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ON THE POSITIVE SEMIDEFINITE POLYTOPE RANK - INTRODUCTION

1 Introduction

Note that this bachelor thesis largely follows [2].

If you want to do linear optimization over a polytope, the complexity of many al-
gorithms depends on the size of the representation of the polytope. So, if you have
a (complicated) polytope, the idea is to find a simpler convex set of higher dimension
which has the polytope as a linear image of it and then optimize over that instead. This
motivates following definition:

Definition 1.1.

Let P C R™ be a polytope. For a closed convex cone C C R™ and an affine space
L CR™, CNLis called a C-lift of P, if there exists a linear map 7 : R™ — R" such
that P =n(C' N L).

In this bachelor thesis, we will be interested in the cases C' = Rﬁ = {z € R* |
x1 > 0,...,2, > 0} and especially C' = S_’ﬁ = {M € R¥** | M symmetric, positive
semidefinite}. Note that Ri embeds into Sﬁ via diagonal matrices.

Now one is interested in finding the smallest cone in the families {R%} and {S¥}, re-
spectively, which allows a lift of a polytope P:

Definition 1.2.
Let P C R"™ be a polytope.

(1) The nonnegative rank of a polytope is given by rank, (P) := min({k € N | P has
RE -1ift}).

(2) The positive semidefinite (psd) rank of a polytope is given by rankp(P) =
min({k € N | P has S*-lift}).

In order to investigate the properties of the psd rank of a polytope, the following
definitions are also needed:

Definition 1.3.

Let P C R™ be a n-dimensional polytope with vertex set {p1,...,p,} and irredundant
inequality representation P = {z € R" | by — (a1,x) > 0,...,by — (ay,x) > 0}, where
bjcRand a; € R" for j=1,...,f.

Then the slack matriz Sp € RV*/ is given by (Sp)ij = bj — {a;, pi).

Short reminder: the polar dual of a cone C' is given by

C°:={yeR"|(z,y) >0 Vz e C}.

Note that both S_]ﬁ and Ri are self dual cones, i.e. C' = C°. For symmetric matrices
A, B we will use the trace inner product (A, B) = Tr(AB).

Definition 1.4.
Let M € RE*? be a nonnegative matrix and C a closed convex cone with its polar dual
Ce.
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(1) A pair of ordered sets a',...,a? € C and b',...,b? € C° is called C-factorisation
of M, if M;; = (a*,b/) foralli=1,...,pand j =1,...,q.

(2) For C = Sfﬁ (respectively, Rﬁ), a C-factorisation of M is called a psd (respectively,
nonnegative) factorisation of M.

(3) rankpsq M := min({k € N | M has S}-factorisation}) denotes the psd rank of M.
ranky M := min({k € N | M has RE factorisation}) denotes the nonnegative rank
of M.

Note that in Definition any positive scaling of a facet inequality of P can be used
and therefore, if you positively scale the columns of a slack matrix Sp of P, you get a
slack matrix of P again. In the following, any such slack matrix is denoted by Sp.

Remark 1.5.
These are some results we will use:

e rankpyq P = rankyeq Sp and rank; P = ranky Sp. [1], [4]
e rank; P and rankps P are invariant under affine transformations.

e If P° is the polar polytope of P and Sp a slack matrix of P, then S}, is (up to row
scaling) a slack matrix of P° and therefore, rankpsq P = rankpsq P°.

e Since ]Rf“F embeds into S ﬁ via diagonal matrices it follows rankpsq M < ranky M for
M € RE*?. Together with the first statement of this remark this yields rankpeq P <
rank; P for any polytope P C R™.

Proof. e We prove that rank, P = rank; Sp. rank,sq P = rankpsq Sp can be proven
similarly.
(1) ranky P > ranky Sp:

Let P={z eR"|1—-{(c1,2) >0,...,1 —(cg,xz) > 0} C R™ be a fulldimen-
sional polytope with vertices pi,...,p, and ranky P = k. Then there exists
a linear map 7 : R*¥ — R™ such that P = m(R% N L), where L is an affine
subspace. Suppose that L = z+ Lo, where Ly is a linear subspace. Then P is
given by P={z € R" | 2 = 7(w),w € RE N (2 + Lo)}.
Let 7* : R® — R* be the adjoint of 7 and assume that R N Ly = {0} (we
may do so, because P is bounded). Then, by strong conic duality:

PP ={zeR"|y—n*(z) e RY y € Ly, (y,2) = 1}

Since y € Lg, we have (w;,y) = 1 for any w; € Lo+2z = L. Now define a’ := w;

and b 1=y — 7*(c;), where w; € 7 1(p;) NRE and y € Lg N (RE + 7%(¢;))

with (y,z) = 1. Such w; and y do exist and we get

(Sp)ij =1 —{cjpi) = 1= {¢jym(wi)) = 1 — (7" (¢j), wi) = 1 = (wy,y = V) =
=1—1+4 (w;, ) = (a', ).

