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Introduction

Operator algebra is a branch ofmathematics at the crossroads of functional anal-
ysis and algebra, which has significant connections to mathematical physics, in
particular quantum theory. Instead of studying properties of single operators,
it studies operators through their interplay. This interplay is encoded in struc-
tures with strong algebraic flavor, enriched with additional structure such as in-
volution and topologies,which offer a natural setting inwhich geometry, algebra,
and analysis can come together. The subject originated in the early 20th century,
when mathematicians such as John von Neumann and Israel Gelfand sought to
formalize the algebraic and analytical properties of boundedoperators onHilbert
spaces, partially driven by questions on the foundations of quantummechanics.
Themost basic objects to study are algebras of operators on a Hilbert space that
are closed under certain natural operations, so-called C∗-algebras. They can be
characterized axiomatically as complete normed algebras equippedwith an invo-
lution satisfying the so-calledC∗-identity. These algebras generalize the algebra
of continuous functionsona compact space and the algebraof boundedoperators
on a Hilbert space at the same time.
Inpuremathematics,C∗-algebrasprovidedeepconnectionsbetween functional
analysis, topology, representation theory, and geometry. For instance, the fa-
mous Gelfand–Naimark Theorem shows that every commutative C∗-algebra is
the algebra of continuous functions on some compact Hausdorff space. This re-
sult unifiesalgebraic and topological perspectives, andpaves theway fornoncom-
mutative geometry, where noncommutativeC∗-algebras play the role of function
spaces on “noncommutativ” or “quantum” spaces.
From the standpoint of applications, C∗-algebras form the backbone of math-
ematical quantum mechanics. Physical observables are modeled as self-adjoint
elements from, and states as positive linear functionals on such algebras. The
operator-algebraic approach provides not only the correct formalism for quan-
tumtheory, but alsoanatural framework for studyingstatisticalmechanics, quan-
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tum information theory, and quantum field theory.
In these lecturenotes,wewill gradually build themachineryneeded toworkwith
operator algebras and spaces. We begin with ∗-algebras and their states and rep-
resentations, move on toC∗-algebras and their classification, then explore oper-
ator systems, and finish with some selected applications.
Among the many sources on the topic, we recommend [1, 4, 5, 6, 7, 8, 9, 10].



Chapter 1

Algebraswith Involution

1.1 Preliminaries

In this section we collect some preliminaries, mostly concepts and results from
functional analysis, that we will use throughout this course. We will not give
proofs, but refer the reader to standard texts on functional analysis, for example
[7].

Definition 1.1.1. (i) ABanachspace is a normed vectorspace overC, which is com-
plete with respect to the induced metric (i.e. every Cauchy-sequence has a limit
point).
(ii) A Hilbertspace is a vector space over C with an inner product, which is a
Banach space with respect to the induced norm.
(iii) If V,W are normed spaces, a bounded linear operator from V toW is a
linear map

L : V → W

for which there exists some λ ⩾ 0with

∥Lv∥W ⩽ λ∥v∥V

for all v ∈ V . We denote the set of all bounded linear operators from V toW by
B(V,W ), and just B(V ) in case V = W .
(iv) For a bounded linear operatorL ∈ B(V,W )we define its operator norm by

∥L∥op := inf {λ ⩾ 0 | ∀v ∈ V : ∥Lv∥W ⩽ λ∥v∥V } . △

3



4 CHAPTER 1. ALGEBRASWITH INVOLUTION

Example 1.1.2. (i)Cn with the standard inner product is a Hilbert space.
(ii) The space

ℓ2 :=

{
(ci)i∈N | ci ∈ C,

∞∑
i=0

|ci|2 <∞

}
is a Hilbert space with respect to the following inner product:

⟨(ci)i, (di)i⟩ :=
∞∑
i=0

cidi.

(iii) LetX be a compact Hausdorff space. Then the space C(X) of all continuous
complex-valued functions onX is a Banachspace, with respect to the sup-norm

∥f∥∞ := sup {|f(x)| | x ∈ X} .

(iv) If V,W are Banachspaces, then B(V,W ) is again a Banachspace, with re-
spect to the operator norm. △

Remark 1.1.3. (i) Every finite-dimensional and normed vectorspace over C is a
Banachspace. Everyfinite-dimensional spacewith innerproduct is aHilbertspace.
(ii) In case thatV isfinite-dimensional, every linearmapL : V → W is bounded.
So after choosing bases, B(V,W ) identifies withMatm,n(C).
(iii) Boundedness of a linear map is equivalent to it being continuous (with re-
spect to the given norms). The operator norm has the following different charac-
terizations:

∥L∥op = sup

{
∥Lv∥
∥v∥

| v ∈ V

}
= sup {∥Lv∥ | v ∈ V, ∥v∥ = 1} . △

Definition 1.1.4. Let I be an arbitrary index-set, andHi a Hilbert space for every
i ∈ I. We define the direct sumofHilbert spaces as⊕

i∈I

Hi := {(hi)i∈I | hi ∈ Hi,
∑
i∈I

∥hi∥2 <∞},

where the infinite sum is defined as the supremum of all finite partial sums. The
direct sum carries an inner product, which makes it a Hilbert space again:

⟨(hi)i, (gi)i⟩ :=
∑
i∈I

⟨hi, gi⟩.
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Now further assumeLi : Hi → H̃i is a bounded linear operator betweenHilbert
spaces, for every i ∈ I. We would like to define the direct sumof operators

⊕iLi :
⊕
i

Hi →
⊕
i

H̃i

(hi)i 7→ (Lihi)i.

But note for this to be well-defined, we need the operator norms of the Li to be
bounded in dependent of i. △

Definition 1.1.5. If V is a normed space, we denote by V ′ its topological dual
space, i.e. the space of all bounded linear functionals on V . Theweak topology is
the coarsest vector space topology on V that makes all functionals from V ′ con-
tinuous. It is thus coarser than the norm topology. The weak∗-topology is the
coarsest vector space topology on V ′ that makes evaluation functionals in points
fromV continuous. It is thus coarser than theoperatornormtopologyonV ′. △

Remark 1.1.6. We will use two important theorems from functional analysis in
these notes. First, theTheoremofBanach-Alaoglu states that the operator normunit
ball in V ′ is compact in the weak∗-topology. The second is the uniform boundedness
principle, also known asTheorem of Banach-Steinhaus. It says that if a sequence of
bounded linear operators, from a Banach space to a normed space, is pointwisely
bounded, then it is bounded in operator norm. This implies that if a sequence in
a Banach space isweakly convergent, then it is bounded in norm (Exercise 1). △

1.2 ∗-Algebras
Definition1.2.1. (i) A∗-algebra is a (notnecessarily commutative)unitalC-algebra
A equipped with an involution ∗, i.e. a map satisfying the following for all a, b ∈
A and λ, γ ∈ C:

(λa+ γb)∗ = λ a∗ + γ b∗, (a∗)∗ = a, (ab)∗ = b∗a∗.

(ii) For a ∗-algebraA, the real subspace

Asa := {a ∈ A | a∗ = a}

is called the subspace of self-adjoint orHermitian elements.
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(iii) The set of sums of squares is defined by

∑
A2 :=

{
m∑
i=1

a∗i ai | m ∈ N, ai ∈ A

}
.

It forms a convex cone inAsa and further satisfies

a∗ ·
∑

A2 · a ⊆
∑

A2

for all a ∈ A.
(iv) ByA× we denote the set of invertible elements inA, i.e.

A× := {a ∈ A | ∃b ∈ A : ab = ba = 1}.

(v) A ∗-algebra homomorphism is an algebra homomorphism

π : A → B

between ∗-algebras that satisfies π(a∗) = π(a)∗ for all a ∈ A. We also always
assume algebra homomorphisms to map 1 to 1. △

Example 1.2.2. If X is a compact Hausdorff space, the set C(X) of continuous
complex-valued functions on X is a commutative ∗-algebra. All operations are
defined pointwisely, for example

f ∗(x) := f(x)

for f ∈ C(X) and x ∈ X. The self-adjoint elements are the real-valued func-
tions, and sums of squares coincide with single squares, and are precisely the
nonnegative functions. Every continuous map π : X → Y induces a ∗-algebra
homomorphism

π′ : C(Y ) → C(X); f 7→ f ◦ π,

and every ∗-algebra homomorphism is of this form. △

Example 1.2.3. (i) The ring C[x1, . . . , xn] of complex polynomials in n variables
is a commutative ∗-algebra. The involution is defined as complex conjugation on
the coefficients, we thus have C[x1, . . . , xn]sa = R[x1, . . . , xn]. To obtain a ∗-
algebra homomorphism π : C[x1, . . . , xn] → B, one needs pairwise commuting
self-adjoint elements b1, . . . , bn ∈ Bsa to define π(xi) = bi.
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(ii)The ringC⟨z1, . . . , zn⟩of polynomials innon-commuting variables is defined
similarly, except that the variables do not commute. Every polynomial is a finite
linear combination of words in the variables (a word is a finite product of vari-
ables), but we cannot sort the variables without changing the polynomial. For
example, z1z2−z2z1 is not the zero polynomial. We define the involution as com-
plex conjugation on the coefficients, and by z∗i = zi, However, due to the nature
of involutions, it changes the order in a product, for example

(z1z2 − z2z1)
∗ = z2z1 + z1z2.

So the self-adjoint polynomials are not the polynomials with real coefficients. To
obtain a∗-algebrahomomorphismπ : C⟨z1, . . . , zn⟩ → B,oneneeds self-adjoint
elements b1, . . . , bn ∈ Bsa to define π(xi) = bi, but the bi need not commute. △

Example 1.2.4. (i) The ringMatd(C) of complex matrices of size d is a ∗-algebra,
which is not commutative ford ⩾ 2.As involutionweuse the commonadjoint op-
eration on matrices. The self-adjoint subspaceMatd(C)sa consists of Hermitian
matrices and is also denoted by Herd(C). Sums of squares coincide with single
squaresQ∗Q, and are precisely the positive semidefinite matrices.
(ii)More general, the spaceB(H) of bounded linear operators on aHilbert space
H is a ∗-algebra. Every bounded operator φ has a unique adjoint, defined by the
property

⟨φ(h1), h2⟩ = ⟨h1, φ∗(h2)⟩
for allh1, h2 ∈ H. Again, sumsof squares coincidewith squares andwithpositive
semidefinite operators, i.e. self-adjoint operators φ with ⟨φ(h), h⟩ ⩾ 0 for all
h ∈ H. △

Example 1.2.5. Let Γ be a group with identity element e (we will use multiplica-
tive notation for groups). We take the elements of Γ as a basis for a complex vec-
torspace, denotedCΓ:

CΓ =

{∑
g∈Γ

cg · g | cg ∈ C, only finitely many cg ̸= 0

}
.

Now multiplication of Γ yields a multiplication of the basis vectors of CΓ, and
thus an associative and distributive multiplication onCΓ :(∑

g

cg · g

)
·

(∑
g

c′g · g

)
=
∑
g

(∑
f ·h=g

cfc
′
h

)
· g.
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In this wayCΓ becomes an algebra, called the groupalgebra ofΓ. It is commuta-
tive if and only ifΓ is. The identity element is 1·e. We equipCΓwith the following
involution: (∑

g

cg · g

)∗

=
∑
g

cg · g−1 =
∑
g

cg−1 · g.

So an element
∑

g cg · g is self-adjoint if and only if

cg = cg−1

holds for all g ∈ Γ.
For example, consider Γ = Zwith the usual addition. ThenCZ is commutative,
and in fact isomorphic to the algebra

CZ ∼= C[t, t−1]

of Laurent polynomials in one variable. Under this isomorphism, the basis vec-
tor m ∈ Z of CZ corresponds to tm.The corresponding involution on Laurent
polynomials thus fulfills (ti)∗ = t−i. So the self-adjoint elements are not the real
Laurent polynomials. But note that we can also generate the algebra C[t, t−1] by
the self-adjoint elements

x :=
t+ t−1

2
and y :=

t− t−1

2i
.

These fulfill the relation
x2 + y2 = 1,

and so there is a ∗-algebra isomorphism to the algebra

C[x, y]/(x2 + y2 − 1) = C[S1]

of polynomial functions on the unit circle, now with involution x∗ = x, y∗ = y.
Now a self-adjoint element is really just a polynomial with real coefficients. More
general,CZn is isomorphic to the algebra

C[S1 × · · · × S1︸ ︷︷ ︸
n

]

of polynomial functions on the n-dimensional torus, with canonical involution.
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Another example isΓ = Fn, the free group with n generators (which we usually
call z1, . . . , zn). An element in Fn is thus a word in the letters

z1, . . . , zn and z−1
1 , . . . , z−1

n .

The group operation is concatenation of words. The only valid relations are

z−1
i zi = ziz

−1
i = e

for all i, where e is the empty word. The group algebra CFn thus contains the
non-commutative polynomial algebraC⟨z1, . . . , zn⟩ as a subalgebra, but not as a
∗-subalgebra! InC⟨z⟩we have z∗i = zi, whereas inCFn we have z∗i = z−1

i . △

We will have a short look at subalgebras of matrix algebras. For a subalgebra
A ⊆ Matd(C), a subspace V ⊆ Cd is calledA-invariant if

Mv ∈ V

for all v ∈ V andM ∈ A. There always exist the so-called trivial invariant subspaces
{0} andCd.

Theorem 1.2.6 (Burnside). If the subalgebraA ⊆ Matd(C) has only the two trivial
invariant subspaces, thenA = Matd(C).

