆ K we want to find an ordering P ′ ⊆ Lwith

P ′ ∩K = P.

In this case, (L, P ′) (or (L,6′), respectively) is calledanorderextensionof (K,P )
(or (K,6), respectively).

Lemma 1.2.1. Let (K,P ) be an ordered field, andL/K afield extension.�enP extends
toL if and only if

−1 /∈ TL(P ) :=

{
n∑
i=1

pi`
2
i | n ∈ N, `i ∈ L, pi ∈ P

}
,

i.e. if TL(P ) is a preordering onL.

Proof. If TL(P ) is a preordering onL, by�eorem 1.1.15 there exists an ordering
P ′ ofLwith

TL(P ) ⊆ P ′.

From P ⊆ TL(P )we obtain P ⊆ P ′ ∩K. But since P ′ ∩K is clearly an ordering
ofK, we obtain P = P ′ ∩K from Remark 1.1.11 (iv). So P ′ extends P .
Let conversely be P ′ an ordering ofL, extending P . �en

−1 /∈ P ′ ⊇ TL(P )

proves the other implication.

�e following result states that orderings canbe extended to quadratic extensions
if andonly if they are obtainedby adjoining the square root of somethingpositive.

�eorem 1.2.2. Let (K,P ) be an ordered field, a ∈ K \K2, and

L := K(
√
a) = K[t]/(t2 − a).

�enP extends toL if and only if a ∈ P.
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Proof. Let P ′ be an extension of P to L. In L we have a = (
√
a)2 ∈ P ′, so a ∈

P ′ ∩K = P. Conversely, let a ∈ P, and assume there exists an identity

−1 =
∑
i

pi(ai + bi
√
a)2

with pi ∈ P, ai, bi ∈ K. Expansion yields

−1 =
∑
i

pia
2
i + pib

2
i a+ 2

√
a
∑
i

aibi,

and comparing coefficients shows

−1 =
∑
i

pia
2
i + pib

2
i a ∈ P,

a contradiction. Sowe have−1 /∈ TL(P ), and Lemma 1.2.1 implies thatP admits
an extension toL.

�eorem 1.2.3. LetL/K be a finite field extension of odd degree. �en every ordering of
K extends toL.

Proof. Assume for contradiction that the statement if false. �en there exists a
field extensionL/K of odd degree, and an ordering P ofK that does not extend
toL. We choose such field extension of minimal degree.
Incharacteristic zero, everyalgebraic extension is separable, and thusby thePrim-
itive Element�eorem the extensionL/K is simple, i.e. of the form

L = K(α) = K[t]/(f),

where f is the minimal polynomial of the generator α overK. Here, deg(f) =
2n+ 1 is the degree of the field extension.
Since P does not admit an extension to L by assumption, Lemma 1.2.1 implies
the existence of an identity−1 =

∑
i pi`

2
i with all `i ∈ L. �is translates to the

polynomial identity

1 +
∑
i

pif
2
i = h · f, (1.1)

with fi, h ∈ K[t]. We can assume deg(fi) 6 2n for all i here. So the degree on
the left hand side of (1.1) is at most 4n, and it is even. Every term pif

2
i indeed has
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even degree, and a leading coefficient from P . �ese coefficients cannot sum to
zero, since P ∩ −P = {0}.
So deg(h) 6 2n− 1 is odd. Now let h1 ∈ K[t] be an irreducible factor of h of odd
degree, and let β be a zero of h1 (from its splitting field). We set L′ := K(β) and
obtain a field extensionL′/K of odd degree6 2n− 1, and by substituting β into
the equation (1.1), we obtain an identity

−1 =
∑
i

piδ
2
i ,

where δi = fi(β) ∈ L′. By Lemma 1.2.1, P does also not extend toL′, contradict-
ing the minimality ofL.

�eorem 1.2.4. Every ordering ofK extends to the rational function fieldK(t).

Proof. If some ordering P ofK did not extend, we would obtain an identity

−1 =
∑
i

pi

(
fi
g

)2

with fi, g ∈ K[t] and pi ∈ P \ {0}, again by Lemma 1.2.1. We can assume that g
does not have a common divisor with all fi. We multiply with g2 and evaulate at
0:

−g(0)2 =
∑
i

pifi(0)2 ∈ P.

If g(0) 6= 0, we obtain −1 ∈ P by multiplying with the square g(0)−2, a con-
tradiction. If g(0) = 0, we conclude fi(0) = 0 for all i, and all polynomials are
divisible by t. �is is also a contradiction.

Definition 1.2.5. A fieldK is called real closed, if it is real, but none of its non-
trivial algebraic extensions is real. 4

Example 1.2.6. �e real numbersR admit an ordering. �e only nontrivial alge-
braic extension ofR isC, which does not admit an ordering. �erefore,R is a real
closed field. 4

Note that thenotionof a real closedfielddoes only imply that at least oneordering
exists, but does not specify a particular ordering. �e next lemma says that this
is indeed not necessary.

Lemma 1.2.7. IfK is real closed, it admits exactly one ordering, namelyP = K2.
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Proof. Let P be an ordering of K. For a ∈ P \ K2 we could extend P to the
nontrivial extensionK(

√
a), by�eorem 1.2.2. �is is impossible, sinceK is real

closed. So we have P = K2.

Before we can prove one of themost important theorems on real closed fields, we
need the following auxiliary lemma:

Lemma 1.2.8. Let K be a field for which K2 is an ordering. �en every element from
K(
√
−1) is a square.

Proof. Let z = a+ b
√
−1 be an element fromK(

√
−1), i.e. a, b ∈ K.�ere exists

c ∈ K with c2 = a2 + b2, and in fact we can choose c > 0with respect the (only)
ordering P = K2 onK. From

(c+ a)(c− a) = c2 − a2 = b2 > 0

and the fact that either c + a > 0 or c − a > 0, both inequalities must in fact
hold. So there are d, e > 0with

d2 = (c+ a)/2 and e2 = (c− a)/2.

�en (2de)2 = (c+ a)(c− a) = b2, and thus±2de = b.We finally obtain

(d± e
√
−1)2 = d2 − e2 ± 2de

√
−1 = a+ b

√
−1 = z.

�e following theorem is an important and very useful characterization of real
closed fields:

�eorem1.2.9 (Artin&Schreier, 1926). ForafieldK, the followingproperties are equiv-
alent:

(i) K is real closed.

(ii) K2 is an ordering ofK , and every polynomial p ∈ K[t] of odd degree has a zero in
K.

(iii) K 6= K(
√
−1) andK(

√
−1) is algebraically closed.

Proof. (i)⇒ (ii): Lemma 1.2.7 says thatK2 is an ordering ofK. Now let p ∈ K[t]
be of odd degree. By passing to an irreducible factor of odd degree, we can as-
sume that p is irreducible. �en L := K[t]/(p) is a field extension ofK of odd
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degree, onto wich the ordering extends by�eorem 1.2.3. SinceK is real closed,
this impliesL = K, i.e. deg(p) = 1. So p has a zero inK.
(ii)⇒ (iii): From −1 /∈ K2 we get K 6= K(

√
−1). Now we have to show that

K(
√
−1) does not admit a nontrivial algebraic extension. To this end, let L be

a finite algebraic extension of K(
√
−1).We can assume the extension L/K to

be Galois, by passing to the normal hull if necessary. Let G = Gal(L/K), H a
2-Sylow-subgroup ofG, and F the intermediate field corresponding toH :

L {id}

2e | | 2e

F H

odd | | odd

K G

Since by (ii) there donot exist nontrivial odd extensions ofK, this impliesF = K
and |G| = 2e. For the subgroup G1 := Gal(L/K(

√
−1)) we thus have |G1| =

2e−1, and we will show e− 1 = 0, i.e.L = K(
√
−1). If this wasn’t true, we could

find a subgroupH1 ofG1 with |H1| = 2e−2. For the corresponding intermediate
field F1 we would have the following:

L {id}

2e−2 | | 2e−2

F1 H1

2 | | 2

K(
√
−1) G1

2 | | 2

K G

By Lemma 1.2.8,K(
√
−1) does not have a quadratic extension, since each such

extension arises by adjoining a square-root. So e = 1, and thusL = K(
√
−1).

(iii)⇒(i): We first show ΣK2 = K2. So let a, b ∈ K. Since K(
√
−1) is alge-

braically closed, there are c, d ∈ K with

(c+ d
√
−1)2 = a+ b

√
−1,
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so c2 − d2 = a and 2cd = b.We now compute

a2 + b2 = c4 − 2c2d2 + d4 + 4c2d2 = c4 + 2c2d2 + d4 = (c2 + d2)2 ∈ K2.

FromK 6= K(
√
−1) we obtain−1 /∈ K2 = ΣK2, and soK is real. Since every

algebraic extension ofK embeds into the algebraic closureK(
√
−1), K(

√
−1)

is the only such extension. It is obviously not real.

Corollary 1.2.10. LetR be a real closed field, andR′ ⊆ R algebraically closed inR. �en
R′ is also real closed.

Proof. Exercise 6.

�eorem 1.2.11. LetR be a real closed field. �en the following is true:

(i) �eonly irreduciblemonicpolynomials inR[t]are of the form t−aand (t−a)2+b2,
with a, b ∈ R, b 6= 0.

(ii) (Intermediate Value�eorem for polynomials) If for p ∈ R[t] anda, b ∈ Rwe have
p(a) < 0 < p(b), then there is some c ∈ (a, b)with p(c) = 0.

Proof. (i): Since R(
√
−1) is algebraically closed, irreducible polynomials over R

are of degree atmost 2. If they aremonic, the only possibilities are thus t− a and

t2 − 2at+ c = (t− a)2 + (c− a2),

with a, c ∈ R.Polynomials of the second type are irreducible if and only if they do
not have a root inR, i.e. if a2−c /∈ R2, and this is equivalent to c−a2 ∈ R2 \{0}.
(ii): Write p as a product of irreducible polynomials. A sign change between a and
b can only come from a linear factor t−cwith c ∈ (a, b), which gives rise to a root
as desired.

�eorem 1.2.12 (Rolle’s �eorem for polynomials). Let R be a real closed field and
p ∈ R[t]. If p(a) = p(b) holds for some a < b in R, then there exists c ∈ R with
a < c < b and p′(c) = 0.Here, p′ denotes the usual (formal) derivative of p.

Proof. Exercise 7.
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1.3 Real Zeros of Polynomials
In this section we describe a method to count real zeros of polynomials, without
actually having to compute them. �e results are interesting for themselves, but
also play an important role in the proof of the�eorem of Tarski and Seidenberg,
which is most fundamental for the proof of Hilbert’s 17th Problem below.
First letK be an arbitrary field, and

p = td + a1t
d−1 + a2t

d−2 + · · ·+ ad−1t+ ad ∈ K[t]

amonic polynomial overK. We denote the zeros of p (from the algebraic closure
ofK) by α1, . . . , αd. For every r ∈ Nwe define the r-thNewton sum of p as

νr(p) := αr1 + · · ·+ αrd.

In word, these are the sums of r-th powers of the zeros of p. It is well-known
that it is hard (almost impossible) to compute the zeros from the coefficients of
p exactly, in general. But surprisingly, the Newton sums can be computed easily
from the coefficients of p alone.

Definition 1.3.1. �e companionmatrix of the polynomial p ∈ K[t] is defined as

C(p) :=


0 −ad
1

. . . −ad−1

. . . 0
...

1 −a1

 ∈ Md(K). 4

It is easy to check
det(tId − C(p)) = p,

i.e. p is the characteristic polynomial of the matrix C(p) (Exercise 13). So the
eigenvalues of C(p) are the zeros of p (all over the algebraic closure of K). �e
eigenvalues ofC(p)k are thus the k-th powers of the zeros of p. So we have

tr(C(p)k) = νk(p)

where tr denotes the trace. Note that the trace of a matrix over K is the sum
of its eigenvalues on the one hand, and the sums of its diagonal elements, on the
other hand. �is is clear since both values are (the negative of) the second-highest
coefficient of the characteristic polynomial of the matrix.
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Now we can deduce from this argument that the Newton sums are integer poly-
nomial expressions in the coefficients of p, which can easily be computed. For
example, we obtain

ν0(p) = d

ν1(p) = −a1

ν2(p) = a2
1 − 2a2.

In fact, νi is of total degree i.

Definition 1.3.2. LetK be a field and p ∈ K[t] a monic polynomial of degree d.
�ematrix

H(p) := (νi+j(p))i,j=0,...,d−1 =


ν0(p) ν1(p) · · · νd−1(p)
ν1(p) ν2(p) · · · νd(p)
...

...
νd−1(p) νd(p) · · · ν2d−2(p)


is called theHermitematrix of p. 4

�e (i, j)-entry ofH(p) only depends on i+ j, i.e. is constant along the counter-
diagonal. A matrix of this form is also called aHankelmatrix. �e (i, j)-entry of
H(p) is a polynomial expression of degree i + j in the coefficients of p. SoH(p)
can be computed explicitly from p.
LetM ∈ Symd(K) be a symmetric matrix over the field K, where we assume
char(K) 6= 2. �en there exists an invertible matrix S ∈ Gld(K), such that

StMS = diag(a1, . . . , ad)

is of diagonal form. Now if (K,P ) is an ordered field (which requires char(K) =
0), we define the signature ofM as follows:

signPM :=
d∑
i=1

signP (ai).

Here we set

signP (a) :=


1 : a ∈ P \ {0}
−1 : −a ∈ P \ {0}

0 : a = 0
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In otherwords, the signature is the number of positiveminus the number of neg-
ative diagonal elements in a diagonalization ofM (as a symmetric bilinear form).
Sylvester’s Law of Inertia states that the signature is well-defined, i.e. does not de-
pendon the choice of diagonalization. �eproof is usually doneoverR, butworks
over an arbitrary ordered field analogously.
�e following theorem provides amethod to count zeros of polynomials over real
closedfields,without actually having to compute them. Since theHermitematrix
is easy to compute, this is an important and relevant result.

�eorem 1.3.3. LetR be a real closed field and p ∈ R[t] a monic polynomial of degree
> 1. We then have:

(i) rankH(p) = number of different roots of p inR(
√
−1).

(ii) signH(p) = number of different roots of p inR.

Proof. Let α1, . . . , αd be all the roots of p inR(
√
−1).We set

ωi := (1, αi, . . . , α
d−1
i )t

and observe

H(p) =
d∑
i=1

ωiω
t
i .

Now assume w.l.o.g. that α1, . . . , αs are the pairwisely different roots of p, and
that αi has multiplicity ni. �e vectors ω1, . . . , ωs are then linearly independent
(over R(

√
−1)), since the Vandermonde matrix to pairwisely different numbers

has full rank. From

H(p) =
s∑
i=1

ni · ωiωti , (1.2)

we can thus read off thatH(p) as rank s (c.f. Exercise 8 and note that niωiωti =
(
√
niωi)(

√
niωi)

t holds). �is proves (i).
Since p has coefficients fromR, its zeros come in complex conjugate pairs, i.e. if
α = a+ b

√
−1 is a zero, then so is α = a− b

√
−1. We can thus assume that

(α1, . . . , αs) = (α1, . . . , αr, αr+1, . . . , αq, αr+1, . . . , αq)
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with αi ∈ R for i 6 r and αi ∈ R(
√
−1) \R for i > r. Equation (1.2) then reads

H(p) =
r∑
i=1

ni · ωiωti +

q∑
i=r+1

ni · (ωiωti + ωiω
t
i)

=
r∑
i=1

ni · ωiωti +

q∑
i=r+1

2ni · Re(ωi)Re(ωi)
t −

q∑
i=r+1

2ni · Im(ωi)Im(ωi)
t.

Furthermore, since

ω1, . . . , ωr, ωr+1, . . . , ωq, ωr+1, . . . , ωq

are linearly independent, so are

ω1, . . . , ωr,Re(ωr+1), . . . ,Re(ωq), Im(ωr+1), . . . , Im(ωq) ∈ Rd.

�is implies
signH(p) = q − (q − r) = r,

by Exercise 8. Note again that the multiplicities ni are positive and thus admit
square-roots inR, which allows to replace niωiωti by (

√
niωi)(

√
niωi)

t.

Example 1.3.4. Consider p = t2 + 1 ∈ R[t].We compute

H(p) =

(
2 0
0 −2

)
.

�e rank of this matrix is 2, its signature is 0. So p has two different roots in
R(
√
−1), but none inR. �is can of course be confirmed easily in this example,

by computing the two zeros±
√
−1. 4

Corollary 1.3.5. �emonic polynomial p ∈ R[t] has zeros only inR if and only ifH(p)
is positive semidefinite, i.e. if its diagonalization has no negative entry.

Proof. By�eorem 1.3.3, all zeros of p lie inR if and only if

rankH(p) = signH(p)

holds. But this just means that the diagonalization has no negative entries.
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We will also need to count zeros under additional side constraints. For this pur-
pose we now generalize the Hermite matrix. Again let p ∈ K[t] be a monic
polynomial over the fieldK, whose zeros in the algebraic closure are denoted by
α1, . . . , αd. Let q ∈ K[t] be another polynomial, anddefine thegeneralizedNew-
ton sums as

νr(p, q) := αr1 · q(α1) + · · ·+ αrd · q(αd)
as well as the generalizedHermitematrix as

H(p, q) := (νi+j(p, q))i,j=0,...,d−1 .

For q = 1 we obtain the already established notions from above. It is easy to see
that also the generalized Newton sums are integer polynomial expressions in the
coefficients of p and q, which can easily be computed: for q =

∑d′

j=0 bjt
j we have

νr(p, q) =
∑
i

αri ·
∑
j

bjα
j
i =

∑
j

bj
∑
i

αj+ri =
∑
j

bjνj+r(p).

�is gives rise to the following generalization of�eorem 1.3.3:

�eorem 1.3.6. LetR be a real closed field and p ∈ R[t] a monic polynomial of degree
> 1. Let q ∈ R[t] be another polynomial. We then have:

(i) rankH(p, q) = number of different rootsα of p inR(
√
−1)with q(α) 6= 0.

(ii) signH(p, q) =
∑

α∈R,p(α)=0 sign q(α).

Proof. With the same notation as in the proof of�eorem 1.3.3 we have

H(p, q) =
s∑
i=1

niq(αi)ωiω
t
i ,

with linearly independent vectors ωi. �is proves (i), after merging the coeffi-
cients niq(αi) as square-roots inR(

√
−1)with the vectors. For (ii) we get terms

of the form
niq(αi)ωiω

t
i

with αi ∈ R and
niq(αi) · ωiωti + niq(αi) · ωiωti

with αi /∈ R. A term of the second type can be rewritten as

v1v
t
1 − v2v

t
2
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with new vectors v1, v2 ∈ Rd, spanning the same space as ωi, ωi.We just have to
replace ωi by

√
niq(αi)ωi and then continue as in the proof of�eorem 1.3.3. For

the signature only the terms with αi ∈ R are relevant. We can again replace a
term niq(αi) by either 1,−1 or 0, depending on the sign. �is proves the claim.

We can now also increase the number of side-constraints, and take prescribed
signs into account. So for p, q1, . . . , qm ∈ R[t] with p 6= 0 we want to compute
the number

#{α ∈ R | p(α) = 0, q1(α) >, . . . , qm(α) > 0}.

Note that by replacing qi by−qiwehave also covered the condition qi(α) < 0, and
by replacing p by p2 +q2

i wehave covered the condition qi(α) = 0. For e ∈ {1, 2}m
we set

qe := qe11 · · · qemm .

Corollary 1.3.7. LetR be a real closed field, and let p, q1, . . . , qm ∈ R[t] be polynomials
with pmonic. We then have

#{α ∈ R | p(α) = 0, q1(α) > 0, . . . , qm(α) > 0} =
1

2m

∑
e∈{1,2}m

signH(p, qe).

Proof. From�eorem 1.3.6 we already know

signH(p, qe) =
∑

α∈R,p(α)=0

sign qe(α).

�is implies∑
e∈{1,2}m

signH(p, qe) =
∑

α∈R,p(α)=0

∑
e∈{1,2}m

sign qe11 (α) · · · qemm (α)

=
∑
α

m∏
i=1

(sign qi(α) + sign qi(α)2).

Now sign qi(α) + sign qi(α)2 equals 2 if and only if qi(α) > 0, and in all other
cases it is 0. �is proves the claim.



22 CHAPTER 1. ORDERED FIELDS

1.4 �eReal Closure
Definition 1.4.1. Let (K,P ) be an ordered field. A field extensionR ofK is called
real closure of (K,P ), ifR is real closed,R/K is algebraic, and the ordering on
R extends P . 4

�eorem 1.4.2. Every ordered field admits a real closure.

Proof. Fix an algebraic closureK ofK, and consider the nonempty set

M =
{

(L, P ′) | K ⊆ L ⊆ K,P ′ ∩K = P
}
.

It is partially orderd by

(L1, P1) � (L2, P2) :⇔ L1 ⊆ L2 and P2 ∩ L1 = P1,

and each chain (Li, Pi)i∈I admits inM the upper bound L =
⋃
i∈I Li, equipped

with the ordering
⋃
i∈I Pi.�us by Zorn’s Lemma there exists amaximal element

(R,Q) inM, and we will show thatR is real closed.
Every element a ∈ Qmust be a square inR, otherwise the ordering could be ex-
tended to the proper extension R(

√
a) (�eorem 1.2.2), contradicting maximal-

ity. SoQ = R2, and thus each field extension with an ordering is automatically
an order extension ofR (cf. Remark 1.1.11 (iv)). Bymaximality ofR there can thus
not exist any proper real field extension ofR, and thusR is real closed.

Our next goal is to show uniqueness of the real closure. We will need some aux-
iliary results first. �e first lemma can already be seen as a weak version of the
transfer principle of Tarski & Seidenberg, that we will later prove.

Lemma 1.4.3. LetK be a field andR1, R2 two real closed extensions that induce the same
ordering onK. �en for any p ∈ K[t], the numbers of (different) roots of p inR1 andR2

coincide.

Proof. By�eorem 1.3.3, the number of roots of p inR1 andR2 coincides with the
signature of the HermitematrixH(p) over the respective field. �e entries of the
Hermite matrix lie inK, however. SinceR1 andR2 induce the same ordering on
K, this signature is the same in both fields.

We now need two results on extendability of order-embeddings.
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Lemma 1.4.4. Let R be a real closure of the ordered field (K,P ), andK ⊆ L ⊆ R
an intermediate field with [L : K] < ∞. Let ϕ : K → S be an order-embedding into
another real closed fieldS. �enϕ admits an extension toL, i.e. an embeddingψ : L→ S
that respects the orderingR2 ∩ L onL, withψ = ϕ onK.

(R,R2)

(L,R2 ∩ L)
ψ // (S, S2)

(K,P )

ϕ
88

Proof. By the Primitive Element�eoremwe haveL = K(α) for someα ∈ L. Let
p ∈ K[t] be the minimal polynomial of α overK. �en p has inR the zero α. By
Lemma 1.4.3, p also has a zero in S, and thus there exists at least one extension
ψ : L→ S ofϕ. Letψ1, . . . ψm be all of these extension, and assumenone of them
preserves the orderingR2 ∩ L. �en there are elements b1, . . . , bm ∈ Lwith bi ∈
R2 and ψi(bi) < 0 in S.We now consider the field L′ = L(

√
b1, . . . ,

√
bm) ⊆ R.

None of the ψi extends to L′, since squares must clearly be mapped to positive
elements in S. �us also ϕ cannot admit an extension to L′ (because that would
also be an extension of some ψi), contradicting the first part of the proof.

�eorem 1.4.5. Let (K,P ) be an ordered field with a real closureR, andϕ : K → S an
order-respecting homomorphism into another real closed fieldS. �en there exists a unique
extensionψ : R→ S ofϕ, which automatically respects the ordering.

Proof. First note that each homomorphism from L to S is automatically order-
respecting, since positive elements are squares. Now consider the nonempty set

M =
{

(L, ψ) | K ⊆ L ⊆ R,ψ : L→ S, ψ(R2 ∩ L) ⊆ S2, ψ = ϕ onK
}
.

As usually, it is partially ordered by the extension relation, and each chain admits
an upper bound. �us by Zorn’s Lemma there exists a maximal element inM,
and by Lemma 1.4.4 it must fulfill L = R. So there exists an order-respecting
extension ψ : R→ S.
For the uniqueness let p ∈ K[t] be an irreducible polynomial. �en p has simple
roots α1 < · · · < αr in R, and by Lemma 1.4.3 it has roots β1 < · · · < βr in S
as well. Any extension ψ maps the αi to the βi, and since it is order-respecting,
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wemust have ψ(αi) = βi for all i. Since every element α ∈ R is the zero of some
polynomial overK, ψ is uniquely determined.

Corollary 1.4.6. �e real closure of an ordered field (K,P ) is uniquely determined, up
K-isomorphism. Even the isomorphism is uniquely determined.

Proof. If R1, R2 are two real closures of (K,P ), �eorem 1.4.5 guarantees the
existence of two uniquely determined K-homomorphisms ψ1 : R1 → R2 and
ψ2 : R2 → R1.Again by uniquenesswemust haveψ2◦ψ1 = idR1 (and vice versa),
thus both homomorphisms are isomorphisms.

Remark 1.4.7. So it makes sense to speak of the real closure of an ordered field,
since it is uniquely determined up to isomorphism. We have seen that even the
isomorphism is uniquely determined! It is known from the algebra course that
also thealgebraic closureof afield isuniquelydeterminedup to isomorphism, but
here several isomorphismsmay exist. For example, both the identity and complex
conjugation yieldR-automorphisms ofC. 4

Example 1.4.8. Let

R0 := {α ∈ R | α algebraic overQ}

be the relative algebraic closure ofQ in R. From Lemma 1.2.10 we know that R0

is real closed, and it is thus the real closure ofQ. SoR0 is the smallest real closed
field, i.e. it is contained in any other real closed field in a unique way. 4

1.5 Semialgebraic Sets, the Projection �eorem, and
the Transfer Principle of Tarski & Seidenberg

In the following letR always be a real closed field, andA an arbitrary subring of
R. We set x = (x1, . . . , xn). For polynomials p1, . . . , pm ∈ R[x] = R[x1, . . . , xn]
we define

OR(p1, . . . , pm) := {a ∈ Rn | p1(a) > 0, . . . , pm(a) > 0}

and
VR(p1, . . . , pm) := {a ∈ Rn | p1(a) = 0, . . . , pm(a) = 0} .

In case it is clear which fieldRwe have chosen, we often omit the indexR.
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Definition1.5.1. (i) A subsetofRn is calledA-semialgebraic, if it is afiniteBoolean
combination (unions, intersections, complements) of sets O(p1, . . . , pm) with
pi ∈ A[x]. Instead ofR-semialgebraicwe also just say semialgebraic.
(ii) A set of the form V (p1, . . . , pm)with pi ∈ A[x] is calledA-algebraic. Instead
ofR-algebraicwe also just say algebraic. 4

Remark 1.5.2. (i) EveryA-algebraic set isA-semialgebraic. �e condition p(a) =
0 can indeed rewritten as

¬ (p(a) > 0) ∧ ¬ ((−p)(a) > 0) .

In terms of sets, this corresponds to the following Boolean combination:

V (p) = O(p)c ∩O(−p)c.

(ii) In the definition of a semialgebraic set we can thus use conditions of the form

p(a) = 0, p(a) > 0, p(a) 6 0, p(a) > 0, p(a) < 0

and Boolean combinations thereof. 4

Lemma 1.5.3. (i) EveryA-algebraic set is of the formV (p) for some p ∈ A[x].
(ii) EveryA-semialgebraic setS ⊆ Rn has a description of the following form:

S =
r⋃
i=1

(V (pi) ∩O(qi1, . . . , qimi
)) .

Proof. (i) follows directly from the observation

V (p1, . . . , pm) = V (p2
1 + · · ·+ p2

m),

cf. Definition 1.1.18. For (ii) one first checks that the class of all sets of this form is
closedunderfiniteBooleancombinations. Since it clearly containsall setsO(p1, . . . , pm),
this proves the claim.

Example 1.5.4. (i) �e subset Z ⊆ R is not semialgebraic. �e graph of the sine
function

{(α, sinα) | α ∈ R} ⊆ R2

is not semialgebraic. �e graph of the exponential function

{(α, eα) | α ∈ R}

is not semialgebraic (Exercise 17).
(ii) Countable unions and intersections of semialgebraic sets are in general not
semialgebraic (as can for example be seen withZ). 4
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We can completely classify the semialgebraic subsets of the line:

�eorem 1.5.5. �e semialgebraic subsets ofR are precisely the finite unions of intervals
(closed, open, half-open, boundedandunbounded intervalswithboundaries fromR; inpar-
ticular also single points).

Proof. Obviously all intervals are semialgebraic. Conversely, the set of all finite
unions of intervals is closed under finite Boolean combinations. So it is enough
to show that each of the sets

O(p) = {α ∈ R | p(α) > 0}

for p ∈ R[x] is such a finite union. By the Intermediate Value �eorem 1.2.11
(ii), a polynomial cannot change its sign in between two consecutive zeros. But a
polynomial has only finitelymany zeros, and thusO(p) is indeed a finite union of
(open) intervals.