Asa' e Ri and v € R¥ | we have rank, Sp < k = rank, P.

DavID TRIEB 3



ON THE POSITIVE SEMIDEFINITE POLYTOPE RANK - INTRODUCTION

(2) rank; P < ranky Sp:
Let P be a polytope as above. Assume that rank+ Sp = k. Then there exist
al,...,a",b',...,b/ € RE such that (Sp)ij = (a’,b'). Define

L:={(x,y) € R" x R* | 1—<x,ci>:<y,bj>,j:1,...,f}.

Let L;, C RF denote the projection onto the second coordinate of L. Note
that o € RE N Ly and 0 ¢ Ly (0 € Ly = Jz : 1 — (z,¢;) = 0 for all
i=1,...,f = P°is contained in the hyperplane {y | (z,y) = 1}, which is a
contradiction, because 0 € P°).

For all # € R™ for which there exist y € R% such that (z,y)
1—(x,¢) 20,izl,...,f:>1—<x,y>20Vy6P°:>3:E(P
Claim: Vy € RE N Ly, : 3z, € R : (zy,y) € L.

Proof of claim: The existence follows from the definition of Lj. Now let z,
and zj, be two such points. Since (zy,y), (z3,,y) € L, we get 1 — (zy,¢;) =
1 — (@, ¢i) = (y,b’), and thus we obtain for ¢ € R:

€ L we have
)°=P.

L=ty + (1= )z, ) = 1= oy, ) — (2}, i) + 1z ) = (9,67,

e., (tzy + (1 —t)xy,y) € L, which means that the line through z, and x; is
contained in P, which is a contradiction, unless x, = :c;
Therefore, the map Rﬁ NLp = R" : y — z, is well-defined. As this map is
affine and 0 ¢ Ly, we may extend it to a linear map 7 : R¥ — R™. We have
already proven W(R’jﬂLk) C P above. Sinceforalli=1,...,v,a' € RﬁﬂLk,
it follows p; = m(a’) € m(R% N Ly) and because P is the convex hull of
its vertices and 7(RX N Ly) is convex, we obtain C' C m(R¥ N Lg). Thus
C = n(R% N Ly) and we found a RE-lift of P. Hence, rank; P < rank; Sp.

e Let P C R" be a n-dimensional polytope with rank,s P = k. Then there exists
a linear map 7 : S¥ — R" such that P = 7(S} N L), where L C S¥ is an
affine subspace. Let w1 : R™ — R™ be an affine transformation. Then m (P) = z +
mo(m(S¥ NL)) for some z € R™ and a linear function mo. As the composition mor is
also linear, this means that the polytope 71 (P)—z has a S¥-lift. Since 71 (P)—2 can
be mapped to P via another affine transformation, it follows rankpsq 71 (P) —2z = k.

From the first statement of the remark, we know that rankpeq 71 (P) — 2 =

= rankpsq Sy, (p)—.- Now m1(P) —z has the same slack matrix as 71 (P) (see Lemma
below) and we get k = ranksq 71 (P) — 2 = rankpsq Sr, (p)—z = rankpsd Sy, (p) =
rankpsq m1(P).

The proof for rank, P works analogously.
O]

Lemma 1.6.
Let P C R™ be a polytope with vertices pi,...,p, and inequality representation P = {x €
R™ | by — (a1,2) >0,...,by — (ap,x) > 0}, and let z € R™. Then Sp = Sp4..
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Proof. The polytope P + z has vertices p1 + z,...,p, + z and it holds P+ z = {z €
R"™ | by — (a1,x) + (a1,2) > 0,...,bf — (af,x) + (af,z) > 0}. Therefore, we obtain

(Sp+2)ij = bj = (aj, pi + 2) + (a5, 2) = bj — {a;, pi) — (a5, 2) + (a5, 2) = (Sp)ij- O
The following proposition compares psd rank with usual rank:

Proposition 1.7.
[5] Let M € RE*?. Then

1 1
5 V1 +8rank M — o < rankpsq M < min({p, ¢})-

Proof. (1) Let rankpsg M = k and assume that Al,... AP, B! ... BY give an
Sﬂfr—factorisation of M. For N € Sﬁ define

vec(N) := (N11,N22,---,Nkk7\/§N12,\@N137-~-,\/§N1k7
\/§N237 sy \/§N2k;a sy \/§N347 R \/iN(k—l)k)

(k+1)
Then vec(N) € R\ 2 / and

(vec(AY), vec(BY)) ZA Bl]l +2 Z Z A Bl =

m=1n=m+1
k

m=1n=1

Al =Tr(A'BY) = (A", BY) = Mj;.

mn mn

Mw

Thus rank M < (kH) and it follows

(k+ 1)k —1+ 14 8rank M

— 0<k’+k—2rank M = k > 5

rank M <

(2) Let e; denote the jth standard unit vector. Since (diag(M;—),diag(e;)) =
= Tr (diag(M;—) - diag(e;)) = (M;—,e;) = M;j, there exists an S1-factorisation of
M. Similarly, one gets a S -factorisation of M.
O

2 Hadamard square roots

In this section we will use Hadamard square roots to study the psd rank of nonnegative
matrices.

Definition 2.1.
Any matrix whose (1, j)-entry is a square root of the (7, j)-entry of M is called a Hadamard
square root of M and is denoted by v/M. In particular, let ¥/M be the all-nonnegative
Hadamard square root of M.

The square root rank of M is defined as rank , M := min({rank VMY).
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Proposition 2.2.
Let M € Rﬁxq be a nonnegative matriz. Then rankpsg M < rank\/ M.

Proof. If /M is a Hadamard square root of M of rank r, then there exist vectors
ai,...,ap and by,...,b; € R" such that (VM).. = (a;, b;). We obtain

2

T 2 T T
Myj = {ai, bj)* = (a]b;)* = (Z aikbjk> = Zzaikailbjkbﬂ =
k=1

k=1 1=1
2 2 b, b
az;y a;1Qi2 - Qi1 Q4 bjl bjibja -+ bjibjr
2 2
ait@iz @i GG | | bjibja by oo bjobyr
=Tr . . . . . . . . =
- O 2 bi1bin biobi. .- b2
A1 Qi Q2050 Qi 105r  05205p v
_ T BT — o nT BT
=Tr (alai b]bj) = <a1ai,b]bj>
and thus get a S’ -factorisation of M. Hence, rankpsq M < 7. ]

Example 2.3.
This simple example shows that the upper bound in can be strict:

111
Consider M := [ 1 0 1. It holds rank M = rank \/M = 3, but rankpsq M = 2, as
01 1

the follwing S_%—factorisation of M shows:

L (05 =05\ o (05 0\ 5 [0 0
A= <—0.5 1 >’A '_(o o)’A —\0 1)
(2 0\ ., [0 0\ .5 (21

B = (0 0),3 - (O 1),3 - <1 1).

One can easily check that M;; = (A%, B7).

Lemma 2.4.
k= rank\/M 15 the smallest k that admits a Sﬂfr— factorisation for M € Rﬂxq where all
factors have rank one.

Proof. (1) If k = rank M, then there exists a Hadamard square root v'M of M such

that rank v M = k and the proof of proposition gives a Sfr—factorisation of M
where all factors have rank one.

(2) k= rank ,M:
Let aja],...,apa) € S and bib], ..., b,b] € SK be a S¥-factorisation of M with
rank one factors. Then M;; = (a;a],b;0]) = (a;,b;)* and the matrix VM with

(3
(\/ M) = (a;, bj) is a Hadamard square root of M with rank v M < k.
ij

O]
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Next, we show a method to increase the psd rank of a matrix by one.

Proposition 2.5.
Let M € RE*? with rankpsa M = k,w € RL, o > 0 and M’ := (M 0),

w o«

Then rankpsq M’ = k + 1. Furthermore, in any Si“—factorisation of M’, the factor
associated to the last column of M’ is of rank one.