Proof. A acts transitively onCd: for each 0 ̸= v ∈ Cd, the set

{0} ⊊ {Mv |M ∈ A}

is anA-invariant subspace and hence must coincide withCd.
We first show thatA contains a matrix of rank 1. Let 0 ̸= P ∈ A. If rank(P ) ⩾
2, choose v1, v2 ∈ Cd such that Pv1 and Pv2 are linearly independent. Then
chooseM ∈ A such thatMPv1 = v2. Then PMPv1 and Pv1 are linearly in-
dependent, so PMP − λP ̸= 0 for all λ ∈ C.
However, there exists aλ0 ∈ C forwhichPM−λ0Id is not invertible on the space
P (Cd), becauseC is algebraically closed and every linear map has an eigenvalue.
Thus,

(PM − λ0Id)P

has strictly smaller rank than P but is non-zero. By iteration, we obtain amatrix
Q of rank 1 inA.
Every othermatrix with the same image asQ is also inA, and thus everymatrix
of rank 1 is inA. This again uses the transitivity ofA onCd, see Exercise 5. Since
every matrix is a sum of rank 1matrices, it follows thatA = Matd(C).
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Remark 1.2.7. SupposeA ⊆ Matd(C) is even a ∗-subalgebra. IfA has a proper
invariant subspace V ⊆ Cd, then V ⊥ is also an invariant subspace. This uses that
A is closed under ∗ (see Exercise 6). After a unitary change of basis, all matrices
inA have block form, i.e.A is a subalgebra of an algebra

Matd1(C)⊕Matd2(C)

with 1 ≤ d1, d2 and d1 + d2 = d. This reduces us to a simpler situation. If there
is no invariant subspace, then by Theorem 1.2.6 we already haveA = Matd(C).
Iteratively, we obtain thatA is a subalgebra of

Matd1(C)⊕ · · · ⊕Matdr(C),

and for each factor, the projection ofA ontoMatdi(C) is surjective. △

Example 1.2.8. LetA ⊆ Matd(C) be a commutative ∗-subalgebra. Without loss
of generality, we may assume that

A ⊆ Matd1(C)⊕ · · · ⊕Matdr(C),

with d1 + · · · + dr = d, and that the projection onto each di-block is surjective
onA. On the other hand, the elements ofA commute with one another, and this
implies thatdi = 1 for all i. Thus, the algebraA consists only of diagonalmatrices
(after unitary conjugation). △

1.3 States andRepresentations
Definition 1.3.1. (i) A state onA is aC-linear functional φ : A → C satisfying

φ(1) = 1 and φ(a∗a) ⩾ 0

for all a ∈ A. One often sees the additional requirement φ(a∗) = φ(a), but
this already follows from positivity on squares (cf. Exercise 3). So in particular,
φ : Asa → R is anR-linear functional. A pure state is a state that cannot be writ-
ten as a convex combination of two states different from itself (i.e. its an extreme
point within the set of all states).
(ii) A bounded ∗-representation ofA is a ∗-algebra homomorphism

π : A → B(H)



1.3. STATES AND REPRESENTATIONS 11

for someHilbert spaceH. The representation is calledfinite-dimensional ifH is
finite-dimensional. After choosing a basis, this means

π : A → Matd(C).

(iii) An unbounded ∗-representation is an algebra homomorphism

π : A → L(D)

into linear operators on some vector spaceD with inner product, such that

⟨π(a)v, w⟩ = ⟨v, π(a∗)w⟩

holds for all v, w ∈ D and all a ∈ A. △

Example1.3.2. EveryBorel probabilitymeasureµon thecompactHausdorff space
X gives rise to a state

φµ : C(X) → C

f 7→
∫
X

fdµ.

Wewill see inTheorem 1.3.6 that all states on C(X) are of this form. △

Example 1.3.3. Every functional onMatd(C) is of the form

φQ : Matd(C) → C
M 7→ tr(Q∗M)

for some Q ∈ Matd(C).This is becauseMatd(C) is finite-dimensional with in-
ner product defined by ⟨A,B⟩ = tr(B∗A).The functional φQ is nonnegative on
squares if and only ifQ is a positive semidefinitematrix (this is the so-called self-
duality of the psd-cone), andφQ(Id) = 1means tr(Q) = 1. So states onMatd(C)
are in one-to-one correspondence with psdmatrices of trace one. Every psdma-
trixQ of trace one can be written as

Q =
d∑
i=1

λiviv
∗
i

with orthogonal unit vectors vi ∈ Cd, λi ⩾ 0,
∑

i λi = 1. So φQ is a pure state if
and only ifQ = vv∗ is of rank one. Thus pure states correspond to unit vectors in
Cd, modulo scaling with some eiθ, a so-called phase. △
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Example 1.3.4. For a Hilbert space H and every unit vector h ∈ H we obtain a
state

φh : B(H) → C; L 7→ ⟨Lh, h⟩. △

Example 1.3.5. On a group algebra CΓ we for example have the following two
states:

φ1

(∑
g

cgg

)
:=
∑
g

cg

φ2

(∑
g

cgg

)
:= ce.

Checking the properties for states is Exercise 7. △

Theorem 1.3.6 (Riesz-Markov-Kakutani). IfX is a compact Hausdorff space, then for
every stateφ onC(X) there exists a unique regular Borel probabilitymeasureµ onX with
φ = φµ.The pure states correspond to Dirac measures, and thus to points ofX.

Sketch of Proof. Letφ : C(X) → Cbe a state. For anopen subsetU ⊆ X wedenote
by 1U its characteristic function (which is not continuous, unfortunately). We set

µ(U) := sup{φ(f) | f ∈ C(X), 0 ⩽ f ⩽ 1U onX}.

This can be extended to a probability measure on the whole Borel σ-algebra onX
and defines the desired measure.

Example 1.3.7. (i) Let A be a commutative ∗-algebra and π : A → Matd(C) a
finite-dimensional ∗-representation. According toExample 1.2.8we can assume,
after unitary conjugation, that π : A → Mat1(C) ⊕ · · · ⊕Mat1(C) holds, i.e. π
consists of a d-tuple of ∗-algebra homomorphisms πi : A → C.
(ii) LetA = C[x1, . . . , xn]with the involution fromabove. Thefinite-dimensional
∗-representations of C[x1, . . . , xn] are (after a change of basis) direct sums of
evaluations at points inRn. △

Example 1.3.8. The ∗-representations of a group algebra CΓ on a Hilbert space
H correspond to unitary representations of Γ, i.e. group homomorphisms Γ →
U(H).Given a ∗-representationπ : CΓ → B(H), one obtains a unitary represen-
tation π̃ : Γ → U(H); g 7→ π(g). Given a unitary representation π̃ : Γ → U(H),
one obtains a ∗-representation π : CΓ → B(H);

∑
g cgg 7→

∑
c cgπ̃(g). △
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Thefollowing result says thatmatrix algebrashaveonly trivialfinite-dimensional
representations.

Theorem 1.3.9. If π : Matd(C) → Mate(C) is a ∗-representation, then e it a multiple
of d, and after a unitary conjugation onMate(C), π is a direct sum of the identity.

Proof. The image of π is a ∗-subalgebra of Mate(C), which according to Theo-
rem 1.2.6, and after a unitary base change, is contained in a direct sum ofmatrix
algebras, and for which the projection onto each block is surjective. Composing
π with such a projection yields a surjective ∗-algebra homomorphism

πi : Matd(C) → Matei(C).

SinceMatd(C) is simple, i.e. has no proper two-sided ideals, and the kernel of πi
is such an ideal, πi must also be injective, and for dimensional reasons we thus
have d = ei for all i. Now all ∗-automorphisms ofMatd(C) are of the form

M 7→ U∗MU

for some unitary matrix U , by the Skolem-Noether Theorem. So after applying
the conjugationU · U∗, πi becomes the identity. This proves the claim.

Remark 1.3.10. (i) Let a ∈
∑

A2 and let π be a ∗-representation ofA. Then π(a)
is positive semidefinite. Indeed, if a =

∑
i a

∗
i ai, then

⟨π(a)v, v⟩ =
∑
i

⟨π(ai)∗π(ai)v, v⟩ =
∑
i

⟨π(ai)v, π(ai)v⟩ =
∑
i

∥π(ai)v∥2 ⩾ 0.

(ii) Every ∗-representation π ofA gives rise to many states φ onA. For h ∈ H
(orD) with ∥h∥ = 1, define

φ(a) := ⟨π(a)h, h⟩

and verify the properties directly. △

The important construction by Gelfand, Neumark and Segal, also known as the
GNS-construction, provides a converse to the previous remark. One starts with
a state φ : A → C and constructs a representation

πφ : A → L(D)

and a unit vector h ∈ D, such that φ(a) = ⟨πφ(a)h, h⟩ for all a ∈ A. Before we
can explain this, we first need two lemmas.
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Lemma 1.3.11 (Cauchy-Schwarz Inequality). Let φ : A → C be a state. Then for all
a, b ∈ A:

|φ(b∗a)|2 ⩽ φ(b∗b)φ(a∗a).

Proof. TheHermitian matrix

M :=

(
φ(a∗a) φ(a∗b)
φ(b∗a) φ(b∗b)

)
∈ Her2(C)

is positive semidefinite. Indeed, for v = (v1, v2)
t ∈ C2,

v∗Mv = φ ((v1a+ v2b)
∗(v1a+ v2b)) ⩾ 0.

Hence,M has non-negative determinant, which is

det(M) = φ(a∗a)φ(b∗b)− φ(a∗b)φ(b∗a) = φ(a∗a)φ(b∗b)− |φ(b∗a)|2.

This proves the claim.

Lemma 1.3.12. Letφ : A → C be a state. Then

Nφ := {a ∈ A | φ(a∗a) = 0}

is a (proper) left ideal inA.

Proof. Exercise 8.

Construction 1.3.13 (GNS Construction). Let φ be a state on A. First, equip the
C-vector spaceAwith the sesquilinear form

⟨a, b⟩φ := φ(b∗a),

which is clearly positive semidefinite, i.e., ⟨a, a⟩φ ⩾ 0. To make ⟨·, ·⟩φ positive
definite (i.e. an inner product), we factor outNφ. Indeed, on theC-vector space

D := A/Nφ,

⟨·, ·⟩φ is a well-defined inner product. SinceNφ is a left ideal, left multiplication
by elements ofA is well-defined onD, i.e. each a ∈ A defines a linear operator

ma : D → D; d 7→ ad.
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This way we obtain a ∗-representation

πφ : A → L(D)

a 7→ ma

ofA. Choosing as h ∈ D the equivalence class of 1, we have ∥h∥φ = 1 and

⟨πφ(a)h, h⟩φ = φ(1∗a1) = φ(a)

for all a ∈ A, which proves the assertion. All unproven claims are Exercise 9. △

Definition 1.3.14. We callA Archimedean if for every a ∈ Asa there exists r > 0
such that

r − a ∈
∑

A2.

After dividing by r, this is equivalent to

1− εa ∈
∑

A2,

i.e. 1 is an algebraic interior point of
∑

A2 in theR-vector spaceA. Thismeans one
can move a bit in any direction from 1, without leaving the convex cone of sums
of squares. △

Example 1.3.15. (i) For a compact Hausdorff spaceX, C(X) is Archimedean.
(ii) For any Hilbert spaceH, B(H) is Archimedean. This holds in particular for
Matd(C).
(iii)C[x1, . . . , xn] andC⟨z1, . . . , zn⟩ are not Archimedean. △

Proposition 1.3.16. Every group algebraCΓ is Archimedean.

Proof. For a =
∑

g cgg ∈ CΓwe set

∥a∥1 =
∑
g

|cg|.

Now one immediately checks the following identity:

∥a∥21 − a∗a =
1

2

∑
g,h∈Γ

|cgch|(1−
cgch
|cgch|

h−1g)∗(1− cgch
|cgch|

h−1g).

This shows ∥a∥21 − a∗a ∈
∑

CΓ2. For a ∈ CΓsa and r = ∥a∥1 we thus have

r − a =
1

2r

(
(r − a)∗(r − a) + (r2 − a∗a)

)
∈
∑

CΓ2.
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Proposition1.3.17. IfA isArchimedean, then theGNS-constructiongives rise toabounded
∗-representation, for each stateφ onA.

Proof. Let φ be a state on A and πφ the corresponding GNS representation on
D = A/Nφ. For a ∈ A there exists r > 0 such that r − a∗a ∈

∑
A2, due to

Archimedeanicity. Every vector v ∈ D is the class of some b ∈ A, and we have

b∗(r − a∗a)b ∈
∑

A2.

This yields

∥πφ(a)v∥2φ = ⟨πφ(a)v, πφ(a)v⟩φ = φ(b∗a∗ab) ⩽ φ(rb∗b) = r⟨b, b⟩φ = r∥v∥2φ,

where the inequality follows because φ is nonnegative on
∑

A2. Thus πφ(a) is a
bounded operator onD (with operator norm atmost

√
r, independent ofφ), and

extends uniquely to a bounded operator on the completionH. Hence,

πφ : A → B(H)

can be regarded as a bounded ∗-representation (see Exercise 10 for the missing
details).

Nowwe can show thatArchimedean∗-algebras have bounded∗-representations
that are as injective as they can possibly be.

Theorem 1.3.18 (RepresentationTheorem for Archimedean ∗-Algebras). For every
Archimedean ∗-algebraA there exists a bounded ∗-representation

π : A → B(H)

withKer(π) = {a ∈ A | φ(a) = 0 for all statesφ}. IfA is finite-dimensional, thenH
can be chosen finite-dimensional.

Proof. For every state φ on A we denote by πφ : A → B(Hφ) the bounded ∗-
representation obtained by the GNS-construction. For every a ∈ Awe have seen
that ∥πφ(a)∥op is bounded uniformly, i.e. independent of φ. So as explained in
Definition 1.1.4 we can combine these representations into a direct sum

π : A → B

(⊕
φ

Hφ

)
a 7→ ⊕φπφ(a).
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For every state φ̃ and a ∈ Awe have

⟨π(a)hφ̃, hφ̃⟩ = ⟨πφ̃(a)hφ̃, hφ̃⟩ = φ̃(a),

wherehφ̃ ∈ Hφ̃ ⊆
⊕

φHφ is thedistinguishedvector formtheGNS-construction.
This shows the claim about the kernel ofπ. Furthermore, it is clearly enough to do
thiswith a set of states that generates the space spannedby all states,which is afi-
nite set in thefinite-dimensional case. SinceeachA/Nφ is alsofinite-dimensional
in this case, it is already complete and thus coincides with Hφ. So the arising
Hilbert space is a finite sum of finite-dimensional spaces, and thus also finite-
dimensional.
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Chapter 2

C∗-Algebras

2.1 Definitions and First Properties
Definition2.1.1. ABanachalgebra is a complex unital algebraAwith norm, such
that

(i) (A, ∥ · ∥) is complete

(ii) ∥ab∥ ⩽ ∥a∥ · ∥b∥ holds for all a, b ∈ A.