�eorem 1.5.6. Let p1, . . . , pm ∈ A[x1, . . . , xn] and

p : Rn → Rm

a 7→ (p1(a), . . . , pm(a))

the correspondingpolynomialmap.�enthe inverse imagep−1(T )ofanyA-semialgebraic
(A-algebraic) setT ⊆ Rm is againA-semialgebraic (A-algebraic).

Proof. For q ∈ A[x1, . . . , xm]we have

p−1(O(q)) = {a ∈ Rn | q(p1(a), . . . , pm(a)) > 0} = O(h)

where h := q(p1, . . . , pm) ∈ A[x1, . . . , xn].�egeneral case follows from the fact
that taking inverse images is compatible with Boolean combinations. �e case of
an algebraic set is similar.

Remark 1.5.7. (i) �e polynomial image p(V ) of an algebraic set V ⊆ Rn is in
general not algebraic in Rm, and not even a Boolean combination of algebraic
sets. For example, when projecting the set

{(x, y) ∈ R2 | y − x2 = 0}

onto the y-axis, one obtains [0,∞). But algebraic subsets ofR are either finite or
the full lineR. Boolean combinations thereof are thus finite and cofinite sets.
(ii)�eA-polynomial image of anA-semialgebraic set is againA-semialgebraic.
�is follows from the Projection�eorem, that we will now prove. 4
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We start with a technical lemma, saying that the signature of a matrix depends
in a semialgebraic way on its coefficients:

Lemma 1.5.8. For anyn ∈ N and k ∈ Z, the set

{M ∈ Symn(R) | signM = k} ⊆Mn(R) ∼= Rn2

is Z-semialgebraic. �e semialgebraic description can be chosen independent of the real
closed fieldR.

Proof. We prove the claim by induction on n, the case n = 1 is obvious. In the
general case we proceed as in the diagonalization procedure forM as a bilinear
form (a.k.a. the symmetric Gauß Algorithm). We writeM = (mij)i,j and can as-
sumeM 6= 0. After a suitable change of basis we can even assume m11 6= 0.
It is one of finitely many fixed base changes that will work, depending on which
entry ofM is nonzero. �e matrix entries after such a base change can be com-
putedZ-polynomial from the initial entries. �edifferent possible cases precisely
translate to a union of semialgebraic sets.
After assuming m11 6= 0, the vectors e′i := m11ei − m1ie1 for i = 2, . . . , n,
together with e1, form a basisRn, with respect to whichM has the form(

m11 0
0 M ′

)
for some symmetric matrixM ′ of size n− 1.M ′ can be computedZ-polynomial
from M, by multiplication with the base change matrix from both sides. Now
forM ′ the desired claim is true by induction hypothesis, and this also settles the
general case.

�e following is one of the most important general results on semialgebraic sets.

�eorem 1.5.9 (Projection �eorem). Let S ⊆ Rm × Rn be anA-semialgebraic set,
and π : Rm × Rn → Rn; (x, y) 7→ y the projection. �en π(S) ⊆ Rn is again A-
semialgebraic.

Proof. It is enough to consider the casem = 1, the general case then follows by
iteration. Since the image of a union is the union of the images, and by using
Lemma 1.5.3 (ii), we can assume S to be of the form

S = V (p) ∩O(q1, . . . , qm)

= {(α, a) ∈ R×Rn | p(α, a) = 0, q1(α, a) > 0, . . . , qm(α, a) > 0} ,
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with p, qi ∈ A[t, x]. For a ∈ Rn fixed, deciding whether a ∈ π(S) holds means
deciding whether there exists some α ∈ R with (α, a) ∈ S. We can use the
method of Hermite matrices for this. So we understand all polynomials as poly-
nomials in the variable t, parametrized by the variables x:

p =
d∑
i=0

pi(x)ti, qj =

dj∑
i=0

qji(x)ti,

with pi, qji ∈ A[x]. For a ∈ Rn and arbitrary h ∈ A[t, x]we set

ha(t) := h(t, a) ∈ R[t].

Applying the method of Hermite matrices requires a case distinction, by the de-
gree of pa. So let

Σk := {a ∈ Rn | deg(pa) = k},
where we also allows for k = −∞, in case pa ≡ 0. Each of the sets Σk is A-
semialgebraic inRn, since it is defined by the vanishing or non-vanishing of the
pi. �e full space Rn is a disjoint union of the Σk. So we are done, once we have
shown that each set π(S) ∩ Σk isA-semialgebraic.
For k = 0 we have π(S) ∩ Σk = ∅, since a polynomial of degree 0 has no zeros.
�e empty set is clearlyA-semialgebraic.
So assume k > 1. For a ∈ Σk we write pa = p0(a) + p1(a)t + · · ·+ pk(a)tk with
pk(a) 6= 0. By Corollary 1.3.7 we have

a ∈ π(S)⇔
∑

e∈{1,2}m
signH

(
1

pk(a)
pa, q

e
a

)
> 0.

�e entries of the Hermite matrices on the right are all integer polynomials in
the pi(a)/pk(a) and the qji(a), see Section 1.3. �e degree is bounded, depending
on the degree of the appearing polynomials p, qi. For computation of the signa-
ture we can clearly multiply all matrices with pk(a)N , for large enough (even)N .
�en all entries are integer polynomials in the pi(a) and the qji(a), and thus A-
polynomial in a. Since all appearing signatures lie in between−k and+k, there
are only finitelymany possibilities for these signatures to sum to a positive value.
Each condition on the signature of a single matrix is A-semialgebraic in a, by
Lemma 1.5.8. �is proves the claim.
�e remaining case is k = −∞, i.e. pa = 0. In this case we can add another
equation to the description ofS, without changing π(S)∩Σ−∞. �is reduces the
problem to the previous case. A suitable equation is described in the following
lemma.
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Lemma 1.5.10. Let q1, . . . , qm ∈ R[t] and set q := q1 · · · qm.We consider

p := (1− q2)q′.

If there is a pointα ∈ Rwith q1(α) > 0, . . . , qm(α) > 0, then there is also such a point
with p(α) = 0, additionally.

Proof. �e case that q (and thus all qi) are constant is clear. We thus assume that
q is not constant. Let α1 < α2 < · · · < αr be the zeros of q inR. In none of the
intervals

(−∞, α1), (α1, α2), . . . , (αr−1, αr), (αr,∞)

any of the qi changes its sign (�eorem 1.2.11 (ii)). So we are done, once we have
shown that p has a zero in all of these intervals. In the bounded intervals, q′ has
a zero, by Rolle’s�eorem1.2.12. Since 1− q2 takes the value 1 at both α1 and αr,
but is negative for large absolut values (q is not constant!), it must have a zero in
both unbounded intervals as well.

Corollary 1.5.11. Every A-polynomial image of an A-semialgebraic set is again A-
semialgebraic (cf. Remark 1.5.7 (ii)).

Proof. Exercise 19.

Remark 1.5.12. Note that the semialgebraic description of π(S) in the projection
theorem does only depend on the initial description of S, and not on the specific
real closed fieldR. �is is immediate from the proof, and admits a strong corol-
lary known as quantifier elimination. 4

Let us first introduce some notions from logic andmodel theory.

Definition 1.5.13. Again let A be a ring. A prime formula overA is a formula of
the type

p(x) > 0

where p ∈ A[x] = A[x1, . . . , xn] is a polynomial with coefficients fromA. A gen-
eral formulaoverA is thendefined inductively. Everyprime formula is a formula,
and if ϕ, ψ are formulas, then so are

ϕ ∧ ψ, ¬ϕ, ∃xi ϕ.

One can also use the well-known logical connectives:

ϕ ∨ ψ, ϕ→ ψ, ∀xi ϕ
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as abbreviations for

¬((¬ϕ) ∧ (¬ψ)), ¬ϕ ∨ ψ, ¬(∃xi(¬ϕ)).

We can also understand

p(x) = 0 and p(x) > 0

as formulas, as abbreviations for

¬(p(x) > 0) ∧ ¬((−p)(x) > 0) and ¬(−p)(x) > 0.

�e expression p(x) = q(x) is short for (p− q)(x) = 0.
�e appearance of a variable xi in a formula ϕ is called free, if it is not within the
scope of a quantifier ∃xi. Otherwise the appearance is called bounded. �e set
of all variables with a free appearance in ϕ is denoted Fr(ϕ). A formula ϕ with
Fr(ϕ) = ∅ is also called a statement. 4
Now letR be a real closed extension field of the ringA. �en everyA-formela ϕ
withFr(ϕ) ⊆ {xi1 , . . . , xir} can be used to define a subset ofRr. In fact, just take
all elements a = (a1, . . . , ar) ∈ Rr, such that the formula ϕ is true in R, when
every free appearance of each xj is replaced by aj. Being true of a statement is
defined exactly as onewould expect here (andwewill not go into technical details
thus). �e set defined like this is denoted ϕ(R) :

ϕ(R) = {a ∈ Rr | ϕ(a) holds inR} .

A statement is either true of false in the field R. �e connection to the above is
the following important observation:

Semialgebraic sets are precisely the setsϕ(R) for quantifier free formulasϕ.

Example 1.5.14. (i) LetA = Z and

ϕ : ∃x1 (x1x2 = 1).

�en Fr(ϕ) = {x2}, and thus ϕ defines a subset ϕ(R) of each real closed fielR.
On easily checks

ϕ(R) = R \ {0}.
(ii) Examples of statements are

ϕ1 : ∀x1

(
x1 > 0→ ∃x2 x

2
2 = x1

)
and

ϕ2 : ∃x1 (x2
1 = −1).

We already know that ϕ1 holds in every real closed field, and ϕ2 in none. 4
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We now obtain the following strong result.

�eorem1.5.15 (QuantifierElimination). LetAbea ringandϕa formula overA. �en
there exists a quantifier free formula γ overA, withFr(ϕ) = Fr(γ) and

ϕ(R) = γ(R)

for each real closed extension fieldR ofA.

Proof. We can proceed inductively over the construction of ϕ. Prime formulas
have no quantifiers, so there is nothing to show. Also the two constructionsϕ∧ψ
and¬ϕ do not add quantifiers. So finally assumeϕ = ∃xi ψ and thatψ is already
quantifier free, by induction hypothesis. For each real closed extension fieldR of
A, the set ϕ(R) is the projection of the set ψ(R) along the xi-axis. �e set ψ(R)
is semialgebraic, sinceψ does not involve quantifiers. By the Projection�eorem
1.5.9 we obtain that also ϕ(R) is semialgebraic, and can thus be described by a
quantifier free formula γ. But we have already observed that γ can be chosen
independent ofR. �is finishes the proof.

�is immediately implies the following strengthening of the above observation:

Semialgebraic sets are precisely the setsϕ(R) for arbitrary formulasϕ.

Remark 1.5.16. In theory, quantifier elimination can be done algorithmically. As
in the above proof, one proceeds inductively over the construction of the formula.
Every existential quantifier is eliminated by the method described in the proof
of the projection theorem. However, this method is not applicable in practice in
general. 4

Example 1.5.17. Consider the following formula overZ:

ϕ : ∃t t2 + xt+ y = 0.

We have Fr(ϕ) = {x, y} and the set ϕ(R) ⊆ R2 can be understood as the set of
monic quadratic polynomialswith a zero inR. It is well-known that a polynomial
t2 + xt+ y has a zero inR if and only if its discriminant x2 − 4y is a square inR,
and this happens if and only if it is nonnegative. �us the following quantifier
free formula defines the same set as ϕ, over every real closed field:

x2 − 4y > 0. 4
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Quantifier elimination is a very strong statement. We can see this for example
that the following corollary, known as the Transfer Principle of Tarski&Seiden-
berg.

�eorem1.5.18 (Transfer Principle of Tarski&Seidenberg). LetK beafieldwith two
real closed extension fieldsR1, R2, inducing the same ordering onK. Letϕ be a statement
overK. �enϕ holds inR1 if and only if it holds inR2.

Proof. Let γ be a quantifier free statement overK, which is equivalent to ϕ over
each real closed field (�eorem 1.5.15). Now whether γ holds inRi is determined
already inK, since no quantifiers are involved.

Example 1.5.19. (i) If a system of polynomial equations and inequalities (with
polynomials overK) has a solution in some real closed extension field ofK, then
is has one in each such field (which induces the same ordering onK). �e exis-
tence of a solution can indeed be formulate as a statement overK :

∃x1, . . .∃xn :
∧
j

pj(x) > 0 ∧
∧
j

qj(a) 6= 0 ∧
∧
j

fj(x) = 0.

(ii) Statements such as the Intermediate Value �eorem 1.2.11 (ii) can be formu-
lated as statements over Z (Exercise 18). Since every real closed field containsQ
and induces the unique ordering there, we immediately obtain that the inter-
mediate value theorem holds over any real closed field (however, we have used
this fact in the above proofs leading to the transfer principle already, if one looks
closely enough). But one can obtain many other important results for real closed
fields easily in this fashion. 4



Chapter 2

Globally Nonnegative Polynomials

In this chapter we will use our previous insights to study polynomials that are
nonnegative at each point ofRn. Wewill start with a positive solution toHilbert’s
17th Problem, and then examine some special cases more carefully.

2.1 Hilbert’s 17th Problem
Let R be a real closed field. A polynomial p ∈ R[x] = R[x1, . . . , xn] is called
nonnegative, if it takes a nonnegative value at each point ofRn:

∀a ∈ Rn : p(a) > 0.

If one tries to write down a nonnegative polynomial explicitly, one usually comes
up with something like p = x2

1. A little more general, every sumof squares

p = q2
1 + · · ·+ q2

m

with qi ∈ R[x] is obviously a nonnegative polynomial. �is rises the question
whether these are all, or whether there exist nonnegative polynomials which are
not sums of squares. Trying to find an explicit such example turns out to be very
hard. However, already in 1888Hilbert has shown that there do exist nonnegative
polynomials that are not sums of squares. His proof was not constructive how-
ever, and it took until 1967 until an explicit such example was found by Motzkin.
Wewill see this example later in these notes. Hilbert conjecturedhowever that ev-
ery nonnegative polynomial is a sum of squares of rational functions, i.e. fractions
of polynomials. �is conjecture, which became known as Hilbert’s 17th Problem,

33
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is indeed true, as was shown by Artin in 1926. Using the theory developed in the
last chapter, we can now give a proof.

�eorem2.1.1 (Hilbert’s 17th Problem). Apolynomial p ∈ R[x1, . . . , xn] is nonnega-
tive if and only if it is a sum of squares of rational functions, i.e. if there exist
q, q1, . . . , qm ∈ R[x], q 6= 0with

q2p = q2
1 + · · ·+ q2

m.

Proof. "⇐": If p(a) < 0 for some a ∈ Rn, there would exists such awith q(a) 6= 0
additionally. But this would imply (q2p)(a) < 0, a contradiction to being a sum
of squares.
"⇒": Let p be nonnegative. We will show that p, as an element of the field R(x),
is nonnegative for each field ordering. �e statement then follows directly from
�eorem 1.1.16.
Assume to the contrary that p is negative for a field ordering 6 of R(x), i.e. we
have p < 0. We denote by R̃ the real closure ofR(x)with respect to this ordering.
�en in R̃ the following formula overR is valid:

∃x1 ∃x2 · · · ∃xn p(x1, . . . , xn) < 0.

In fact, we can choose the variables xi themselves, which are elements in R̃. If
the variables are plugged in for the variables, the polynomial remains unchanged,
and it is negative as an element ofR(x) and thus of R̃.
SinceR is a subring both of the real closed fieldsR and R̃, the Transfer Principle
1.5.18 implies that the statement also holds in R. So there exists a ∈ Rn with
p(a) < 0, contradicting nonnegativity of p.

So for every nonnegative polynomial there exists an algebraic certificate thatmakes
the nonnegativity obvious. However, the certificate involves denominators, which
mightbe surprising, sincep itself is apolynomial. Wewill examine towhat extend
denominators are necessary in the next section.

2.2 Sums of Squares of Polynomials
Let againR be a real closed field throughout this section. We start with the sim-
ple observation that univariate polynomials do not require denominators in the
representation fromHilbert’s 17th Problem.
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�eorem 2.2.1. Let p ∈ R[t] be a univariate polynomial. �en p is nonnegative if and
only if p is a sum of two squares of polynomials.

Proof. Factor p into irreducible factors, which by�eorem 1.2.11 are all of the form
t − a or (t − a)2 + b2 with a, b ∈ R, b 6= 0. Polynomials of the second type are
obviously sumsof two squares. But each factor of the form t−amust appearwith
an even power, since otherwise pwould take negative values either left or right of
a. Since the product of sums of two squares is again a sumof two squares (see the
following remark), this proves the claim.

Remark 2.2.2. In any commutative ringAwe have for a, b, c, d ∈ A:

(a2 + b2)(c2 + d2) = (ac+ bd)2 + (ad− bc)2. 4

Another easy case is that of quadratic polynomials. We need the following lemma
first:

Lemma 2.2.3. LetM ∈ Symd(R) be a symmetric matrix. �en the following are equiv-
alent:

(i) vtMv > 0 for all v ∈ Rd.

(ii) �ere isS ∈ GLd(R)withStMS = diag(a1, . . . , ad) and ai > 0 for all i.

(iii) All principal minors ofM are nonnegative (inR).

(iv) M =
∑m

i=1 viv
t
i for somem ∈ N and vi ∈ Rd.

(v) M =
∑rank(M)

i=1 viv
t
i for some vi ∈ Rd.

Proof. ForR = R, the statement is well-known from linear algebra. �e general
case is proven in exactly the same way, and also follows directly from the transfer
principle.

Definition 2.2.4. A matrixM ∈ Symd(R) fulfilling the conditions from Lemma
2.2.3 is called positive semidefinite. 4

�eorem 2.2.5. Let p ∈ R[x1, . . . , xn] be a polynomial of degree 2. �en p is nonnega-
tive if and only if it is a sum of squares of polynomials of degree 1.
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Proof. We can assume that p is homogeneous of degree 2. In fact we can homo-
genize p with the new variable x0, i.e. we multiply each term with x0 until is has
degree 2. It is easy to see that the resulting polynomial is still nonnegative, if p
was. If the homogenized polynomial is a sum of squares of linear polynomials,
we obtain the desired representation for p by setting x0 to zero.
Every homogeneous quadratic polynomial is of the form

p = xtMx =
n∑

i,j=1

mijxixj

for a symmetric matrixM = (mij)i,j ∈ Symn(R).Nonnegativity of p is now just
condition (i) from Lemma 2.2.3, soM is positive semidefinite.
If we then writeM =

∑
i viv

t
i for certain vi ∈ Rn (condition (iv) from Lemma

2.2.3), we obtain

p = xt

(∑
i

viv
t
i

)
x =

∑
i

(vtix)2.

�is is the desired sums of square representation.

Remark2.2.6. Hilbert has shown that also eachnonnegative polynomial in2 vari-
ables of degree 4 is a sum of squares of polynomial. �e proof is quite involved,
so we do not cover it here. 4

In all other cases there do exist nonnegative polynomials which are not sums of
squares of polynomials. �is was also already shown by Hilbert in 1888, but the
first explicit such example is theMotzkin polynomial from 1967:

x4y2 + x2y4 − 3x2y2 + 1 ∈ Z[x, y].

�eorem 2.2.7. �eMotzkin polynomial is nonnegative.

Proof. 1st version: For positive numbers a, b, c > 0 we know that the geometric
mean is smaller or equal than the arithmetic mean:

3
√
abc 6

1

3
(a+ b+ c).

By setting a = 1, b = x4y2, c = x2y4 we obtain the result.
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Figure 2.1: Graph of the Motzkin polynomial

2ndversion: Letpbe theMotzkinpolynomial. �efollowing identity is easily checked
to be true:

(1 + x2) · p = (1− x2y2)2 + x2(1− y2)2 + x2y2(1− x2)2.

�is is a sums of squares representationwith denomintor, which proves nonneg-
ativity, as we have seen in�eorem 2.1.1.
3rd version: Again let p be theMotzkin polynomial. �e following identity is easily
checked to be true:

p(x3, y3) = q2
1 + q2

2 + q2
3 + 3

4
q2

4 + 3
4
q2

5 + 3
4
q2

6

with
q1 = x2y − 1

2
x4y5 − 1

2
x6y3, q2 = xy2 − 1

2
x3y6 − 1

2
x5y4,

q3 = 1− 1
2
x2y4 − 1

2
x4y2, q4 = x2y4 − x4y2,

q5 = x3y6 − x5y4, q6 = x4y5 − x6y3.

So p(x3, y3) is a sum of squares of polynomials, and thus clearly nonnegative.
Since every real number admits a third root, this implies nonnegativity also of
p.
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We now want to show that the Motzkin polynomial is not a sum of squares. �is
can be done very elementary, but for an elegant proof we need some preliminar-
ies.

Definition 2.2.8. Let p ∈ K[x1, . . . , xn] be a polynomial over the fieldK. Write
p =

∑
α∈Nn pαx

α, where xα = xα1
1 · · ·xαn

n and pα ∈ K.�eNewton polytope of
p is defined as

N (p) := conv{α ∈ Nn | pα 6= 0},

i.e. as the convex hull inRn of the powers that appear in p. 4

Example2.2.9. �eNewtonpolytopeof theMotzkinpolynomial is the convexhull
of the points (0, 0), (2, 2), (4, 2), (2, 4) in the plane:

4

�e Newton polytope carries information about the behavior of the polynomial
function at infinity. We will now make this precise. For v ∈ Rn and d ∈ R con-
sider the halfspace

Hv,d := {α ∈ Rn | 〈α, v〉 > d} .

It is well-known that each polytope is the intersection of all its containing half-
spaces.

Lemma 2.2.10. LetR be a real closed field and p ∈ R[x1, . . . , xn]. For v ∈ Qn and
d ∈ Q the following are equivalent:

(i) N (p) ⊆ Hv,d.

(ii) For each a ∈ Rn we have

lim
t↘0

∣∣t−d · p(a1t
v1 , . . . , ant

vn)
∣∣ <∞,

i.e. along the curves t 7→ (a1t
v1 , . . . , ant

vn) for t ↘ 0, the polynomial p grows at
most of degree d.
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Proof. Write p =
∑

α pαx
α with pα ∈ R.

(i)⇒ (ii): By assumption we have 〈α, v〉 > d for all α ∈ Nn with pα 6= 0.�us

t−d · p(a1t
v1 , . . . , ant

vn) =
∑
α

pα · aα · t〈α,v〉−d.

All exponents here are nonnegative, and this implies (ii).
(ii)⇒ (i): Assume there exists an exponent α ∈ Nn with pα 6= 0 and 〈α, v〉 = e <
d. Choose eminimal and let {α(1), . . . , α(m)} be the set of all such exponents α.
�ere is a point a ∈ Rn with γ :=

∑m
i=1 pα(i)aα

(i) 6= 0.�en

t−d · p(a1t
v1 , . . . , ant

vn) = γ · te−d + h

where all terms in h have a degree larger than e − d in t. Since e − d is negative,
the expression is unbounded for t↘ 0.

Now the crucial corollary for sums of squares representations is the following:

Corollary 2.2.11. For all p, q, q1, . . . , qm ∈ R[x]we have:

(i) N (p2) = 2N (p) (:= {2a | a ∈ N (p)}).

(ii) If p, q are nonnegative, thenN (p) ⊆ N (p+ q).

(iii) For p = q2
1 + · · ·+ q2

m we haveN (qi) ⊆ 1
2
N (p) for all i.

Proof. (i): For v ∈ Qn and d ∈ Qwe haveN (p2) ⊆ Hv,d if and only if for all a the
function t−dp(a1t

v1 , . . . , ant
vn)2 remains bounded for t ↘ 0, by Lemma 2.2.10.

But this is clearly equivalent to

t−d/2p(a1t
v1 , . . . , ant

vn)

being bounded, and thus toN (p) ⊆ Hv,d/2 = 1
2
Hv,d, i.e. 2N (p) ⊆ Hv,d. But two

polytopes that are contained in the same (rational) halfspaces coincide.
(ii): LetN (p+ q) ⊆ Hv,d, i.e.

t−d (p(a1t
v1 , . . . , ant

vn) + q(a1t
v1 , . . . , ant

vn))

remains bounded for t ↘ 0. Since p and q are nonegative, also the expression
with p alone is bounded, and thusN (p) ⊆ Hv,d.�is again proves the claim.
(iii) is immediate from (i) and (ii).
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�eorem 2.2.12. �eMotzkin polynomial is not a sum of squares of polynomials.

Proof. Assume p = q2
1 + · · · + q2

m.�en N (qi) ⊆ 1
2
N (p) for all i, by Corollary

2.2.11. But this means that only the monomials 1, xy, x2y, xy2 can appear in the
qi.

�e monimial x2y2 thus arises in q2
i in a unique way, as the square of the mono-

mial xy. In particular, its coefficient is nonnegative, and thus the coefficient of
x2y2 in p would also be nonnegative. But this coefficient in p is actually −3, a
contradiction.

Remark 2.2.13. One can add an arbitrary positive constant to the Motzkin poly-
nomial, and it will still not be a sum of squares of polynomials, by the same ar-
gument. So there exist very positive polynomials that are not sums of squares of
polynomials. 4

Wewill extend our examination of sums of squares a little further. UsingNewton
polytopes, we can give an elegant proof of the following result.

Lemma 2.2.14. Let q1, . . . , qm ∈ R[x1, . . . , xn] and p = q2
1 + · · ·+ q2

m.�en

deg(p) = max{2 · deg(qi) | i = 1, . . . ,m}.

Proof. "6" is obvious. Now note that

deg(q) = max
a∈N (q)

〈a, e〉

holds for e = (1, . . . , 1), for all polynomials q. �us Corollary 2.2.11 (iii) implies

deg(p) = max
a∈N (p)

〈a, e〉 > max
a∈2N (qi)

〈a, e〉 = 2 · max
a∈N (qi)

〈a, e〉 = 2 · deg(qi),

for all i.
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Now let us introduce Grammatrices of polynomials. ByR[x]d we denote theR-
vectorspace of all polynomials in x = (x1, . . . , xn) of degree6 d. We again use
the notation

xα := xα1
1 · · ·xαn

n and |α| := α1 + · · ·+ αn.

�e spaceR[x]d has for example the monomial basis

Xd := (xα)α∈Nn,|α|6d = (1, x1, x2, . . . , x
2
1, x1x2, . . .),

and its dimension is∆d :=
(
n+d
d

)
.Nowwe consider the following linear map:

G : Sym∆d
(R)→ R[x]2d; M 7→ X t

dMXd.

ForM = (mαβ)|α|,|β|6d we thus have

G(M) =
∑
|α|,|β|6d

mαβx
αxβ =

∑
|γ|62d

 ∑
α+β=γ
|α|,|β|6d

mαβ

xγ.

�emapG is obviously surjective. For p ∈ R[x]2d the set

G−1(p) = {M | X t
dMXd = p}

is thus a nonempty affine subspace of Sym∆d
(R).

Definition 2.2.15. �eelements ofG−1(p) are called theGrammatrices of p. 4
Example 2.2.16. R[x1, x2]1 has the monomial basisX1 = (1, x1, x2).�e Gram
map

G : Sym3(R)→ R[x1, x2]2

thus has the following form: a b c
b d e
c e f

 7→ (1, x1, x2)

 a b c
b d e
c e f

 1
x1

x2


= a+ 2bx1 + 2cx2 + dx2

1 + 2ex1x2 + fx2
2.

�epolynomial x2
1−2x1x2 +x2

2 +2x1−2x2 +1 for example has theGrammatrix 1 1 −1
1 1 −1
−1 −1 1

 .

In this example, every polynomial has a unique Grammatrix. But for d > 2 this
fails. 4
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�eorem 2.2.17. A polynomial p ∈ R[x]2d is a sums of squares of polynomials if and
only if it admits a positive semidefiniteGrammatrixM . In this casep is a sumof rank(M)
many squares, in particular of at most

(
n+d
d

)
many.

Proof. LetM ∈ Sym∆d
(R)beapositive semidefiniteGrammatrixofp. ByLemma

2.2.3 we can find rank(M)many vectors vi ∈ R∆d withM =
∑

i viv
t
i . �is im-

plies
p = X t

dMXd =
∑
i

X t
dviv

t
iXd =

∑
i

(vtiXd)
2,

i.e. p is a sum of squares of polynomials, since vtiXd ∈ R[x]d.
Let conversely p =

∑
i q

2
i be a sum of squares representation of pwith qi ∈ R[x].

FromLemma2.2.14weobtain qi ∈ R[x]d for all i. We can thuswrite qi = vtiXd for
some vi ∈ R∆d, i.e. vi is precisely the vector of coefficients of qi in the monomial
basis. We obtain

p =
∑
i

(vtiXd)
2 =

∑
i

X t
dviv

t
iXd = X t

d

(∑
i

viv
t
i

)
Xd,

and p thus possesses the positive semidefinite Grammatrix
∑

i viv
t
i .