Proof. (1) First, we show that rankpeq M’ cannot be smaller than k + 1:

Assume that there is a S_]ﬁ—factorisation of M’ with factors A;,..., A, A € S_]ﬁ
associated to its rows and Bi,...,By, B € Sﬁ associated to its columns. From
(A;B) = o # 0 we get A # 0 # B. Let r = rank B > 0. Then there exists
an orthogonal matrix U such that U~!BU = diag(\1,..., A, 0,...,0) =: D, where
A1, ..., A\ are the positive eigenvalues of B. Let A} := U 1A,U € S_’f_ YVi=1,...,p.
Then Vi=1,...,p:

(D, Al = (U'BU, U 'A,U) = Tr (U 'BA;U) = Tr(BA;) = (B, A;) = 0.

Because the diagonal entries of A] are nonnegative and those of D positive, the first
r diagonal entries of A, must be zero, since Tr(DA}) = 0. Since A/ is psd, it follows
that the first 7 rows and columns of A} are all zero (if this were not the case, there
would be at least one negative eigenvalue of A%). For B;- =U"'B;U,j=1,...,q
we have

(A}, Bj) = Te(U ' AUU ' B;U) = Tr(U ' A;B;U) = Tr(A; By) = (A;, Bj) = M,

Vi=1,...,pand j = 1,...,¢. Since A only has nonzero entries in its bottom
right (k — ) x (k — r)-block, it follows that M;; = (A;, B;), where A; and B; are
the bottom right (k —r) x (k — r)-submatrices of A} and B’ respectively. Now we

have found a Sﬁ_r—factorisation of M which is a contradiction to rank,sq M = k.
Therefore, rankpsg M’ > k + 1.

If Ay,...,A,,By,...,B; € Sﬁ is an Sﬁ—factorisation of M, then AY,..., A}, A,
By,...,B,, B ¢ Sf_“ is an S_]frl—factorisation of M’ where

;o A; O ;o Bj 0 ;{0 O ;. (0 O
Ai._(o 0) %= w, A= 1) B =g o)

This proofs that rankpsq M’ =k + 1.

Now let B be the matrix associated to the last column of M’ in a S_’ﬁ“—factorisation
of M'. Since a > 0, B # 0. So, let r = rank B > 0. By applying the same
arguments as above, we get a S_lfrl_r—factorisation of M. Because of rankpsq M = k
and r > 0, » = rank B must be one.

O
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Example 2.6.
If M e R}*" is a diagonal matrix with positive entries, then rankpsq M = n. Further-
more, each factor of any S%-factorisation of M is of rank one.

Proof. The proof is by induction on n. For n = 1, the first statement is trivially true. If
rankpsq M = n for a diagonal matrix M € R’*" with positive entries, then rankyeq M’ =

n + 1, where M’ = <]\04 and a > 0 by Proposition [2.50 That each factor of a
8" -factorisation of M must have rank one follows from the second part of Proposition
applied to M and MT. O

3 Psd ranks of polytopes

For this section, let P C R™ be a n-dimensional polytope.

Lemma 3.1.
rank Sp =n + 1.

Proof. If the vertices of P are p1,...,p, and P = {z € R" | by — (a1,2) > 0,...,bf —
(ay,x) > 0} is an irredundant inequality representation, then (Sp);; = b; — (a;, p;) and

1 p]
T by - by
1 p}

Call the first factor F' and the second one G.

Since P is a n-dimensional polytope, there exist n—+ 1 vertices of P such that no vertex
lies in the linear span of the other n vertices, implying that rank ¥ > n 4+ 1 and thus,
because F € R+ rank F = n + 1.

Now assume that rank G < n. Then there exists a nonzero ¢ € R™! such that
TG = (0,...,0). If ¢; # 0, then normalise ¢ such that ¢; = 1 and set ¢ := (c2, ..., ¢cne1)7-
Then, for all j: b; — (a;,c) = 0, implying that ¢’ lies on every facet of P, which is a
contradiction. If ¢; = 0, it follows (aj,¢’) = 0 (¢’ as above) for all j = 1,..., f. This
means that ¢ (as a vector) is parallel to every facet of P, which is a contradiction, since
P is fulldimensional. Thus, rank G =n + 1.

As both factors have rank n + 1, it also holds rank Sp = n + 1. O

Proposition 3.2.
rankpeq P > n + 1. If equality holds, every Si“—factorisation of Sp has only rank one
factors.