IfA further has an involution ∗, such that

(iii) ∥a∗a∥ = ∥a∥2 holds for all a ∈ A,

thenA is called aC∗-algebra. △

Remark2.1.2. Condition (i)means thatA is a Banach space, (ii)means that norm
andmultiplication are compatible. Note that (ii) implies that themultiplication is
continuous. Condition (iii), called theC∗-property, then further asks for compat-
ibility between norm and involution. For example, we obtain ∥a∥ = ∥a∗∥ from it
(Exercise 11). △

Example 2.1.3. (i) For a compact Hausdorff space X, the ∗-algebra C(X), with
sup-norm as in Example 1.1.2 (iii), is a commutativeC∗-algebra.
(ii) For aHilbert spaceH, the ∗-algebraB(H), togetherwith the operator norm,
is aC∗-algebra. This includes the caseMatd(C).
(iii) If A is a C∗-algebra and B ⊆ A is a closed ∗-subalgebra, then also B is a
C∗-algebra. Closedness is needed for completeness to transfer fromA toB. △

19
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Definition 2.1.4. LetA be a Banach algebra. The spectrum of a ∈ A is defined as

σ(a) := {λ ∈ C | λ− a /∈ A×},

and
ρ(a) := C \ σ(a) = {λ ∈ C | λ− a ∈ A×}

is called the resolvent set of a. △

Example 2.1.5. (i) An element f ∈ C(X) is invertible if and only if it has no zero
on X. So the spectrum σ(f) is precisely set of values f(X) that the function f
takes onX.
(ii) ForM ∈ Matd(C), the spectrum σ(M) coincides with the well-known no-
tion from linear algebra, i.e. the set of complex Eigenvalues ofM . △

Theproof of the following proposition containsmost of the heavy analytical ma-
chinery that we need to study Banach- andC∗-algebras.

Proposition 2.1.6. LetA be a Banach algebra and a, b ∈ A.

(i) If ∥a∥ < 1, then 1− a ∈ A×.

(ii) A× is an open subset ofA.

(iii) σ(a) is a nonempty compact subset ofC, contained in the disk with radius ∥a∥.

(iv) We havemax{|λ| | λ ∈ σ(a)} = limn→∞ ∥an∥1/n.

(v) σ(ab) \ {0} = σ(ba) \ {0}.

Proof. (i) Define bn :=
∑n

i=0 a
i ∈ A. It is seen in the usual way that (bn)n∈N is a

Cauchy-sequence in A, which thus has a limit b ∈ A, using completeness. We
have

(1− a)bn = bn(1− a) = 1− an+1 n→∞−→ 1

and thus (1 − a)b = b(1 − a) = 1, by continuity of multiplication. So 1 − a is
indeed invertible.
(ii) Let e ∈ A× be an arbitrary invertible element, and takea ∈ Awith ∥e−a∥ <
∥e−1∥−1. Then

a = e(1− e−1(e− a)) ∈ A×

by (i), since ∥e−1(e − a)∥ ⩽ ∥e−1∥∥e − a∥ < 1. So A× contains an open ball
around e and it thus open.
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(iii) From (ii) we know thatA× and thus ρ(a) is open, so σ(a) is closed. If |λ| >
∥a∥, then

λ− a = λ(1− λ−1a) ∈ A×, (2.1)

again by (i). This shows that σ(a) is contained in the unit disk of radius ∥a∥, and
is thus bounded and therefore compact.
Now let λ0 ∈ ρ(a). For λ close enough to λ0 we get from (i) and (ii) that

(λ− a)−1 =
∞∑
n=0

(λ0 − λ)n(λ0 − a)−(n+1).

For every bounded linear functional χ onAwe thus have

χ((λ− a)−1) =
∞∑
n=0

(λ0 − λ)nχ((λ0 − a)−(n+1)),

which is a power series expansion around λ0.The function

rχ : λ 7→ χ((λ− a)−1)

is thus holomorphic on ρ(a). For |λ| > ∥a∥ we further compute, using (2.1) and
(i):

rχ(λ) = χ((λ− a)−1) = λ−1

∞∑
n=0

χ(an)

λn
(2.2)

and thus

|rχ(λ)| ⩽
∥χ∥op

|λ| − ∥a∥
.

So rχ(λ) goes to zero for |λ| → ∞, and is in particular bounded. If σ(a) was
empty, rχ would be a globally defined and bounded holomorphic function, which
is constant by Liouville’s Theorem. Since it goes to zero for |λ| → ∞, we would
even obtain

0 = rχ(λ) = χ((λ− a)−1)

for allλ.Since this is true for all bounded linear functionals,weobtain (λ−a)−1 =
0, a contradiction. So σ(a) no nonempty.
(iv) First note the the sequence of ∥an∥1/n actually converges, see Exercise 12.
Now set r := max{|λ| | λ ∈ σ(a)}.We again consider (2.2), and note that this
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equation extends to allλwith |λ| > r, since the function on the left is defined and
holomorphic for such λ.This in particular implies that

χ
((a

λ

)n) n→∞→ 0,

so (a/λ)n converges weakly to 0 and is thus bounded in norm, see Exercise 1. So

∥an∥1/n ⩽ c1/n|λ|

for some constant c and all n, and thus limn→∞ ∥an∥1/n ⩽ |λ|. Since this is true
whenever |λ| > r,weobtain limn→∞ ∥an∥1/n ⩽ r. For theotherdirectionassume
|λ| > limn→∞ ∥an∥1/n.Then

lim
n→∞

∥∥∥(a
λ

)n∥∥∥1/n =
limn→∞ ∥an∥1/n

|λ|
< 1.

By Cauchy’s root test and completeness ofA, the series
∞∑
n=0

(a
λ

)n
converges inA, and we have

λ−1

∞∑
n=0

(a
λ

)n
= (λ− a)−1.

Thus λ ∈ ρ(a). This proves |λ| ⩽ limn→∞ ∥an∥1/n for every λ ∈ σ(a), which
proves the claim.
(v) We first show that 1 − ab is invertible if and only if 1 − ba is invertible. So
assume 1− ab is invertible and compute

(1− ba)[b(1− ab)−1a+ 1] = b(1− ab)−1a+ 1− bab(1− ab)−1a− ba

= b[(1− ab)−1 − ab(1− ab)−1]a+ 1− ba

= b[(1− ab)(1− ab)−1]a+ 1− ba

= 1.

We obtain the same when multiplying in the other order, and thus 1 − ba is in-
vertible. The statement for general 0 ̸= λ ∈ σ(ab) follows by replacing a by λ−1a
and using what we have just proven.
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Corollary 2.1.7 (Gelfand-Mazur). LetA be a Banach algebra withA× = A \ {0}.
ThenA = C.

Proof. Assume there exists a ∈ A \ C.Then 0 ̸= λ − a for all λ ∈ C, and thus
λ− a ∈ A× for all λ ∈ C. This contradicts Proposition 2.1.6(iii).

Corollary 2.1.8. IfA is aC∗-algebra and a ∈ A is normal, i.e. a∗a = aa∗, then

∥a∥ = lim
n→∞

∥an∥1/n = max{|λ| | λ ∈ σ(a)}.

For a ∈ Asa we have σ(a) ⊆ R.

Proof. The second equation is Proposition 2.1.6(iv), so we only need to show the
first. Note that

∥a2∥2 = ∥(a2)∗a2∥ = ∥(a∗a)2∥ = ∥a∗a∥2 = ∥a∥4,

where the first, third and forth equality are theC∗-property, and the second uses
normalityofa.So∥a∥ = ∥a2∥1/2 and inductively∥a∥ = ∥a2k∥1/2k for everyk ⩾ 1.
This implies

lim
n→∞

∥an∥1/n = lim
k→∞

∥a2k∥1/2k = ∥a∥.

Now let a ∈ Asa. For γ ∈ Rwe have

σ(γi+ a) = γi+ σ(a).

For any λ ∈ σ(a)we thus have

|γi+ λ|2 ⩽ ∥γi+ a∥2 = ∥(γi+ a)∗(γi+ a)∥ = ∥γ2 + a∗a∥ ⩽ γ2 + ∥a∗a∥.

Writing λ = x+ iy this simplifies to

y2 + 2γy + x2 ⩽ ∥a∗a∥

for all real γ,which is only possible if y = 0, i.e. λ ∈ R.

Corollary 2.1.9. Thenormon aC∗-algebra is uniquely defined by the algebraic structure.

Proof. For a ∈ A the element a∗a is self-adjoint and in particular normal. From
Corollary 2.1.8 and theC∗-property we obtain

∥a∥2 = ∥a∗a∥ = max{|λ| | λ ∈ σ(a∗a)},

and the spectrumof an element depends only on the algebraic structure ofA.
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2.2 Classification of CommutativeC∗-Algebras
We have seen C(X) as an example of a commutative C∗-algebra in the last sec-
tion. Our goal here is to show that actually all commutative C∗-algebras are of
this form. So throughout this section,Awill be commutative.

Definition 2.2.1. LetA be a commutative Banach algebra.
(i) The Gelfand space ofA is defined as

XA := {ξ | ξ : A → C algebra homomorphism}.

(ii) Each element a ∈ A defines a complex valued function â onXA by

â(ξ) := ξ(a).

We equipXA with the coarsest topology making all functions â continuous. △

Lemma 2.2.2. Every algebra homomorphism ξ : A → C is bounded with ∥ξ∥op ⩽ 1.

Proof. Assume there exists a ∈ A with ∥a∥ < 1 and |ξ(a)| = 1. By Proposi-
tion 2.1.6 (i) we know that 1− ξ(a)−1a is invertible, and thus

0 ̸= ξ(1− ξ(a)−1a) = 1− ξ(a)−1ξ(a) = 0,

a contradiction. This proves ∥ξ∥op ⩽ 1.

Theorem2.2.3. Forevery commutativeBanachalgebra,XA isa compactHausdorff space.
Themapping

Γ: A → C(XA)

a 7→ â

is an algebra homomorphismwith ∥Γ∥op ⩽ 1. For a ∈ Awe have

σ(a) = {â(ξ) | ξ ∈ XA}.

Proof. XA is a subset of the unit ball of the topological dual ofA, by Lemma 2.2.2,
which is compact in the weak∗-topology, by theTheorem of Banach-Alaoglu. It is
further defined by the conditions that

1̂(ξ) = 1 and âb(ξ) = â(ξ)b̂(ξ)
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holds for alla, b ∈ A,which is a closed condition. ThereforeXA is compactHaus-
dorff space. The mapping a 7→ â is an algebra homomorphism since all ξ are
algebra homomorphisms.
Now assume λ /∈ σ(a).Then λ− a ∈ A× and thus

0 ̸= ξ(λ− a) = λ− ξ(a),

i.e. â(ξ) ̸= λ for all ξ ∈ XA.This proves σ(a) ⊇ {â(ξ) | ξ ∈ XA}. For the other
inclusionassumeλ ∈ σ(a), i.e.λ−a is not invertible. Consider the ideal ⟨λ−a⟩ ⊆
A generated by λ − a.This ideal does not contain 1 and is thus a proper ideal.
By Zorn’s Lemma we can extend it to a maximal idealM of A. Since closures
of proper ideals are again proper ideals (for example using Proposition 2.1.6(ii)),
we know thatM is closed. ThusA/M is again a Banach algebra, and now every
nonzero element is invertible. By Corollary 2.1.7 we have A/M = C, and the
canonical projection

π : A → A/M = C
is thus an element ofXA. From λ− a ∈ Mwe obtain

0 = π(λ− a) = λ− π(a)

and thus â(π) = λ.
What remains to be shown is ∥Γ∥op ⩽ 1, i.e. ∥â∥∞ ⩽ ∥a∥ for all a ∈ A. For this
note that if |λ| > ∥a∥, then λ /∈ σ(a), by the proof of Proposition 2.1.6(iii). This
implies that the function â does not attain the value λ, and thus |â(ξ)| ⩽ ∥a∥ for
all ξ ∈ XA, was was to be shown.

Now the following theorem is a complete classification of all commutative C∗-
algebras.

Theorem 2.2.4. IfA is a commutativeC∗-algebra, then themapping

Γ: A → C(XA)

is an isomorphism ofC∗-algebras, i.e. an isometric ∗-algebra isomorphism.

Proof. Corollary 2.1.8, combined with σ(a) = {â(ξ) | ξ ∈ XA}, says that ∥a∥ =
∥â∥∞ holds. Note that all elements are normal, since A is commutative. So Γ
preserves norm (and is thus also injective).
Now assume a ∈ Asa.Then σ(a) ⊆ R by Corollary 2.1.8. So â is a real-valued
function onXA, which means â ∈ C(XA)sa. Since every element fromA can be
written as a+ ibwith a, b ∈ Asa (see Exercise 2), this shows that Γ is ∗-linear.
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SoA is isometrically∗-isomorphic to its imageΓ(A),which is aunital∗-subalgebra
that separates points ofXA. By the Stone-WeierstrassTheorem,Γ(A) is dense in
C(XA), and by completeness we haveΓ(A) = C(XA). SoΓ is also surjective.

Corollary2.2.5. Thecategoryof commutativeC∗-algebraswith∗-algebrahomomorphisms
is equivalent to the category of compact Hausdorff spaces with continuousmaps.

Remark 2.2.6. In view of Corollary 2.2.5, studying commutative C∗-algebras is
the same as studying compact Hausdorff spaces. States on commutative C∗-
algebras correspond to probabilitymeasures on the spaces, byTheorem 1.3.6. The
study of non-commutativeC∗-algebras is thus sometimes called non-commutative
topology, and the study of their states non-commutative probability theory. On the
other hand, C∗-algebras and their states are one standard model for quantum
theory, as we will explain in Section 4.1. From this point of view, quantum theory
is the same as non-commutative probability theory. △

2.3 Functional Calculus for Normal Elements
From now on,A denotes aC∗-algebra which is not necessarily commutative.

Lemma 2.3.1. LetB ⊆ A be aC∗-subalgebra and b ∈ B normal. Then

b ∈ A× ⇔ b ∈ B×.

In particular, the spectrum of b is independent of the ambientC∗-algebra.

Proof. Thedirection ”⇐" is obvious, so assume for contradiction that b ∈ A×\B×.
We can further assume thatB is theC∗-algebra generated by b, which is commu-
tative by normality, so we can use the isomorphism Γ: B → C(XB) from The-
orem 2.2.4. Since b /∈ B× we have 0 ∈ σB(b), where we mean the spectrum of
b as an element of B. By Theorem 2.2.3 we know that the function b̂ has a zero
ξ ∈ XB. Choose another continuous function f ∈ C(XB) with |f(ξ)| > ∥b−1∥A
and |f · b̂| ⩽ 1 onXB.Then

∥b−1∥A < ∥f∥∞ = ∥Γ−1(f)∥B = ∥Γ−1(f)∥A = ∥Γ−1(f)bb−1∥A
⩽ ∥Γ−1(f)b∥A∥b−1∥A = ∥Γ−1(f)b∥B∥b−1∥A
= ∥f b̂∥∞∥b−1∥A ⩽ ∥b−1∥A,

an contradiction.
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Theorem 2.3.2 (Functional calculus for normal elements). LetA be a C∗-algebra
and a ∈ A normal. Then there is an isometric ∗-algebra homomorphism

Γa : C(σ(a)) → A

that maps idσ(a) to a.

Proof. Consider the C∗-subalgebra B ofA that is generated by a. Since a is nor-
mal,B is a commutativeC∗-algebra. ByTheorem2.2.4,B is isomorphic toC(XB).
We consider the continuous function

â : XB → σ(a); ξ 7→ â(ξ) = ξ(a).