Example 2.2.18. (i)�e (only) Grammatrix of p = x2
1−2x1x2 +x2

2 +2x1−2x2 +1
from Example 2.2.16 is positive semidefinite. We can even write it as vvt with
v = (1, 1,−1)t.�is implies p = (x1 − x2 + 1)2.
(ii) Changing this slightly to p = x2

1 − 2x1x2 + x2
2 + 2x1 − 2x2 , the (only) Gram

matrix of p has a zero in the upper left corner. �e upper left 2 × 2minor is−1,
and therefore p is not a sum of squares. 4
Remark 2.2.19. Wehave seen that each sums of squares representation of p leads
to a positive semidefinite Grammatrix. Conversely a positive semidefinite Gram
matrix can lead to different sums of squares representations, since the decompo-
sitionM =

∑
i viv

t
i is not unique in general. However, the positive semidefinite

Grammatrices correspond to equivalence classes of similar sums of squares rep-
resentations, when defined in the right sense. 4
Sometimes the Newton polytope gives a better bound on the number of squares
needed in a representation of a polynomial.

�eorem 2.2.20. Let p ∈ R[x1, . . . , xn] be a sum of squares of polynomials, and let

r :=
∣∣1

2
N (p) ∩ Nn

∣∣
be the number of integer lattice points in 1

2
N (p).�en p is a sum of r squares of polynomi-

als.
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Proof. If p = q2
1 + · · · + q2

m for some qi ∈ R[x], then in each qi we can only have
exponents from 1

2
N (p), by�eorem 2.2.11 (iii). So if we write

qi = vtiXd,

in all of the vi we have at most the same r entries nonzero. �us the rank ofM =∑
i viv

t
i is at most r, and sinceM is a positive semidefinite Grammatrix of p, the

claim follows from�eorem 2.2.17.

Example2.2.21. If a sumof squareshas the sameNewtonpolytopeas theMotzkin
polynomial, it is a sum of at most 4 squares:

�e general upper bound from�eorem 2.2.17 is only
(

2+3
3

)
= 10 here. 4

In the following chapters we will examine polynomials that are nonnegative not
globally, but only on certain semialgebraic subsets of Rn. For this we will first
develop the theory of ordered rings.
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Chapter 3

Ordered Rings

Let A be a commutative ring with 1 throughout this chapter. Ring homomor-
phisms are assumed tomap 1 to 1. IfA is an integral domain, we denote its field
of fractions byQuot(A). Again we will denote byR a real closed field.

3.1 Preorderings, Orderings and the Real Spectrum
Definition 3.1.1. A preordering onA is a subset T ⊆ Awith

T + T ⊆ T, T · T ⊆ T, A2 ⊆ T, −1 /∈ T.

�e set T ∩ −T is called the support of T and denoted by supp(T ). 4

�e definition of a preordering is the same as for fields. However, there are dif-
ferences regarding its properties.

Remark 3.1.2. (i)�e setΣA2 of sums of squares inA is a preordering if and only
if −1 /∈ ΣA2. In that case it is again the smallest preordering, i.e. contained in
any other preordering.
(ii) If 1

2
∈ A, then every element from A is a difference of two squares, as in

Remark 1.1.11. �e condition−1 /∈ T can thus be replaced by T 6= A again.
(iii) Let A = R[x] = R[x1, . . . , xn] be the polynomial ring over the real closed
fieldR. For every nonempty subset S ⊆ Rn we obtain the preordering

TS := {p ∈ R[x] | p(a) > 0 ∀a ∈ S}.

We have

supp(TS) = TS ∩ −TS = {p ∈ R[x] | p(a) = 0 ∀a ∈ S}.

45
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For certain subsets S the support thus contains more than just the zero polyno-
mial. �is cannot happen in fields, as we have shown in Remark 1.1.11. Its proof
in fact used division by elements, which is impossible in general rings. 4

Lemma 3.1.3. If T ⊆ A is a preordering with T ∪ −T = A, then supp(T ) is an ideal
inA.

Proof. Set p := T ∩ −T.�en 0 ∈ p and p + p ⊆ p is clear. We also clearly have
±T · p ⊆ p. FromA = T ∪ −T thus followsA · p ⊆ p.

Definition 3.1.4. An ordering on A is a preordering P , for which P ∪ −P = A
holds, and for which supp(P ) is a prime ideal ofA. 4

Example 3.1.5. (i)�e preordering TS ofR[x] from Remark 3.1.2 is an ordering if
and only if |S| = 1.
(ii) IfA = K is a field, the new notion of an ordering coincides with the old one.
By Remark 1.1.11 (iii) we in fact have supp(P ) = {0}, which is a prime ideal inK
(the only one).
(iii) Ifϕ : A→ B is a ring homomorphism andP ⊆ B an ordering, thenϕ−1(P )
is an ordering of A. We have supp(ϕ−1(P )) = ϕ−1(supp(P )). In particular, for
each integral domainA, we obtain via the embedding

A ⊆ Quot(A)

an ordering with support {0}, for every field ordering ofQuot(A)
(iv) Let P ⊆ A be an ordering with p := supp(P ). Let A/p be the factor ring
modulo p and πp : A → A/p the canonical projection. �en P := πp(P ) is an
ordering ofA/pwith supp(P ) = {0} (Exercise 25).
(v) Consider the embeddingR[t] ⊆ R(t).OnR(t)we have the orderings

Pa+ , Pa− , P∞, P−∞,

seeExample 1.1.4 (ii). �ese orderings induce orderings onR[t]with support{0}.
For example, we have

Pa+ = {p ∈ R[t] | ∃ε > 0 : p > 0 on (a, a+ ε)} ∪ {0}.

But onR[t]we have more orderings! One example is

Pa = {p ∈ R[t] | p(a) > 0}
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where we have

supp(Pa) = {p ∈ R[t] | p(a) = 0} = (t− a).

We now observePa+ ( Pa andPa− ( Pa. For example, we have t− a ∈ Pa \Pa−
and a− t ∈ Pa \ Pa+ .

Pa

Pa− Pa+

Such phenomena cannot occur in fields, aswe have seen in Remark 1.1.11 (iv). But
the ordering Pa does indeed not come fromR(t).
(vi) As for fields, one can understand P as the set of elements larger than zero,
with respect to a binary order relation6 onA. �e axioms then translate to cer-
tain compatibility properties with the ring operations, similar to the case of a
field. But now it can happen that both a 6 0 snd a > 0 holds, without a being
zero (exactly if a ∈ supp(P ).) �e relation is thus not necessarily antisymmetric.
If we visualize the ordered ring by a line, it thus looks as follows:

4

P−P
supp(P )

0

Lemma 3.1.6. LetP, P ′, P ′′ be orderings onA. We then have:

(i) P ⊆ P ′ ⇒ supp(P ) ⊆ supp(P ′).

(ii) P ⊆ P ′, supp(P ) = supp(P ′)⇒ P = P ′.

(iii) P ⊆ P ′, P ⊆ P ′′ ⇒ P ′ ⊆ P ′′ orP ′′ ⊆ P ′.

Proof. (i) is obvious. For (ii) let a ∈ P ′ \ P . �en −a ∈ P ⊆ P ′ and thus a ∈
supp(P ′) = supp(P ) ⊆ P , a contradiction. For (iii) let a ∈ P ′ \ P ′′ and b ∈
P ′′ \ P ′. Set c = a − b. Now c ∈ P would imply c ∈ P ′′ and thus a ∈ P ′′,
a contradiction. But on the other hand,−c ∈ P would imply−c ∈ P ′ and thus
b ∈ P ′, also a contradiction. �is yields a total contradiction toP ∪−P = A.

As for fields, we now examine how preorderings on rings can be enlarged.

Lemma 3.1.7. Let T ⊆ A be a preordering and a, b ∈ A with ab ∈ −T.�en either
T + aT orT + bT is again a preordering.
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Proof. We only have to show that−1 is not contained in one of the two potential
preorderings. So assume that we have identities

−1 = t1 + as1 and − 1 = t2 + bs2,

for certain t1, t2, s1, s2 ∈ T.�is implies

(1 + t1)(1 + t2) = abs1s2

and thus
−1 = t1 + t2 + t1t2 − abs1s2 ∈ T,

a contradiction.

�eorem 3.1.8. Every preordering ofA is contained in an ordering ofA.

Proof. Let T be a preordering. Just as in the proof of�eorem 1.1.15 we use Zorn’s
Lemma to choose a maximal preordering that contains T . Now let a ∈ A. Since
a(−a) = −a2 ∈ −P , we obtain from Lemma 3.1.7 that eitherP + aP orP − aP
is a preordering. Maximality of P thus implies either a ∈ P or −a ∈ P. So we
have shownP∪−P = A.Lemma3.1.3 now implies that p := supp(P ) is an ideal,
and what remains to show is the prime ideal property. So assume a, b ∈ A fulfill
ab ∈ p, but a /∈ p. So we either have a /∈ P or−a /∈ P. Let’s assume w.l.o.g. that
a /∈ P (just replace a by−a in the other case). �en P + aP is not a preordering
anymore, by maximality of P . So Lemma 3.1.7 andmaximality of P imply:

ab ∈ −P ⇒ P + bP is a preordering ⇒ P = P + bP 3 b
a(−b) ∈ −P ⇒ P − bP is a preordering ⇒ P = P − bP 3 −b

But this just means b ∈ p.

Corollary 3.1.9. A ring possesses an ordering if and only if−1 /∈ ΣA2.

Definition 3.1.10. (i) A ring is called semireal if −1 /∈ ΣA2. It is called real if
a2

1 + · · ·+ a2
m = 0 always implies 0 = a1 = . . . = am.

(ii) An ideal I ⊆ A is called semireal/real, ifA/I is semireal/real. 4

Remark 3.1.11. (i) Real implies semireal.
(ii) For fields, the notions real and semireal coincide, as we have already seen in
Definition 1.1.18.
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(iii) For rings, the two notions are not equivalent. For example, consider

A = R[x, y]/(x2 + y2).

�enA is not real, sincex2 +y2 = 0holds inA, wherex, y 6= 0.ButA is semireal.
To see this, note that elements from A can be evaluated at the origin, and sums
of squares will be nonnegative there.
(iv) A ring is semireal if and only if it admits an ordering (Corollary 3.1.9). An
integral domain is real if andonly if it admits an orderingP with supp(P ) = {0}.
To see this, let first be P such an ordering, and assume a2

1 + · · · + a2
m = 0. If we

resolve for a2
i we get a2

i ∈ supp(P ) = {0} and thus ai = 0 for all i, using thatA
does not have zero divisors. Let converselyA be real. �enQuot(A) is a real field,
as is easily checked. SoQuot(A) admits an ordering (which has trivial support),
and this induces an ordering onAwith trivial support.
(v) An ideal is semireal if and only if it is contained in the support of an ordering.
A prime ideal is real if and only if it is the support of an ordering, by (iv). 4

Proposition 3.1.12. Let A be an integral domain andK = Quot(A).�en the field
orderingsQ ofK are in bijection with the ring orderings P ofA with supp(P ) = {0}.
�e bijection is as follows:

Q 7→ Q ∩ A

P 7→ Quot(P ) :=
{a
b
| ab ∈ P

}
.

Proof. Exercise 26.

For a general prime ideal p ofAwe consider its residue field

Kp := Quot(A/p).

�ere is a natural ring homomorphism

ρp : A
πp→ A/p

ιp→ Kp

whereπp is the canonical projection (with kernelp), and ιp is the inclusion into the
die quotient field. �e following results shows that the notion of a ring ordering
can be reduced completely to the field case:
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�eorem 3.1.13. �ere is a bijection between the set of all ring orderings P ofA, and the
set of all pairs (p, Q), where p is a prime ideal ofA andQ is a field ordering of its residue
fieldKp. �e bijection is as follows (using the notation from Proposition 3.1.12):

P 7→ (p := supp(P ),Quot(πp(P ))

(p, Q) 7→ ρ−1
p (Q).

Proof. For a ring ordering P ofAwe already know thatQuot(πp(P )) is an order-
ing of the field Kp. �is follows from Example 3.1.5 (iv) and Proposition 3.1.12.
Conversely, for any ordering Q of the field Kp, the inverse image ρ−1

p (Q) is an
ordering of the ringA, as seen in Example 3.1.5 (iii).
Wenowshow that both constructions aremutually inverse. First take someP and
set p := supp(P ). �en

ρ−1
p (Quot(πp(P )) = π−1

p (πp(P )) = P + p = P.

For thefirst equationwehaveusedProposition3.1.12. If conversely (p, Q) is given,
we have

P := ρ−1
p (Q) = π−1

p (ι−1
p (Q)).

Since ι−1
p (Q) is an ordering of A/p with support {0} by Proposition 3.1.12, the

support ofP is exactly p (cf. Example 3.1.5 (iii)). If we apply πp toP , we obviously
get ι−1

p (Q), and by Proposition 3.1.12 we are done.

Definition 3.1.14. Let A be a ring. �e set of all orderings of A is called the real
spectrumofA:

Sper(A) : = {P ⊆ A | P ordering}
= {(p, Q) | p prime ideal, Q ordering ofKp} . 4

Example 3.1.15. (i) A real closed fieldR has exactly one ordering, so Sper(R) is a
singleton. �e same is true for Sper(Q).
(ii) LetA = R[t].We have already constructed the orderings

P−∞, Pa− , Pa, Pa+ , P∞

inExample 3.1.5 (v). Now letP = (p, Q)beanarbitraryorderingofA. SinceA is a
principal ideal domain, every ideal is of the form (p) for some p ∈ A.Prime ideals
aregeneratedby irreduciblepolynomials (or zero). Ifp = (0), thenbyProposition
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3.1.12 the orderingP comes fromR(t), and is thus one of theP−∞, Pa−, Pa+, P∞.
If p = ((t− a)2 + b2)with b 6= 0, then

Kp = A/p = R[i]

which is easily checked. �usKp is not real. For p = (t− a)we have

Kp = A/p = R,

andQ is thus uniquely determined. Here, ρp : A→ R is just the point evaluation
in a, and thus P = ρ−1

p (Q) = Pa. So we indeed already know all orderings ofA:

Sper (R[t]) =
{
P−∞, Pa− , Pa, Pa+ , P∞ | a ∈ R

}
.

(iii) ForA = Z one can check directly thatΣZ2 is the only ordering. Alternatively,
we can use �eorem 3.1.13 as follows. �e prime ideals of Z are (0) and (p) with
p ∈ Z prime. We haveK(p) = Z/(p), and since char(K(p)) 6= 0, this field is not
real. We further haveK(0) = Q, and here we have the single orderingΣQ2.�us
the only ordering ofZ isΣQ2 ∩ Z = ΣZ2. 4

We will now introduce a point of view that might look very abstract at first, but
has some nice conceptual advantages later on. Although the approach is strictly
speakingnot necessary to formulate the coming results, itmakes them lookmuch
more illuminating.
WecanunderstandelementsofAas functionsonSper(A), even ifA is anabstract
ring. For a ∈ A and P = (p, Q) ∈ Sper(A)we define

â(P ) = â(p, Q) = ρp(a) ∈ Kp.

So when applying â to P , the element a ∈ A itself is mapped to the residue field
of p = supp(P ), via the canonical homomorphism. Note that the image â(P )
might lie in different fields, depending on P . To make it uniform, wemust say

â : Sper(A)→
⋃

p prime

Kp.

Also note that the element â(P ) only depends on the support p = supp(P ) of P .

Example 3.1.16. (i) For a real fieldK we know that p = supp(P ) = {0} holds for
all P ∈ Sper(K).�us alwaysKp = K and ρp = id.We obtain

â : Sper(K)→ K

P 7→ a
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for all a ∈ K, i.e. each element induces a constant map.
(ii) For any real closed fieldR, we can understandRn as a subset of the real spec-
trum SperR[x1, . . . , xn] of the polynomial ring, by identifying a ∈ Rn with

Pa = {p ∈ R[x] | p(a) > 0}.

In this setup we have

p = supp(Pa) = {p ∈ R[x] | p(a) = 0} = (x1 − a1, . . . , xn − an)

and thus ρp : R[x]→ R is just point evaluation in a. So

p̂(Pa) = p(a),

i.e. the function p̂ coincides onRn with the polynomial function p. But note that
SperR[x] has more elements than just the Pa, on which p̂ is also defined, and on
which it might take values in other fields.
(iii) In caseA = R[t]wehave determined Sper(A) completely. We have elements
Pa with a ∈ R, and p̂(Pa) = p(a) holds, as shown in (ii). But forPa+ we have p =
supp(Pa+) = (0), thusKp = R(t) and ρp : R[t] → R(t) is just the embedding.
�e same is true for the orderings Pa− , P−∞ and P∞. For p ∈ R[t]we thus have

p̂ : Sper(R[t])→ R ∪R(t)

Pa 7→ p(a) ∈ R
Pa+ , Pa− , P−∞, P∞ 7→ p ∈ R(t). 4

For the just defined functions we can now define a notion of positivity. For a ∈ A
and an ordering P = (p, Q), â(P ) is an element ofKp, andQ is and ordering of
this field. We now define

â(P ) > 0 :⇔ â(P ) >Q 0 inKp

â(P ) > 0 :⇔ â(P ) >Q 0 inKp

â(P ) = 0 :⇔ â(P ) = 0 inKp.

Here we now really useQ, whereas for the definition of â(P ) only p = supp(P )
was relevant. For the reader who does not like these abstract function approach,
the same can state without it. From the correspondence in�eorem 3.1.13 we get

â(P ) > 0 ⇔ a /∈ −P
â(P ) > 0 ⇔ a ∈ P
â(P ) = 0 ⇔ a ∈ supp(P ).
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Remark3.1.17. Understanding elements froma ring as a function onSper(A), al-
though quite abstract and strictly speaking not necessary, has some great advan-
tages. For example, we can often do computations in the ordered fields (Kp, Q),
withwhichwe are already very familiar. Butmore importantly, it allows to under-
stand some results as geometric Positivstellensätze, where the more elementary
formulation wouldn’t make this clear.
�eorem 1.1.15 and �eorem 1.1.16 from the first chapter are such examples. For
the preordering of sums of squares in a field, the initial formulation was⋂

P ordering

P = ΣK2.

Inwords: if an element belongs to every ordering ofK, then it is a sumof squares
(and vice versa). �is is algebraic and quite elementary, but does not admit a di-
rect geometric interpretation. But now we can also look at it as follows. An ele-
ment a is contained in every ordering if and only if the function â is nonnegative
on thewhole ofSper(K). So suddenly the result looks like an abstract Positivstel-
lensatz:

â > 0 on Sper(K) ⇔ a ∈ ΣK2.

For Hilbert’s 17th Problem we applied this toK = R(x), and we could even relax
the abstract positivity on Sper (R(x)) on the left to a much more concrete one,
namely positivity on Rn. �is turned the abstract Positivstellensatz into a con-
crete Positivstellensatz (Hilbert’s 17th Problem):

p > 0 onRn ⇔ p ∈ ΣR(x)2.

Reducing the abstract positivity to concrete positivity was the hardest part in the
proof, we had to use the transfer principle and knowledge about real closures.
However, this hard part also works for the polynomial ring, as we will now show,
in a slightly more general version even. 4

�eorem 3.1.18. Let R be a real closed field and p1, . . . , pr, q1, . . . , qs, f1, . . . , ft ∈
R[x1, . . . , xn].�en the following are equivalent:

(i) �ere exists a ∈ Rn with

p1(a) > 0, . . . , pr(a) > 0

q1(a) 6= 0, . . . , qs(a) 6= 0

f1(a) = 0, . . . , ft(a) = 0.
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(ii) �ere existsP ∈ Sper(R[x])with

p̂1(P ) > 0, . . . , p̂r(P ) > 0

q̂1(P ) 6= 0, . . . , q̂s(P ) 6= 0

f̂1(P ) = 0, . . . , f̂t(P ) = 0.

In particular, if some p ∈ R[x] is nonnegative as a function onRn, then p̂ is nonnegative
as a function on Sper(R[x]).

Proof. (i)⇒ (ii) is clear from the fact thatRn embeds into Sper (R[x]), by identi-
fying awith

Pa = {p ∈ R[x] | p(a) > 0}.

For (ii)⇒(i) letP = (p, Q) be given as claimed. Let ρp : R[x]→ Kp be the homo-
morphism to the residue field and R̃ the real closure ofKp with respect toQ:

R̃

R[x]
ρp // (Kp, Q)

R

InKp and thus also in R̃we then have:

0 6 p̂j(P ) = ρp(pj) = pj(ρp(x1), . . . , ρp(xn))

0 6= q̂j(P ) = ρp(qj) = qj(ρp(x1), . . . , ρp(xn))

0 = f̂j(P ) = ρp(fj) = fj(ρp(x1), . . . , ρp(xn))

So in R̃n the point (ρp(x1), . . . , ρp(xn)) fulfills all the desired equalities and in-
equalities, and by the Transfer Principle 1.5.18 there exists such a point in Rn as
well.

In the next section we will prove some abstract Positivstellensätze for arbitrary
rings, similar to �eorem 1.1.15 for fields. Using�eorem 3.1.18 they can then be
turned into concrete Positivstellensätze for the polynomial ring.



3.1. PREORDERINGS, ORDERINGS AND THE REAL SPECTRUM 55

But let us first continue with the study of the real spectrum of rings. So let again
beA an arbitrary ring. For a1, . . . , am ∈ Awe set

O(a1, . . . , am) := {P ∈ Sper(A) | â1(P ) > 0, . . . , âm(P ) > 0}
V (a1, . . . , am) := {P ∈ Sper(A) | â1(P ) = 0, . . . , âm(P ) = 0} .

Without the function notation we have

O(a1, . . . , am) = {P ∈ Sper(A) | a1, . . . , am /∈ −P}
V (a1, . . . , am) = {P ∈ Sper(A) | a1, . . . , am ∈ supp(P )} .

Definition 3.1.19. A semialgebraic subset of Sper(A) is a finite Boolean combi-
nation of sets of the formO(a1, . . . , am), with ai ∈ A. 4

Remark 3.1.20. It is easily checked that Lemma 1.5.3 holds here as well, i.e. every
semialgebraic set can be written as⋃

i

(V (ai) ∩O(bi1, . . . , bimi
))

for certain ai, bij ∈ A. 4

Example 3.1.21. IfRn is embedded into Sper(R[x]) as in Example 3.1.16 (ii), then
the semialgebraic subsets of Sper(R[x]) induce exactly the already defined semi-
algebraic subsets ofRn. 4

Definition 3.1.22. LetA be a ring.

(i) �e spectral topology on Sper(A)has the sets O(a1, . . . , am) as a basis of
open sets. �e open sets are thus arbitrary unions of such sets.

(ii) �e constructible topology on Sper(A) is the topology having all semialge-
braic sets as a basis of open sets. For example, the sets O(a1, . . . , am) and
their complements form a subbasis. 4

Obviously, the constructible topology is finer than the spectral topology, i.e. it has
more open sets.

�eorem3.1.23. For any ringA, the constructible topology onSper(A) isHausdorff and
quasi-compact (i.e. it has the finite open covering poperty). �e spectral topology is also
quasi-compact, but not Hausdorff in general.
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Proof. Take P,Q ∈ Sper(A) with P 6= Q.�en w.l.o.g. there exists some a ∈
P \Q. Sowe haveQ ∈ O(−a) andP ∈ O(−a)c, and thusP andQ are separated
by two disjoint open sets. So the constructible topology is Hausdorff.
�e space Sper(R[t]) for example, equipped with the spectral topology, is not
Hausdorff. Some ordering Pa belongs toO(p) if and only if p(a) > 0. But then p
is strictly positive on some interval (a−ε, a+ε), and thus p is also strictly positive
atPa− andPa+. So none of these two orderings can be separated by disjoint open
sets from Pa.
We will now show quasi-compactness of the constructible topology. �is implies
quasi-compactness of the spectral topology, since it has less open sets. We un-
derstand Sper(A) as a subset of

{0, 1}A = {g : A→ {0, 1}}

by identifying a subset P ⊆ A with its characteristic function. �e finite set
{0, 1} is clearly quasi-compact with respect to the finest topology, and by Ty-
chonoff ’s �eorem, the product space {0, 1}A is thus also quasi-compact. �e
product topology is the coarsest topology that makes all projections continuous,
and the projections are just the evaluation maps in points ofA, if elements from
{0, 1}A are understood as functions on A. On Sper(A), the induced topology is
thus generated by sets O(a) and their complements, i.e. it is the constructible
topology. Since closed subsets of quasi-compact spaces arequasi-compact, it suf-
fices to show that Sper(A) is a closed subset of {0, 1}A. So take

M ∈ {0, 1}A \ Sper(A)

i.e.M ⊆ A is not an ordering. We will construct an open setO that containsM ,
but no element from Sper(A).M can fail to be an ordering for different reasons.
For example, there might exist a, b ∈M with a+ b /∈M . In this case,

O := {N ⊆ A | a, b ∈ N, a+ b /∈ N}

is such a set. All other possibilities are proven similarly (Exercise 28).

For the polynomial ringR[x], we have seen thatRn embeds into Sper(R[x]), and
the latter space is quasi-compactwith respect to both topologies defined by semi-
algebraic sets. �e space Rn is clearly not quasi-compact, the spectral topology
for example induces the Euclidean topology on Rn. As it turns out, the larger
space Sper(R[x]) is not too large, and thus serves as a compactification ofRn.
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Corollary 3.1.24. Rn is dense in Sper(R[x]),with respect to the constructible (and thus
also the spectral) topology.

Proof. �is is a direct consequence of�eorem 3.1.18, to be spelled out in Exercise
29.

3.2 Positivstellensätze for Rings

For fields we have proven in�eorem 1.1.16 that⋂
P ordering

P = ΣK2

or respectively
â > 0 on Sper(K) ⇔ a ∈ ΣK2

holds. �is statement is not true for all rings. �eorem 3.1.18 implies that the
Motzkin polynomial belongs to each ordering ofA = R[x, y], but it is not a sum
of squares in A, as we have seen. So we have to adapt �eorem 1.1.15 suitably to
the ring case.

Proposition 3.2.1. LetA be a ring,T a preordering, I an ideal, andG amultiplicatively
closed subset ofAwith 1 ∈ G. �en the following statements are equivalent:

(i) �ere is no orderingP ∈ Sper(A)with

t̂(P ) > 0 for all t ∈ T (i.e.T ⊆ P )

î(P ) = 0 for all i ∈ I (i.e. I ⊆ supp(P ))

ĝ(P ) 6= 0 for all g ∈ G (i.e.G ∩ supp(P ) = ∅).

(ii) �ere exist i ∈ I, g ∈ G and t ∈ T with g2 + t = i.

Proof. (ii)⇒ (i) is easy: a possible counterexample P = (p, Q) ∈ Sper(A)would
yield

0 = î(P ) = ĝ2 + t(P ) = ĝ(P )2 + t̂(P ) > 0,

a contradiction in the ordered field (Kp, Q).
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(i)⇒ (ii): Set B := A/I, consider the canonical projection π : A → B and set
G := π(G), T = π(T ). Since G is a multiplicatively closed subset of B, we can
consider the localization ofB byG, i.e.

C := G
−1
B =

{
b

g
| a ∈ B, b ∈ G

}
,

where we have the usual equivalence relation:

b

g
=
c

h
:⇔ f(bh− cg) = 0 for some f ∈ G.

�ere is again a canonical homomorphism, namely

ι : B → C; b 7→ b

1
.

So in total we have the following diagram

A
π→ B = A/I

ι→ C = G
−1
B.

Now consider

T ′ :=

{
t

g2
| t ∈ T , g ∈ G

}
⊆ C.

We distinguish two cases.
1st case: −1 ∈ T ′, i.e. f(g2 + t) = 0 for some t ∈ T , f, g ∈ G.�is implies
(fg)2 + f 2t = 0 inB, and by pulling everything back via π we obtain the desired
identity inA.
2nd case: −1 /∈ T ′, so T ′ is a preordering of C. By �eorem 3.1.8 there exists an
ordering P ′ ofC with T ′ ⊆ P ′.�en the inverse image

P := (ι ◦ π)−1(P ′)

is an ordering of A. We obviously have T ⊆ P and also I ⊆ supp(P ), since
already π(i) = 0 is true for all i ∈ I. Since for g ∈ G the element ι(π(g)) is
invertible in C, it cannot belong to the ideal supp(P ′). �us g /∈ supp(P ). So P
fulfills all conditions from (i), and thismeans the second case cannot happen.

For an arbitrary subset T ⊆ Awe write

W (T ) :=
{
P ∈ Sper(A) | t̂(P ) > 0 for all t ∈ T

}
= {P ∈ Sper(A) | T ⊆ P}

V (T ) :=
{
P ∈ Sper(A) | t̂(P ) = 0 for all t ∈ T

}
= {P | T ⊆ supp(P )}.
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�e following results always use the function notation for elements from the ring
A. �e reader might translate them to the more elementary algebraic formula-
tion, if desired.

�eorem3.2.2 (Abstract Positivstellensatz). Let T ⊆ A be preordering.�en for each
a ∈ Awe have

â > 0 onW (T ) ⇔ t1a = 1 + t2 for certain t1, t2 ∈ T.

Proof. "⇐": For P ∈ W (T )we have

t̂1(P )â(P ) = t̂1a(P ) = 1̂(P ) + t̂2(P ) = 1 + t̂2(P ) > 0 inKp.