Proof. The proof is by induction on the dimension n. For n = 1, P is a line segment
with vertices p1,pe and facets fi, fo, where p; = fo and p2 = f1. Because of (Sp)12 =
by — aip2 = by — a1 fi = 0, and, analogously, (Sp)21 = 0, the slack matrix Sp of
P is a 2 x 2 diagonal matrix with positive entries. From Example we get that
rank,sq P = rankpsq Sp = 2 and any S_%—factorisation only uses rank one factors.
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Now suppose the first statement holds up to dimension n — 1. Let P C R" be a full-
dimensional polytope. Let F be a facet of P with vertices p1,...,ps and facets fi,..., fi
and slack matrix Sp. Assume that f; corresponds to the facet Fj of P for j =1,...,t.
Then, by induction hypothesis, rank,sq F° > n. Suppose that, if p ¢ F' is a vertex of P,
the top left (s + 1) x (¢t + 1) submatrix of Sp is indexed by pi,...,ps,p in the rows and
Fy,...,F;, F in the columns. We will call that submatrix S%. S% has the form

! SF 0
se= (% 7).
where « > 0. From Proposition we get that rankpsq Sp > rankpsg S > n + 1.

If rankpsq P = n + 1, then there exists a Sﬁ“—factorisation of Sp, and therefore of
S%. By Proposition the factor corresponding to the facet F' must be of rank one.
Applying this argumentation to all facets F' of P, it follows that all factors indexed by
the facets of P have rank one. Recall that S}, is, up to row scaling, a slack matrix of the
polar dual polytope P° and therefore, all factors corresponding to the vertices of P also
have rank one. O

Corollary 3.3.

If a facet of a polytope P has psd rank k, then rankpsq P > k + 1. Especially, iof P C R"
is a n-dimensional polytope with psd rank n+ 1, then, for every i-dimensional face F' of
P, rankpeq F' =@+ 1. ]

Theorem 3.4.
rankpsqg P =n + 1 1f and only if rank ,Sp =n + 1.

Proof. By remarkrankpsd P = rankpeq Sp. If rank\/ Sp = n+1, then, by Proposition
rankpsq P = rankpq Sp < rank\/ Sp = n+ 1 and rankpeq P > n + 1 (Proposition
3.2)) implies rankpsq = n + 1.

On the other hand, if rankpsq P = n + 1, then there exists a Sﬁ“—factorisation of Sp,
whose factors are by Proposition all of rank one. By Lemma , rank\/ Sp>n+1.
Since rankpgq Sp < rank\/ Sp, ran \/Sp =n+1. O]

Example 3.5.
Consider the pentagon P with vertices

p1=1(0,0),p2 = (1,0),p3 = (2,1),ps = (1,2),p5 = (0,1)
and inequality representation

P{ ()= -{(5)- ) zer-{(4) )
={0)- 0z =((0)-G))=0~((0) G)) =2}
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Then we obtain the slack matrix

04 12 4 0
00 8 8 2
Sp=120 0 8 4
48 0 0 2
2 8 8 00

(the inequalities have been multiplied by 2, 4, 4, 4, and 2, respectively). Theorem
will show that the psd rank of P is at least four. Due to the following Sjlr—factorisation
of P we have rankpsq P = 4:

It holds (Sp);; = (A%, BY) with A’ BJ as follows:

3 0 0 O 1 -1 0 0 1 0O 0 -1
0 1 1 -1 -1 1 0 0 0 1 -1 0
1. 2. 3.
A= 0 1 1 -1 A= o o0 1 -1 A= 0 -1 1 0|’
0 -1 -1 1 0 0 -1 1 -1 0 O 1
1100 1 0 01
1100 0110
4. 5
AT= 0 011 A= 0110}’
0 011 1 0 01
0000 11 11 1 -1 -1 1
0 00O 1 111 -1 1 1 -1
1. 2. _ 3.
B = 0 011 B = 1111 B = -1 1 1 =1
0 011 1111 1 -1 -1 1
1 -1 1 -1 0 0 0 0
-1 1 -1 1 0 1 -1 0
4 5.
B = 1 -1 1 -1 B = 0 -1 1 0
-1 1 -1 1 0 0 0 0

Now let us look at rank\/ Sp. Let

S >0 o9
O oo a T

0

0
S=1gyg
J
m

SO0 O
O ~ = O

Then there exists a Hadamard square root of Sp with rank < 4 if and only if there exists
a solution to this system of equations:

det(S) =0,a®> =4,b* =12,2 =4,...,0° = 8.