Note that it does notmatterwhetherwe consider the spectrumof a as an element
of A or B, by Lemma 2.3.1. The function â is surjective, by Theorem 2.2.3. But
sinceB is generatedbya, andall ξ are∗-algebrahomomorphisms (Theorem2.2.4)
and continuous (Lemma2.2.2), the function is also injective. SinceXB is compact
and σ(a) is a Hausdorff space, the continuousmap is closed, and thus its inverse
is continuous. So we have shown that â is a homeomorphism, and in particular

C(σ(a)) ∼= C(XB) ∼= B ⊆ A.

The isomorphismmaps the identity on σ(a) to â,which is furthermapped to a ∈
B.

Remark 2.3.3. For polynomial functions p ∈ C(σ(a)) we have Γa(p) = p(a),
since Γa is an algebra homomorphism. Theorem 2.3.2 extends this definition to
arbitrary continuous functions f on the spectrum of a, by setting f(a) := Γa(f).
This applies for example to bounded normal operators on a Hilbert space. △

2.4 Positive Elements inC∗-algebras
In this section we will define and study positive elements in C∗-algebras. They
will play a crucial role in the following, and can be classified in many different
ways. So againA denotes a generalC∗-algebra throughout this section.

Proposition 2.4.1. For a ∈ Asa the following are equivalent:

(i) σ(a) ⊆ [0,∞).

(ii) a = b2 for some b ∈ Asa.
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(iii) ∥t− a∥ ⩽ t for some/every real t ⩾ ∥a∥.

In particular,A is Archimedean.

Proof. For (i)⇒(ii) we use the homomorphism Γa : C(σ(a)) → A from Theo-
rem 2.3.2 (note that a is self-adjoint and therefore normal). Since σ(a) ⊆ [0,∞),
the square-root function

√
· is real-valued and continuous on σ(a), and we set

b :=
√
a = Γa(

√
·) ∈ Asa.

We have

b2 =
√
a
2
= Γa(

√
·)Γa(

√
·) = Γa(

√
·
√
·) = Γa(idσ(a)) = a.

For (ii)⇒(i) we consider a as an element in theC∗-subalgebraB ⊆ A generated
by b,which is commutative. ByTheorem 2.2.3 we have

σ(a) = {â(ξ) | ξ ∈ XB}

and â(ξ) = ξ(a) = ξ(b2) = ξ(b)2 ⩾ 0, using that all σ are ∗-homomorphisms.
(i)⇔(iii) By Corollary 2.1.8 we have

∥t− a∥ = max{|t− λ| | λ ∈ σ(a)}

and thus ∥t−a∥ ⩽ t if and only if |t−λ| ⩽ t for all λ ∈ σ(a),which is equivalent
to 0 ⩽ λ.
Finally, for every a ∈ Asa we have σ(∥a∥ − a) = ∥a∥ − σ(a) ⊆ [0,∞), so
∥a∥ − a ∈

∑
A2.This shows thatA is an Archimedean ∗-algebra.

Definition 2.4.2. An element a ∈ Asa that fulfills the conditions from Proposi-
tion 2.4.1 is called a positive element of A. We also denote this by a ⩾ 0. For
self-adjoint elements a, b ∈ Awewrite b ⩾ a for b− a ⩾ 0.The set of all positive
elements is denoted byA+. △

Example 2.4.3. (i) An element f ∈ C(X) is positive if and only if it is a nonnega-
tive function onX.
(ii) A matrixM ∈ Matd(C) is positive if and only if all its Eigenvalues are non-
negative, i.e. ifM is positive semidefinite. △

Proposition 2.4.4. (i)A+ is a convex cone inAsa.
(ii) For a ∈ A, the element−a∗a is positive if and only if a = 0.
(iii) Every a ∈ Asa can be written as a = a+ − a− with positive elements a+, a− such
that a+a− = a−a+ = 0 and ∥a∥ = max{∥a+∥, ∥a−∥}.
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Proof. (i) Positive scalar multiplies of positive elements are clearly positive. Now
let a, b ∈ Asa be positive. Then

∥(∥a∥+ ∥b∥)− (a+ b)∥ ⩽ ∥∥a∥ − a∥+ ∥∥b∥ − b∥ ⩽ ∥a∥+ ∥b∥,
using Proposition 2.4.1(iii) for a and b. Since ∥a∥+ ∥b∥ ⩾ ∥a+ b∥, the sum a+ b
fulfills Proposition 2.4.1(iii) and is thus positive. SoA+ is indeed a convex cone.
(ii) Supposeσ(−a∗a) ⊆ [0,∞).Proposition 2.1.6 (v) impliesσ(−aa∗) ⊆ [0,∞),
i.e. also−aa∗ is positive. Write a = b+ icwith b, c ∈ Asa and compute

a∗a+ aa∗ = 2b2 + 2c2,

which is a positive element by Proposition 2.4.1 and (i). Since −aa∗ is positive,
also

(a∗a+ aa∗)− aa∗ = a∗a

is positive, again using (i). From

−σ(a∗a) = σ(−a∗a) ⊆ [0,∞) and σ(a∗a) ⊆ [0,∞),

as well as non-emptyness of the spectrum, we obtain σ(a∗a) = {0}.Now Corol-
lary 2.1.8 implies 0 = ∥a∗a∥ = ∥a∥2, and thus a = 0.
For (iii) we useTheorem 2.3.2. Set f := Γ−1

a (a) ∈ C(σ(a)), define
f+ := max{f, 0}, f− := f+ − f

and choose a+ := Γa(f+), a− := Γa(f−).

Theorem 2.4.5. We haveA+ =
∑

A2, and in particular

∥a∥ = min{r ∈ [0,∞) | r2 − a∗a ∈
∑

A2}

for all a ∈ A.
Proof. Proposition 2.4.1 already shows that positive elements are squares, even
of self-adjoint elements. Since sums of positive elements are positive by Propo-
sition 2.4.4, we only need to show that all elements of the form a∗a are positive.
Write a∗a = b+ − b− as in Proposition 2.4.4(iii) and compute

−(ab−)
∗(ab−) = −b−a∗ab− = −b−(b+ − b−)b− = (b−)

3.

Since b− is positive, so is (b−)3, for example by Theorem 2.3.2, since it holds for
functions. FromProposition 2.4.4(ii) we thus obtainab− = 0 and thus (b−)3 = 0.
This implies b− = 0, by for example again arguing with functions. So a∗a = b+ is
positive.
We now know that r2 − a∗a ∈

∑
A2 if and only if r2 − a∗a is positive, for which

r2 = ∥a∗a∥ = ∥a∥2 is the smallest choice.
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2.5 More Properties ofC∗-algebras
Theorem 2.5.1. Every ∗-algebra homomorphism between C∗-algebras is bounded with
operator norm 1. If it is injective, then it is isometric, i.e. norm-preserving.

Proof. If π : A → B is a ∗-algebra homomorphism and r2 − a∗a ∈
∑

A2, then
r2−π(a)∗π(a) ∈

∑
B2. In view ofTheorem 2.4.5 this proves ∥π(a)∥ ⩽ ∥a∥, thus

∥π∥op ⩽ 1, and equality follows from π(1) = 1.
Now assume π is injective. Then π(A), with norm induced from A, is a C∗-
subalgebra ofB. On the other hand, the norm fromB alsomakes it aC∗-algebra.
Since the norm on a C∗-algebra is unique by Corollary 2.1.9, both norms coin-
cide.

Theorem2.5.2 (Russo-Dye). Theclosedunitball inaC∗-algebraequals the closed convex
hull of the set of unitary elements, i.e. elements fulfilling u∗u = uu∗ = 1.

Proof. Since ∥u∥2 = ∥u∗u∥ = ∥1∥ = 1 holds for unitary elements, the closed
convex hull of these elements is contained in the closed unit ball of A. For the
other direction, take a from the open unit ball. Assume that u is an arbitrary uni-
tary, set

b :=
1

2
(u+ a) =

1

2
u(1 + u∗a),

and observe that since ∥u∗a∥ ⩽ ∥u∗∥∥a∥ = ∥a∥ < 1, b is in the open unit ball
and invertible by Proposition 2.1.6. Write b = vp for some unitary v and positive
invertible element p with ∥p∥ = ∥b∥ < 1 (see Exercise 15). Then 1 − p2 is again
positive and thus 1 − p2 = q2 for some self-adjoint q, commuting with p. Set
w := p+ iq and observe thatw is unitary. Now compute

1

2
(w + w∗) = p,

1

2
(vw + vw∗) = vp = b,

and see that b is a convex combination of unitaries.
Now assume ai is a convex combination of unitaries: ai =

∑
j λjuj.Then

ai+1 :=
1

2
(ai + a) =

∑
j

λj
1

2
(uj + a)

is again a convex combination of unitaries, by what we have just shown. So if
we start with an arbitrary unitary a0 and iterate this process, we obtain a se-
quence converging to a (in a straight line), of convex combinations of unitaries.
This proves the claim.
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Proposition 2.5.3. LetA be aC∗-algebra andφ : A → C a linear functional. Then φ
is a state if and only if

φ(1) = 1 and ∥φ∥op ⩽ 1.

Proof. For the “only if” direction note that we have φ(1) = 1 by definition of
states. For a ∈ Awe have

∥a∥2 − a∗a ∈
∑

A2,

and thus φ(a∗a) ⩽ ∥a∥2. Using the Cauchy-Schwarz inequality for states we
obtain

|φ(a)|2 ⩽ φ(a∗a) ⩽ ∥a∥2

and thus ∥φ∥op ⩽ 1.
For the other direction we use ∥∥a∗a∥ − a∗a∥ ⩽ ∥a∗a∥ for each a ∈ A, by
Proposition 2.4.1 and since a∗a is positive by Theorem 2.4.5. From ∥φ∥op ⩽ 1
and φ(1) = 1we obtain

|∥a∗a∥ − φ(a∗a)| = |φ(∥a∗a∥ − a∗a)| ⩽ ∥∥a∗a∥ − a∗a∥ ⩽ ∥a∗a∥.

Writing φ(a∗a) = r + iswith r, s ∈ R, this implies r ⩾ 0.Now set

b := a∗a− r − iλs

for λ ∈ R and compute

b∗b = (a∗a− r)2 + λ2s2.

This implies

(1− λ)2s2 = |φ(b)|2 ⩽ ∥b∥2 = ∥b∗b∥ ⩽ ∥a∗a− r∥2 + λ2s2

and thus
2λs2 + ∥a∗a− r∥2 − s2 ⩾ 0.

This can only be true for all real λ if s = 0. So we have shown φ(a∗a) = r ⩾ 0.
Thus φ is a state.

Corollary 2.5.4. For every normal element a ∈ Awe have

conv(σ(a)) ⊆ {φ(a) | φ state onA} ⊆ B∥a∥(0).
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Proof. Choose λ ∈ σ(a), define a linear functional on the space spanC{1, a} by

φ̃(s+ ra) := s+ rλ,

and obtain φ̃(1) = 1, φ̃(a) = λ. Since s + rλ ∈ σ(s + ra) and s + ra is normal,
we have

∥s+ ra∥ ⩾ |s+ rλ| = |φ̃(s+ ra)|,

again using Corollary 2.1.8. But his means ∥φ̃∥op ⩽ 1.Now φ̃ can be extended to
a bounded linear functional φ on the whole ofA with ∥φ∥ = ∥φ̃∥, by the Hahn-
BanachTheorem. In view of Proposition 2.5.3, φ is a state with φ(a) = λ. Since
the set of states is convex, we have shown thefirst inclusion. The second inclusion
follows from the fact that states have operator norm 1, by Proposition 2.5.3.

Corollary 2.5.5. A+ consists of those self-adjoint elements that are nonnegative under
each state, andA+ is thus closed. For positive elements awe have

∥a∥ = max{φ(a) | φ state }.

If 0 ⩽ a ⩽ b holds inA, then ∥a∥ ⩽ ∥b∥.

Proof. In view of Corollary 2.5.4, if φ(a) ⩾ 0 for all states, then a is positive. The
converse implication is true by definition of states. Since states are continuous
by Proposition 2.5.3, this proves closedness of the set of positive elements. For
positive elements we have

∥a∥ = max{λ | λ ∈ σ(a)} ⩽ max{φ(a) | φ state} ⩽ ∥a∥,

again by Corollary 2.5.4. Finally, if 0 ⩽ a ⩽ b, then φ(a) ⩽ φ(b) for each state
φ onA.This remains true for the maximum over all states φ, and this yields the
norm inequality.

2.6 Classification of GeneralC∗-algebras
We have seen that closed ∗-subalgebras of B(H) are C∗-algebras. We can now
show that these are actually all examples.

Theorem 2.6.1. For eachC∗-algebraA, the representation π : A → B(H) fromTheo-
rem 1.3.18 is injective. SoA is isomorphic to a closed ∗-subalgebra ofB(H).
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Proof. InProposition 2.4.1wehave seen thatA is Archimedean, soTheorem1.3.18
applies. For injectivity we need to show that for every 0 ̸= a ∈ A there exists a
state φwith φ(a) ̸= 0.
If a is self-adjoint, we know from Corollary 2.1.8 that there is some 0 ̸= λ ∈
σ(a), and by Corollary 2.5.4 there is a state with φ(a) = λ ̸= 0. If a is not self-
adjoint, write a = b + ic with b, c ∈ Asa. For states φ we have Re(φ(a)) =
φ(b), Im(φ(a)) = φ(c), and since not both b and c can be zero, the statement
follows from the self-adjoint case.
NowA is isomorphic to π(A) ⊆ B(H), and from completeness we obtain that
π(A) is closed in B(H).

Remark2.6.2. Wenowknowthat everyC∗-algebra is, up to isomorphism, aclosed
subalgebra of someB(H).Sowantmight askwhywedid not just define them like
that, and thus get rid of all the hassle with the above proofs. One reason is that
we can often construct C∗-algebras easier in an abstract way, without having a
concrete embedding into B(H). For example, given any Archimedean ∗-algebra
A, we define a seminorm by

∥a∥ := inf{r ⩾ 0 | r2 − a∗a ∈
∑

A2}.

After modding out the space of elements of seminorm zero and completing, we
obtain aC∗-algebra. See Exercise 16 for an interesting example. △

2.7 Positive and Completely PositiveMaps
Throughout this section, let A,B always be C∗-algebras. Besides ∗-algebra ho-
momorphisms, there are also other interesting types of maps between them.

Definition 2.7.1. A positivemap is a ∗-linear map ψ : A → B that maps positive
elements to positive elements, i.e. fulfills

ψ (A+) ⊆ B+.