By dividing through the positive element t̂1(P )we get â(P ) > 0. For "⇒" use
Proposition 3.2.1 with I = (0), G = {1} and the preordering T − aT.

�eorem3.2.3 (AbstractNichtnegativstellensatz). LetT ⊆ A be a preordering.�en
for each a ∈ Awe have

â > 0 onW (T ) ⇔ t1a = a2m + t2 for certain t1, t2 ∈ T,m ∈ N.

Proof. Exercise 30.

�eorem 3.2.4 (Abstract real Nullstellensatz). Let I ⊆ A be an ideal. �en for each
a ∈ Awe have

â = 0 onV (I) ⇔ a2m + σ ∈ I for certain m ∈ N, σ ∈ ΣA2.

Proof. Exercise 30.

Definition 3.2.5. LetA be a ring and I ⊆ A an ideal. �e set

rrad(I) :=
{
a ∈ A | a2m + σ ∈ I for somem ∈ N, σ ∈ ΣA2

}
is called the real radical of I. 4

�eusual radical of an ideal I is defined similarly, butwithout the sumsof squares
σ. �e radical coincides with the intersection of all prime ideals above the ideal.
For the real radical have instead have:

�eorem 3.2.6. For every ideal I ⊆ Awe have

rrad(I) =
⋂

I⊆p real prime ideal

p.
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Proof. "⊆” is clear from the definition of a real ideal. For "⊇” let a be contained in
every real prime ideal above I. �is implies â(P ) = 0 for every ordering P with
I ⊆ supp(P ). From�eorem 3.2.4 we thus get a ∈ rrad(I).

Note that an ideal I is real if and only if I = rrad(I). �is follows from the fact
that a2

1 + · · ·+ a2
m ∈ I implies ai ∈ I for all i, if I is a real ideal.

3.3 Positivity on Semialgebraic Sets
We will now transform the abstract Positivstellensätze to concrete ones, exactly
as for field. �is can easily be donewith�eorem 3.1.18. For finitelymany polyno-
mials p1, . . . , pr ∈ R[x1, . . . , xn]we consider the smallest (potential) preordering
that contains them:

T (p1, . . . , pr) =

 ∑
e∈{0,1}r

σep
e1
1 · · · perr | σe ∈ ΣR[x]2


as well as the so-called basic closed semialgebraic set inRn:

WR(p1, . . . , pr) := {a ∈ Rn | p1(a) > 0, . . . , pr(a) > 0} .

For f1, . . . , ft we recall the definition of the (real) variety

VR(f1, . . . , ft) = {a ∈ Rn | f1(a) = 0, . . . , ft(a) = 0}

and the ideal

I(f1, . . . , ft) =

{∑
i

gifi | gi ∈ R[x]

}
defined by the fi.

�eorem 3.3.1 (Concrete Positivstellensatz). Let p1, . . . , pr ∈ R[x]. For p ∈ R[x]
we then have

p > 0 onWR(p1, . . . , pr) ⇔ t1p = 1 + t2 for certain t1, t2 ∈ T (p1, . . . , pr).

Proof. �is is an immediate consequence of the abstract Positivstellensatz 3.2.2,
since by �eorem 3.1.18 the condition p > 0 aufWR(p1, . . . , pr) is equivalent to
p̂ > 0 onW (T (p1, . . . , pr)).
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In the same way we obtain:

�eorem 3.3.2 (Concrete Nichtnegativstellensatz). Let p1, . . . , pr ∈ R[x]. �en for
p ∈ R[x]we have

p > 0 onWR(p1, . . . , pr) ⇔ t1p = p2m + t2 with m ∈ N, t1, t2 ∈ T (p1, . . . , pr).

�eorem 3.3.3 (Concrete real Nullstellensatz). Let f1, . . . , ft ∈ R[x]. �en for p ∈
R[x]we have

p = 0 on VR(f1, . . . , ft) ⇔ p ∈ rrad(I(f1, . . . , ft)).

Example 3.3.4. (i) For q = 1− x2 − y2 ∈ R[x, y], the set

WR(q) =
{

(a, b) ∈ R2 | a2 + b2 6 1
}

is the unit disk:

We have T (q) = {σ1 + σ2q | σ1, σ2 ∈ ΣR[x]2} . So if a polynomial p ∈ R[x, y] is
strictly positive onWR(q), there exists a representation

(σ1 + σ2q)p = 1 + τ1 + τ2q

with sums of squares σ1, σ2, τ1, τ2, and this makes the positivity of p obvious. If
p is only nonnegative onWR(q), the representation looks like this:

(σ1 + σ2q)p = p2m + τ1 + τ2q.

(ii) For the same q = 1−x2−y2 ∈ R[x, y], the real varietyVR(q) is the unit circle:
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We have I(f) = {gf | g ∈ R[x, y]} , and a polynomial p vanishes on the unit cir-
cle if and only if p ∈ rrad(I(f)), i.e. p2m + σ ∈ I(f).One can show that I(f) is a
real ideal (Exercise 31), and thus even p ∈ I(f) in this case.
(iii) For f = x2 + y2 ∈ R[x, y]we have VR(f) = {(0, 0)}. So if p(0, 0) = 0, then
p2m + σ = g · (x2 + y2). Here the ideal is not real. For example, x vanishes at the
origin, but does not belong to I(f). However, a representation as from the real
Nullstellensatz is x2 + y2 ∈ I(f). 4

Remark 3.3.5. Hilbert’s Nullstellensatz classifies polynomials that vanish on the
complex variety VC(I), whereC = R[i] is the algebraic closure ofR. A polynomial
vanishes onVC(I) if and only if some power lies in I. In Example 3.3.4 (iii) we can
see that this fails for the smaller real varietyVR(I). No power ofx lies in (x2 +y2).
But in fact x does also not vanish on VC(I), since for example (1, i) ∈ VC(I). 4

�eorem 3.3.6. Let I ⊆ R[x] be an ideal. �en the following holds:

(i) I is semireal if and only if VR(I) 6= ∅.

(ii) If I is a radical ideal, then I is real if and only if VR(I) isR-Zariski-dense inVC(I).

Proof. (i) "⇒”: By Remark 3.1.11 (v) there exists some P ∈ Sper(R[x]) with I ⊆
supp(P ).Now if I = (f1, . . . , ft), then by�eorem 3.1.18 there also exists a point
a ∈ Rn with fi(a) = 0 for all i, i.e. VR(I) 6= ∅. "⇐” is clear from the fact that
point evaluation in a point from VR(I) defines an algebra homomorphism from
R[x]/I toR, which proves thatR[x]/I is semireal.
(ii) "⇒”: Let p ∈ R[x] be a polynomial with p ≡ 0 on VR(I). �en the concrete
Nullstellensatz implies p ∈ rrad(I) = I, and thus also p ≡ 0 on VC(I). "⇐”: Let
p ∈ rrad(I). �en p ≡ 0 on VR(I) and thus also p ≡ 0 on VC(I), by denseness.
Hilbert’s Nullstellensatz implies p ∈ rad(I) = I,which proves that I is real.
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Remark 3.3.7. �e concrete Positivstellensatz yields an algebraic criterion for a
polynomial system of inequalities

p1(x) > 0, . . . , pr(x) > 0

to be solvable/unsolvable. It is obviously unsolvable if and only if−1 > 0 holds on
WR(p1, . . . , pr). �is is equivalent to−t1 = 1+t2 for certain t1, t2 ∈ T (p1, . . . , pr),
and thus in fact to

− 1 ∈ T (p1, . . . , pr). 4

�e Positivstellensätze that we haven proven so far all require denominators. In
other words, the positive polynomial has to be multiplied with a certain polyno-
mial, before it admits a good representation. �e first Positivstellensatz without
denominators is Schmüdgen’s�eorem, that we will prove in the next chapter.
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Chapter 4

Schmüdgen’s Positivstellensatz

In this chapter we will prove Schmüdgen’s �eorem about positive polynomials
on compact sets. Wewill not give Schmüdgen’s original proof from 1991, which is
of functional analytic flavor, but amore algebraic proof, going back toWörmann.

4.1 Archimedean Preorderings
Let againA be a commutative ring with 1.

Definition 4.1.1. A preordering T ⊆ A is called Archimedean, if for all a ∈ A
there exists some r ∈ Nwith r − a ∈ T. 4

Note that we have encountered the same notion for orderings of fields already in
the first chapter. Under the Archimedean assumption, we can strengthen the ab-
stract Positivstellensatz 3.2.2 significantly, getting rid of the denominator almost
completely. �e following result is also true without the assumptionQ ⊆ A, but
with a muchmore technical proof.

�eorem 4.1.2 (Abstract Archimedean Positivstellensatz). LetQ ⊆ A and T ⊆ A
an Archimedean preordering. �en for a ∈ Awe have

â > 0 onW (T ) ⇔ ka = 1 + t for certain k ∈ N, t ∈ T.

Proof. "⇐” is clear as usual. For "⇒” we first use the abstract Positivstellensatz
3.2.2 and obtain a representation

t1a = 1 + t2

65
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with t1, t2 ∈ T.We have ` − t1 ∈ T for certain ` ∈ N, since T is Archimedean.
Now consider the identity

`a+ (r`− 1) = (`− t1)(a+ r) + (t1a− 1) + rt1.

We can conclude that whenever a+ r ∈ T for some r > 0, then also

a+

(
r − 1

`

)
∈ T

holds (wehave todivideby ` ∈ N for this conclusion). But sinceT isArchimedean,
we do have a + r ∈ T for some r > 0. By iterated substraction of 1

`
we finally

even obtain some negative such r, and in particular

a− 1
k
∈ T

for some k ∈ N.�is proves the claim.

Surprisingly, a similar Nichtnegativstellensatz cannot be proven! We will later
see some counterexamples.

4.2 Schmüdgen’s Positivstellensatz
Wecannowmake theabstractArchimedeanPositivstellensatz concrete, using the
tranfer principle as usual. But there is one more nice detail: if the semialgebraic
set is bounded, the correspondingpreodering is automaticallyArchimedean. How-
ever, this is only true over Archimedean real closed fields, i.e. subfields ofR. We
will first prove this.

Proposition 4.2.1. LetR be an Archimedean real closed field. �en a preordering T ⊆
R[x] is Archimedean if and only if

r −
n∑
i=1

x2
i ∈ T

for some r ∈ N.

Proof. "⇒” is clear. For "⇐” assume r −
∑

i x
2
i ∈ T . �is implies(

r +
1

4

)
± xj =

(
1

2
± xj

)2

+

(
r −

∑
i

x2
i

)
+
∑
j 6=i

x2
i ∈ T.
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All the variables can thus be exceeded with respect to T by some positive integer,
and all coefficients from R as well, since R is Archimedean. For arbitrary poly-
nomials we will now prove it by induction over their complexity. �erefore let
p1, p2 ∈ R[x], r1, r2 ∈ N and r1 ± p1 ∈ T, r2 ± p2 ∈ T.We then clearly have

(r1 + r2)± (p1 + p2) ∈ T

and

3r1r2 − p1p2 = (r1 + p1)(r2 − p2) + r1(r2 + p2) + r2(r1 − p1) ∈ T
3r1r2 + p1p2 = (r1 + p1)(r2 + p2) + r1(r2 − p2) + r2(r1 − p1) ∈ T.

Since every polynomial arises from coefficients and variables by summation and
multiplication, this finishes the proof.

We call a subset S ⊆ Rn bounded, if there exists some r ∈ Rwith

‖a‖2 :=
∑
i

a2
i 6 r

for all a ∈ S.

�eorem 4.2.2. LetR be an Archimedean real closed field and p1, . . . , pr ∈ R[x]. �en
the following are equivalent:

(i) WR(p1, . . . , pr) ⊆ Rn is bounded.

(ii) T (p1, . . . , pr) is Archimedean.

Proof. Set T := T (p1, . . . , pr) andW := WR(p1, . . . , pr). (ii)⇒(i) is easy: Since
T is Archimedean, we have r −

∑
x2
i ∈ T for some r ∈ N, and since elements

from T are clearly nonnegative onW ,W is bounded.
For (i)⇒(ii) first choose r ∈ N with p := r −

∑
i x

2
i > 0 onW . �e concrete

Positivstellensatz 3.3.1 implies t1p = 1 + t for certain t1, t ∈ T . We then have

(1 + t)p = t1p
2 ∈ T. (4.1)

Now consider
T0 := T (p) = ΣR[x]2 + ΣR[x]2 · p.

�is preordering is Archimedean by Proposition 4.2.1, and we have

(1 + t)T0 ⊆ T, (4.2)
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by (4.1). Furthermore, (4.1) also implies

p+ tr = p+ tp+ t
∑
i

x2
i ∈ T.

We now choose some s ∈ Nwith s− t ∈ T0.�en

(1 + s)(s− t) = (1 + t)(s− t) + (s− t)2 ∈ T,

by (4.2). After dividing by the the positive number 1+sweget s−t ∈ T.Sofinally

r(s+ 1)−
∑
i

x2
i = rs+ p = (p+ tr) + r(s− t) ∈ T,

and thus T is Archimedean by Proposition 4.2.1.

�eorem4.2.3 (Schmüdgen’sPositivstellensatz, a.k.a.ConcreteArchimedeanPos-
itivstellensatz). LetR be an Archimedean real closed field, and let p1, . . . , pr ∈ R[x] be
such thatWR(p1, . . . , pr) is bounded. �en for all p ∈ R[x]we have

p > 0 onWR(p1, . . . , pr) ⇒ p ∈ T (p1, . . . , pr).

Proof. Set T := T (p1, . . . , pr). As usual, from p > 0 onWR(p1, . . . , pr)we get

p̂ > 0 onW (T ).

By �eorem 4.2.2 the predordering T is Archimedean, and we can apply the ab-
stract Archimedean Positivstellensatz 4.1.2. We obtain kp = 1 + t ∈ T, and since
we can divide inR[x] through the positive number k, this implies p ∈ T.

Remark 4.2.4. (i) Again consider the unit disc inR2, defined by 1− x2− y2 > 0.
Every polynomial p that is strictly positive on the disc is of the form

p = σ0 + σ1(1− x2 − y2)

with σ1, σ2 ∈ ΣR[x]2.�is is a significant strengthening of Example 3.3.4 (i) for
positive polynomials.
(ii) If the number r of defining polynomials pi grows, the number of terms in a
representation of p inT grows exponentially. �e representation inT (p1, . . . , pr)
uses all products of the pi, of which there are 2r many. In the next section we will
comment on how to decrease this number. Is is in particular important for the
applications of the Positivstellensätze that we will discuss in the next chapters.
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(iii) �e condition p > 0 in Schmüdgen’s Positivstellensatz can in general not be
replaced by p > 0. Consider

p1 = (1− t2)3 ∈ R[t].

�en
WR(p1) = [−1, 1]

is bounded, and the polynomial p = 1 − t2 is nonnegative on this set. Assume
there exists a representation

1− t2 = σ0 + σ1(1− t2)3

with sums of squares σi. �en σ0 would have to vanish at the points ±1. Since
σ0 is a sum of squares, it vanished with an even multiplicity, and thus (1 − t2)2

would divide σ0. After cancellation this would yield a representation

1 = σ̃0(1− t2) + σ1(1− t2)2

with another sum of squares σ̃0. Plugging in 1 for t then gives 1 = 0, a contradic-
tion.
(iv) Boundedness ofWR(p1, . . . , pm) in Schmüdgen’s Positivstellensatz cannot be
omitted. For example, consider p1 = t3 ∈ R[t], for which we haveWR(p1) =
[0,∞).We have t+ 1 > 0 onWR(p1). But if

t+ 1 = σ0 + σ1t
3

was a representation with sums of squares σi, the degree of σ0 is even, whereas
the degree of σ1t

3 is odd. �us the degree on the right hand side is either even,
which is a contradiction, or it is odd and> 3, which is also a contradiction.
(v) Schmüdgen’s Positivstellensatz does not hold over non-Archimedean real
closed fields. IfR is a non-Archimedean extension ofR, it contains an infinites-
imal positive element ε, i.e. we have 0 < ε < r for all r ∈ R, r > 0. For p1, p as in
(iii) we have that p+ ε is strictly positive onWR(p1). But one can show that p+ ε
does not belong to T (p1) inR[t], see Exercise 41.
(vi) We don’t have any control over the degrees of the sums of squares σi in the
representation of p in Schmüdgen’s Positivstellensatz. �ey can in fact be much
larger than the degree of p itself. Otherwise the result could be written as a for-
mal statement, which would then hold over any real closed field, by the transfer
principle. �is contradicts (v). 4
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4.3 SomeRemarks onQuadraticModules
Aswe have already explained inRemark 4.2.4 (ii), the number of terms in a repre-
sentation of p ∈ T (p1, . . . , pr) is 2r in general, it thus grows exponentially with r.
In applications this can soon lead to computational problems, which one would
like to avoid. For this reason, the theory of quadratic modules is developed. We in-
troduce the notion and give an overview about themost important results, but do
not give any proofs here (see [6] for a through treatment). �e reader who wants
to skip this section just has to replace quadraticmodules by preorderings in all of
the following chapters.

Definition 4.3.1. Let A be a ring. A subsetM ⊆ A is called a quadratic module
ofA, if the following conditions are satisfied:

1 ∈M, M +M ⊆M, A2 ·M ⊆M, −1 /∈M. 4

Remark 4.3.2. (i) �e smallest quadratic module in A is again the set of sums
of squares ΣA2 (at least if −1 /∈ ΣA2, otherwise no quadratic module exists).
�e (only) difference to preorderings is that quadraticmodules neednot be closed
undermultiplication, only undermultiplication with (sums of) squares. So every
preordering is a quadratic module, but in general not every quadratic module is
a preordering. �e name comes from the fact that quadratic modules resemble
classical modules from algebra, but instead of a ring one uses the set of sums of
squares as the underlying domain of scalars.
(ii) Given a1, . . . , ar ∈ A, the smallest (potential) quadratic module contain-
ing the ai arises from multiplying them with sums of squares and adding the
terms, but multiplication of the ai among themselves is not necessary! So we obtain the
quadratic module generated by a1, . . . , ar as

M(a1, . . . , ar) :=
{
σ0 + σ1a1 + · · ·+ σrar | σi ∈ ΣA2

}
and the representation of its elements involves only sums of length r + 1. To see
an example, inA = R[x, y] we have the quadratic moduleM(x, y), which is not
a preordering. One can easily check that xy /∈M(x, y) holds (see Exercise 42).
(iii) Similar to orderings, one can develop a theory of semiorderings, which is built
upon quadratic modules. Since we don’t prove the coming results, we also do not
develop the theory here. 4

Definition4.3.3. AquadraticmoduleM is calledArchimedean, if for everya ∈ A
there exists some r ∈ Nwith r − a ∈M. 4
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Wewill now focus only on the polynomial ringR[x] over a real closed field. Given
p1, . . . , pr ∈ R[x], it is easily checked that ifM(p1, . . . , pr) is Archimedean, then
WR(p1, . . . , pr) ⊆ Rn is bounded. �is is proven exactly as in the easy direction
of�eorem4.2.2. For quadraticmodules, the other implication is false in general.

Example 4.3.4. Choose p1 = x − 1
2
, p2 = y − 1

2
, p3 = 1 − xy ∈ R[x, y].�e set

WR(p1, . . . , p3) is bounded:

Now assume

r − x = σ0 + σ1

(
x− 1

2

)
+ σ2

(
y − 1

2

)
+ σ3 (1− xy)

for some r ∈ N and sums of squares σi. �e homogeneous terms of highest de-
gree on the right are

σ̃0, σ̃1x, σ̃2y, −σ̃3xy,

where all σ̃i, as terms of highest degrees of sums of squares, are again sums of
squares. At least one of these terms has to have a degree> 1. We now consider
the term of highest degree. If it is the first or the fourth, it has to cancel with
the respective other one, since n − x has odd degree. But from σ̃0 − xyσ̃3 = 0
we obtain σ̃0 = σ̃3 = 0, since all these terms are nonnegative on the second
orthant. �is contradicts maximality of the degree. �us the maximal degree
must be realized by the second or third term. But since σ̃1x+ σ̃2y = 0 is also not
possible (this time by nonnegativity on the first orthant) we must have

σ̃1x+ σ̃2y = −x.

When we plug in x = 1 and y = 1, then the right hand side becomes nega-
tive, the left hand side is nonnegative, a contradiction. SoM(p1, p2, p3) is not
Archimedean. 4
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However, ifR is Archimedean real closed, andWR(p1, . . . , pr) is bounded, there
exists some r ∈ Nwith

r −
n∑
i=1

x2
i > 0 on WR(p1, . . . , pr).

If the extra generator

pr+1 := r −
n∑
i=1

x2
i

is added, the semialgebraic set thus remains the same, but the quadratic module

M(p1, . . . , pr, pr+1)

is now Archimedean. In fact by Proposition 4.2.1 already the quadratic module

M(pr+1) ⊆M(p1, . . . , pr, pr+1)

is Archimedean, since for onegeneratorwe always haveM(p) = T (p).Somaking
M Archimedean is not a big problem, andwill increase the number of generators
by at most one.
�e following is the most important Positivstellensatz for quadratic modules.

�eorem 4.3.5 (Putinar’s Positivstellensatz, a.k.a. Concrete Archimedean Posi-
tivstellensatz for Quadratic Modules). LetR be an Archimedean real closed field, and
p1, . . . , pr ∈ R[x] such thatM(p1, . . . pr) is Archimedean. �en for all p ∈ R[x] we
have

p > 0 onWR(p1, . . . , pr) ⇒ p ∈M(p1, . . . , pr).

Example 4.3.6. Consider the unit cube

W = [−1, 1]n ⊆ Rn

defined by 1 ± xi > 0 for i = 1, . . . , n. �e corresponding quadratic moduleM
consist of all elements of the form

σ0 + σ1(1− x1) + σ2(1 + x1) + · · ·+ σ2n−1(1− xn) + σ2n(1 + xn).

We first check thatM is Archimedean. We have

(1− xi)2(1 + xi) + (1 + xi)
2(1− xi) = 2(1− x2

i ),

thus 1 − x2
i ∈ M, and thus also n −

∑
i x

2
i ∈ M . So as explained before,M is

Archimedean. So every polynomial p that is strictly positive onW is of the above
form,whereas the representation fromSchmüdgen’s Positivstellensatzwould in-
volve 4n terms. 4



Chapter 5

Convexity andOptimization

�e results that we have obtained so far can be used for polynomial optimization.
To be able to explain this connection, we first explain some basics about semidefi-
nite optimization.

5.1 Semidefinite Optimization
Let Symd(R) denote the real vectorspace of symmetric d × d-matrices. For two
symmetric matricesA = (aij)i,j andB = (bij)i,j we set

〈A,B〉 := tr(AB) =
∑
i,j

aijbij.

Here, trdenotes the trace of amatrix, i.e. the sumof its diagonal entries, and also
the sum of its eigenvalues. 〈·, ·〉 defines an inner product on Symd(R).
We denote byPd the set of positive semidefinite symmetricmatrices of size d (cf.
Definition 2.2.4 andLemma2.2.3). �e setPd is a closed convex cone inSymd(R).
By Lemma 2.2.3 we see thatPd is even basic closed semialgebraic, i.e. of the form

Pd = WR(p1, . . . , pr)

for certain polynomials pk ∈ R[xij | i, j = 1, . . . , d]. For example, the principal
minors of the matrix form such a set of defining polynomials. We write A < 0
for A ∈ Pd and B < A for B − A < 0. Similarly, � denotes strict positive
definiteness, i.e. A � 0 means that all eigenvalues of A are strictly positive, or
that vtAv > 0 holds for all v ∈ Rd \ {0}.

73
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Proposition 5.1.1. (i) ForA ∈ Pd andP ∈ Md(R)we havePAP t ∈ Pd.
(ii) 〈·, ·〉 is invariant under conjugation with orthogonal matricesO, i.e.

〈A,B〉 = 〈OAOt, OBOt〉.

(iii)�e convex conePd is self-dual with respect to 〈·, ·〉, i.e.

A,B ∈ Pd ⇒ 〈A,B〉 > 0

〈A,B〉 > 0 for allB ∈ Pd ⇒ A ∈ Pd.

(iv) IfA < 0, B � 0 and 〈A,B〉 = 0, thenA = 0.

Proof. (i) Clearly PAP t is symmetric, and

vtPAP tv = (P tv)tA(P tv) > 0.

(ii) We have

〈OAOt, OBOt〉 = tr(OAOtOBOt) = tr(OABOt)

= tr(ABOtO) = tr(AB) = 〈A,B〉.

Herewe have used cyclic invariance of the trace, andOtO = Id sinceO is orthog-
onal.
(iii) LetA,B ∈ Pd. By (i) and (ii) we can assumeA to be diagonal with nonnega-
tive diagonal entries. But the diagonal entries of the positive semidefinitematrix
B are also nonnegative. �is implies

〈A,B〉 =
∑
i

aiibii > 0.

�e same formula also shows that for a diagonal matrix A, all entries have to be
nonnegative, for 〈A,B〉 > 0 tohold for allB ∈ Pd. �usA reallyhas tobepositive
semidefinite then. Now ifA is not diagonal, then someD := OAOt is, and thus
forB ∈ Pd we have

〈D,B〉 = 〈OAOt, B〉 = 〈A,OtBO〉 > 0.

�usD < 0, and so alsoA < 0.
(iv)We can assume thatB is diagonalwith strictly positive diagonal entries. �en
all diagonal entries ofAmust vanish, and this impliesA = 0, sinceA is positive
semidefinite (for example, look at the principal minors of size 2).
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Definition 5.1.2. LetM,M1, . . . ,Mm ∈ Symd(R) and β1, . . . , βm ∈ R.�e fol-
lowing optimization problem is called a semidefinite optimization problem (in
primal form):

find inf 〈M,A〉
s.t. 〈Mi, A〉 = βi for i = 1, . . . ,m

A < 0.

A feasible point is a matrixA < 0with 〈Mi, A〉 = βi for all i. An stricty feasible
point is a feasible pointA that is positive definite, i.e. that also fulfillsA � 0. �e
corresponding problem in dual form is:

find sup
m∑
i=1

λiβi

s.t.
∑
i

λiMi 4M.

Here a feasible point is someλ ∈ Rmwith
∑
λiMi 4M, and it is strictly feasible

if
∑

i λiMi ≺M . 4

Remark 5.1.3. (i) For fixedM ∈ Symd(R), the map A 7→ 〈M,A〉 is linear on
Symd(R), and every linear map is of this form (this is true for any inner product
on a finite-dimensional space). �e conditions 〈Mi, A〉 = βi define affine hy-
perplanes in Symd(R). So a semidefinite optimization problem in primal form
formalizes the optimization of a linear function over an affine linear section of
the convex conePd of positive semidefinite matrices.
(ii) In the dual problem, the linear function λ 7→ βtλ, defined on Rm, is opti-
mized. �e domain of optimization is the set defined by the condition∑

λiMi 4M

which is clearly a closed convex set inRm.
(iii)�e dual problem can be brought into the form of a primal problem, and vice
versa. �e dual problem can be seen as optimization inside the affine space

M + spanR(M1, . . . ,Mm) ⊆ Symd(R)
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over the section with Pd. But this is exactly what is done in a primal problem as
well. Conversely, after choosing a basis of the affine space in the primal problem,
the problem looks like a dual problem.
(iv) Semidefiniteoptimizationproblemsareusually solvedwithnumerical interior
point methods, which can often determine the optimal value and even the optimal
point efficiently.
(v) If the matricesM,Mi are all diagonal, the dual condition

∑
i λiMi � M de-

fines a polyhedron, i.e. a finite intersection of halfspaces. So a linear function is
optimized over a polyhedron, which is known as linear optimization. Semidefi-
nite optimization is thus a generalization of linear optimization. 4

�eorem 5.1.4 (Duality �eorem of Semidefinite Optimization). Let p∗ denote the
optimal value of the primal problem and d∗ the optimal value of the dual problem.�en

d∗ 6 p∗

holds. If both problems admit a feasible point, and one of them even a strictly feasible point,
we even have

d∗ = p∗.

Proof. If the dual problem does not have a feasible point, then d∗ = −∞ and the
inequality is trivially fulfilled. �e same is true if the primal problem does not
have a feasible point.
So let λ ∈ Rm and A ∈ Pd be feasible for the dual and primal problem, respec-
tively. FromM −

∑
i λiMi ∈ Pd and Proposition 5.1.1 (iii) we thus obtain

0 6 〈M −
∑
i

λiMi, A〉 = 〈M,A〉 −
∑
i

λi〈Mi, A〉,

i.e. ∑
i

λiβi 6 〈M,A〉.

Since d∗ is the supremumover all expressions on the right, and p∗ is the infimum
over all expressions on the left, this proves d∗ 6 p∗.
Now let λ ∈ Rm be strictly feasible for the dual problem, i.e. we have

M −
∑

λiMi � 0.

We first show that the following set is a closed convex cone:

K := {(〈A,M〉, 〈A,M1〉, . . . , 〈A,Mm〉) | A ∈ Pd} ⊆ Rm+1.
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It is obvious thatK is a convex cone. Now let (Aj)j∈N be a sequence in Pd, such
that the tuples

(〈Aj,M〉, 〈Aj,M1〉, . . . , 〈Aj,Mm〉)

converge to some r ∈ Rm+1, for j → ∞. We can assume Aj 6= 0 for all Aj. Let
‖ · ‖ be any norm on Symd(R), for example the one induced by 〈·, ·〉. �enw.l.o.g.
there exists someA ∈ Pd \ {0}with

Aj
‖Aj‖

j→∞→ A,

by the Bolzano-Weierstraß �eorem and closedness of Pd. By Proposition 5.1.1
(iv) we have

0 < 〈A,M −
∑
i

λiMi〉 = lim
j

1

‖Aj‖
〈Aj,M −

∑
i

λiMi〉

= lim
j

1

‖Aj‖

(
〈Aj,M〉 −

∑
i

λi〈Aj,Mi〉

)
.

�e second factor converges to

r0 − λ1r1 − · · · − λmrm

and thus remains bounded. So the first factor cannot converge to zero, the norm
of the Aj is thus also bounded. So we can assume w.l.o.g. that the sequence Aj
itself converges, and this implies r ∈ K.�is proves closedness ofK.
Since both problems admit a feasible point, we have

−∞ < d∗ 6 p∗ <∞.

Now let p < p∗. �en the tuple (p, β1, . . . , βm) does not belong toK, since oth-
erwise there would exists a primal feasible pointAwith 〈A,M〉 = p < p∗. So by
the separation theorem for closed convex cones there exists a vector γ ∈ Rm+1

with

0 6 γ0〈A,M〉+ γ1〈A,M1〉+ · · ·+ γm〈A,Mm〉 ∀A ∈ Pd (5.1)

γ0p+ γ1β1 + · · ·+ γmβm < 0. (5.2)
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By plugging in a primal feasible point A into (5.1),and comparing with (5.2), we
get γ0 > 0.We divide by γ0 and see from (5.1) that

(−γ1/γ0, . . . ,−γm/γ0)

is feasible for the dual problem (using Proposition 5.1.1 (iii) again). From (5.2) we
then see that the corresponding dual value is > p. So d∗ > p, and since p < p∗

was arbitrary, this proves d∗ = p∗.
�e case of a strictly feasible primal problem is proven similar, or reduced to the
above case by formulating the dual problem as a primal problem, and vice versa.

Remark 5.1.5. �e duality theorem shows how semidefinite optimization prob-
lems can be solved numerically with error bounds. One just solves both primal and
dual problem simultaneously. �is usually means that d∗ is approximated from
below, and p∗ is approximated from above. From d∗ 6 p∗ we thus clearly know
how far we are from the actual optimal values, at most. If d∗ = p∗ holds, the two
approximating sequences even converge to each other. 4

In the following section we will see how Schmüdgen’s and Putinar’s�eorem can
be used to compute the optimal value of a polynomial function on a semialgebraic
set, using semidefinite optimization.

5.2 Lasserre’s OptimizationMethod
Let polynomials p1, . . . , pr ∈ R[x1, . . . , xn] be given, and let

W := WR(p1, . . . , pr) = {a ∈ Rn | p1(a) > 0, . . . , pr(a) > 0}

be the basic closed semialgebraic set defined by the pi. For another polynomial
p ∈ R[x1, . . . , xn]we are interested in its infimum onW :

p∗ := inf{p(a) | a ∈ W}.

Note that we do not assumeW to be convex, nor p to be linear. So the problem is
not in the form of a semidefinite optimization problem, nor in any other convex
optimization form for which there exists efficient solutionmethods. Computing
p∗ will indeed be very hard in general.



5.2. LASSERRE’S OPTIMIZATIONMETHOD 79

By R[x]d we denote the finite-dimensional space of polynomials of degree 6 d,
and by Md(p1, . . . , pr) the set of those elements from the quadratic module
M(p1, . . . , pr) that obviously belong toR[x]d. To be precise, we define

Md(p1, . . . , pr) := {σ0 + σ1p1 + · · ·+ σrpr | deg(σ0), deg(σipi) 6 d} .

So we take those elements that are of degree at most d because all summands in
the representation are of degree at most d. Of course this can also be stated as

deg(σi) 6 d− deg(pi).

However, note that obvious inclusion

Md(p1, . . . , pr) ⊆M(p1, . . . , pr) ∩ R[x]d

will be strict in general (cf. Example 4.2.4(vi))! We have

M(p1, . . . , pr) =
⋃
d∈N

Md(p1, . . . , pr)

and we callMd(p1, . . . , pr) a truncated quadratic module. Now for each d ∈ N
we set

p∗,d := sup{s ∈ R | p− s ∈Md(p1, . . . , pr)}.
�e following theorem describes Lasserre’s optimization method.

�eorem5.2.1. Eachp∗,d is the optimal value of a semidefinite optimization problem that
can be constructed explicitly from p, p1, . . . , pr.We have

p∗,d 6 p∗

foralld, and the sequence(p∗,d)d∈N ismonotonically increasing. IfM(p1, . . . , pr) isArchimedean,
it converges to p∗.

Proof. SetM := M(p1, . . . , pr),Md := Md(p1, . . . , pr)andW := WR(p1, . . . , pr).
If p− s ∈Md, then clearly p− s ∈M and thus p− s > 0 onW . So we get s 6 p∗
and thus clearly p∗,d 6 p∗. �e sequence of the p∗,d is obviously monotonically
increasing, sinceMd ⊆Md+1.
NowassumeM is Archimedeanandfix ε > 0 arbitrary. �enp−(p∗−ε) is strictly
positive onW , and by�eorem 4.3.5 we have

p− (p∗ − ε) ∈M =
⋃
d∈N

Md.
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So there exists some d with p − (p∗ − ε) ∈ Md, i.e. p∗,d > p∗ − ε.�is proves
convergence.
What remains to show is how p∗,d is the optimal value of a semidefinite optimiza-
tion problem. For this we use the Grammatrices from Section 2.2. We consider
the finite-dimensional vectorspace

V := R× Symδ0(R)× · · · × Symδr(R).

Here we choose δi so thatG(Ni) has degree at most d − deg(pi), for everyNi ∈
Symδi

(R). In V we consider the affine linear subspace

H := {(s,N0, . . . , Nr) | p− s = G(N0) +G(N1)p1 + · · ·+G(Nr)pr} .

�en p∗,d is the supremum of the linear function

(s,N0, . . . , Nr) 7→ s

over the intersection ofH with the set defined by the conditionsNi < 0 for all i,
by �eorem 2.2.17. �is already shows that we have a semidefinite optimization
problem. If we want an affine linear section of just one cone of positive semidefi-
nite matrices, we can embed V into Sym1+δ0+···+δr(R) by the rule

(s,N0. . . . , Nr) 7→ diag(s,N0, . . . , Nr).

Remark5.2.2. (i) First recall that ifM(p1, . . . , pr) is a preordering (for example, if
instead of the piweuse all of their products as generators), then theArchimedean
assumptioncanbe replacedby thecondition thatWR(p1, . . . , pr) is bounded (�e-
orem4.2.2). Also recall that theArchimedean condition for generalM(p1, . . . , pr)
can be ensured by adding some polynomial pr+1 = N −

∑
i x

2
i to the defining

polynomials. IfWR(p1, . . . , pr) is bounded, set set will not be changed, at least if
N is large enough.
(ii) Lasserre’s optimizationmethod is implemented, for example in the freeMat-
lab plugin Yalmip. As long as the number of variables and the degree of the in-
volved polynomials is not too large, it solves such optimization problems quite
efficiently. Often some refinements of the described methods are used to reduce
complexity. For example, depending on the structure of the polynomials, certain
more specific Positivstellensätze can be employed. 4
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5.3 Spectrahedra
�e set of feasible points of a semidefinite optimtization problem is called a spec-
trahedron. For a given set it might be hard to decide whether it is a spectrahedron
or not, let alone find some explicit realization. We have already seen this phe-
nomenon in the proof of�eorem5.2.1, wherewe had to employ theGrammatrix
method. But to be able to apply semidefinite programming successfully to many
problems, it is important to understand its feasible sets better. We will thus go
into this topic a little deeper now. We will restrict to spectrahedral cones, since
this makes some things a little easier.

Definition 5.3.1. A spectrahedral cone is a set of the form

S(M1, . . . ,Mn) := {a ∈ Rn | a1M1 + · · ·+ anMn < 0}

for certain symmetric matricesM1, . . . ,Mn ∈ Symd(R). 4

Remark 5.3.2. (i) A spectrahedral cone is the inverse image of the convex conePd
of positive semidefinite matrices under a linear mapRn → Symd(R), where the
map is given by

a 7→ a1M1 + · · ·+ anMn.

If thematricesMi are linearly independent (whatwewill usually assume), we can
also understand is as an intersection ofPd with a subspace.
(ii) Spectrahedral cones are basic closed semialgebraic (and thus closed) convex
cones. �is is immediately clear from the fact thatPd has these properties.
(iii) A polyhedral cone is of the form

{a ∈ Rn | vt1a > 0, . . . , vtda > 0}

for certain vi ∈ Rn. Each such polyhedral cone is also a spectrahedral cone. In
fact, if allMi are diagonal, the condition a1M1 + · · · + anMn < 0 gives rise to
precisely such finitely many linear inequalities.
(iv) Intersections of spectrahedral cones are spectrahedral. One just has to form
block-diagonal sums of the definingmatrices. 4

Example 5.3.3. (i) �e spectrahedron S(M1,M2,M3) ⊆ R3 defined by

M1 =

(
1 0
0 1

)
, M2 =

(
1 0
0 −1

)
, M3 =

(
0 1
1 0

)
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is the set defined by the following polynomial inequalities, as is easily checked:

x2
1 − x2

2 − x2
3 > 0, x1 > 0.

�is is a circular cone, which is clearly not polyhedral:

(ii) �e convex cone defined by the conditions x4
1 − x4

2 − x4
3 > 0, x1 > 0 looks

similar, but we will later see that it is not spectrahedral:

(iii) �e convex cone whose cross-section is the set

[−1, 0]× [−1, 1] ∪B ⊆ R2,

whereB is the unit disk, is not spectrahedral. In fact it is not basic closed semi-
algebraic (Exercise 34).

4
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Example 5.3.4. Let R[x]∗d denote the dual space of the finite-dimensional space
R[x]d = R[x1, . . . , xn]d. An element ϕ ∈ R[x]∗d is thus just a linear map

ϕ : R[x]d → R.

Since linear maps are uniquely defined by their values on a basis, we can identify
ϕwith the tuple of its values on the canonical monomial basis ofR[x]d, i.e.

ϕ = (ϕ(xα))α∈Nn;|α|6d .

In this wayR[x]∗d identifies withR∆d .
Now let p1, . . . , pr ∈ R[x] be given. Again we consider the truncated quadratic
module

Md = Md(p1, . . . , pr) ⊆ R[x]d

as in the last section. Now let

M∨
d = {ϕ ∈ R[x]∗d | ϕ > 0 onMd}

be the dual cone ofMd. It is not hard to see thatM∨
d is in fact a spectrahedron in

R[x]∗d = R∆d . Indeed, the conditionϕ > 0onMd consists of the single conditions

ϕ(q2pi) > 0 ∀q ∈ R[x]ki

where ki is chosen so that q2pi ∈ R[x]d.Writing q =
∑

α qαx
α we have

ϕ(q2p) = ϕ

(∑
α,β

qαqβx
α+βp

)
=
∑
α,β

qαqβ
(
ϕ(xα+βp)

)
.

�isbeingnonnegative for all choices of coefficients qα justmeans that thematrix(
ϕ(xα+βp)

)
α,β

is positive semidefinite. Its entries are linear combinations of the values ϕ(xα)
(of course depending on p). �is proves the claim. 4

Every convex set has nonempty interior in its affine hull. So after replacing the
ambient space by the affine hull of the convex set, one can always assume it to
have nonempty interior.
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Proposition 5.3.5. LetS ⊆ Rn be a spectrahedral cone with interior point e. �en there
exist symmetric matricesM1, . . . ,Mn withS = S(M1, . . . ,Mn) and

e1M1 + · · ·+ enMn = I.

�e interior ofS is then defined by the condition a1M1 + · · ·+ anMa � 0.

Proof. First write S = S(N1, . . . , Nn) with certain symmetric matrices Ni. We
set

a •N := a1N1 + · · ·+ anNn.

Since e is an interior point of S, we have

0 4 (e± εδi) •N = e •N ± εNi

for some small ε > 0 and all i, where δi is the i-th standard basis vector. For every
vector v ∈ ker(e •N)we thus have

0 6 vt (e •N ± εNi) v = ±εvtNiv.

�is implies vtNiv = 0 and thus also 0 = vt (e •N ± εNi) v. Since e •N ± εNi

is positive semidefinite, this implies

(e •N ± εNi)v = 0,

as can for example be seen from a decomposition into squares of rank 1 as in
Lemma 2.2.3 (iv). But this further impliesNiv = 0, so we have shown

ker(e •N) ⊆ ker(Ni).

After a change of basis allNi simultaneously split off a block of zeros, that we can
simply omit for the definition of S. �e resulting new matricesMi then fulfill
ker(e •M) = {0}, i.e. e •M � 0. After conjugation with an invertible matrix we
can thus ensure e •M = I.
It is clear that a •M � 0 implies that a is an interior point of S. Conversely, if a
is an interior point, then a− εe ∈ S for some ε > 0. �is implies

0 4 (a− εe) •M = a •M − εe •M = a •M − εI.

So 0 ≺ εI 4 a •M .

�e following result reveals a connection between the geometry of spectrahedra
and some property of real polynomials.
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�eorem 5.3.6. LetM1, . . . ,Mn ∈ Symd(R), and assume e1M1 + · · ·+ enMn = I
holds for some e ∈ Rn. Set

h := det (x1M1 + · · ·+ xnMn) .

�en the polynomial h ∈ R[x1, . . . , xn] is homogeneous of degree d, one has h(e) = 1,
and for each a ∈ Rn the polynomial

ha(t) := h(a− te) ∈ R[t]

has only real roots. One has

S(M1, . . . ,Mn) = {a ∈ Rn | all roots ofha are > 0} .

Proof. It is obvious that h is homogeneous. For a ∈ Rn we have

ha(t) = det((a− te) •M) = det(a •M − tI),

so ha is the characteristic polynomial of a•M.�ezeros of ha are thus the Eigen-
values of the symmetric matrix a • M , which are all real. Furthermore, a • M
is positive semidefinite if and only if all of these Eigenvalues/zeros are nonnega-
tive.

Definition 5.3.7. (i) A homogenous polynomialh ∈ R[x1, . . . , xn] is called hyper-
bolic in direction e ∈ Rn, if h(e) 6= 0 and all zeros of ha(t) := h(a− te) are real,
for all a ∈ Rn.
(ii) If h is hyperbolic in direction e, the set

Λe(h) := {a ∈ Rn | all zeros of ha are > 0}

is called the hyperbolicity cone of h (in direction e). 4

Example 5.3.8. (i) �e polynomial h = x2
1 − x2

2 − x2
3 is hyperbolic in direction

e = (1, 0, 0), as can be seen for example in the following picture:
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Oneach vertical line there are 2 real intersectionpoints, and sinceh is of degree 2,
there can be no further complex zeros. �e same is true for the following degree
3 polynomial h = x3

1 − x2
1x3 − x1x

2
3 + x1x

2
2 + x3

3:

�e corresponding hyperbolicity cones are the upwards pointing andfilled cones.
(ii) �e polynomial h = x4

1 − x4
2 − x4

3 is not hyperbolic in direction e = (1, 0, 0).
On each vertical line there are only 2 real zeros. Since h is of degree 4, theremust
always exists twomore non-real zeros, that cannot be seen in the picture. h is also
not hyperbolic with respect to any other direction.

(iii) �e elementary symmetric polynomials

sr,n =
∑

16i1<···<ir6n

xi1 · · ·xir ∈ R[x1, . . . , xn]

are all hyperbolic in direction e = (1, . . . , 1).�is is best seen as follows. We have
sn,n = x1 · · · xn, and thus

sn,n(a− te) = sn,n(a1 − t, . . . , an − t) = (a1 − t) · · · (an − t)
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has the real zeros a1, . . . , an. Now sr,n(a − te) is precisely the r-th derivative of
sn,n(a− te)with respect to t (up to constants). By Rolle’s �eorem we always get
a real zero of the derivative in between to consecutive zeros of the initial polyno-
mial. �us the derivative also just has real zeros. �e following pictures show the
real zero sets of s3,3, s2,3 und s1,3:

4

Remark5.3.9. (i)Hyperbolicity cones are really convex cones. However, this is not
obvious from the definition. It can be proven elementary but with a quite techni-
cal proof. Wewill instead deduce it from theHelton-Vinnikov�eorem (�eorem
5.3.12) below (see Exercise 50).
(ii) Ifh is hyperbolic in direction e, then for any e′ in the interior ofΛe(h), h is also
hyperbolic in direction e′, with Λe(h) = Λe′(h). Also this can be proven directly,
or with the Helton-Vinnikov �eorem (Exercise 50). It is also quite plausible in
the above pictures.
(iii) Every spectrahedral cone is a hyperbolicity cone. �is follows from�eorem
5.3.6 (together with Proposition 5.3.5). 4

Example 5.3.10. �e coneK from Example 5.3.3 (ii), defined by

x4
1 − x4

2 − x4
3 > 0, x1 > 0
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is not hyperbolic, and thus also not a spectrahedron. Indeed, if it was hyperbolic,
there would exist a hyperbolic polynomial h with h = 0 on ∂K. By homogeneity
we had h = 0 on the whole real zero set

VR(x4
1 − x4

2 − x4
3) ⊆ R3.

�e real Nullstellensatz then implies h ∈ rrad(I(x4
1 − x4

2 − x4
3)). But this ideal is

real, which is checked similar to the case 1− x2
1− x2

2 (settled in Exercise 31). So h
would containx4

1−x4
2−x4

3 as a factor. But since this polynomial is not hyperbolic,
h is also not hyperbolic. �is is a contradiction. 4

Every spectrahedral cone is hyperbolic. Hyperbolicity of a cone is often easier to
check than the spectrahedral property. We have seen this in Example 5.3.10. �is
motivates the following conjecture:

Conjecture 5.3.11 (Generalized Lax Conjecture). Every hyperbolicity cone is spectra-
hedral.

�e conjecture is still open, there are only partial results. An important one is
the Helton-Vinnikov �eorem, which we only cite. Its second part immediately
follows from�eorem 5.3.6.

�eorem 5.3.12 (Helton & Vinnikov). Let h ∈ R[x1, x2, x3] be hyperbolic in direction
e ∈ R3,withh(e) = 1.�en there arematricesM1,M2,M3 ∈ Symd(R)with e1M1 +
e2M2 + e3M3 = I and

h = det (x1M1 + x2M2 + x3M3) .

In particular, every hyperbolicity cone inR3 is spectrahedral.

�e full statement of the Helton-Vinnikov�eorem fails in higher dimensions:

Example 5.3.13. �e polynomial h = x2
1 − x2

2 − x2
3 − x2

4 ∈ R[x1, x2, x3, x4] is
hyperbolic in direction e = (1, 0, 0, 0).We indeed have

ha(t) = h(a1 − t, a2, a3, a4) = (a1 − t)2 − a2
2 − a2

3 − a2
4,

and both zeros of this univariate polynomial are real. Now assume

h = det (x1M1 + x2M2 + x3M3 + x4M4)
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for certain symmetric matrices Mi, which must be of size 2, by homogeneity.
�en theMi must be linearly independent in the space Sym2(R). If one was ex-
pressible as a linear combination of the others, we would have h = q(Ax) for
some polynomial q in only three variables, and some matrix A ∈ M3×4(R). For
0 6= v ∈ kerA and λ ∈ Rwe would obtain

1 = h(e) = h(e+ λv) = λ2h(v) + 2λv1 + 1,

implying 0 = v1 = h(v) = −v2
2 − v2

3 − v2
4 and thus v = 0, a contradiction.

But inSym2(R) there exist atmost three linearly independentmatrices. Sohdoes
not admit a determinantal representation. 4

Remark 5.3.14. Assume hr = det(x1M1 + · · ·+xnMn)with symmetricmatrices
and e •M = I, for some r ∈ N. �en

Λe(h) = Λe(h
r) = S(M1, . . . ,Mn)

is spectrahedral. In Example 5.3.13, andmore general for all quadratic hyperbolic
polynomials it is in fact always possible to find a determinantal representation of
some power.
But there also exists a hyperbolic polynomialh of degree 4 in 4 variables, of which
no power admits a determinantal representation as above. 4

Remark 5.3.15. Brändén has shown that the hyperbolicity cones of all elementary
symmetric polynomials sr,n are spectrahedral. Heproduced adeterminantal rep-
resentation of certain multiples h · sr,n, with a factor h that does not change the
hyperbolicity cone. Much more is still not known about the generalized Lax con-
jecture. 4

5.4 Spectrahedral Shadows
Definition 5.4.1. A spectrahedral shadow is the image of a spectrahedral cone
under a linear map. 4

Remark 5.4.2. (i) Any linear image of a polyhedron is again a polyhedron. �is
is not true for spectrahedra however, so spectrahedral shadows are strictly more
general than spectrahedra. For example, consider the following convex cone:

K =
{

(a, b, c, d, e) ∈ R5 | b2 6 da, c2 6 ea, d2 + e2 6 a2, 0 6 a, d, e
}
.
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�e conditions b2 6 da, 0 6 a, d for example translate to(
a b
b d

)
� 0,

and in this way one checks thatK is indeed a spectrahedron. If we now project
K toR3, using the map (a, b, c, d, e) 7→ (a, b, c) , we obtain the convex cone

K ′ =
{

(a, b, c) | a4 > b4 + c4, a > 0
}

which is thus a spectrahedral shadow. In Example 5.3.10 we have seen thatK ′ is
not a spectrahedron.
(ii) In contrast to spectrahedra, the class of spectrahedral shadows is closedunder
most operation that apply to convex sets, for example duals, polars, Minkowski
sums, closures and interiors. 4

�ereexistsbasically just onemethod toconstruct spectrahedral shadowsdirectly.
�is method goes back to Lasserre and Parillo, and works as follows. Let again
p1, . . . , pr ∈ R[x] be given. We consider the semialgebraic set

WR(p1, . . . , pr) = {a ∈ Rn | p1(a) > 0, . . . , pr(a) > 0}

and the truncated quadratic module

Md = Md(p1, . . . , pr) ⊆ R[x]d.

We have seen in Example 5.3.4 that

M∨
d = {ϕ : R[x]d → R linear | ϕ > 0 onMd} ⊆ R[x]∗d = R∆d

is a spectrahedron. We now project this spectrahedron to Rn, via the following
map

π : R[x]∗d → Rn

ϕ 7→ (ϕ(x1), . . . , ϕ(xn)).

Written down explicitly in coordinates, we project the tuple ϕ = (ϕ(xα))|α|6d to
its coordinates indexed by x1, . . . , xn.
For a setW ⊆ Rn we denote by cc(W ) its conic hull, i.e. the smallest convex cone
inRn that containsW . By cc(W )wedenote its closure, the smallest closed convex
cone containingK.
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�eorem 5.4.3. Let p1, . . . , pr ∈ R[x] andW := WR(p1, . . . , pr).We then have:
(i)�e coneLd := π(M∨

d ) is a spectrahedral shadowwith

cc (W ) ⊆ Ld+1 ⊆ Ld
for all d ∈ N
(ii) If for somed ∈ N every homogeneous linear polynomial ` ∈ R[x]1 that is nonnegative
onW belongs toMd, then

cc (W ) ⊆ Ld ⊆ cc (W ) .

Proof. (i): WealreadyknowthatLd is a spectrahedral shadow.�e inclusionLd+1 ⊆
Ld is also clear, since every ϕ ∈ M∨

d+1 gives rise to an element ofM∨
d by just re-

stricting it toR[x]d. Now every a ∈ W defines a linear functional

δa : R[x]→ R
p 7→ p(a)

on thewhole polynomial ring (even a ring homomorphism),which is nonnegative
on the full quadratic moduleM(p1, . . . , pr). By restricting it to R[x]d we obtain
δa ∈M∨

d for all d ∈ N. �us

a = (δa(x1), . . . , δa(xn)) ∈ Ld for all d.

SinceLd is a convex cone, this implies cc(W ) ⊆ Ld for all d.
For (ii) assume that d ∈ N is as required. By the classical separation theorem
for closed convex cones, for any a /∈ cc(W ) there is some homogeneous linear
` ∈ R[x]1 with ` > 0 on cc(W ) and `(a) < 0. By assumption we have ` ∈ Md,
and thus for each ϕ ∈M∨

d

0 6 ϕ(`) = `(ϕ(x1), . . . , ϕ(xn)).

�ismeans ` > 0 onLd, and thus a /∈ Ld.We have thus shownLd ⊆ cc(W ).

Remark 5.4.4. (i) �e last theorem says, that if all nonnegative linear polynomi-
als onW have a representation in the quadratic moduleM with a uniform degree
bound, then the conic hull ofW is a spectrahedral shadow (up to closures).
(ii) It is easy to see that it suffices to represent the strictly positive polynomials
with a uniform degree bound in M . �e concrete Archimedean Positivstellen-
satz for quadratic modules 4.3.5 provides the existence of representations in the
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Archimedean case. �e problem of uniform degree bounds has to be settled in-
dependently.
(iii)�ere are cases inwhich such a uniformdegree bound exists, and suchwhere
it does not, see Examples 5.4.5, 5.4.6 and 5.4.7 below.
(iv)�ere are further works of Helton &Nie, in which themethod of Lasserre and
Parillo is applied locally. �ey lead to large classes of sets which are indeed spec-
trahedral shadows.
(v) Scheiderer has recently shown that every convex semialgebraic cone in R3 is
a spectrahedral shadow. He uses the above explained method and some deep re-
sults about sums of squares on curves.
(vi) Scheiderer has also shown that not every convex semialgebraic cone is a spec-
trahedral shadow. �is refuts the so-calledHelton-Nie conjecture. 4

Wewill demonstrate the problemof representingnonnegative linear polynomials
in someMd in some examples. To keep the computations simple, we restrict to
convex sets which are not convex cones. �e results can be directly translated to
the corresponding cones that have the given sets as compact cross-sections.

Example 5.4.5 (Farkas’ Lemma). Let `1, . . . , `r ∈ R[x]1 be of degree 1. �en

W = WR(`1, . . . , `r) ⊆ Rn

is a polyhedron. If another ` ∈ R[x]1 is nonnegative onW 6= ∅, there exist certain
λ0, . . . , λr > 0with

` = λ0 + λ1`1 + · · ·+ λr`r.

In other words, we have ` ∈ M1(`1, . . . , `r).�is follows for example from the
Duality�eorem for linear/semidefinite optimization (Exercise 45). 4

Example 5.4.6. �is is another example inwhich uniformdegree bounds exist for
nonnegative linear polynomials. �e set

W = WR(1− x4
1 − x4

2) ⊆ R2

arises as the intersection of the cone fromExample 5.3.3 (ii) with an affine plane.
Let ` ∈ R[x]1 be nonnegative onW , and w.l.o.g. assume `(a) = 0 for some a ∈
∂W.Up to scaling ` is then uniquely defined; for a = (r, s)we obtain

` = 1− r3x1 − s3x2.

�e polynomial
`− λ(1− x4

1 − x4
2)
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is then globally nonnegative, for some suitable λ > 0. �is can be checked for
example by checking its critical points. Since this polynomial is of degree 4 in 2
variables, it is a sum of squares of polynomials of degree 2 (see Remark 2.2.6).
�is shows ` ∈M4(1− x4

1 − x4
2). 4

Example 5.4.7. We finally provide an example in which uniform degree bounds
for linear polynomials do not exist. Consider the set

W = WR(y − x3, y, 1− y, x+ 1) ⊆ R2.

For 0 < r < 1wehave the point a = (r, r3) in the boundary ofW , and the unique
(up to scaling) linear polynomial `a, which is nonnegative onW and vanishes at
a is

`a = 2r3 − 3r2x+ y.

Now assume `a ∈Md for some fixed d and all a = (r, r3)with r > 0. �at means
we have representations

`a = σ
(a)
0 + σ

(a)
1 (y − x3) + σ

(a)
2 y + σ

(a)
3 (1− y) + σ

(a)
4 (x+ 1) (5.3)

with sums of squares σ(a)
i whose degrees are all uniformly bounded. By plugging

in a we see that σ(a)
i (a) = 0 must hold for all i 6= 1.We now pass to the limit

for a → (0, 0).We can do that by scaling everything to keep all coefficients of
the sums of squares bounded and then applying the Bolzano-Weierstraß �eo-
rem. Alternatively, we could formulate the existence of representations (5.3) for
all r > 0 as a first order statement, and apply it in some non-Archimedean real
closed field for some infinitesimal r > 0. Similar to Exercise 41 we then obtain a
representation overR. We so obtain a representation

y = σ0 + σ1(y − x3) + σ2y + σ3(1− y) + σ4(x+ 1) (5.4)

with σi(0, 0) = 0 for all i 6= 1. By setting y = 0we obtain

0 = σ0(x, 0) + σ1(x, 0)(−x3) + σ3(x, 0) + σ4(x, 0)(x+ 1).
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Since −x3 and x + 1 are nonnegative on the whole interval [−1, 0], this implies
σ1(x, 0) = 0, i.e. y2 divides σ1. If we now set x = 0 in (5.4), we get

y = σ0(0, y) + σ1(0, y)y + σ2(0, y)y + σ3(0, y)(1− y) + σ4(0, y).