Positive maps form a convex cone. △

Example 2.7.2. (i) States are positive maps φ : A → C.
(ii) Every ∗-algebra homomorphism π : A → B is a positive map. This follows
immediately from π(a∗a) = π(a)∗π(a).
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(iii) For every V ∈ Matd,e(C)we obtain a positive map

ψ : Matd(C) → Mate(C)
M 7→ V ∗MV.

(iv) Transposition τ : Matd(C) → Matd(C);M 7→M t is a positive map. △

Proposition 2.7.3. Positive maps betweenC∗-algebras are bounded.

Proof. Every element a ∈ A can be written as

a = a1 − a2 + ia3 − ia4

with positive elements ai and ∥ai∥ ⩽ ∥a∥, see Exercise 20. So it is enough to
show that positive maps are bounded on positive elements a. But since a and
∥a∥ − a are positive, we obtain 0 ⩽ ψ(a) ⩽ ∥a∥ψ(1), and Corollary 2.5.5 implies
∥ψ(a)∥ ⩽ ∥ψ(1)∥∥a∥.

Beforewe candefine an important strengthening of positivity formaps,weneed
the following observation. The algebraic tensor product fulfills

Mats(C)⊗ B(H) ∼= Mats(B(H)) ∼= B(Hs).

The first isomorphism identifies (aij)i,j ⊗ L with (aijL)i,j, and the second lets
a matrix of operators act on Hs by matrix multiplication and then applying the
operators. Since B(Hs) is aC∗-algebra, so isMats(C) ⊗ B(H). Furthermore, if
A is an arbitrary C∗-algebra, we can assumeA ⊆ B(H) for some Hilbert space
H, and obtain

Mats(C)⊗A ⊆ Mats(C)⊗ B(H),

which also makes it a C∗-algebra. Since the norm in a C∗-algebra is unique, it
does not matter which embeddingA ⊆ B(H) we choose, i.e. we can use one of
the intrinsic definitions of the norm.

Example 2.7.4. LetX be a compact Hausdorff space and

F = (fij)i,j ∈ Mats(C(X)) = Mats(C)⊗ C(X).

Then F is invertible inMats(C(X)) if and only if each F (x) = (fij(x))i,j is in-
vertible inMats(C), for x ∈ X.This is true since the inverse of a complex matrix
depends continuously on the matrix entries. Thus

σ(F ) =
⋃
x∈X

σ(F (x)),
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and in particular, F is positive if and only if all F (x) are positive semidefinite.
This also implies how theC∗-norm onMats(C(X)) looks like. We have

∥F∥ = max{∥F (x)∥ | x ∈ X},

where wemaximize over the norm in theC∗-algebraMats(C). △

Lemma 2.7.5. Every positive element inMats(C)⊗A = Mats(A) is a sum of at most
s elements of the form

(a∗i aj)i,j

for certain a1, . . . , as ∈ A.

Proof. Every positive element is of the form A∗A for some A ∈ Mats(A). Let
ak1, . . . , aks be the elements in the k-th row ofA and observe that

A∗A =
s∑

k=1

(a∗kia
∗
kj)i,j.

Definition 2.7.6. A ∗-linear map ψ between two C∗-algebras A and B is called
s-positive, if

ids ⊗ ψ : Mats(C)⊗A → Mats(C)⊗ B
is positive. It is called completelypositive if it is s-positive for all s ⩾ 1. The set of
completely positivemaps is a convex subcone of the cone of all positivemaps. △

Remark2.7.7. Under the identificationMats(C)⊗A = Mats(A), themap ids⊗ψ
is the maps that applies ψ to each matrix entry. △

Example 2.7.8. (i) Every ∗-homomorphism π : A → B is completely positive.
This is because ids ⊗ π is again an ∗-homomorphism, and thus positive.
(ii) Maps of the form ψ : M 7→ V ∗MV as in Example 2.7.2(ii) are completely
positive. This is because

ids ⊗ ψ : Mats(C)⊗Matd(C) → Mats(C)⊗Mate(C)

is again of the same type,X 7→ (Is ⊗ V )∗X(Is ⊗ V ), and thus positive. △

Example 2.7.9. The transposition map τ : Mats(C) → Mats(C) is positive but
not completely positive, if s ⩾ 2. To see this, consider the positive semidefinite
matrix

E :=
s∑

i,j=1

Eij ⊗ Eij =

(
s∑
i=1

ei ⊗ ei

)(
s∑
i=1

ei ⊗ ei

)∗
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inMats(C)⊗Mats(C) = Mats2(C). For s = 2we for example have

E =


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 .

We compute
(ids ⊗ τ)(E) =

∑
i,j

Eij ⊗ Eji,

and this matrix is not positive semidefinite, for example since the (2, 2)-entry is
zero, but the (2, s+ 1)-entry is 1. In the case s = 2, for example, we have

(ids ⊗ τ)(E) =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

We call the map ids ⊗ τ also the partial trace and denote it by Γ. △
Theorem 2.7.10. IfA orB is commutative, then every positive mapψ : A → B is com-
pletely positive.

Proof. First assume thatA is commutative. In view of Theorem 2.2.4 we can as-
sume A = C(X) for some compact Hausdorff space X. Let F ∈ Mats(C) ⊗
A = Mats(C(X)) be positive, which means that for each x ∈ X the matrix
F (x) ∈ Mats(C) is positive semidefinite, see Example 2.7.4. We have to show
that (ids ⊗ ψ)(F ) ∈ Mats(B) is positive. Fix some ε > 0.We can find a finite
covering ofX by open setsUi, and positive semidefinite matricesPi ∈ Mats(C),
such that

∥F (x)− Pi∥ ⩽ ε

for allx ∈ Ui.Wechoosea continuouspartitionofunity subordinate to that cover,
i.e. a collection of continuousmaps ui : X → [0, 1]with

∑
i ui = 1 and ui(x) = 0

for x /∈ Ui. For every x ∈ X we then have

∥F (x)−
∑
i

ui(x)Pi∥ ⩽ ε,

which means that ∥F −
∑

i uiPi∥ ⩽ ε inMats(C(X)). From

(ids ⊗ ψ)

(∑
i

uiPi

)
=
∑
i

ψ(ui)Pi



2.7. POSITIVE AND COMPLETELY POSITIVEMAPS 37

andpositivityofψwesee that this is apositive element inMats(B).Sinceψ is con-
tinuous byProposition 2.7.3, so is ids⊗ψ. Thus (ids⊗ψ)(F ) canbe approximated
arbitrarily well by positive elements, and is thus itself positive, by Corollary 2.5.5.
Now second assume that B is commutative, i.e. this time we have B = C(X).
Since positivity ofG ∈ Mats(C(X))means positivity of eachG(x), it is enough
to show thatφ ◦ ψ is completely positive for each positive functionalφ onB, and
we have thus reduced to the case B = C. So let φ : A → C be a positive linear
functional and letA ∈ Mats(A) be positive. In view of Lemma 2.7.5 it is enough
to assumeA = (a∗i aj)i,j. For v ∈ Cs we now have

v∗(ids ⊗ φ)(A)v = v∗(φ(a∗i aj))i,jv =
∑
i,j

vivjφ(a
∗
i aj)

= φ

(∑
i,j

vivja
∗
i aj

)

= φ

((∑
i

viai

)∗(∑
i

viai

))
.

This is a nonnegative real number, by positivity ofφ. So (ids⊗φ)(A) is a positive
semidefinite matrix, ids ⊗ φ thus a positive map, and therefore φ is completely
positive.

In the following result we use the matrix

E =
d∑

i,j=1

Eij ⊗ Eij ∈ Matd(C)⊗Matd(C) = Matd2(C)

that we have already encountered in Example 2.7.9. We have seen that it is posi-
tive semidefinite and of rank 1.

Theorem 2.7.11. Letψ : Matd(C) → B a ∗-linear map betweenC∗-algebras. Then the
following are equivalent:

(i) ψ is completely positive.

(ii) ψ is d-positive.

(iii) (idd ⊗ ψ)(E) =
∑d

i,j=1Eij ⊗ ψ(Eij) = (ψ(Eij))i,j is positive inMatd(B).
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Proof. The only nontrivial direction is “(iii)⇒(i)”. So let s ⩾ 0 be arbitrary. In
view ofTheorem 2.6.1 we can assume B = B(H), and in view of Lemma 2.7.5 we
must show that

(ψ(M∗
iMj))i,j ∈ Mats(B) = B(Hs)

is positive, for allM1, . . . ,Ms ∈ Matd(C).WriteMi =
∑d

r,t=1mirtErt and com-
pute

M∗
iMj =

s∑
k=1

d∑
r,t=1

mikrmjktErt.

Now let h = (h1, . . . , hs)
t ∈ Hs be arbitrary and compute〈

(ψ(M∗
iMj))i,j h, h

〉
=
∑
i,j,k,r,t

mikrmjkt⟨ψ(Ert)hj, hi⟩

=
∑
k,r,t

〈
ψ(Ert)

∑
j

mjkthj︸ ︷︷ ︸
=:gkt

,
∑
i

mikrhi︸ ︷︷ ︸
gkr

〉

=
∑
k

〈
(ψ(Ert))r,t gk, gk

〉
,

where gk = (gk1, . . . , gkd)
t ∈ Hd. But from assumption (iii) we now that each of

the terms in the last sum is nonnegative, proving the claim.

Definition 2.7.12. For a linear map ψ : Matd(C) → B, the matrix

(idd ⊗ ψ)(E) =
d∑

i,j=1

Eij ⊗ ψ(Eij) = (ψ(Eij))i,j ∈ Matd(B)

is called the Choimatrix of ψ. △

Corollary 2.7.13 (Choi-Krauss Decomposition). For every completely positive map
ψ : Matd(C) → Mate(C) there existV1, . . . , Vr ∈ Matd,e(C) such that

ψ(M) =
r∑
i=1

V ∗
i MVi

for allM ∈ Matd(C).



2.7. POSITIVE AND COMPLETELY POSITIVEMAPS 39

Proof. We know that the Choi matrix

C =
∑
i,j

Eij ⊗ ψ(Eij) = (ψ(Eij))i,j ∈ Matde(C)

is positive semidefinite, so it canwewrittenasfinite sumofelementsvv∗withv ∈
Cde = Cd⊗Ce. Since the sum just comes out of all of the following computations,
we ignore it for better readability and assumeC = vv∗. Write v =

∑d
i=1 ei⊗yi ∈

Cd⊗Ce,which impliesψ(Eij) = yiy
∗
j for all i, j. NowwriteM =

∑
i,jmijEij ∈

Matd(C) and compute

ψ(M) =
∑
i,j

mijψ(Eij)

=
∑
i,j

mijyiy
∗
j

= V ∗MV

if V ∈ Matd,e(C) has rows y∗1, . . . , y∗d.

Remark 2.7.14. Note that the number of matrices Vi corresponds to the number
ofvv∗ needed to represent theChoimatrix ofψ, which is its rankand inparticular
bounded by de. △

Remark 2.7.15. Before we study maps intoMatd(C), we recall a fact from linear
algebra. IfX, Y are vectorspaces andY is finite-dimensional, there is an isomor-
phism

Lin(X, Y ) ∼= Lin(Y ′ ⊗X,C).
Explicitly, from left to right a linear map ψ : X → Y is identified with the func-
tional

φψ : Y
′ ⊗X → C∑

i

fi ⊗ xi 7→
∑
i

fi(ψ(xi)).

For the other direction we fix a basis y1, . . . , yd of Y and denote the dual basis of
Y ′ by y′1, . . . , y′d.Then a functional φ on Y ′ ⊗X is identified with the linear map

ψφ : X → Y

x 7→
∑
i

φ(y′i ⊗ x)yi.
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These two constructions are inverse to eachother andprovide thedesired isomor-
phism. △

Example 2.7.16. We will use this in the case that X = A is a C∗-algebra and
Y = Matd(C).We identify Matd(C) with its dual space via the inner product
⟨M,N⟩ := tr(N∗M).Then given a linear map ψ : A → Matd(C), we obtain the
functional

φψ : Matd(C)⊗A = Matd(A) → C∑
i,j

Eij ⊗ aij = (aij)i,j 7→
∑
i,j

tr(E∗
ijψ(aij)) =

∑
i,j

ψ(aij)ij.

Wewill use this in the following. △

Theorem 2.7.17. Letψ : A → Matd(C) be a ∗-linear map betweenC∗-algebras. Then
the following are equivalent:

(i) ψ is completely positive.

(ii) ψ is d-positive.

(iii) φψ is a positive functional onMatd(A).

Proof. “(i)⇒(ii)” is trivial. For “(ii)⇒(iii)” observe that

φψ ((aij)i,j) =
∑
i,j

ψ(aij)ij =
∑
i,j

e∗iψ(aij)ej

=
∑
i

e∗i

(∑
j

ψ(aij)ej

)
=
〈
((ψ(aij))i,j e, e

〉
where e =

∑d
i=1 ei⊗ei ∈ Cd⊗Cd = Cd2 .Thusd-positivity ofψ implies positivity

of φψ.
For “(iii)⇒(i)” fix s ⩾ 0 and A = (a∗i aj)i,j ∈ Mats(A) positive. Take v =
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∑s
i=1 ei ⊗ vi ∈ Csd = Cs ⊗ Cd and write vi =

∑d
k=1 λikek ∈ Cd. We now have

v∗ (ψ(a∗i aj))i,j v =
∑
i,j

v∗iψ(a
∗
i aj)vj

=
∑
i,j,k,ℓ

λikλjℓe
∗
kψ(a

∗
i aj)eℓ

=
∑
k,ℓ

e∗kψ

((∑
i

λikai

)∗∑
i

λiℓai

)
eℓ

= φψ ((b
∗
kbℓ)k,ℓ) ⩾ 0,

where bk =
∑

i λikai.

Now it turns out that completely positive maps have a nice characterization in
terms of representations. The statement and the proof of the following results are
a generalization of the GNS-construction, which is exactly recovered in the case
H = C.

Theorem 2.7.18 (Stinespring’s Dilation Theorem). Let ψ : A → B(H) be a com-
pletely positive map. Then there is a Hilbert spaceK , a ∗-representation π : A → B(K),
and a bounded linear mapV : H → K, such that

ψ(a) = V ∗π(a)V

for all a ∈ A.