Since σi(0, 0) = 0 for all i 6= 1, y2 divides all σi(0, y) for i 6= 1. But y2 divides σ1

and thus also σ1(0, y). So y2 divides the whole right-hand side, and thus also y,
an obvious contradiction.
�is contradiction really just arises fromtheassumptionof auniformdegreebound,
which allows us the pass the limit as a → (0, 0). One can indeed show that all `a
do belong to the quadratic moduleM(y − x3, y, 1− y, 1 + x). But the degrees of
the sums of squares go to infinity, as a approaches the origin.
�is example can be extended to amuchmore general theorem. As soon as a con-
vex and basic closed setW has a non-exposed face, uniform degree bounds for rep-
resentations of nonnegative linear polynomials do not exist (in this example the
origin is a non-exposed face). So for such sets, themethod of Lasserre and Parillo
cannot be used (directly) to show that they are spectrahedral shadows. 4



Chapter 6

�eMoment Problem

�emoment problem is a classical question from functional analysis. One is given a
(multi-)sequence of real numbers, and wants to check whether it is the sequence
of moments of some measure. In coordinate-free formulation, one is given a
linear functional on the space of polynomials, and wants to check whether this
functional is integrationwith respect to ameasure. Haviland’s�eoremprovides
a link to positive polynomials. If positive polynomials can be characterized by
sums of squares/preorderings/quadraticmodules, this leads to a classification of
functionals with a measure representation which is quite easy and can often be
checked with semidefinite optimization.

6.1 �eMoment Problem andHaviland’s�eorem
Let ϕ : R[x] → R be a linear map (also called functional). We ask whether there
exists a (Borel)-measure µ onRn, such that

ϕ(p) =

∫
Rn

p dµ

holds for all p ∈ R[x]. Note that this requires all the integrals on the right to exist,
of course. In particular wemust have

µ(Rn) =

∫
1dµ = ϕ(1) <∞.

Since ϕ is linear, it is enough to check whether

ϕ(xα) =

∫
Rn

xαdµ

95
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holds for all α ∈ Nn. �e numbers on the right are called the moments of the
measure µ. So we ask whether the prescribed multi-sequence (ϕ(xα))α∈Nn of
real numbers is the sequence of moments of a measure. One can also ask for the
support of the measure to be contained in a prescribed set. �ese questions are
known as themoment problem. Here are some classical results on the moment
problem. We will later deduce them from Haviland’s theorem and some of our
Positivstellensätze.

�eorem 6.1.1 (Hamburger Moment Problem). A functional ϕ : R[t] → R has a
representingmeasureµ onR if and only ifϕ(p2) > 0 holds for all p ∈ R[t].

Note that the condition ϕ(p2) > 0 for all p ∈ R[t] is clearly necessary for a rep-
resenting measure to exist. Squares are globally nonnegative, and integrating a
nonnegative function gives a nonnegative number. Further note that the condi-
tion can also be written as

ϕ ∈Md(1)∨

for all d, using the notation from Example 5.3.4. So the condition states contain-
ment ina sequenceof spectrahedra,which is accessible by semidefinite optimiza-
tion.

�eorem 6.1.2 (Stieltjes Moment Problem). A functional ϕ : R[t] → R has a repre-
sentingmeasureµ on [0,∞), i.e.µ((−∞, 0)) = 0, if and only if

ϕ(p2) > 0 and ϕ(p2 · t) > 0

for all p ∈ R[t], i.e. ifϕ ∈Md(t)
∨ for all d.

�eorem 6.1.3 (Hausdorff Moment Problem). A functionalϕ : R[t] → R has a rep-
resentingmeasureµ on [0, 1] if and only if

ϕ(p2) > 0 and ϕ(p2 · t) > 0 and ϕ(p2(1− t)) > 0

for all p ∈ R[t], i.e. ifϕ ∈Md(t, 1− t)∨ for all d.

A very general classification of functionalswith a representingmeasure is the fol-
lowing:

�eorem 6.1.4 (Haviland’s �eorem). LetW ⊆ Rn be an arbitrary closed set and
ϕ : R[x]→ R a functional. �en the following are equivalent:

(i) �ere is ameasureµ onW withϕ(p) =
∫
W
p dµ for all p ∈ R[x].
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(ii) For any p ∈ R[x]with p > 0 onW one hasϕ(p) > 0.

Remark 6.1.5. (i) �e implication (i) ⇒ (ii) in Haviland’s �eorem is clear: the
integral over a nonnegative function is nonnegative. So the other implication is
the interesting one. One can deduce Haviland’s�eorem from Riesz’s Represen-
tation�eorem for functionals on the algebra of continuous functions on a locally
compact Hausdorff space. �is can for example be found in [4].
(ii) Unfortunately, the condition

“ϕ(p) > 0 for all nonnegative polynomials p”

is a priori not easier to check than the question for a representing measure. But
we can use results from real algebra here! In case that the set of nonnegative poly-
nomials can be replaced by a finitely generated preordering/quadratic module,
it becomes much simpler and accessible by semidefinite optimization. �is can
work even if not every nonnegative polynomial belongs to the preordering.
(iii) Every globally nonnegative polynomial p ∈ R[t] in one variable is a sum of
squares (�eorem 2.2.1). So Hamburger’s result immediately follows from Havi-
land’s�eorem!
(iv) Everyon [0,∞)nonnegativepolynomial belongs to thequadraticmoduleM(t)
(Exercise 32). So also Stieltjes’ result follows fromHaviland’s�eorem.
(v) Every on [0, 1] nonnegative polynomial belongs to the quadratic module
M(t, 1 − t) (Exercise 32). So also Hausdorff ’s result follows from Haviland’ �e-
orem. 4

�ese considerations justify the following definitions. Let p1, . . . , pr ∈ R[x] =
R[x1, . . . , xn] be given. We again consider the finitely generated quadratic mod-
ule

M = M(p1, . . . , pr) =
{
σ0 + σ1p1 + · · ·+ σrpr | σi ∈ ΣR[x]2

}
.

�e case of a finitely generated preordering is covered by this as well, since it is
the quadratic module generated by the products of the pi.
We consider its dual cone in the algebraic dual spaceR[x]∗ :

M∨ = M(p1, . . . , pr)
∨ := {ϕ : R[x]→ R linear | ϕ > 0 onM}

and the double dual

M∨∨ = M(p1, . . . , pr)
∨∨ := {p ∈ R[x] | ϕ(p) > 0 ∀ϕ ∈M∨} .
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Note that we define the double dual in R[x] instead of the larger space (R[x]∗)∗.
�e basic closed set

W = WR(p1, . . . , pr) = {a ∈ Rn | p1(a) > 0, . . . , pr(a) > 0}

is also familiar already, and we have already worked with the set of polynomials
that are nonnegative onW . We call it the saturation ofM from now on:

M sat = M(p1, . . . , pr)
sat := {p ∈ R[x] | p > 0 onW (p1, . . . , pr)} .

From now on we ignore the condition −1 /∈ M for quadratic modules and pre-
orderings, to avoid some extra case distinctions. In case−1 ∈M , i.e.M = R[x],
everything is trival anyway.

�eorem6.1.6. M∨∨ is a quadratic module, and even a preordering, ifM was. �e satu-
rationM sat is always a preordering. We have the following inclusion:

M ⊆M∨∨ ⊆M sat.

Proof. M ⊆ M∨∨ is clear from the definition. We now show thatM∨∨ is indeed
a quadratic module. For p, q ∈M∨∨ and ϕ ∈M∨ we have

ϕ(p+ q) = ϕ(p) + ϕ(q) > 0.

�usM∨∨ is closed under+. Now let f ∈ R[x] be arbitrary. We have to show that
ϕ(f 2p) > 0 holds. For this we define a new functional

ψ : R[x]→ R; g 7→ ϕ(f 2g).

For anym ∈M we haveψ(m) = ϕ(f 2m) > 0, since f 2m ∈M . Soψ ∈M∨, and
thus

0 6 ψ(p) = ϕ(f 2p).

�is shows thatM∨∨ is a quadraticmodule. A similar argument shows thatM∨∨

is a preordering, ifM was.
�esetM sat of all polynomials that arenonnegative onW is clearly a preordering,
see Remark 3.1.2 (iii) (it was called TW there). What remains to show isM∨∨ ⊆
M sat. For every point a ∈ W we have the evaluation map

δa : R[x]→ R; g 7→ g(a)

which is clearly linear and belongs toM∨ (since polynomials fromM are nonneg-
ative onW !). �us for p ∈M∨∨ we have

0 6 δa(p) = p(a),

i.e. p ∈M sat.
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Remark 6.1.7. One can show thatM∨∨ is a closure ofM with respect to a suitable
topology, namely the finest locally convex topology on the vectorspace R[x]. In this
topology a set is closed if and only if each intersection with a finite-dimensional
subspace ofR[x] is closed (w.r.t. the euclidean topology on thefinite-dimensional
space). �is is why we callM∨∨ the closure ofM . 4

Definition 6.1.8. (i)M is called closed ifM = M∨∨ holds.
(ii)M has the strongmoment property (SMP) ifM∨∨ = M sat holds.
(iii)M is called saturated ifM = M sat holds. 4

�e significance of (SMP) is summarized in the following result:

�eorem 6.1.9. LetM = M(p1, . . . , pr) have (SMP) and setW = WR(p1, . . . , pr).
�en a linear functionalϕ onR[x] admits a representingmeasure onW if and only ifϕ ∈
M∨.

Proof. Any ϕ ∈M∨ is nonnegative onM∨∨ = M sat, and thus has a representing
measure onW by Haviland’s�eorem.

Example 6.1.10. In Hamburger’s, Stieltjes’s and Hausdorff ’s moment problems,
the quadratic modulesM(1),M(t) andM(t, 1 − t) are even saturated (see Re-
mark 6.1.5 (iii)-(v)), and thus have (SMP). 4

Now Schmüdgen’s and Putinar’s Positivstellensätze give us the following strong
result for bounded sets:

�eorem6.1.11. Let p1, . . . , pr ∈ R[x] and assume thatM = M(p1, . . . , pr) is Archi-
medean. �enM has (SMP). �is is automatic in case thatW = WR(p1, . . . , pr) is
bounded andM is a preordering.

Proof. Take p ∈ M sat. �en p + ε > 0 onW for all ε > 0, and thus p + ε ∈ M by
�eorem 4.3.5. For every ϕ ∈M∨ we thus have

0 6 ϕ(p+ ε) = ϕ(p) + εϕ(1),

and this impliesϕ(p) > 0. So p ∈M∨∨. �e last statement is�eorem4.2.2.

Example 6.1.12. For deciding whether a functional ϕ : R[x] → R is integration
with respect to a measure on the unit ball ofRn, we have to check whether

ϕ(p2) > 0, ϕ(p2 · (1− x2
1 − · · · − x2

n)) > 0

holds for all p ∈ R[x]. In fact the quadratic moduleM(1 − x2
1 − · · · − x2

n) is
Archimedean (as argued in Section 4.3). 4
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Incaseof anon-compact set, there exists another result ofSchmüdgen that allows
the reduce the dimensionwhen checking (SMP).Wewill just illustrate this in one
example.

Example6.1.13. Let p1 = 1−x2 ∈ R[x, y].�enW = WR(p1) ⊆ R2 is the vertical
strip over the interval [−1, 1]. So far we don’t know whether

M = M(p1) = P (p1)

has (SMP).�eNichtnegativstellensatzonlyprovides sums-of-squares certificates
with denominators here, and thus no direct relation betweenM sat andM∨∨.
Now there exists a non-constant polynomial q that is bounded onW , for example
q = x. Schmüdgen’s Fiber�eorem says thatwe can restrict to all fibers of a bounded
polynomialwhen checking (SMP). Afiber is the set of all points onwhich the poly-
nomial takes a prescribed constant value. For example, q = x takes the value
r ∈ [−1, 1] on the vertical line {x = r}. Restricting to this line means to plug in
r for x everywhere, giving rise to the quadratic module

M(1− r2) = ΣR[y]2 ⊆ R[y].

�is module however has (SMP), by Hamburger’s result. Since this is true for all
r, and thus for all fibers of the bounded polynomial q,M itself has (SMP). So a
functional ϕ : R[x, y]→ R admits a representingmeasure on the vertical strip if
and only if

ϕ(p2) > 0 and ϕ(p2 · (1− x2)) > 0

holds for all p ∈ R[x, y]. 4

After having states several positive results on the moment problem, we will see
some negative results in the next section.

6.2 Stability
Definition 6.2.1. Let p1, . . . , pr ∈ R[x].�e quadratic moduleM(p1, . . . , pr) is
called stable, if for every d ∈ N there exists some e ∈ Nwith

M(p1, . . . , pr) ∩ R[x]d ⊆Me(p1, . . . , pr).

Here we use again the truncated quadratic modules introduced in Section 5.2.
4
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Remark 6.2.2. (i) Stability just says that every polynomial p ∈M(p1, . . . , pr) ad-
mits a representation with sums of squares of bounded degree, where the bound
depends only on the degree of p.
(ii) A priori, it looks as if stabilitymight dependon thegenerators of thequadratic
module. However it can be shown that it does not, it is really a property of the
quadratic module alone (Exercise 53).
(iii) We have seen in Example 4.2.4 (vi) that degree bounds cannot exist in gen-
eral. So not every quadratic module is stable.
(iv) Stability seems to appear exactly in the cases where the setWR(p1, . . . , pr) is
very non-compact. �is is illustrated in the following result. 4

�eorem 6.2.3. IfWR(p1, . . . , pr) contains a full-dimensional convex cone (with arbi-
trary vertex), thenM(p1, . . . , pr) is stable.

Proof. We can clearly assume that the vertex of the cone is in the origin. So let
B ⊆ Rn be a full-dimensional ball such that

cc(B) = {λa | a ∈ B, λ > 0} ⊆ WR(p1, . . . , pr) =: W.

If a polynomial q is nonnegative onW , we have 0 6 q(λb) for all b ∈ B andλ > 0.
So the homogeneous term of q of highest degree must be nonnegative on B. In
fact, if q = q0 + · · ·+ qd is written as a sum of homogeneous terms, we have

0 6 q(λb) = q0 + λq1(b) + · · ·+ λdqd(b),

and a polynomial with a negative leading coefficient would take negative values
for some large enough λ.
If twopolnomials are nonnegative on a setBwithnonempty interior, they cannot
sum to zero. �ere in fact exists a point at which both are positive.
Sowhen adding two polynomials that are nonnegative onW , their leading forms
cannot cancel. If we apply this to the single terms in the expression

σ0 + σ1p1 + · · ·+ σrpr,

we directly obtain stability ofM , even with e = d.

Remark 6.2.4. In �eorem 6.2.3 we not just get the strong statement e = d, but
also that every representation of an element inM(p1, . . . , pr) reveals these degree
bounds. �is wouldn’t be necessary for stability, in which just the existence of
at least one such representation for every elements is required. But in fact most
known results on stability prove this stronger statement. 4
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Example 6.2.5. (i) �e quadratic module/preordering M(1) = ΣR[x]2 is sta-
ble. But if we look closely at the definition of stability, we see that this is in fact
trivial by definition. But sinceWR(1) = Rn contains a full-dimensional convex
cone, the argument from the last proof gives something even stronger, namely
the statement of Lemma 2.2.14.
(ii) �e quadratic module/preordering M(t) ⊆ R[t] is stable, since WR(t) =
[0,∞) ⊆ R contains a full-dimensional convex cone. If we have

p = σ0 + σ1t

with sums of squares σi, we even get deg(σ0), deg(σ1t) 6 deg(p).
(iii) �e quadratic moduleM(x, y) ⊆ R[x, y] is stable, sinceWR(x, y) is the pos-
itive orthant inR2, which contains a full-dimensional convex cone. 4

Stability allows us to show an equality in the chainM ⊆M∨∨ ⊆M sat :

�eorem 6.2.6. IfM = M(p1, . . . , pr) is stable andWR(p1, . . . , pr) has nonempty
interior inRn, thenM is closed, i.e. we haveM = M∨∨.

Proof. Wewill show thatM ∩ U is closed inU , for every finite-dimensional sub-
spaceU ofR[x].�ismeans closedness in thefinest locally convex topology,which
is equivalent toM = M∨∨.
Since every finite-dimensional subspace U is contained in some R[x]d, it is suf-
ficient to show thatM ∩ R[x]d is closed in R[x]d, for all d > 0. By stability we
have

M ∩ R[x]d = Me ∩ R[x]d,

and it is thus enough to show closedness of eachMe.
But this is done as in Example 5.4.7. Since in any sequence fromMe(p1, . . . , pr)
the degrees of all sums of squares remain bounded, one can pass to a limit (for ex-
ample by using the Bolzano-Weierstraß�eorem coefficientwise, after a suitable
normalization/scaling). It is needed thatWR(p1, . . . , pr) has nonempty interior
to see that scaling is in fact not even necessary (Exercise 54).

Example 6.2.7. (i) �e sums of squaresΣR[x]2 are stable, and thus closed.
(ii) �e quadratic moduleM(x, y) ⊆ R[x, y] is closed, i.e. we have

M(x, y) = M(x, y)∨∨ ⊆M(x, y)sat. 4

In the last section we introduced the strongmoment property (SMP).�e follow-
ing result provides a connection to stability.
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�eorem 6.2.8. Let n > 2 and assumeWR(p1, . . . , pr) has nonempty interior inRn.
�en stability and (SMP) forM(p1, . . . , pr) are mutually exclusive.

Proof. Assume w.l.o.g. that pi 6= 0 for all i = 1, . . . , r. �en there exists a point
inW := WR(p1, . . . , pr) at which all pi are strictly positiv. Otherwise the prod-
uct p1 · · · pr would vanish on W , implying p1 · · · pr = 0 in R[x], since W has
nonempty interior. We can also assume that the origin is such a point, meaning
that all pi have a strictly positive constant term.
Now assume thatM = M(p1, . . . , pr) is stable and has (SMP). By�eorem 6.2.6
we then even haveM = M sat, i.e.M is saturated.
Now letp ∈ R[x]beagloballynonnegativepolynomial that is not a sumof squares
inR[x]. �is exists sincen > 2,we can take theMotzkin polynomial for example.
For λ > 0we consider

pλ := p(λx) = p(λx1, . . . , λxn) ∈ R[x].

�en also each pλ is globally nonnegative and thus belongs toM sat = M, in par-
ticular. �e degree of all pλ is the same, so by stability we get that all pλ belong to
sime fixedMd.When writing down a corresponding representation for each pλ
and then replacing x by 1

λ
x again, we obtain representations

p = σ
(λ)
0 + σ

(λ)
1 p1(λ−1x) + · · ·+ σ(λ)

r pr(λ
−1x)

with sumsof squaresσ(λ)
i of boundeddegree, independent ofλ. Nowas inExam-

ple 5.4.7 and�eorem 6.2.6 we pass to the limit as λ → ∞, after scaling to keep
all appearing coefficients bounded (use the Bolzano-Weierstraß�eorem again).
�e pi(λ−1x) converge to pi(0) > 0. So if a nontrivial scaling was really neces-
sary, the left-hand side becomes 0, the right-hand side becomes a nontrivial sum
of squares. �is is a contradiction. If no scaling was necessary, we obtain a sum
of squares on the right, again a contradiction.

Example 6.2.9. (i) �e sums of squares ΣR[x]2 are stable and do thus not have
(SMP) for n > 2. So for n > 2 there are positive functionals ϕ : R[x]→ Rwhich
do not admit a representing measure!
(ii) For n = 1 the sums of squares ΣR[t]2 are stable and have (SMP). In fact we
have already seen that every globally nonnegative polynomial in one variable is a
sum of squares, i.e. ΣR[t]2 is even saturated. So the condition n > 2 cannot be
omitted in�eorem 6.2.8.
(iii)M(x, y) ⊆ R[x, y] is stable, thus closed and does not have (SMP).
(iv) We see again that an Archimedean quadratic modules in dimension > 2 is
never stable (cp. Remark 6.2.2 (iii)). By�eorem 6.1.11 they have (SMP). 4
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To summarize, we have seen the following phenomenon (at least in dimension
> 2): If the setW is relatively small (compact, for example), thenM tends to have
(SMP) and not to be stable. IfW is very large instead (contains a full-dimensional
cone, for example), thenM tends to be stable and not have (SMP).
A nice exact definition of large is for example that no non-constant polynomial
is bounded onW . With this definition, sets containing a full-dimensional cone
are large, and compact sets are not large. However, whether stability holds pre-
cisely for such large sets is an unsolved problem. We will finally look at twomore
interesting examples.
Example 6.2.10. (i) AssumeW ⊆ R2 contains a full-dimensional strip in both
coordinate directions:

�en no non-constant polynomial is bounded on W (so W is large). From the
vertical strip we deduce that a bounded polynomial cannot involve the variable y,
from the horizontal stripwe get the same for the variable x. Now one can see that
when adding to polynomials that are nonnegative onW , the total degree can in
fact decrease (other than in �eorem 6.2.3), but at most to one half of the origi-
nal degrees (Exercise 55). If we apply this to the terms in a representation from
M(p1, . . . , pr), we get

M ∩ R[x]d ⊆M2d,

and thusM is indeed stable.
(ii) Consider the quadratic moduleM((1 − x2)y2) ⊆ R[x, y], whose semialge-
braic setWR((1− x2)y2) is a vertical strip, together with the x-axis:
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Again there are no non-trivial bounded polynomials. �e vertical strip implies
that a bounded polynomial contains no y, but no non-constant polynomial in x is
bounded on the whole x-axis.
But here,M((1− x2)y2) is not stable. If it was, then so would beM(1− x2) (Ex-
ercise 56). But this quadraticmodule has (SMP), aswe have explained in Example
6.1.13, and it is thus not stable. But this example is quite artificial, since the setW
contains a lower-dimensional component (the x-axis), which leads to a strange
behavior. 4

6.3 Saturation
In this section we will look at saturated quadratic modules in a little more detail.
Recall that a quadratic moduleM = M(p1, . . . , pr) ⊆ R[x] is saturated if

M = M sat

holds, i.e. ifM contains every polynomial that is nonnegative on the setW =
WR(p1, . . . , pr). Alternatively, it means that M is closed and has (SMP) at the
same time:

M = M∨∨ = M sat.

Apart from some examples in dimension 1 we haven’t seen this property at all so
far. OurArchimedeanPositivstellensätze indeed always just applied to strictly pos-
itive polynomials.
We will first go back to the one-dimensional case, where everything works nicely
(see �eorem 6.3.2). We next show that in dimension > 3 in fact no saturated
finitely generated quadratic module does exist (�eorem 6.3.4). Dimension 2 is
a special case in which some interesting things happen (which we will only cite).
But note that we have shown closednessM = M∨∨ only via stability so far (�eo-
rem 6.2.6). Already in dimension 2 this doesn’t appear together with (SMP), and
we thus cannot prove saturation in this way.
Now assume n = 1, i.e. we consider polynomial in one variable t, and semialge-
braic subsets ofR. �e basic closed semialgebraic sets are finite unions of closed
intervals

(−∞, a], [a, b], [b,∞)

by�eorem 1.5.5 . For every such basic closed set there exist so-called natural gen-
erators. �ese are the polynomials that first come to mind when trying to define
the set. Precisely, they are defined as follows. IfW contains a smallest element a,
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then t−a is one of the natural generators. IfW contains a largest element b, then
b− t is one of the natural generators. If a, b ∈ W with a < b and (a, b)∩W = ∅,
then (t−a)(t−b) is a natural generator. �is altogether gives rise to polynomials
p1, . . . , pr ∈ R[t]withW = WR(p1, . . . , pr).

Example 6.3.1. �e setW = [−1, 0] ∪ [1,∞) has natural generators t + 1 and
t(t− 1) :

4

�eorem 6.3.2. If p1, . . . , pr ∈ R[t] are the natural generators ofW ⊆ R, then the
preorderingT (p1, . . . , pr) is saturated and stable.

Proof. Take p > 0 onW . We factor p into irreducible polynomials, as in�eorem
1.2.11. Wewill show that the single factors can be grouped such that the products
belong to T = T (p1, . . . , pr). Since the preordering T is multiplicatively closed,
this proves the statement.
Factors of degree 2 are sums of squares and thus clearly belong to T . Without
these factors, the polynomial is still nonnegative onW .
If a linear term t − c for some c ∈ int(W ) appears in the factorization, it has to
appear with even multiplicity. Otherwise pwould be negative in a neighborhood
of c inW . We can also ignore such factors.
IfW has a smallest element a, and a factor t− a′ for some a′ 6 a appears in p, it
lies in T . �is is because t− a′ = (t− a) + (a− a′) and t− a is one of the natural
generators of T . �e case of a largest element is similar.
Now what can finally still happen is that p has a zero in an interval [a, b] with
a, b ∈ W,a < b and W ∩ (a, b) = ∅. But then p must have another zero in
the same interval, since otherwise it wouldn’t be nonnegative onW . �us p con-
tains a factor (t − c)(t − d) with a 6 c 6 d 6 b. So we are done, once we have
shown

(t− c)(t− d) ∈ T ((t− a)(t− b)),

since (t−a)(t− b) ∈ T . Now one can show that there exists someλ ∈ (0, 1] such
that

(t− c)(t− d)− λ(t− a)(t− b)

is globally nonnegative (Exercise 58). Since it is a sum of squares then, we are
done.
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Note that the proof already yields stability. In each step we have produced a rep-
resentation with the best possible degree bound on the sums of squares. �is re-
mains true for products and thus even implies

T ∩ R[t]d ⊆ Td.

Remark6.3.3. Without thenatural generators, thepreorderingwill in general not
be saturated, as can be see from t /∈ T (t3). 4

We now pass to dimension > 3.�e following result says thatM(p1, . . . , pr) is
in fact never saturated, or equivalently thatM sat is never finitely generated as a
preordering/quadratic module.

�eorem 6.3.4. Let n > 3 and p1, . . . , pr ∈ R[x] be such thatWR(p1, . . . , pr) has
nonempty interior inRn. �enM(p1, . . . , pr) is not saturated.

Proof. As argued before, we can assume that W = WR(p1, . . . , pr) contains a
point at which all pi are strictly positive, and this in fact the origin is this point.
So all pi have a strictly positive constant term.
Now let h ∈ R[x] be homogeneous and globally nonnegative, but not a sum of
squares. Forn > 3 suchapolynomial exists, take thehomogenizedMotzkinpoly-
nomial, for example. �en clearly h ∈M sat. Now assumeh ∈M(p1, . . . , pr), i.e.
there is a representation

h = σ0 + σ1p1 + · · ·+ σrpr (6.1)

with sums of squares σi. In each of the terms σipi, the homogeneous term of low-
est degree is a sum of squares (this uses that all pi have a strictly positive constant
term). �e homogeneous term of lowest degree on the right in (6.1) is thus a non-
trivial sum of squares. But since h is homogeneous, this termmust coincidewith
h, a contradiction.

Remark 6.3.5. In the proof of �eorem 6.3.4 it might look as if it was always the
same polynomial h that does not belong toM(p1, . . . , pr). But of course this is
impossible, since it could just be added to the pi, and would then clearly belong
to the quadratic module. But in fact we have assumed h to be homogeneous with
respect to the origin, and that all pi are strictly positive there. In general, this
requires a shift, and thus a shift of the polynomial h. But one thing is true: there
is one fixed polynomial h (for example the Motzkin polynomial), of which always
a suitable shift doesn’t belong toM . 4
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So only in dimension 2we can expect to findmore interesting quadraticmodules
which are saturated. But usually it requires deep and/or technical methods to
prove this. We will thus only state two examples:

Example 6.3.6. �e quadratic module M(1 − x2 − y2) and the preordering
T (1 − x2, 1 − y2) are saturated. �ey define the unit disk and the unit square,
respectively.
More generally, ifW = WR(p1, . . . , pr) ∈ R2 is bounded, the polynomials pi are
irreducible, and at each point of the boundary ofW either just one of the pi van-
ishes smoothly, or at most two of the pi vanish smoothly and intersect transver-
sally, then T (p1, . . . , pr) is saturated. �is result was proven by Scheiderer and
relies on a local-global principle and results for power series rings. 4

Example 6.3.7. �e quadratic moduleM(1 − x2) ⊆ R[x, y] is saturated. �is is
very surprising, since the setWR(1 − x2) ⊆ R2 is a vertical strip and thus not
even compact. �is rare case was found by Marshall, with a technical and highly
nontrivial proof. 4



Chapter 7

Non-Commutative Real Algebra and
Geometry

In this chapter we discuss some aspects of a relatively new branch of real algebra
andgeometry, namely the non-commutative theory. For example, one tries to prove
Positivstellensätze in non-commutative algebras. �e corresponding geometry
turnsout tobemuchmore complicated, but alsomuchmore insightful than in the
classical setup. A good principle is to usematrix algebras or algebras of operators
as guiding examples to develop the theory. �is is why we start with an overview
of these and some of their properties.

7.1 Matrix Algebras and Algebras of Operators
Let us consider two classes of examples that will guide us through the coming
theory.

Matrix Algebras

For d ∈ N let Md(C) be the set of d × d-matrices with entries from C. �e set
Md(C) is endowed with the structure of aC-algebra with multiplicative identity
Id. For d > 2 it is not commutative!
In context of positivity, we have usually usedR as our ground field. But since we
will always use an involution in the non-commutative setup anyway, whose set of
fixed points play the role of real elements, we can pass to C here. �is will make
some of the later arguments simpler.

109
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�e involution that wewill use onmatrix algebras is the well-known ∗-operation,
i.e. forM = (mij)i,j we set

M∗ = (mji)i,j .

�is defines a conjugate-linear self-inverse antiautomorphism onMd(C), i.e. it fulfills

(λM + γN)∗ = λM∗ + γN∗, (M∗)∗ = M, and (MN)∗ = N∗M∗

for all matricesM,N ∈ Md(C) undλ, γ ∈ C. �ese are precisely the axioms that
we will later also use to define an involution abstractly.
A fixed point of the involution, i.e. a matrix that fulfillsM∗ = M, is called aHer-
mitianmatrix, and the set of all these matrices forms an R-subspace ofMd(C),
but not aC-subspace:

Herd(C) := Md(C)h := {M ∈ Md(C) |M∗ = M} .

Note that for d > 2, the spaceHerd(C) is also not an algebra, i.e. not closed under
multiplication.
InDefinition 2.2.4 and Lemma 2.2.3we have already encountered a notion of pos-
itivity that makes sense for matrices, also with complex entries. Recall that a ma-
trixM ∈ Herd(C) is called positive semidefinite if

v∗Mv > 0 for all v ∈ Cd.

Here, v∗ denotes the conjugate-transposed vector of v ∈ Cd.We denote this also
by

M < 0.

Note that we define positivity only for Hermitian matrices, just as we have re-
stricted to real symmetric matrices before. �is makes sense, for example since
the numbers v∗Mvmight not even be real otherwise:

Positivity takes place in the space of Hermitian elements only!

Now it can happen that the product of two positive matrices is not even Hermi-
tian, and thus not positive again:(

1 0
0 2

)
·
(

1 1
1 1

)
=

(
1 1
2 2

)
.

So the notion of a preordering cannot be defined in a general non-commutative
setup, and we will have to restrict to quadratic modules.
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Note that the statement of Lemma 2.2.3 remains true when adapted to the Her-
mitian setup. For example,M is positive semidefinite if and only if there exists a
decomposition

M = S∗S

for some Matrix S ∈ Md(C) (which can even be chosen Hermitian and positive
semidefinite again). One just diagonalizes U∗MU = D with a unitary matrix U
and sets S = U

√
DU∗, where

√
D is the diagonal matrix obtained from taking

the real positive square-roots of the diagonal entries of D. �is particular S is
also denoted by

√
M . One also obtains this S as a polynomial expression p(M)

for some p ∈ R[t]. In fact, any p that coincides with the square-root function on
the spectrumofM will do. If wewant someuniformpolynomial expressions that
work for allM , we can take a limit pn(M) for n → ∞. We have to choose the pn
to approximate the square-root function ever closer, on ever larger intervals.
So this is already a first nice non-commutative Positivstellensatz:

M < 0 if and only ifM is a Hermitian square inMd(C).

We see here: In the non-commutative setup, squares are defined via the involution, i.e. we
always consider Hermitian squares. �is is because usual squares of the formQ · Q
will in general not even be positive, as can already be seen in the 1× 1-case:

i · i = −1.

We finish this class of examples with two interesting results onmatrix algebras.

�eorem7.1.1. Md(C) is a central simple algebra, i.e. it has only the two trivial two-sided
ideals, and the center consist of onlyC · Id.

Proof. Let 0 6= M ∈ Md(C). We show that the two-sided ideal generated byM is
already the full ring:

〈M〉 = Md(C).

LetEij be the matrix with a 1 at the (i, j)-position, and zeros elsewhere. �eEij
spanMd(C) as aC-vectorspace, and thus it is enough to show

Eij ∈ 〈M〉

for all i, j. �e identity
EkiEijEjl = Ekl
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shows that it is enough to prove this for one of the matricesEij. Now if the (i, j)-
entry ofM ism 6= 0, then

Eij = m−1 · EiiMEjj ∈ 〈M〉.

Now assume thatM belongs to the center ofMd(C), i.e. commutes with all other
matrices. �e identities

EijM = MEij

then show thatM must be diagonal with identical diagonal entries.

�e next important statement is about subalgebras of matrix algebras. If A ⊆
Md(C) is a subalgebra, a subspace V ⊆ Cd is called A-invariant, ifMv ∈ V
holds for all v ∈ V andM ∈ A. �e two spaces {0} and V are the two trivial
invariant subspaces for any subalgebraA.

�eorem 7.1.2 (Burnside’s�eorem). If the subalgebraA ⊆ Md(C) does not admit a
non-trivial invariant subspace, thenA = Md(C).

Proof. A operates transitively onCd \ {0}: for every 0 6= v ∈ Cd the set

{0} ( {Mv |M ∈ A}

is clearly anA-invariant subspace, and thus coincides withCd. We will now first
show thatA contains a matrix of rank 1. Choose 0 6= P ∈ A. If rank(P ) > 2,
choose v1, v2 ∈ Cd with Pv1, Pv2 linearly independent. �en chooseM ∈ A
with MPv1 = v2, using transitivity of the action. Now PMPv1 and Pv1 are
linearly independent, and thus PMP − λP 6= 0 holds for all λ ∈ C. But there
exists some λ0 for which PM − λ0Id is not invertible on the space PCd, sinceC
is algebraically closed, and each linear map thus has an eigenvalue (here we see
why working overC is beneficial). �us

(PM − λ0Id)P

has a strictly smaller rank than P , but not zero. By iteration we obtain a matrix
Q ∈ A of rank 1.
Every other matrix of rank 1 then also lies inA. �is uses transitivity ofA onCd

again (Exercise 59). Since every matrix is a sum of matrices of rank 1, this proves
A = Md(C).
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Now assume that A ⊆ Md(C) is even a ∗-subalgebra, i.e. forM ∈ A we also
haveM∗ ∈ A. If A admits a non-trivial invariant subspace V , then V ⊥ is also
A-invariant. �is uses thatA is closed under ∗:

〈Mw, v〉 = 〈w,M∗v︸︷︷︸
∈V

〉 = 0

forM ∈ A, v ∈ V and w ∈ V ⊥. So after a unitary change of basis, all matrices
fromA have block-diagonal form, i.e.A is becomes a subalgebra of some algebra
Md1(C) ⊕Md2(C) with 1 6 d1, d2 and d1 + d2 = d. �is can clearly be iterated
until the single blocks don’t admit a nontrivial invariant subspace anymore, and
then Burnside’s �eorem says that they form a full matrix algebra. So in total we
can assume

A ⊆ Md1(C)⊕ · · · ⊕Mdr(C)

with d1 + · · ·+ dr = d, and the projection to each summand is surjective onA.

Example 7.1.3. LetA ⊆ Md(C) be a commutative ∗-subalgebra. As just explained,
we can assume

A ⊆ Md1(C)⊕ · · · ⊕Mdr(C)

and the projection to each block is surjective on A. On the other hand, all ele-
ments ofA commute, and this implies di = 1 for all i. So after a suitable unitary
conjugation,A consists of only diagonal matrices. 4

Operators onHilbert Space

�e second important class of examples are algebras of operators on a Hilbert
space. Strictly speaking, this contains all the matrix algebras, which arise from
finite-dimensional Hilbert spaces. But now we will mostly think about infinite-
dimensional spaces.
LetH be a Hilbert space overC. A linear map

T : H → H

(also called operator) is continuous if and only if it is bounded, i.e. fulfills

‖Tv‖ 6 C‖v‖

for some C > 0 and all v ∈ H. �e smallest such C (in infimum, to be precise)
is called the operator norm of T , and is usually denoted by ‖T‖op. �e set of all
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continuous/boundedoperators onH is denotedbyB(H).Nowthe setB(H) turns
out to be a Banach space (with respect to the operator norm), and it is also an al-
gebra with involution. Multiplication is composition of operators, the involution
is given by the adjoint of an operator, which exists and is uniquely defined by the
condition

〈Tv, w〉 = 〈v, T ∗w〉
for all v, w ∈ H. A fixed point of the involution is called a self-adjoint operator,
and again the set

B(H)h := {T ∈ B(H) | T ∗ = T}
of all self-adjoint operators is anR-subspace of B(H).

Example 7.1.4. Consider

H = `2(Z) =

{
(ai)i∈Z | ai ∈ C,

∑
i

|ai|2 <∞

}
,

the Hilbert space of all square-summable sequences, with inner product

〈(ai)i, (bi)i〉 =
∑
i

aibi.

(i) Letm = (mi)i∈Z ∈ `∞(Z) be a bounded sequence, i.e. |mi| 6 C holds for some
C > 0 and all i. �en the following defines a boundedmultiplication operator
Mm onH, with ‖Mm‖op 6 C :

Mm : (ai)i 7→ (miai)i.

�is is a straightforward generalization of a diagonal matrix. �e adjoint opera-
torM∗

m is multiplication with the complex conjugate sequencem = (mi)i, and
thusMm is self-adjoint if and only if allmi are real.
(ii) �e left-shift operatorL is defined as

L : (ai)i 7→ (ai−1)i.

It is norm-preserving, i.e. fulfills ‖Lv‖ = ‖v‖ for all v ∈ H, in particular we have
‖L‖op = 1 andL ∈ B(H). Its adjoint operator is the right-shift operator

L∗ = R : (ai)i 7→ (ai+1)i.

SoL is unitary but not self-adjoint. 4
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A self-adjoint operator T ∈ B(H)h is called positive semidefinite, if

〈Tv, v〉 > 0 ∀v ∈ H.

We also denote this by T < 0. �e notion is thus a direct generalization of the
known one for matrices. Also here we assume self-adjointness to ensure that all
the numbers 〈Tv, v〉 are real:

〈Tv, v〉 = 〈v, Tv〉 = 〈T ∗v, v〉 = 〈Tv, v〉.

�e spectral theory and functional calculus for self-adjoint operators in Hilbert
spacesprovideanexact analog to thePositivstellensatz formatrices: A self-adjoint
operator T ∈ B(H)h is positive semidefinite if and only if

T = S∗S

holds for some S ∈ B(H).

Example7.1.5. �emultiplicationoperatorMm fromExample 7.1.4 (i), with a real
sequencem = (mi)i, is self-adjoint, and positive semidefinite if and only if all
mi > 0. In this case, the multiplication operatorM√m with

√
m = (

√
mi)i pro-

vides a square decomposition ofMm. 4

Sometimes it will be necessary to consider unbounded operators, i.e. operators
that arenot continuous, and theunderlying spaceneednot evenbeaHilbert space
then. So letD be a C-vectorspace with inner product, not necessarily complete.
By

L(D)

we denote the set of all linear maps T : D → D, this time without any continu-
ity/boundedness condition. �ey again form an algebra. If T ∈ L(D) is contin-
uous onD, we can extend T uniquely to a linear boundedmap to the completion
H of D, i.e. we can understand T as an element of B(H) (see Exercise 64 for an
evenmore general statement).
Now in general, the definition of adjoint operators in L(D) is problematic. We
will just need the following: We call an operator T ∈ L(D) self-adjoint, if

〈Tv, w〉 = 〈v, Tw〉

holds for all v, w ∈ D, and we call a self-adjoint operator positive semidefinite,
if

〈Tv, v〉 > 0

holds for all v ∈ D.
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7.2 Algebras andRepresentations
Wewill now consider general ∗-algebras and their representations. Again we as-
sume that every algebra has a unit element 1, and homomorphismsmap 1 to 1.

Definition 7.2.1. (i) A ∗-algebra is a (not necessarily commutative)C-algebraA,
together with an involution ∗, i.e. a conjugate-linear self-invers antiautomor-
phism:

(λa+ γb)∗ = λa∗ + γb∗, (a∗)∗ = a, (ab)∗ = b∗a∗

for all a, b ∈ A, λ, γ ∈ C.
(ii) For a given ∗-algebraA, theR-subspace

Ah := {a ∈ A | a∗ = a}

is called the space ofHermitian/self-adjoint elements.
(iii) By ∑

A2 :=

{
m∑
i=1

a∗i ai | m ∈ N, ai ∈ A

}
we denote the set of sums of Hermitian squares. Clearly

∑
A2 is a convex cone

inAh, and
a∗ ·

∑
A2 · a ⊆

∑
A2

holds for all a ∈ A.
(iv) A ∗-algebra homomorphism is an algebra homomorphism

π : A → B

between ∗-algebras, that also fulfills π(a∗) = π(a)∗ for all a ∈ A.
(v) A (bounded) ∗-representation ofA is a ∗-algebra homomorphism

π : A → B(H)

for some Hilbert spaceH. A ∗-representation is called finite-dimensional, ifH
is finite-dimensional. After fixing a basis it just means

π : A → Md(C).

(vi) An unbounded ∗-representation is a ∗-algebra homomorphism

π : A → L(D)
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for some inner product spaceD, fulfilling

〈π(a)v, w〉 = 〈v, π(a∗)w〉

for all v, w ∈ D and all a ∈ A.
(vii) A state onA is aC-linear functional ϕ : A → C, that fulfills

ϕ(1) = 1 and ϕ(a∗a) > 0

for all a ∈ A. Often one additionally requires ϕ(a∗) = ϕ(a) for all a, but this
in fact already follows fromnonnegativity on squares (Exercise 60). In particular,
ϕ : Ah → R is anR-linear functional. 4

Remark 7.2.2. �e ∗-representations of a general ∗-algebra play the roles of geo-
metric points corresponding to the algebra. One can evaluate an algebra element
a at such a point π, by applying the representation to the point

a(π) := π(a)

and the result is a concrete operator/matrix. We will argue in the next example
that in the commutative setup this corresponds to classical point evaluations.

Example7.2.3. (i) LetAbe a commutative∗-algebra andπ : A → Md(C) afinite-
dimensional ∗-representation. When we apply the result from Example 7.1.3 to
the image of π, we see that we can assume

π : A → M1(C)⊕ · · · ⊕M1(C),

i.e. π is just a d-tuple of ∗-algebra homomorphisms ϕi : A → C. So increasing
thedimensionsof representationsdoesnot addanythingnew in the commutative
case.
(ii) ConsiderA = C[x1, . . . , xn], with involution which is just complex conjuga-
tion of coefficients. We have

C[x1, . . . , xn]h = R[x1, . . . , xn] and
∑

C[x1, . . . , xn]2 =
∑

R[x1, . . . , xn]2,

so we are precisely in the well-known context of the previous chapters. By (i), the
only relevant finite-dimensional ∗-representations of C[x1, . . . , xn] are (after a
possible change of basis) evaluations at points ofRn. 4
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Remark 7.2.4. (i) Let a ∈
∑
A2 and let π be a (bounded or unbounded) ∗-re-

presentation of A. �en π(a) is positive semidefinite. In fact, for a =
∑

i a
∗
i ai

and any vector v we have

〈π(a)v, v〉 =
∑
i

〈π(a∗i )π(ai)v, v〉 =
∑
i

〈π(ai)v, π(ai)v〉 =
∑
i

‖π(ai)v‖2 > 0.

So every sumof squares is nonnegative on the geometric set of∗-representations.
(ii) Every (bounded or unbounded) ∗-representation π of A gives rise to many
statesϕ onA. Indeed, for every v ∈ H (v ∈ D, respectively) with ‖v‖ = 1we get
a state defined by

ϕ(a) := 〈π(a)v, v〉. 4

�e important construction of Gelfand, Neumark and Segal, also called the GNS-
construction, provides a converse to the last remark. Given a state ϕ : A → C,
one can construct a ∗-representation

πϕ : A → L(D)

with a distinguished vector v ∈ D, such that

ϕ(a) = 〈πϕ(a)v, v〉

holds for all a ∈ A. Before explaining this in detail, we first provide two lemmas.

Lemma 7.2.5 (Cauchy-Schwarz Inequality). Let ϕ : A → C be a state. �en for all
a, b ∈ Awe have

|ϕ(b∗a)|2 6 ϕ(b∗b)ϕ(a∗a).

Proof. �eHermitian matrix

M :=

(
ϕ(a∗a) ϕ(a∗b)
ϕ(b∗a) ϕ(b∗b)

)
∈ Her2(C)

is positive semidefinite. In fact, for v = (v1, v2)t ∈ C2 we have

v∗Mv = ϕ ((v1a+ v2b)
∗(v1a+ v2b)) > 0.

�usM has a nonnegative determinant, and we compute

det(M) = ϕ(a∗a)ϕ(b∗b)− ϕ(a∗b)ϕ(b∗a) = ϕ(a∗a)ϕ(b∗b)− |ϕ(b∗a)|2.

�is proves the claim.
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Lemma 7.2.6. Letϕ : A → C be a state. �en

Nϕ := {a ∈ A | ϕ(a∗a) = 0}

is a (nontrivial) left-ideal inA.

Proof. Exercise 61.

Now the GNS-construction works as follows. All statements that we do not prove
are covered byExercise 62. Letϕbe a state onA. Wefirst equip theC-vectorspace
Awith a sesquilinear form defined by

〈a, b〉ϕ := ϕ(b∗a),

which is clearly positive semidefinite, i.e. fulfills 〈a, a〉ϕ > 0 for all a. To make
〈·, ·〉ϕ strictly positive definite, i.e. an inner product, we have to factor out Nϕ.
On theC-vectorspace

D := A/Nϕ

we get a well-defined inner product 〈·, ·〉ϕ. SinceNϕ is even a left-ideal, multipli-
cationwith elements fromA from the the left is well-defined, and so every a ∈ A
gives rise to a linear operator

ma : D → D; d 7→ ad.

In this way we obtain a ∗-representation

πϕ : A → L(D)

a 7→ ma

ofA. If v ∈ D is chosen as the residue class of 1, we get ‖v‖ϕ = 1 and

〈πϕ(a)v, v〉ϕ = ϕ(1∗ · a · 1) = ϕ(a)

for all a ∈ A. �is is exactly what we wanted to show.

Since sets of ∗-representations can be seen as geometric spaces corresponding to
the algebra, it is clear that positivity of elements should be defined by positivity on
such representations.

Definition 7.2.7. Let A be a ∗-algebra and F a class of ∗-representations of A.
An element a ∈ Ah is called nonnegative onF , if π(a) is a positive semidefinite
operator, for all π ∈ F . 4
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Remark 7.2.8. By Remark 7.2.4 (i), sums of squares fromA are nonnegative on
every classF of ∗-representations ofA. 4

Example 7.2.9. Let A = C[x1, . . . , xn] be as in Example 7.2.3 (ii), and let F be
the set of all finite-dimensional ∗-representations of A. We now already know
that p ∈ R[x1, . . . , xn] is nonnegative onF if and only if p is nonnegative at every
point ofRn. It would also be enough to consider the set of all one-dimensional ∗-
representations only. We also know that not every such nonnegative polynomial
is a sum of squares. 4

Let us consider(∑
A2
)∨∨

:= {a ∈ Ah | ϕ(a) > 0 for all states ϕ onA}

just as we have done for sums of squares in R[x] (the extra condition ϕ(1) = 1
for states does not change anything, see Exercise 63). Again, this coincides with
the closure of

∑
A2 in thefinest locally convex topology on theR-vectorspaceAh.

�e following result is a general Positivstellensatz for arbitrary ∗-algebras.

�eorem 7.2.10. LetA be a ∗-algebra andF the class of all ∗-representations (bounded
and unbounded) ofA. �en for all a ∈ Ah we have:

a nonnegative onF ⇔ a ∈
(∑

A2
)∨∨

Proof. ”⇐”: Let π : A → L(D) be a ∗-representation and v ∈ D with ‖v‖ = 1.
�en the rule

b 7→ 〈π(b)v, v〉

defines a state on A, and by assumption we thus have 〈π(a)v, v〉 > 0. So a is
nonnegative on π, and thus on the whole ofF .
For ”⇒” let ϕ : A → C be a state. From the GNS-construction we obtain a ∗-
representation

πϕ : A → L(D)

and some v ∈ D with ϕ(a) = 〈πϕ(a)v, v〉ϕ. From πϕ ∈ F we thus get

ϕ(a) > 0,

the desired statement.
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Remark 7.2.11. From the proof of�eorem7.2.10 we see that we can chooseF as
the set of all ∗-representations on spacesD with

dim(D) 6 dim(A).

�e space D that we construct in the GNS-construction is indeed always a quo-
tient ofA. 4

Example 7.2.12. ForC[x]we have seen in Example 6.2.7 (i) that(∑
C[x]2

)∨∨
=
(∑

R[x]2
)∨∨

=
∑

R[x]2

holds. So p ∈ R[x] is a sum of squares if and only if p is nonnegative at each
(bounded and unbounded) ∗-representation of C[x]. Nonnegativity at all finite-
dimensional ∗-representation is not enough for this in general, since it is only
equivalent to nonnegativity of p onRn (see Example 7.2.9). 4

As we have seen in the commutative setup already, Positivstellensätze become
muchstronger in caseofArchimedeanpreorderings/quadraticmodules. �esame
is true in the non-commutative case.

Definition 7.2.13. We call
∑
A2 Archimedean, if for every a ∈ Ah there exists

some r > 0with
r − a ∈

∑
A2.

After dividing by r this is equivalent to

1− εa ∈
∑
A2

for some ε > 0, i.e. to 1 being an algebraic interior point of
∑
A2 in the R-

vectorspaceAh (meaning you can walk a little in each direction, starting from 1,
without leaving the set). 4

�e following result is an Archimedean Positivstellensatz for ∗-algebras. We can
significantlyweaken theassumptions from�eorem7.2.10, andalsoobtaina stronger
result.

�eorem7.2.14. LetA be a∗-algebra inwhich
∑
A2 is Archimedean. LetF be the class

of all bounded ∗-representations ofA. �en for all a ∈ Ah we have:

a nonnegative onF ⇔ a+ ε ∈
∑
A2 ∀ε > 0.
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Proof. ”⇐” is proven as in�eorem 7.2.10. For ”⇒” it is enough to show that a ∈
(
∑
A2)

∨∨ holds. Since 1 is an interior point of
∑
A2 this in fact implies a+ ε ∈∑

A2 for all ε > 0, using a suitable version of the Hahn-Banach�eorem.
We now proceed as in the proof of �eorem 7.2.10, we just have to ensure that
all states onA give rise to bounded ∗-representations via the GNS-construction.
So let ϕ be a state on A and πϕ the corresponding GNS-representation on D =
A/Nϕ.Fora ∈ Awehave r−a∗a ∈

∑
A2 for some r > 0, using theArchimedean

property. Each vector v ∈ D is the residue class of some b ∈ A, and we have

b∗(r − a∗a)b = rb∗b− b∗a∗ab ∈
∑
A2.

�is implies

‖πϕ(a)v‖2
ϕ = 〈πϕ(a)v, πϕ(a)v〉ϕ = ϕ(b∗a∗ab) 6 ϕ(rb∗b) = r〈b, b〉ϕ = r‖v‖2

ϕ,

where the inequality follows from nonnegativity of ϕ on
∑
A2. So πϕ(a) is a

bounded operator on D (with operator norm 6
√
r, not even depending on ϕ),

which extends uniquely to a bounded operator on the completionH ofD. In this
way we can interpret

πϕ : A → B(H)

as a bounded ∗-representation (see Exercise 64).

Remark 7.2.15. In �eorem 7.2.14 we can restrict to the class of all bounded ∗-
representations on Hilbert spacesH that admit a dense subspace D ⊆ H with
dim(D) 6 dim(A). IfA has countable dimension, these are precisely called the
separableHilbert spaces. 4

We have now proven two very general Positivstellensätze for ∗-algebras. In the
following we will consider special classes of algebras, for which we can signifi-
cantly improve upon the results, and also state the positivity more concretely.

7.3 Non-Commutative Polynomials
In this section we consider the algebra

A = C〈z〉 = C〈z1, . . . , zn〉

of polynomials in non-commuting variables. A is also called the free algebra. A
word (ormonomial) ω in the variables z1, . . . , zn is just a finite formal product

ω = zi1zi2 · · · zik
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of some of the variables. �e number k is called the word length (or degree) of
ω. Since the variables do not commute, z1z2 and z2z1 are different words, for
example. Words are multiplied by concatenating them formally, for example we
have

z1z3 · z2z1 = z1z3z2z1.

Now as aC-vectorspace, the words form a basis ofC〈z〉:

C〈z〉 =

{∑
ω

cω · ω | cω ∈ C

}

where all sums are finite. By C〈z〉d we denote the finite-dimensional subspace
spanned by words of length at most d.
Multiplicationofwords extendsuniquely to anassociative anddistributivemulti-
plication onC〈z〉, making it an algebrawhich is non-commutative forn > 2. We
finally consider the involution that is uniquely defined onC〈z〉 by the conditions

z∗i = zi and λ∗ = λ

for λ ∈ C. Recall that involutions interchange the order of products, so it does
not just act as conjugation on the coefficients here! We for example have

(iz1z2)∗ = −iz2z1.

�is also implies that C〈z〉h is not equal to R〈z〉, in contrast to the commutative
polynomial algebra. For example, z1z2 is not Hermitian, whereas iz1z2− iz2z1 in
fact is. But note that we still have∑

C〈z〉2 ∩ R〈z〉 =
∑

R〈z〉2,

which can easily be seen by splitting polynomials into real and imaginary parts
with respect to its coefficients.

Proposition 7.3.1. In the real vectorspaceC〈z〉h we have∑
C〈z〉2 =

(∑
C〈z〉2

)∨∨
.

Proof. �is is proven similar to the commutative case in Section 6.2, see Exercise
65.
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Remark 7.3.2. Since the variables zi fulfill no relatios besides z∗i = zi, the ∗-
representations of C〈z〉 are easy to describe. For any n-tuple of self-adjoint op-
erators T1, . . . , Tn ∈ L(D)we obtain a ∗-representation

π : C〈z1, . . . , zn〉 → L(D)

p 7→ p(T1, . . . , Tn),

and each ∗-representation is of this form. So �eorem 7.2.10 can be stated as
follows here: a Hermitian polynomial p ∈ C〈z〉h is a sum of squares if and only if

p(T1, . . . , Tn) < 0

holds for all choices of (bounded and unbounded) self-adjoint operators Ti. Al-
though the sums of squares are not Archimedean here, there is a very surprising
strengthening of this result, which is not true in the commutative setup (cp. Ex-
ample 7.2.12). 4

�eorem 7.3.3 (Helton’s�eorem). If p ∈ C〈z〉h fulfills

p(M1, . . . ,Mn) < 0

for all tuples ofMi ∈ Herd(C) and all d > 1, then

p ∈
∑

C〈z〉2.

In other words, p is a sum of Hermitian squares if and only if it is nonnegative on the set of
all finite-dimensional ∗-representations.

Proof. By�eorem 7.2.10 and Proposition 7.3.1 it is enough to show that nonneg-
ativity of p on all finite-dimensional ∗-representations already implies nonnega-
tivity on all ∗-representations.
So letD be an inner product space andT1, . . . , Tn ∈ L(D) self-adjoint operators.
We have to show

〈p(T1, . . . , Tn)v, v〉 > 0

for all v ∈ D. So fix such v ∈ D, choose d ∈ Nwith p ∈ C〈z〉d, i.e. only words of
length at most d appear in p. We now consider

H := {q(T1, . . . , Tn)v | q ∈ C〈z〉d} ,
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which is clearly a finite-dimensional subspace ofD containing v. Let P ∈ L(D)
be the orthogonal projection toH, i.e. if u1, . . . , ur is an orthonormal basis ofH,
then

P (w) =
r∑
j=1

〈w, uj〉 · uj

for allw ∈ D.We now set

Mi := P ◦ Ti|H ∈ L(H) = B(H) for i = 1, . . . , n.

Now it is easily checked that theMi are self-adjoint on H (using that P is self-
adjoint). So we obtain a new and in fact finite-dimensional ∗-representation

π : C〈z〉 → B(H)

q 7→ q(M1, . . . ,Mn).

By definition ofH, for every productMi1 · · ·Mik with k 6 dwe have

(Mi1 ◦ · · · ◦Mik)v = (Ti1 ◦ · · · ◦ Tik)v.

In fact, as long as at most d of the Ti are applied to v consequtively, the result
always lies inH, and application ofP in betweendoes not change anything! Since
all words in p are of length at most d, we thus have

p(M1, . . . ,Mn)v = p(T1, . . . , Tn)v

and so also
〈p(T1, . . . , Tn)v, v〉 = 〈p(M1, . . . ,Mn)v, v〉.

Now since p is nonnegative at all finite-dimensional ∗-representations, the ex-
pression on the right ist nonnegative. But this is what we wanted to show.