Proof. On the vectorspace tensor productA⊗H we define a Hermitian bilinear
form by

⟨a⊗ g, b⊗ h⟩ := ⟨ψ(b∗a)g, h⟩,

extended by bilinearity. From complete positivity of ψ we obtain that this is pos-
itive semidefinite. Indeed,〈

s∑
i=1

ai ⊗ hi,

s∑
i=1

ai ⊗ hi

〉
=

s∑
i,j=1

⟨ψ(a∗i aj)hj, hi⟩

=
∑
i

〈∑
j

ψ(a∗i aj)hj, hi

〉
= ⟨(ids ⊗ ψ) ((a∗i aj)i,j)h, h⟩,
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where h = (h1, . . . , hs)
t ∈ Hs. Since (a∗i aj)i,j ∈ Mats(A) is a square and thus

positive, we see that this is a nonnegative number.
For every positive semidefinite Hermitian bilinear form, the set of elements of
norm 0 is a subspaceN ⊆ A ⊗ H, and if we pass to (A ⊗ H)/N , the bilinear
form becomes a well-defined inner product. We denote byK the completion of
(A⊗H)/N with respect to this inner product.
For a ∈ A,we define a linear mapma onA⊗H by

ma

(∑
i

ai ⊗ hi

)
:=
∑
i

aai ⊗ hi.

InAwe have ∥a∗a∥ − a∗a ⩾ 0, and thus ∥a∗a∥Is − a∗aIs ⩾ 0 inMats(A). This
implies that

∥a∗a∥(a∗i aj)i,j − (a∗i a
∗aaj)i,j ⩾ 0

inMats(A) and thus

∥a∗a∥(ψ(a∗i aj))i,j − (ψ(a∗i a
∗aaj))i,j ⩾ 0

inMats(B(H)). From this is it follows that∥∥∥∥∥ma

(∑
i

ai ⊗ hi

)∥∥∥∥∥
2

⩽ ∥a∗a∥

∥∥∥∥∥∑
i

ai ⊗ hi

∥∥∥∥∥
2

.

This implies thatma is well-defined and bounded on (A ⊗ H)/N , actually with
∥ma∥op ⩽

√
∥a∗a∥ = ∥a∥. So ma extends uniquely to a bounded linear op-

erator π(a) on K with ∥π(a)∥op ⩽ ∥a∥. So we have constructed a bounded ∗-
representation

π : A → B(K).

We now define

V : H → K

h 7→ 1⊗ hmodN

and compute

∥V h∥2 = ⟨1⊗ h, 1⊗ h⟩ = ⟨ψ(1∗1)h, h⟩ ⩽ ∥ψ(1)∥∥h∥2.

So V is bounded. Finally, we have

⟨V ∗π(a)V h1, h2⟩ = ⟨a⊗ h1, 1⊗ h2⟩ = ⟨ψ(a)h1, h2⟩

for all h1, h2 ∈ H.This implies V ∗π(a)V = ψ(a) in B(H), and the proof is com-
plete.
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Example 2.7.19. A projectivemeasurement in quantum information consists of
orthogonal projection operatorsP1, . . . , Pm ∈ B(H)withP1+ · · ·+Pm = idH .A
positive operator valuedmeasurement (POVM) is a generalization, consisting of
positive semidefinite operatorsQ1, . . . , Qm ∈ B(H)withQ1 + · · ·+Qm = idH .
For a given POVMwe consider the ∗-linear map

Q : Cm = C({1, . . . ,m}) → B(H)

ei 7→ Qi

between C∗-algebras, which is positive and thus completely positive. So byThe-
orem 2.7.18 we get a ∗-representation π : Cm → B(K) and V : H → K with

Qi = V ∗π(ei)V

for i = 1, . . . ,m. Since e∗i = e2i = ei and e1 + · · · + em = 1 holds in Cm =
C({1, . . . ,m})we see that the Pi := π(ei) define a projective measurement. This
is known as Naimarks Dilation Theorem: every POVM dilates to a projective mea-
surement. Note that ifH is finite-dimensional, i.e. theQi arematrices, then also
K is finite-dimensional (this follows from the proof ofTheorem 2.7.18), thus also
the Pi are matrices. △

Example2.7.20. Wedemonstratehowto recover theChoi-KraussRepresentation
from Corollary 2.7.13 from Stinespring’s DilationTheorem.
Letψ : Matd(C) → Mate(C)becompletelypositive. TheproofofTheorem2.7.18
shows that the space K will be finite-dimensional, if both A and H are. So we
obtain a ∗-representation π : Matd(C) → Matt(C), for which we can assume
t = ds andπ = idd⊕· · ·⊕ idd, byTheorem 1.3.9. The linearmapV : Ce → Cds =
Cd ⊕ · · · ⊕ Cd is thus of the form V = (V1, . . . , VS)with Vi : Ce → Cd and

ψ(M) = V ∗π(M)V = V ∗(M ⊕ · · · ⊕M)V =
∑
i

V ∗
i MVi. △
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Chapter 3

Operator Systems

Wewill now go beyondC∗-algebras, in the sense that we look at spaces instead of
algebras. A justification for this is the following. Assume you have a C∗-algebra
A ⊆ B(H), but nowwant to consider only a closed subspaceK ⊆ H.Restricting
an operator T from H to K is done by passing to PTP ∗, where P : H → K
denotes the orthogonal projection, andP ∗ : K → H is thus the embedding. Thus

PAP ∗ := {PTP ∗ | T ∈ A} ⊆ B(K)

is the restriction ofA toK, but this is not an algebra anymore, in general. How-
ever, it is still what we will call an operator system.
Of course we will lose important structure when we have nomultiplication any-
more, but the notion of positivity can and will be preserved. We first define op-
erator systems concretely as subsystems ofC∗-algebras. Later wewill give an ax-
iomatic description and show that both notions coincide.

3.1 Concrete Operator Systems
Definition 3.1.1. A (concrete) operator system is a unital ∗-subspace of a C∗-
algebra, i.e. a subspace

S ⊆ A

that is closed under ∗ and contains 1. Note that in view of Theorem 2.6.1 we can
also define it as a unital ∗-subspace of some B(H). We set

Ssa := {s ∈ S | s∗ = s}. △

45
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Throughout this section S, T will always denote operator systems, andA,B are
C∗-algebras.

Example 3.1.2. LetA ⊆ B(H) be a C∗-algebra and P : H → K the orthogonal
projection to a closed subspace. ThenPAP ∗ ⊆ B(K) is an operator system. △

Now what makes subspaces of C∗-algebras special, compared to arbitrary vec-
torspaceswith involution? Theanswer lies in the positivity that canbe transferred
fromA to S.

Definition 3.1.3. (i) For an operator system S ⊆ Awe define

S+ := S ∩ A+

and call its elements thepositiveelementsofS.This is a convex cone inSsa, closed
in the norm fromA, with algebraic interior point 1.
(ii) For every s ⩾ 1we have

Mats(C)⊗ S = Mats(S) ⊆ Mats(A)

and we set
S(s)
+ := Mats(S) ∩Mats(A)+. △

Definition 3.1.4. Let S ⊆ A, T ⊆ B be operator systems. Then a ∗-linear map
ψ : S → T is called s-positive if

(ids ⊗ ψ)
(
S(s)
+

)
⊆ T (s)

+

holds. It is called completely positive if it is s-positive for all s ⩾ 1. △

Proposition 3.1.5. Positive maps between operator systems are bounded. Ifφ : S → C
is a positive functional, then ∥φ∥op = φ(1).

Proof. The proof of the first statement is similar to Proposition 2.7.3, this time
using Exercise 25. Now assume φ : S → C is a positive functional. For s ∈ Ssa

we have ∥s∥ − s ∈ S+ and thus φ(a) ⩽ ∥s∥φ(1). For general s ∈ S choose
θ ∈ [0, 2π)with |φ(s)| = eiθφ(s) and consider

s̃ := eiθs = s1 + is2 ∈ S

with s1, s2 ∈ Ssa and ∥si∥ ⩽ ∥s̃∥ = ∥s∥.Then

R ∋ |φ(s)| = φ(s̃) = φ(s1)︸ ︷︷ ︸
∈R

+i φ(s2)︸ ︷︷ ︸
∈R

= φ(s1) ⩽ ∥s1∥φ(1) ⩽ ∥s∥φ(1),

by what we have just shown. This proves the claim.
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Proposition 3.1.6. Let S ⊆ A be an operator system and φ : S → C a positive map.
Thenφ extends to a positive map φ̃ : A → C.

Proof. After positive scaling we can assume φ(1) = 1 and thus ∥φ∥op = 1 by
Proposition 3.1.5. By the Hahn-BanachTheorem there is an extension to a func-
tional φ̃ onAwith ∥φ̃∥ = ∥φ∥ = 1, and φ̃ is positive by Proposition 2.5.3.

The following important result allows us to transfermany facts about completely
positive maps fromC∗-algebras to operator systems.

Theorem3.1.7 (Arveson’s ExtensionTheorem). LetS ⊆ A be an operator system and
ψ : S → B(H) a completely positive map. Then ψ extends to a completely positive map
ψ̃ : A → B(H).

A
ψ̃

""
S

⊆

ψ // B(H)

.

If dim(H) = d <∞, then d-positivity ofψ already implies complete positivity.

Proof. First assume dim(H) = d < ∞, so B(H) = Matd(C).Themap ψ : S →
Matd(C) corresponds to a functional φψ : Matd(S) → C as described in Re-
mark 2.7.15. The same proof as inTheorem 2.7.17 shows that d-positivity ofψ im-
plies positivity of φψ. SinceMatd(S) ⊆ Matd(A) is an operator system, Propo-
sition 3.1.6 guarantees the existence of a positive extension φ̃ψ : Matd(A) → C,
whichbyTheorem2.7.17gives rise toa completelypositivemap ψ̃ : A → Matd(C).
Since φ̃ψ extends φψ, it is clear that ψ̃ extends ψ.
Now in the general case consider the orthogonal projection P : H → K to a
finite-dimensional subspaceK ⊆ H, and the compressed map

ψK : S → B(K)

s 7→ PψP ∗,

which is still completely positive. Bywhat we have already proven,ψK has a com-
pletely positive extension toA, andwe can consider it amap intoB(H) by letting
operators act as zero on the orthogonal complement ofK. We denote this exten-
sion by

ψ̃K : A → B(H).
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The proof of Proposition 2.7.3 shows that the operator norm of each ψ̃K can be
bounded depending only on

∥ψ̃K(1)∥ = ∥ψK(1)∥ = ∥Pψ(1)P ∗∥ ⩽ ∥ψ(1)∥.

So when K ranges through all finite-dimensional subspaces of H, the set of all
ψ̃K is bounded in operator norm.
Now consider the coarsest vector space topology onB(A,B(H)) that makes the
functionals

ψ 7→ ⟨ψ(a)h1, h2⟩

continuous, for all a ∈ A, h1, h2 ∈ H. It can be shown that this is actually a
weak∗-topology 1, forwhich closedballs inoperatornormare compact byBanach-
Alaoglu. Thus the net of all ψ̃K , where K ranges through all finite-dimensional
subspaces, has a subnet that converges to some ψ̃ ∈ B(A,B(H)).This ψ̃ is a
completely positive extension ofψ, which is clear from thedefinition of the topol-
ogy.

Corollary 3.1.8. Let S ⊆ Matd(C) be an operator system, and ψ : S → Mate(C) a
completely positive map. Then there existV1, . . . , Vr ∈ Matd,e with

ψ(M) =
∑
j

V ∗
j MVj

for allM ∈ S.

Proof. ByTheorem 3.1.7, ψ extends to a completely positive map onMatd(C), to
which Corollary 2.7.13 applies.

3.2 Abstract Operator Systems
We will now define operator systems without an explicit embedding into some
C∗-algebra, and show that the notion still coincides with the concrete one from
the last section.

1Thepair (h1, h2) corresponds to the rank one operatorh 7→ ⟨h, h1⟩h2 onH, the closed linear
span of those are called trace class operators onH, and for the correct notion of tensor product,
B(A,B(H)) is the dual ofA ⊗ TC(H). The weak∗-topology is then exactly the one we consider
here.
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Remark 3.2.1. Let S be a C-vector space with involution ∗. As usual we denote
by Ssa = {s ∈ S | s∗ = s} the real subspace of self-adjoint elements. Now
Mats(C)⊗S = Mats(S) carries the canonical involution defined as factor-wise,
or onMats(S)more explicitly as

(sij)
∗
i,j

:=
(
s∗ji
)
i,j
.

We also write Hers(S) for the space of self-adjoint elements inMats(S), which
coincides withHers(C)⊗ Ssa. △

Definition 3.2.2. LetC ⊆ X be a convex cone in the real vector spaceX. A point
u ∈ C is an algebraic interior point or order unit of C, if for every x ∈ X there
exists some ε > 0 such that u − εx ∈ C.This is equivalent to λu − x ∈ C for
some large enough λ > 0. △

Remark 3.2.3. It can be shown that algebraic interior points coincide with inte-
rior points w.r.t. the finest locally convex topology onX. If u ∈ C is such an inte-
rior point, then the closure ofC consists of all pointsx ∈ X such that x+εu ∈ C
holds for all ε > 0. △

Definition 3.2.4. Let S be aC-vectorspace with involution. An abstract operator
system onS consists of a closed convex cone

S(s)
+ ⊆ Hers(S)

for each s ⩾ 1, such that:

(i) S(1)
+ ⊆ Ssa has an algebraic interior point and fulfills S(1)

+ ∩ −S(1)
+ = {0}.

(ii) For all s, t ⩾ 1, Q ∈ Mats,t(C) andA ∈ S(s)
+ we haveQ∗AQ ∈ S(t)

+ .

If (S(s)
+ )s⩾1, (T (s)

+ )s⩾1 are abstract operator systems on S, T respectively, then a
∗-linearmapψ : S → T is called completely positive if ids⊗ψmapsS(s)

+ to T (s)
+ ,

for all s ⩾ 1. △

Remark 3.2.5. Under the identificationMats(S) = Mats(C) ⊗ S, condition (ii)
states that maps of the form Q∗ · Q, applied to the first tensor factor, are posi-
tive with respect to the family of cones. This can also be understood as forming
non-commutative or matrix convex combinations. So abstract operator systems are
sometimes called noncommutative ormatrix convex cones.
In particular, since every positive semidefinite matrix P ∈ Mats(C)+ is of the
form P = Q∗Q, it implies that for every s ∈ S

(1)
+ we have P ⊗ s ∈ S(s)

+ . △
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Lemma 3.2.6. Given an abstract operator system and an algebraic interior point u ∈
S(1)
+ , the point

u(s) := Is ⊗ u = diag(u, . . . , u) ∈ Hers(S)

is an algebraic interior point ofS(s)
+ for all s ⩾ 1.Furthermore,S(s)

+ ∩−S(s)
+ = {0}holds

for all s ⩾ 1.