Remark 7.3.4. (i) �e dimension of thematricesMi in�eorem 7.3.3 can even be
bounded. �e spaceH that we have constructed in the proof is of dimension at
most

dim C〈z〉d =
nd+1 − 1

n− 1

if p ∈ C〈z〉d. So we have to check nonnegativity of p only onmatrices of (at most)
this size. �is bounddepends only on the degree of p and thenumber of variables.
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(ii) Letm ∈ C〈z1, z2〉h be a non-commutative Hermitian version of the Motzkin
polynomial (meaning we get the Motzkin polynomial when we let the variables
commute). We could for example take

m =
1

2
z4

1z
2
2 +

1

2
z2

2z
4
1 +

1

2
z2

1z
4
2 +

1

2
z4

2z
2
1 −

3

2
z2

1z
2
2 −

3

2
z2

2z
2
1 + 1.

�en there exists some 2 6 d 6 127 andM1,M2 ∈ Herd(C) such that

m(M1,M2) ∈ Herd(C)

is not positive semidefinite! Otherwisem would be a sum of Hermitian squares
by�eorem7.3.3, and ifwe then let all variables commute, thiswould yield a sums
of squares decomposition of the commutative Motzkin polynomial. 4

7.4 Group Algebras
Let Γ be a group with identity element e (we will use multiplicative notation for
groups). We take the elements of Γ as a basis for a complex vectorspace, denoted
CΓ:

CΓ =

{∑
g∈Γ

cg · g | cg ∈ C, only finitely many cg 6= 0

}
.

Now multiplication of Γ yields a multiplication of the basis vectors of CΓ, and
thus an associative and distributive multiplication onCΓ :(∑

g

cg · g

)
·

(∑
g

c′g · g

)
=
∑
g

(∑
f ·h=g

cfc
′
h

)
· g.

In this wayCΓ becomes an algebra, called the (complex) group algebra of Γ. It is
commutative if and only if Γ is. �e identity element is 1 · e. We equip CΓ with
the following involution:(∑

g

cg · g

)∗
=
∑
g

cg · g−1 =
∑
g

cg−1 · g.

So an element
∑

g cg · g is Hermitian if and only if

cg = cg−1

holds for all g ∈ Γ.
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Example 7.4.1. (i) Consider Γ = Z with the usual addition. �enCZ is commu-
tative, and in fact isomorphic to the algebra

CZ ∼= C[t, t−1]

of Laurent polynomials in one variable. Under this isomorphism, the basis vec-
tor m ∈ Z of CZ corresponds to tm.�e corresponding involution on Laurent
polynomials thus fulfills (ti)∗ = t−i. So the Hermitian elements are not the real
Laurent polynomials, which wewould prefer however. Now note that we can also
generate the algebraC[t, t−1] by the Hermitian elements

x :=
t+ t−1

2
and y :=

t− t−1

2i
.

�ese fulfill the relation
x2 + y2 = 1,

and so there is a ∗-algebra isomorphism to the algebra

C[x, y]/(x2 + y2 − 1) = C[S1]

of polynomial functions on the unit circle, now with involution x∗ = x, y∗ = y.
So a Hermitian element is really just a polynomial with real coefficients. More
general,CZn is isomorphic to the algebra

C[S1 × · · · × S1︸ ︷︷ ︸
n

]

of polynomial functions on the n-dimensional torus, with canonical involution.
(ii) If Γ = S3 is the permutation group of 3 elements, we obtain a 6-dimensional
algebraCS3 which is not commutative.
(iii) ByΓ = Fnwedenote the free group withn generators (whichwe usually call
z1, . . . , zn). An element in Fn is thus a word in the letters

z1, . . . , zn and z−1
1 , . . . , z−1

n .

�e group operation is concatenation of words. �e only valid relations are

z−1
i zi = ziz

−1
i = e

for all i, where e is the empty word. �e group algebraCFn thus contains the free
algebraC〈z1, . . . , zn〉 as a subalgebra, but not as a ∗-subalgebra! InC〈z〉we have
ja z∗i = zi, whereas inCFn we have z∗i = z−1

i . 4



128 CHAPTER 7. NON-COMMUTATIVE REAL ALGEBRA ANDGEOMETRY

Remark 7.4.2. Let us determine all ∗-representations of a group algebraCΓ. For
each ∗-representation

π : CΓ→ L(D)

we obtain a group homomorphism

π : Γ→ U(D)

g 7→ π(g).

into the group of unitary operators onD. Herewe callT ∈ L(D)unitary, if there
exist some S ∈ L(D)with

〈Tv, w〉 = 〈v, Sw〉 ∀v, w ∈ D and TS = ST = idD.

We use that g∗ = g−1 holds in CΓ for this. �is already implies that each∗-
representation ofCΓ is in fact a bounded representation, since unitary operators
are bounded of norm 1. Conversely, every group homomorphism

π : Γ→ U(D)

provides a ∗-representation ofCΓ, by the rule∑
g

cg · g 7→
∑
g

cg · π(g).

So the ∗-representations ofCΓ are in one-to-one correspondencewith group ho-
momorphisms from Γ into groups of unitary operators. 4

Example 7.4.3. �e group homomorphisms of Fn into an arbitrary group G are
obtained by prescribing an arbitrary image gi ∈ G for each of the generators zi
of Fn. A word like for example z1z

−1
2 z1z3 is thenmapped to g1g

−1
2 g1g3.

So the ∗-representations of CFn are given by n-tuples of unitary operators Ui ∈
U(H) on a Hilbert space. 4

Proposition 7.4.4. For every groupΓ, the sums of squares
∑

CΓ2 are Archimedean.

Proof. For a =
∑

g cg · g ∈ CΓwe set

‖a‖1 =
∑
g

|cg|.
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Now one immediately checks the following identity:

‖a‖2
1 − a∗a =

1

2

∑
g,h∈Γ

|cgch|(1−
cgch
|cgch|

h−1g)∗(1− cgch
|cgch|

h−1g).

�is shows ‖a‖2
1 − a∗a ∈

∑
CΓ2. For an Hermitian element a ∈ CΓh and r =

‖a‖1 we thus have

r − a =
1

2r

(
(r − a)∗(r − a) + (r2 − a∗a)

)
∈
∑

CΓ2.

�e next result in fact follows from Schmüdgen’s�eorem 4.2.3:

�eorem7.4.5. LetΓ be a finitely generated Abelian group, and letF be the set of all one-
dimensional ∗-representations ofCΓ.�en for a ∈ CΓh we have

a nonnegative onF ⇔ a+ ε ∈
∑

CΓ2 ∀ε > 0.

Proof. Exercise 66, similar to Example 7.4.1 (i).

For the group algebra of the free group, a similar result is true, resembling Hel-
ton’s�eorem 7.3.3:

�eorem 7.4.6. Let Γ = Fn be the free group andF the set of all finite-dimensional ∗-
representations ofCΓ.�en for a ∈ CΓh we have

a nonnegative onF ⇔ a+ ε ∈
∑

CΓ2 ∀ε > 0.

�e nonnegativity on the left just means that any replacement of the zi in a by unitaryma-
trices results in a positive semidefinite matrix.

Proof. By�eorem 7.2.14 and Proposition 7.4.4 it suffices to show that nonnega-
tivity onF implies nonnegativity at each (bounded) ∗-representation. So let

π : CΓ→ B(H)

be a ∗-representation and fix v ∈ H. We have to show

〈π(a)v, v〉 > 0.

Let d ∈ N be such that a ∈ CΓd, i.e. a is a linear combination of words in the zi
and z−1

i of length at most d. We consider the finite-dimensional subspace

H′ := {π(b)v | b ∈ CΓd}



130 CHAPTER 7. NON-COMMUTATIVE REAL ALGEBRA ANDGEOMETRY

ofH and the orthogonal projection P : H → H ontoH′. With

Ti := π(zi) ∈ U(H)

we set
Mi := P ◦ Ti|H′ ∈ B(H′).

We then haveM∗
i = P ◦T ∗i = P ◦T−1

i onH′. For a productM δ1
i1
◦ · · · ◦M δk

ik
with

δi ∈ {1, ∗} and k 6 dwe thus have, just as in the proof of�eorem 7.3.3:

(M δ1
i1
◦ · · · ◦M δk

ik )v = (T δ1i1 ◦ . . . ◦ T
δk
ik

)v.

But now the Mi will not be unitary in general, and thus not provide a new ∗-
representation ofCΓ. But theMi are contractions, i.e. both

idH′ −M∗
iMi and idH′ −MiM

∗
i

are positive semidefinite on H′. �is is a direct computation, using that the Ti
are unitary and thus norm preserving. Now the following construction is known
as Choi’s matrix trick. We set

M̃i :=

(
Mi

√
idH′ −MiM∗

i√
idH′ −M∗

iMi −M∗
i

)
∈ B(H′ ⊕H′).

�e M̃i are now in fact unitary (Exercise 67), and for a product M̃ δ1
i1
◦ · · · ◦ M̃ δk

ik
as

above, and ṽ := (v, 0) ∈ H′ ⊕H′ we have

〈(M̃ δ1
i1
◦ · · · ◦ M̃ δk

ik
)ṽ, ṽ〉 = 〈(M δ1

i1
◦ · · · ◦M δk

ik
)v, v〉 = 〈(T δ1i1 ◦ · · · ◦ T

δk
ik

)v, v〉

(Exercise 67). Since the M̃i as unitary matrices provide a finite-dimensional ∗-
representation π̃ ofCΓ, and since a ∈ CΓd, this implies

0 6 〈π̃(a)ṽ, ṽ〉 = 〈π(a)v, v〉.

�is finishes the proof.

Remark 7.4.7. (i) In�eorem 7.4.6 one can even strengthen the statement

a+ ε ∈
∑

CΓ2 ∀ε > 0

to
a ∈

∑
CΓ2.
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But this requires a technical refinement of the proof.
(ii) For Γ = Zn with n > 3 we will not get the same strengthening a ∈

∑
CΓ2

in �eorem 7.4.5! In the commutative setup, there do not exist saturated pre-
orderings in dimension> 3, by�eorem 6.3.4. We have proven this only for sets
with nonempty interior in affine spaceRn, but it also holds for general real vari-
eties. 4

7.5 Matrix Polynomials
LetA = Md(C[x1, . . . , xn]) be the algebra of d× d-matrices with polynomial en-
tries (but commutative polynomials!). Addition and multiplication are defined in
the obvious way, the involution as follows:

(pij)
∗ :=

(
p∗ji
)

where (
∑

α cαx
α)∗ =

∑
α cαx

α is the canonical involution on the polynomial ring
C[x] = C[x1, . . . , xn]. Elements ofA are calledmatrix polynomials or polyno-
mialmatrices. Every point a ∈ Rn yields a d-dimensional ∗-representation

πa : Md(C[x])→ Md(C)

M = (pij) 7→M(a) = (pij(a)).

LetF = {πa | a ∈ Rn}. So a Hermitian matrix polynomial is nonnegative onF ,
if any only if it is positive semidefinite pointwise onRn.
�e following looks like a result of the non-commutative theory, but it in fact ad-
mits a completely commutative proof. �e case of d = 1 is exactly Hilbert’s 17th
Problem.

�eorem 7.5.1 (Gondard & Ribenboim). ForA = Md(C[x1, . . . , xn]) andM ∈ Ah
we have

M(a) < 0 for all a ∈ Rn ⇔ p∗p ·M ∈
∑
A2 for some 0 6= p ∈ C[x1, . . . , xn].

In other words,M is nonnegative on F = {πa | a ∈ Rn} if and only if it is a sum of
squares with scalar denominator inA.

Proof. ”⇐”: For a ∈ Rn we have

0 4 πa(p
∗p ·M) = |p(a)|2 ·M(a).
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For p(a) 6= 0 this already impliesM(a) < 0, and a denseness argument implies
the same for all a ∈ Rn.
”⇒”Wefirst assumeM ∈ Md(R[x]), i.e.M is real symmetric. Over thefieldR(x)
we can thus diagonalizeM as follows:

M = P t · diag(f1, . . . , fd) · P (7.1)

for some P ∈ GLd(R(x)) and fi ∈ R(x). From nonnegativity ofM on Rn it
follows that the fi ∈ R(x) are nonnegative wherever they are defined. �eorem
2.1.1 implies fi ∈

∑
R(x)2, as is easily checked. By multiplying (7.1) with some

suitable p2,we can clear all denominators. �is proves the claim.
�e general caseM ∈ Md(C[x])h can be reduced to the real case. WriteM =
M1 + iM2 withM1,M2 ∈ Md(R[x]).�en

M̃ =

(
M1 M2

−M2 M1

)
∈ M2d(R[x])h

is real symmetric, and again pointwise nonnegative. �e statement forM now
follows from the already proven result for M̃ (Exercise 68).

�eEnd
(now solve Exercise 69)
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Exercises

Exercise 1. (i) Show that for a ∈ R the orderings 6a− und 6a+ on Q(t) from
Example 1.1.4 are different if and only if a is algebraic overQ ist.
(ii) Show that the orderings6a− and6a+ respectively, are Archimedean onQ(t)
if and only if a is transcendental overQ.

Exercise 2. Show that themapping used in the proof of�eorem 1.1.8 is an order-
preserving ring homomorphism.

Exercise 3. Prove�eorem 1.1.12.

Exercise 4. Show that the following sets from Example 1.1.13 are orderings on
R(t):

P1 =

{
f/g | fg =

d∑
i=k

ait
i, ad > 0

}
∪ {0}

P2 =

{
f/g | fg =

d∑
i=k

ait
i, ak > 0

}
∪ {0}

Towhichof thealready constructedbinaryordering relationsdo they correspond?

Exercise 5. Determine all orderings ofQ(
√

2).

Exercise 6. Prove Corollary 1.2.10.

Exercise 7. Prove Rolle’s�eorem 1.2.12 for polynomials over arbitrary real closed
fields.

Exercise 8. LetK be a field and v1, . . . , vd linearly independent (column) vectors
fromKn. Show the following:
(i) �ematrixM =

∑d
i=1 viv

t
i has rank d.

(ii) �e matrix N =
∑s

i=1 viv
t
i −

∑d
i=s+1 viv

t
i has signature s − (d − s), with

respect to every ordering ofK.
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Exercise9. Wecall an extension (K,6) ⊆ (L,6)of orderedfieldsArchimedean,
if for all b ∈ L there exists some a ∈ K with b 6 a.
Show that ifL/K is algebraic, then the extension is automatically Archimedean.

Exercise 10. Let (K,6) be an ordered field and A ⊆ K a subring. Show the
following: �e set

O := {b ∈ K | ±b 6 a for some a ∈ A}

is again a subring ofK, with the following properties:

• A ⊆ O

• b1 6 c 6 b2 with b1, b2 ∈ O ⇒ c ∈ O (order convexity)

• c ∈ K \ O ⇒ c−1 ∈ O (O is a valuation ring ofK).

Exercise 11. Let O ⊆ K be a valuation ring of the field K (i.e. a ∈ K \ O ⇒
a−1 ∈ O). Show thatO has exactly one maximal ideal, namely

m =
{
a ∈ O | a−1 /∈ O

}
= O \ O×.

Exercise 12. Let (K,6) = (K,P ) be an ordered field andA a subring ofK. Let
O be the convex valuation ring fromExercise 10,m itsmaximal ideal (Exercise 11),
and π : O → O/m the projection map. Show that

π(P ∩ O)

is an ordering of the residue fieldO/m. ForA = Z it is archimedean.

Exercise 13. Show that
det (tId − C(p)) = p

holds for all (monic) polynomials p ∈ K[t].

Exercise 14. Compute the Hermite Matrix (see Definition 1.3.2) of the general
polynomial p = t3 + at2 + bt + c ∈ R[t]. Find conditions on the coefficients
a, b, c, stating that p has at least two real zeros.

Exercise 15. Let (K,6)be anorderedfield, and 0 6= p ∈ K[t] apolynomialwhose
roots all lie inK. Show the following:
�e roots of p are all> 0 if and only if the coefficients of p have alternating signs,
i.e. p =

∑d
i=0 ait

i with (−1)iai > 0.
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Exercise 16. Find an explicit ordering6 ofR(x, y), such that for polynomials p ∈
R[x, y]we have

0 < p(0, 0)⇒ 0 6 p.

Exercise 17. Show that the sets from Example 1.5.4 are not semialgebraic.

Exercise 18. (i) Formulate the statement of the Intermediate Value �eorem for
polynomials of fixed degree d as a formalZ-statement.
(ii) Formulate the statement, that every polynomial (of fixed degree d) takes a
maximum on each interval [a, b] as a formalZ-statement.
(iii) Can you formulate the statement that 6 is Archimedean on R as a formal
R-statement?

Exercise 19. (i) Prove Corollary 1.5.11.
(ii) Show that closure and interior of semialgebraic subsets of Rn are semialge-
braic.

Exercise 20. LetR be real closed. A function f : R→ R is called definable, if its
graph

Γ(f) = {(α, f(α)) | α ∈ R} ⊆ R2

is semialgebraic. Let f be such a definable function.
(i) Show that there exists a polynomial 0 6= p ∈ R[x, y] that vanishes on Γ(f).
(ii) Show that there exists some q ∈ R[t]with |f(α)| 6 q(α) for all large enough
α ∈ R.
(iii) Does (ii) also hold on the whole ofR?

Exercise 21. Let S = δ(R) = δ′(R) ⊆ Rn be a semialgebraic set, defined by the
two formulas δ and δ′ in the free variables x1, . . . , xn. Show the following:
(i) For every real closed extension fieldR1 ofRwe have

δ(R1) = δ′(R1).

We denote this set by SR1 .
(ii) If S ⊆ R2 is the graph of a function, then so is SR1 ⊆ R2

1.

Exercise 22. Let f : R → R be a definable function. By Exercise 21 (ii), for each
real closed extensionfieldS ofRwecan canonically extend f to fS : S → S.Show
that injectivity/surjectivity transfer from f to fS.
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Exercise 23. Show that for polynomials p, q ∈ K[x1, . . . , xn] (over an arbitrary
fieldK) we always have

N (pq) = N (p) +N (q).

Exercise 24. LetA = R[[t]] be the ring of formal power series in one variable.
(i) Show thatA is an integral domain.
(ii) Show that p ∈ A is invertible if and only if p =

∑∞
i=0 pit

i with p0 6= 0. Con-
clude thatA has exactly one maximal ideal (i.e.A is a local ring).
(iii) Show that p ∈ A is a square inA if and only if p =

∑∞
i=k pit

i with k even and
pk > 0.
(iv) Find all orderings of the ringA.

Exercise 25. Prove the statement from Example 3.1.5 (iv).

Exercise 26. Prove Proposition 3.1.12.

Exercise 27. LetX be a compact Hausdorff space. Find all maximal orderings of
the ringC(X,R) of continuous real-valued functions onX.

Exercise 28. Complete the proof of�eorem 3.1.23.

Exercise 29. Prove Corollary 3.1.24.

Exercise 30. Prove the abstract Nichtnegativstellensatz (�eorem 3.2.3) and the
abstract Nullstellensatz (�eorem 3.2.4).

Exercise 31. Show that the ideal (1− x2 − y2) ⊆ R[x, y] is real.

Exercise 32. Let T (p1, . . . , pm) ⊆ R[t] denote the preordering generated by the
polynomials p1, . . . , pm. Show the following:
(i) t /∈ T (t3).
(ii) If p > 0 on [0,∞), then p ∈ T (t).
(iii) If p > 0 on [−1, 1], then p ∈ T (1− t, 1 + t).
(iv) T (1− t, 1 + t) = T (1− t2).

Exercise 33. Let R[[x1, . . . , xn]] be the formal power series ring in n variables.
Show that for polynomials p ∈ R[x1, . . . , xn]we have

p > 0 in a neighborhood of zero⇒ p̂ > 0 on Sper(R[[x1, . . . , xn]]).
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Exercise 34. LetB be the unit disk inR2. Show that the set

([−1, 0]× [−1, 1]) ∪B ⊆ R2

is not basic closed semialgebraic, i.e. not of the formWR(p1, . . . , pr) for certain
pi ∈ R[x, y].

Exercise 35. Let I be a nonempty set. A filter on I is a subset F ⊆ P(I) of the
power set of I, with the following properties:

∅ /∈ F A,B ∈ F ⇒ A ∩B ∈ F A ∈ F , A ⊆ B ⇒ B ∈ F

An ultrafilter is filterF with the additional property

A /∈ F ⇒ I \ A ∈ F .

Show the following:
(i) For each i ∈ I the setFi := {A ⊆ I | i ∈ A} is an ultrafilter (such ultrafilters
are called principal ultrafilters).
(ii) If I is infinite, then {A ⊆ I | I \A finite} is a filter (called thefilter of cofinite
sets).
(iii) Each filter is contained in some ultrafilter.
(iv) An ultrafilter is principal if and only if it does not contain the filter of cofinite
sets.

Exercise 36. Let I be an infinite set and F an ultrafilter on I. Let (Ki,6i) be an
ordered field, for each i ∈ I. Consider the commutative ring

R =
∏
i∈I

Ki = {(ai)i∈I | ai ∈ Ki for all i ∈ I} .

Show the following:
(i) �e set

m = {(ai)i | {i | ai = 0} ∈ F}

is a maximal ideal inR.
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(ii) �e relation
(ai)i 6 (bi)i :⇔ {i | ai 6i bi} ∈ F

induces a well-defined ordering on the fieldR/m.
(iii) If F is not principal and if I is countable, then the ordered field from (ii) is
not Archimedean.

Exercise 37. Let I be a set and F an ultrafilter on I. Let (Ki,6i) be an ordered
field, for each i ∈ I, and let (K,6) be the ordered field constructed in Exer-
cise 36 (ii). Let ϕ be formula over Z in the free variables x1, . . . , xn, and let a1 =
(a1i)i∈I , . . . , an = (ani)i∈I be elements fromK =

(∏
i∈I Ki

)
/m.

Prove Łos’s�eorem:

�e statement ϕ(a1, . . . , an) holds in (K,6)

⇔ {i ∈ I | ϕ(a1i, . . . , ani) holds in (Ki,6i)} ∈ F .

Hint: Proceed by induction over the construction of the formula; considering ∃ instead
of ∀might be easier.

Exercise 38. Show that the property of being Archimedean of an ordered field
cannot be formulated as a statement overZ (i.e. there is no statement overZ that
holds in an ordered field if and only if it is Archimedean).

Hint: Use Exercises 36 and 37.

Exercise 39. LetF be a non-principal ultrafilter onN, and for all i ∈ N letRi = R
always be the same real closed field. Let

R̃ :=

(∏
i

R

)
/m

be the real closed extensionfield ofR thatwehave constructed inExercises 36 and
37 (why is R̃ real closed? Why does it contain R?). Prove that R̃ is ℵ1-saturated,
i.e.:

If a semialgebraic set in R̃n is covered by countably many semialgebraic sets,
then there exists a finite subcover.
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Hint: If no finite subcover exists, then there is a sequence of elements ai, such that each
ai belongs to the initial set but not to the i-th set from the covering. �en use a diagonal
argument to construct an element from the initial set that does not belong to any of the
covering sets.

Exercise 40. Prove existence of degree bounds in Hilbert’s 17th Problem: For n, d ∈ N
there exists some d′ ∈ N, such that for each real closed fieldR, and each globally
nonnegative polynomial p ∈ R[x1, . . . , xn] of degree d, there exists a representa-
tion

q2p = p2
1 + · · ·+ p2

m

with polynomials q, p1, . . . , pm ∈ R[x1, . . . , xn] of degree at most d′.
Hint: Apply Hilbert’s 17th Problem in some ℵ1-saturated fieldR; cp. Exercise 39.

Exercise 41. LetR be a non-Archimedean real closed extension field ofR, and let
ε be an infinitesimal positive element fromR. Show that

1− t2 + ε /∈ T
(
(1− t2)3

)
⊆ R[t].

Hint: Consider the order-convex hull O of R in R, and apply the factor map
O → O/m ∼= R.

Exercise 42. Show that inR[x, y]we have xy /∈M(x, y).

Exercise 43. Find p1, . . . , pm ∈ R[x1, . . . , xn], such thatWR(p1, . . . , pm) = ∅ but

−1 /∈M(p1, . . . , pm).

Exercise 44. Show that for diagonal matricesM,M1, . . . ,Mm we can omit the
strictly feasibly condition in the Duality �eorem 5.1.4 (this is then known as the
Duality�eorem for linear optimization).
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Exercise 45. Prove Farkas’ Lemma (cp. Example 5.4.5):

Let `1, . . . , `m ∈ R[x] = R[x1, . . . , xn] be polynomials of degree atmost one, and
assume the polyhedron

P = {a ∈ Rn | `1(a) > 0, . . . , `m(a) > 0}

that they define is not empty. Let ` ∈ R[x] be another polynomial of degree6 1.
We then have

` > 0 on P ⇔ ` = r0 + r1`1 + · · ·+ rm`m for certain ri ∈ R>0.

Hint: You can for example use the Duality�eoremwith suitable diagonal matrices.

Exercise46. Construct a semidefiniteoptimizationproblemforwhich strongdu-
ality d∗ = p∗ fails.

Exercise 47. Construct a semidefinite optimization problem for which both pri-
mal and dual problems have feasible points, but in which the optimal values in
both problems are not attained.

Exercise 48. Use a method of your choice (e.g. Lagrange’s method) to compute
minimum and maximum of the polynomial x2 + y + 1 on the planar unit disk
W (1− x2 − y2).

Exercise 49. Let S ⊆ Rn be a spectrahedral cone with nonempty interior. Show
that there exist symmetric matricesM1, . . . ,Mn with S = S(M1, . . . ,Mn), such
that

int(S) = {a ∈ Rn | a1M1 + · · ·+ anMn � 0} .

Exercise 50. Let h ∈ R[x1, . . . , xn] by hyperbolic in direction e ∈ Rn. Show the
following:
(i) �e hyperbolicity coneΛe(h) is a closed convex cone.
(ii) For e′ ∈ int(Λe(h)) the polynomial h is also hyperbolic in direction e′.
(iii) For e′ as in (ii) we haveΛe(h) = Λe′(h).
Hint: You can use the Helton-Vinnikov�eorem 5.3.12, if you explain why.

Exercise 51. (i) �e interior of a spectrahedral cone is a spectrahedral shadow.
(ii) �e interior of a spectrahedral shadow is a spectrahedral shadow.
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Exercise 52. Show the following:
(i) �e dual cone of a spectrahedral cone S is a spectrahedral shadow.
Hint: W.l.o.g. assume that S has nonempty interior. You should now look closely at the
proof of the Duality�eorem 5.1.4 again.
(ii) �e dual cone of a spectrahedral shadow is a spectrahedral shadow.

Exercise 53. Show that stability of a quadratic module does not depend on the
generators, i.e. if

M = M(p1, . . . , pr) = M(q1, . . . , qs)

and for each d ∈ N there exists some d′ ∈ Nwith

M ∩ R[x]d ⊆Md′(p1, . . . , pr),

then the same is true forM(q1, . . . , qs), maybe with a different d′.

Exercise 54. Do the limit process from�eorem 6.2.6 exactly.

Exercise 55. Prove the statement from Example 6.2.10 (i): If the set

WR(p1, . . . , pr) ⊆ R2

contains a vertical and a horizontal strip, thenM(p1, . . . , pr) is stable.

Exercise 56. Prove the statement from Example 6.2.10 (ii):M((1− x2)y2) is not
stable.

Exercise 57. A finitely generated quadratic moduleM = M(q1, . . . , qr) in R[x]
is called decidable, if the setM ∩ R[x]d is a semialgebraic subset of the finite-
dimensional spaceR[x]d, for all d > 0. Show the following:
(i) IfM is stable, thenM is decidable.
(ii) IfM is saturated, thenM is decidable.
(iii) Can you find an undecidable quadratic module?

Exercise 58. Let a, b, c, d ∈ R with a 6 c 6 d 6 b. Show that there exists some
λ ∈ [0, 1] for which the polynomial

(t− c)(t− d)− λ(t− a)(t− b)

is globally nonnegative.
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Exercise 59. Complete the proof of Burnside’s �eorem 7.1.2: IfA ⊆ Md(C) is a
subalgebra that acts transitively onCd \{0} and contains amatrix of rank 1, then
A = Md(C).

Exercise 60. Let ϕ : A → C be a state. Show that ϕ(a∗) = ϕ(a) holds for all
a ∈ A.

Exercise 61. Prove Lemma 7.2.6.

Exercise 62. Check all details from the GNS-construction in Section 7.2.

Exercise 63. Let ϕ : A → C be a state with ϕ(1) = 0. Show that ϕ ≡ 0 holds.

Exercise 64. Let D be an inner product space, and assume π : A → L(D) is a
∗-representation for which π(a) is a bounded operator onD for all a ∈ A. Show
that one can understand

π : A → B(H)

as a bounded ∗-representation on the completionH ofD.

Exercise 65. Prove Proposition 7.3.1.

Exercise 66. Prove�eorem 7.4.5.

Exercise67. Prove the statement fromChoi’smatrix trick in theproof of�eorem
7.4.6.

Exercise 68. Reduce the complex case to the real case in the proof of �eorem
7.5.1.

Exercise 69. Lean back and relax.
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