Proof. First note that by Remark 3.2.5, u(s) indeed belongs to S(s)
+ . Now let A ∈

Hers(S) be arbitrary, and write it asA =
∑n

i=1Mi ⊗ si withMi ∈ Hers(C) and
si ∈ Ssa. Since u ∈ S(1)

+ is an algebraic interior point, choose λ ∈ R such that
λu ± si ∈ S(1)

+ for all i, and writeMi = Pi − Qi as a difference of two positive
semidefinite matrices. Then∑
i

(Pi +Qi)⊗ λu−
∑
i

Mi⊗ si =
∑
i

Pi⊗ (λu− si) +Qi⊗ (λu+ si) ∈ S(s)
+ ,

again by Remark 3.2.5. Thus if γ ⩾ 0 is large enough to ensure

γIs −
∑
i

(Pi +Qi) ⩾ 0,

then

γλ (Is ⊗ u)−A =
∑
i

(Pi+Qi)⊗λu−A+

(
γIs −

∑
i

(Pi +Qi)

)
⊗λu ∈ S(s)

+ .

This shows that Is ⊗ u is indeed an algebraic interior point of S(s)
+ .

Now assumeA,−A ∈ S(s)
+ , and writeA =

∑
iMi ⊗ si withMi ∈ Hers(C) and

si ∈ Ssa linearly independent. Then for all v ∈ Cs we have

±v∗Av = ±
∑
i

v∗Miv · si ∈ S(1)
+ ,

thus
∑

i v
∗Miv ·si = 0, and linear independence implies v∗Miv = 0 for all i. This

is only possible if allMi and thusA are zero.

Remark 3.2.7. In view of Lemma 3.2.6, closedness of the cones S(s)
+ can either

be understand w.r.t. the finest locally convex topology, or more algebraic as ex-
plained in Remark 3.2.3. △
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Example 3.2.8. Every concrete operator system S ⊆ A can be understood as an
abstract operator system. Indeed, it comes equipped with all the cones S(s)

+ de-
fined in Definition 3.1.3 (ii), which fulfill the necessary conditions. In particular,
eachC∗-algebra can be understood as an abstract operator system. △

Example 3.2.9. Let C ⊆ Ssa be a closed convex cone with nonempty interior.
Then there are several ways how to construct an abstract operator system struc-
ture with S(1)

+ = C.
The smallest one arises by applying all maps from condition (ii) to elements ofC,
cf. Remark 3.2.5. This yields

S(s)
+ =

{∑
i

Pi ⊗ ci | Pi ∈ Mats(C)+, ci ∈ C

}
.

This is called the smallest abstract operator system overC, or the operator system gen-
erated byC, or the non-commutative conic hull ofC.
The largestabstract operator systemoverC consists of thoseelements that aremapped
toC under all maps from condition (ii), i.e.

S(s)
+ = {A ∈ Hers(S) | ∀v ∈ Cs : v∗Av ∈ C} .

From the axioms it is clear that every other abstract operator system with C at
first level lies in between the smallest and the largest system level-wise, i.e. for all
s ⩾ 1. △

Theorem 3.2.10 (Effros-Winkler Separation Theorem). Let (S(s)
+ )s⩾1 be an abstract

operator system onS, andA ∈ Hert(S) \ S(t)
+ , for some t ⩾ 1.Then there is some t′ ⩽ t

and a completely positive mapψ : S → Matt′(C)with

(idt ⊗ ψ)(A) /∈ Mattt′(C)+

andψ(u) = It′ for any chosen interior point u ofS(1)
+ .

Proof. SinceA /∈ S(t)
+ and this convex cone is closed, there exists a ∗-linear func-

tional
φ : Matt(S) = Matt(C)⊗ S → C

which is nonnegative on S(t)
+ and φ(A) < 0. With the construction from Re-

mark 2.7.15, φ corresponds to a ∗-linear map ψ : S → Matt(C), and we now
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proceed similar toTheorem 2.7.17. For

e :=
t∑
i=1

ei ⊗ ei ∈ Ct ⊗ Ct

it is easy to compute that

e∗(idt ⊗ ψ)(A)e = φ(A)

holds, and (idt⊗ψ)(A) is thusnotpositive semidefinite. For completely positivity
of ψ letB ∈ Mats(S), v =

∑s
i=1 ei ⊗ vi ∈ Cs ⊗ Ct, and compute

v∗(ids ⊗ ψ)(B)v = φ(V ∗BV )

where V = (v1, . . . , vs)
∗ ∈ Mats,t(C).Thus ifB ∈ S(s)

+ , then V ∗BV ∈ S(t)
+ , and

since φ is nonnegative on S(t)
+ , the expression is nonnegative. This shows that

(ids ⊗ ψ)(B) is positive semidefinite, and ψ is thus completely positive.
The image of ψ intersects the coneMatt(C)+ in a face, and each face is isomor-
phic to a potentially smaller full coneMatt′(C), see Exercise 26. After replacing
Matt(C) byMatt′(C)we can thus assume that for a fixed interior point u of S(1)

+ ,
the matrix ψ(u) > 0 is positive definite. Upon conjugation of ψ with a suitable
invertible matrix we obtain ψ(u) = It′ .

Theorem3.2.11 (Choi-Effros RealizationTheorem). Every abstract operator system is
isomorphic to a concrete one, i.e. there is an (injective) ∗-linear map ψ : S → B(H) for
someHilbert spaceH , such that

A ∈ S(s)
+ ⇔ (ids ⊗ ψ)(A) ∈ Mats(B(H))+.

In addition, we can ensureψ to map any fixed interior point ofS(1)
+ to idH .

Proof. Weproceed similar to the proof ofTheorem 1.3.18, and take the direct sum
of all unital completely positive maps ψ into all matrix algebras. For s ∈ Ssa we
have λu ± s ∈ S(1)

+ for some λ > 0, and thus ψ(s) is bounded in operator norm
byλ for allψ. Splitting everything in real and imaginary part shows that the same
is true for all s ∈ S.Thus the direct sum of allψ(s) is an operator on a direct-sum
Hilbert space. Complete positivity of the ψ proves “⇒”, and “⇐” follows from
Theorem 3.2.10.
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Example 3.2.12. SinceMatd(C) is aC∗-algebra, it is in particular a concrete op-
erator system. The convex cone at base level isMatd(C)+, the cone at level s is

Matsd(C)+ ⊆ Matsd(C) = Mats(C)⊗Matd(C).

But consideringS = Matd(C)with coneC = Matd(C)+, there aremore ways to
equip the higher levels with convex cones tomake it an abstract operator system.
For example, the smallest one, as explained in Example 3.2.9, consists of

S(s)
+ =

{∑
i

Pi ⊗Qi | Pi ∈ Mats(C)+, Qi ∈ Matd(C)+

}
,

whose elements are also called separable matrices. The largest one is

S(s)
+ =

{∑
i

Ai ⊗Bi | ∀v ∈ Cs :
∑
i

v∗Aiv ·Bi ⩾ 0

}
,

whose elements are called block positive matrices. In view ofTheorem 3.2.11, any of
these systems is a concrete one, but except for the first one, which is concrete by
the very definition, it is not obvious how a concrete realization on aHilbert space
looks like. △
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Chapter 4

SomeApplications

4.1 Mathematical QuantumTheory

In this section we first explain a formalization of quantum theory going back to
Heisenberg, and explain how it connects to the theory ofC∗-algebras, leading in
particular to the Dirac-von Neumann axioms.
We cannot give an account of all experimental and theoretical results in physics
that lead to the development of quantumphysics. Let us just say that certainfind-
ings, for example in the double-slit experiment with photons or electrons, could
only be explained by assuming that a certain physical object may be in different
classical states at the same time, with certain probabilities (or maybe in no state
at all), and only decides for one of them when it is forced to, i.e. when it is mea-
sured or at least interacts with something else. One says that the object is in a
superposition of classical states.
So assume that there are two states, 0 and 1 say, that a physical object can be
in classically. Here, 0 vs. 1 could stand for charged vs. uncharged, excited vs. non-
excited, or spin up vs. spin down 1. Now one could try tomodel the uncertainty with
classical probabilities, by saying that the system is in state0withprobabilityp and
in state1withprobability1−p, wherep ∈ [0, 1].As it turnsout, thismodel cannot
predict certain observations that can actually be made in experiments. It would
also rather reflect the fact that the system is in one of the two states for sure, but
we just don’t know in which one, i.e. it would just model incomplete knowledge.
Another approach, maybe surprising at first, works much better.
One describes the superposition of classical states by a unit vector inC2.Math-

1Reddit says: Imagine a ball that is spinning, except it is not a ball and it is not spinning.
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ematicians usually write vectors in C2 as (α, β)t with α, β ∈ C, and denote the
standard basis vectors by e1 and e2. In the bra/ket-notation, introduced by Dirac,
the two basic vectors are denoted |0⟩ and |1⟩.This resembles the name of classi-
cal states as 0 and 1, and the funny symbols | ⟩ can make certain computations
more intuitive. For example, if by ⟨i| := |i⟩∗ we denote the conjugate transposed
vector, the product ⟨i||j⟩ of a row and a column vector is really the standard inner
product of the two. To summarize, we can write and element φ ∈ C2 as

φ =

(
α
β

)
= αe1 + βe2 = α|0⟩+ β|1⟩.

The fact that φ is on the unit circle means

|α|2 + |β|2 = 1,

so the two numbers |α|2, |β|2 can indeed be interpreted as classical probabilities
for being in the states |0⟩ and |1⟩, respectively. But again, just describing the su-
perposition by these two classical probabilities alone does not lead to a satisfac-
tory theory, one really needs the complex numbers α and β.
Now when the object is measured2, it decides and passes into one of the two
classical states |0⟩, |1⟩, with respect to the probabilities |α|2, |β|2. Geometrically,
it is projected onto one of the coordinate axes and re-normalized to length one
again. The closer it is to an axis, the more likely it is to decide for this classical
state.
Now imagine your colleague performs a measurement on the object, but does
not tell you the outcome. If you still want to describe the system after the mea-
surement, you have to use classical probabilities in addition. For you, the system
is in state |0⟩with probability |α|2 and in state |1⟩with probability |β|2. But note
that this is very different from the initial state α|0⟩+ β|1⟩. You know that the ob-
ject is not in a superposition anymore, you just don’t know in which of the two
classical states it is in, and this is just a lack of information on your side. So how
to describe the new state? Something like |α||0⟩ + |β||1⟩ would for example still
indicate a superposition.
The solution lies in passing from vectors to matrices. Identify the unit vector
φ ∈ C2 with the matrix

φφ∗ ∈ Her2(C).
This is a positive semidefinite matrix of rank 1with trace 1:

tr(φφ∗) = tr(φ∗φ) = φ∗φ = ∥φ∥2 = 1.

2No one knows what counts as a measurement in general.
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Indeed, every positive semidefinite rank 1matrix with trace 1 is of the formφφ∗,
so up to λ ∈ Cwith |λ| = 1 (a so-called phase) we can reconstruct the unit vector
φ from this matrix. The two classical states correspond to

|0⟩⟨0| =
(

1 0
0 0

)
, |1⟩⟨1| =

(
0 0
0 1

)
.

If we now take a classical probabilistic mixture of these matrices we obtain

|α|2|0⟩⟨0|+ |β|2|1⟩⟨1|) =
(

|α|2 0
0 |β|2

)
.

This matrix is not of rank 1, and thus does not correspond to one single state as
above. From it one can recover the classical probabilities |α|2 for the state |0⟩ and
|β|2 for |1⟩, indeed as its Eigenvalues and Eigenvectors. This is exactly what we
wanted to describe the classical uncertainty arising from incomplete knowledge.
To summarize:

Definition4.1.1. The stateof aquantumobject,which canattaind classical states,
is described by a positive semidefinite matrix of trace 1 inMatd(C).The state is
called pure, if the matrix is of rank 1. Up to a phase, this corresponds to a unit
vector inCd. Such a pure state contains intrinsic quantum-theoretic uncertainty,
via superposition. A state of rank ⩾ 2 is called a mixed state. By the spectral
theorem, eachmixed state σ can be written as

σ =
d∑
i=1

λ1φiφ
∗
i ,

whereλi ⩾ 0with
∑d

i=1 λi = 1 are theEigenvalues, and theφi formanorthonor-
mal basis of Eigenvectors of σ. So every state is a classical probabilistic mixture
of pure states, and this expresses classical uncertainty due to incomplete knowl-
edge. △

When performing a measurement, a pure state φ ∈ C2 passes to one of the
classical states, with probabilities provided by the entries ofφ. Wenow formulate
this a bit more general, and explain what it means for vectors andmatrices.

Definition4.1.2. Ameasurement consists of a decomposition ofCd into pairwise
orthogonal subspaces:

Cd = U1 ⊕ · · · ⊕ Um.
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Equivalently, it consists of orthogonal projections P1, . . . , Pm ∈ Matd(C) with∑
i Pi = Id. It you perform thismeasurement on an object in state σ, there arem

possible outcomes, with classical probabilities

tr(σP1), . . . , tr(σPm).

If the i-th outcome appears, the state passes to the post-measurement state

1

tr(σPi)
PiσP

∗
i ∈ Herd(C). △

Letus check that all thesedefinitionsmake sense, andhowtheyfit into theabove.
First, all numbers tr(σPi) are nonnegative, since states and orthogonal projec-
tions are positive semidefinite matrices, and the cone of psd matrices is self-
dualwith respect to the trace inner-product. Second, thesenonnegative numbers
sums to one, and can thus indeed be interpreted as classical probabilities:

∑
i

tr(σPi) = tr

(∑
i

σPi

)
= tr

(
σ
∑
i

Pi

)
= tr(σId) = tr(σ) = 1.

Third, the post-measurement states are indeed states. Positive semidefiniteness
is obvious, and

tr

(
1

tr(σPi)
PiσP

∗
i

)
=

tr(PiσP
∗
i )

tr(σPi)
=

tr(σP ∗
i Pi)

tr(σPi)
=

tr(σPi)

tr(σPi)
= 1.

To checkhow this compares to the above explanations, assume thatσ = φφ∗with
φ ∈ Cd is a pure state. Then

tr(σPi) = tr(φφ∗Pi) = φ∗Piφ = ⟨Piφ, φ⟩

and this is the squared length of the projection of φ to Ui.This is exactly how we
havedefined theprobabilities in the very beginning. Thepost-measurement state
upon observation of outcome i is

1

tr(σPi)
Piφφ

∗P ∗
i ,

which is the pure state corresponding to the normalized vector Piφ. So just as in
the beginning, the post-measurement state is the normalized projection to the
subspace. Thus the geometric interpretation remains the same: the closer the
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vector is to the subspace Ui, the more likely it is to collapse to it during mea-
surement. Also note that the probabilities tr(σPi) are linear in σ, so a classical
mixture of pure states leads to the samemixture of probabilities in themeasure-
ment. Finally note that if the measurement is performed without observing the
outcome, the post-measurement state has to be considered as the classical prob-
abilistic mixture

m∑
i=1

tr(σPi)
1

tr(σPi)
PiσP

∗
i =

m∑
i=1

PiσP
∗
i .

Wehavenowdefined states as positive semidefinitematrices of trace 1, and thus
of elements of theC∗-algebraMatd(C).Note that as a space, this equals its dual
space, and it turns out that we should rather take another point of view: states
are elements of the dual of a C∗-algebra. This brings us closer to the notion of
a state on a C∗-algebra that we have already defined. It is also motivated by the
following consideration: Measurements are defined by orthogonal projections,
which are elements that fulfill Pi = P ∗

i = P 2
i . Stating this requires the elements

to live in a ∗-algebra. To define states we don’t need them to live in an algebra.
Considered as linear functions, the probabilities tr(σPi) are just the value that
the functional takes on the element Pi.The trace one condition means that the
functional defined by σ maps Id to 1. The following is pretty close the what is
usually called the Dirac-von Neumann axioms.

Definition 4.1.3. LetA be aC∗-algebra.
(i) A state is a positive linear functional onA, that maps 1 to 1. A state is pure if
it cannot be written in a nontrival way as a convex combination of other states.
(ii) Ameasurement consists of projections p1, . . . , pm ∈ A (i.e. pi = p∗i = p2i )
with p1 + · · ·+ pm = 1.
(iii) If a measurement p1, . . . , pm is performed in the state φ, the probability of
outcome i is given by φ(pi). In this case, the post-measurement state is

φi :=
1

φ(pi)
φ(p∗i · pi).

If the outcome is not observed, the post-measurement state is modeled as

φ̃ =
∑
i

φ(pi)φi =
∑
i

φ(p∗i · pi). △

We will now explain the notion of entanglement, which can arise when two or
more quantum systems are combined. For simplicity, wewill go back to the setup
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from the start of the section, i.e. consider states as positive semidefinite matri-
ces. Of course, by self-duality, thismakes no difference to the concept of states as
positive functionals on a matrix algebra.
Now assume we have two quantum systems, whose states are described by pos-
itive matrices fromMatd(C) andMate(C), respectively. The combined systems’
states are then described by positive matrices from

Matd(C)⊗Mate(C) ∼= Matde(C),

and also called bipartite states. Note that positivity is defined in thematrix algebra
on the right in the usual sense. However, for the definition of entanglement, the
decomposition as a tensor product is crucial.

Definition 4.1.4. Let σ ∈ Matde(C)+ be a state. Then σ is called separable (w.r.t.
to the above tensor decomposition), if it can be written as

σ =
∑
i

σ1i ⊗ σ2i

with certain σ1i ∈ Matd(C)+, σ2i ∈ Mate(C)+. A state which is not separable is
called entangled. See Exercise 27 what this means for pure states in unit-vector
notation.

Lemma 4.1.5. Let ψ : Mate(C) → Mate(C) be a positive map. If σ ∈ Matd(C) ⊗
Mate(C) is positive, but (idd ⊗ ψ)(σ) is not positive, then σ is entangled.

Proof. Assume that σ is separable, and write σ =
∑

i σ1i ⊗ σ2i with positive σji.
Then

(idd ⊗ ψ)(σ) =
∑
i

σ1i ⊗ ψ(σ2i)

is again positive (even separable), since ψ is positive.

Example 4.1.6. Consider the matrix

E =
2∑

i,j=1

Eij ⊗ Eij ∈ Mat2(C)⊗Mat2(C) = Mat4(C)

from Example 2.7.9. In quantum physics notation, where |00⟩ is short for |0⟩ ⊗
|0⟩ ∈ C2 ⊗ C2 = C4, we have

E = (|00⟩+ |11⟩)(⟨00|+ ⟨11|),
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soE is actually a pure state (we omit the normalization for ease of notation). The
transposition τ is a positive map, and we have already seen in Example 2.7.9 that
(id2 ⊗ τ)(E) is not positive. This shows thatE is entangled. △

Remark 4.1.7. A positive map which is not completely positive is also called an
entanglement witness. It can prove for at least some positive matrices that they are
not separable, and thus entangled. In this sense, the existence of entanglement
is the dual statement to the existence of positive maps that are not completely
positive. △

We will now finally explain what entanglement can be used for. For this let σ ∈
Matd(C) ⊗ Mate(C) = Matde(C) be a bipartite state. It describes a combined
system with two parts (for example two electrons). Now assume a measurement
it performed at only the first part of the system. If thismeasurement is described
by the projection operators P1, . . . , Pm ∈ Matd(C), then the measurement for
the full system is described by P1 ⊗ Ie, . . . , Pm ⊗ Ie. If this measurement gives
the i-th outcome, then the post-measurement state, up to normalization, is

(Pi ⊗ Is)σ(Pi ⊗ Is)
∗.

For entangled states, this can have a non-trivial effect on the state of the second
system, which has not beenmeasured.

Example 4.1.8. Consider the stateE from Example 4.1.6 again, and assume that
ameasurement with respect to the standard basis ofC2 is performed on the first
part of the system. If the first outcome appears, the state becomes

(P1 ⊗ I2)E(P1 ⊗ I2)
∗ =

∑
i,j

P1EijP
∗
1 ⊗ Eij = E11 ⊗ E11 = |00⟩⟨00|.

Thus not only the state of the first system has collapsed to |0⟩, but also the state
of the second system. In this way, strong correlations betweenmeasurements of
the two subsystems arise (and can be used!). △

4.2 Free Convexity andOptimization

In this section we describe how one can use results from our theory for questions
arising in optimization.
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Definition 4.2.1. A spectrahedron is a convex cone of the form

S = {a ∈ Rm | a1M1 + · · ·+ amMm ⩾ 0}

whereM1, . . . ,Mm ∈ Herd(C). △

Geometrically,S is the inverse imageof the coneMatd(C)+ under the linearmap

ψ : Rm → Herd(C)
a 7→ a1M1 + · · ·+ amMm.

If ψ is injective, which can be assumedmost of the time, we can understand S as
the intersection ofMatd(C)+ with a subspace of dimensionm.
Spectrahedra are of interest in optimization. Semidefinite optimization is, by defi-
nition, the optimizationof a linear functionover (an affine intersectionof) a spec-
trahedron. There exist efficient interior point methods to solve semidefinite op-
timization problems.
In our language from above, we can understand spectrahedra as the positive
cones in operator systems. Again assuming that φ is injective (which means the
Mi are linearly independent), we set

S = spanC{M1, . . . ,Mm} ⊆ Matd(C),

obtainSsa
∼= Rm andS+ = S.Thispoint of viewopens a fruitful newperspective,

as we will demonstrate in one example.
An algorithmic problem, posed in [2], is the following. GivenM1, . . . ,Mm ∈
Herd(C), N1, . . . , Nm ∈ Here(C), decide whether the spectrahedron defined by
theNi contains the spectrahedron defined by theMi, i.e. whether∑

i

aiMi ⩾ 0 ⇒
∑
i

aiNi ⩾ 0 (4.1)

holds fora ∈ Rm.Since this is a hard problem, the authors proposed a relaxation,
namely whether there exist V1, . . . , Vr ∈ Matd,e(C)with∑

j

V ∗
j MiVj = Ni (4.2)

for all i = 1, . . . ,m. It is clear that (4.2) implies (4.1): if
∑

i aiMi ⩾ 0, then

∑
i

aiNi =
∑
i

ai
∑
j

V ∗
j MiVj =

∑
j

V ∗
j

(∑
i

aiMi

)
Vj ⩾ 0.
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The authors of [2] were already aware that (4.2) is not necessary for (4.1) to hold
in general. But only later in [3] it was demonstrated what the difference between
the two conditions really are.
To understand this, consider the ∗-linear map

ψ : S → Mate(C); Mi 7→ Ni for i = 1, . . . ,m.

Condition (4.1) clearly means that ψ is a positive map. Now from Corollary 3.1.8
we see that (4.2) is equivalent toψ being completely positive! This means, by def-
inition, that ids ⊗ φ is positive on S(s)

+ for all s ⩾ 1.Note that S(s)
+ consists of the

positive elements
∑

iAi ⊗Mi fromMats(C)⊗Matd(C) = Matsd(C). Since

(ids ⊗ φ)
(∑

Ai ⊗Mi

)
=
∑
i

Ai ⊗Ni

we see that 4.1 must be extended to matrix coefficients to become equivalent to
4.2: ∑

i

Ai ⊗Mi ⩾ 0 ⇒
∑
i

Ai ⊗Ni ⩾ 0

for all s ⩾ 1 andA1, . . . , Am ∈ Hers(C).This lead to thedefinitionof a free spectra-
hedron,which includes all the higher matrix levels, and essentially coincides with
the operator system cones on S :

Ss :=

{
(A1, . . . , Ad) ∈ Hers(C)d |

∑
i

Ai ⊗Mi ⩾ 0

}
.

To conclude, our theory shows that 4.2 is equivalent to inclusion of free spectra-
hedra, i.e. inclusion at all matrix levels, which is stronger than inclusion at level 1
alone, as required in 4.1. The theory can now be used to further study the differ-
ence between both properties and analyze exactness of the algorithmproposed in
[2].
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Exercises

Exercise 1. Show that if a sequence in a Banach space converges weakly, then it it
bounded in norm.

Exercise 2. LetA be a unital ∗-algebra. Show the following:

(i) 1∗ = 1.

(ii) a ∈ A× ⇔ a∗ ∈ A×.

(iii) Asa + iAsa = A.

(iv)
∑

A2 −
∑

A2 = Asa.

Exercise 3. (i) Show that states on ∗-algebras fulfill φ(a∗) = φ(a).
(ii) Show that ifφ : A → C is ∗-linear, nonnegative on

∑
A2, and fulfillsφ(1) =

0, then φ = 0.

Exercise 4. Show that every element a in a ∗-algebraA is of the form a = x+ iy
for certain x, y ∈ Asa.

Exercise 5. Complete the proof of Burnside’sTheorem 1.2.6: IfA ⊆ Matd(C) is a
subalgebra that acts transitively onCd \{0} and contains amatrix of rank 1, then
A = Matd(C).

Exercise 6. Let A ⊆ Matd(C) be a ∗-subalgebra. Show that if V ⊆ Cd is an
A-invariant subspace, also V ⊥ isA-invariant.

Exercise 7. Prove thatφ1 andφ2 fromExample 1.3.5 are states on the group alge-
braCΓ.

Exercise 8. Prove Lemma 1.3.12.

Exercise 9. Prove all details in the GNS-construction.

65
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Exercise 10. Let D be an inner product space, and assume π : A → L(D) is a
∗-representation for which π(a) is a bounded operator onD for all a ∈ A. Show
that one can understand

π : A → B(H)

as a bounded ∗-representation on the completionH ofD.

Exercise 11. Show that in aC∗-algebra we have

(i) 1∗ = 1,

(ii) ∥1∥ = 1,

(iii) ∥a∥ = ∥a∗∥ for all elements a.

Exercise 12. Let an be nonnegative real numbers with an+m ⩽ anam for all n,m.
Prove that the sequence (a1/nn )n∈N converges to infn∈Na

1/n
n .

Exercise 13. Let A0 and A1 be the algebras of all complex 2 × 2-matrices of the
form (

α 0
0 β

)
and

(
α β
0 α

)
,

respectively. Prove that every two-dimensional complex unital algebra A is iso-
morphic to one of these, and that A0, A1 are not isomorphic. Hint: Show that A
has a basis {1, a} in which a2 = λ1 for some λ ∈ C. Distinguish between the cases
λ = 0, λ ̸= 0.

Exercise 14. Showthat there exists a three-dimensional noncommutativeBanach
algebra.

Exercise 15. Showthat every invertible elementa in aC∗-algebraA canbewritten
as a = up with some unitary element u and some positive invertible element p
with ∥p∥ = ∥a∥.

Exercise 16. Let Γ be a group and consider the group ∗-algebraA = CΓ.
(i) Show that

∥a∥ := inf{r ⩾ 0 | r2 − a∗a ∈
∑

A2}

is a norm onA, fulfilling theC∗-identity.
(ii) Show that the GNS construction, applied to the stateφ2 fromExample 1.3.5,
gives rise to an injective ∗-representation ofA.
(iii) Show that the operator norm induced onA by the representation from (ii)
is smaller or equal to the norm from (i).
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Exercise 17. Compute and compare the two (potentially different) C∗-algebras
arising from Exercise 16 (i) and (ii) for the group Γ = Zn.

Exercise 18. LetX be a compact Hausdorff space. Show that there is a bijection
between closed subsets ofX and closed ideals in C(X).

Exercise 19. LetA be a Banach algebra with an involution which satisfies

∥a∥2 ⩽ ∥a∗a∥

for all a ∈ A. Show thatA is aC∗-algebra.

Exercise 20. Show that every element in aC∗-algebra can be written as

a = a1 − a2 + ia3 − ia4

with positive elements ai and ∥ai∥ ⩽ ∥a∥.

Exercise 21. Let Lij ∈ B(H) be bounded operators on a Hilbert space, for i, j =
1, . . . , s.Showthat theoperatorLonHs definedby thematrix (Lij)i,j ∈ Mats(B(H))
is bounded with

∥L∥2op ⩽
∑
i,j

∥Lij∥2op

Exercise 22 (SpectralMappingTheorem). Let a be a self-adjoint element of aC∗-
algebra and let f ∈ C(σ(a)). Show that the spectrum of f(a) is f(σ(a)).

Exercise 23. ProveMats(B(H)) ∼= B(Hs).

Exercise 24. LetA be aC∗-algebra. Prove that the map

tr : Mats(A) → A

(aij)i,j 7→
∑
i

aii

is completely positive.

Exercise 25. Show that every element in an operator system can be written as

s = s1 − s2 + is3 − is4

with positive elements si and ∥si∥ ⩽ 2∥s∥.
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Exercise 26. Show that every face ofMatt(C)+ is isomorphic toMatt′(C)+ for
some t′ ⩽ t.More explicitly, after conjugation with a suitable invertible matrix,
the face contains all matrices of the form(

P 0
0 0

)
with P ∈ Matt′(C)+.

Exercise 27. Let σ ∈ Cd ⊗ Ce be a pure state (in vector notation). Show that σ is
entangled (whichwe have only defined inmatrix notation) if and only if the tensor
rank of σ is one, i.e. if σ = x⊗ y ∈ Cd ⊗ Ce is an elementary tensor.
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