Using a computer one can easily check that this system of equations has no solution and
it follows rank ,Sp = 5.

Thus, the psd rank of a polytope may be smaller than the square root rank of its slack
matrix.
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Example 3.6.
Consider a pentagonal pyramid PP C R? with the pentagon P from Example as the
base. The vertices of PP are

0 1 2 1 0 1
b1 = 0 y D2 = 0 yP3 = 1 yP4 = 2 ,P5 = 1 yP6 = 1
0 0 0 0 0 1

and it holds

PP ={(z,y,2) eR®|y—2>0,1—a+y—2>0,3—2—y—2>0,
l+x—y—2>0,x—2>0,2>0}.

Since P is a facet of PP and rank,sq P = 4 (see above), we get from Corollary that
rank,sqg PP > 5. A slack matrix of PP is given by

0 4 12 4 0 O
00 8 820
Spp = 2 0 0 8 40
48 0 0 20
28 8 000
00 0 00 2

The top left 5 x 5 submatrix of Spp is equal to Sp and thus, by Proposition [2.5
rankpsd PP = rankpsd Spp =5.

Example 3.7.
Let H C R? be a regular hexagon with vertices

1 -1 -1 1

_ (1! [ 2 B ) _ (-1 _ 2 _ 2
b1 = 2= 13 ):P3=| 3] :P4= Ps = | _3|:P6 = | 3
0 5 M= 0 == =3

(e (2. (=02 () 0
DOl O

= {(aa) () =02 {(ava) - () =0}

The slack matrix Sg of H is then given by

[\

aa

0 24420
0 0 2 4 4 2
Sy = 2 00 2 4 4
4 2 0 0 2 4
4 4 2 00 2
2 44 2 00
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It holds rank {/Sy = 5, while the following Hadamard square root of H has rank four:
0 V2 2 2 V2 0
0 0 V2 2 2 V2
V2 0 0 V2 2 2
-2 —V2 0 0 V2 2
2 -2 V2 0 0 V2
V2.2 -2 V2 0 o0

This example shows that it is not enough to compute rank 3/Sp in order to get
rank , Sp.

Example 3.8.

Let H be as in Example [3.7] In Proposition [3.2) and Theorem [3.4 we have shown that if
P is an n-dimensional polytope with rankpsq P = n + 1, then rankpsq P = rank , P and
all S_’ﬁ“—factorisations of Sp have only rank one factors.

From Theorem we have that rank,sq H > 4, hence we get from Theorem that
the square root rank of Sy is at least four and since we have seen a Hadamard square
root of Sy of rank four in the example above, it holds rank , Sy = 4. We also get
from Theorem that rank,sq H > 4 and the following Sf‘;—factorisation proofs that
rankpsq H = 4:

1 -1 0 1 1 0 0 O 1110
-1 1 0 -1 0 1 1 -1 1110
1._ 2 ._ 3.

A= 0 0 1 0 A= 0 1 1 -1 A 1 1.1 0}
1 -1 0 1 0 -1 -1 1 0 0 01
1101 1 0 0 O 1 -1 1 0
1101 0o 1 -1 1 -1 1 -1 0

4, 5 6

ATi= 0 010 A% = 0 -1 1 -1 AT = 1 -1 1 0}’

1101 0o 1 -1 1 0 0 1
1100 0 000 0 0 0 0
1100 01 01 0 1 -1 0

1. 2. 3.

B = 0000 B = 0 000 B = 0 -1 1 0}’
0 00O 0101 0 0 0 O
1 -1 00 0 0 0 O 0 00O
-1 1 00 0 1 0 -1 0110

4. 5 6

B = 0 0 00 B = 0 0 0 O B = 01 1 0]

0 0 00 0 -1 0 1 0 00O

Note that rank A* =2 for all i =1,...,6.

Thus, there can be Sfmkmd P_tactorisations of a slack matrix S p of a polytope P, where
there are factors with rank greater than one even if rankpsq P = rank, , P.
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4 Polytopes of minimum psd rank

For a n-dimensional polytope P C R", rank; P > n + 1 and the only n-dimensional
polytopes that achieve the lower bound of n+ 1 are simplices. In this section, we will see
that there are several classes of polytopes that achieve the minimum psd rank of n + 1.

Definition 4.1.
A full fulldimensional polytope P C R™ is called 2-level if its slack matrixes entries are
all 0 or 1.

Remark 4.2.

A polytope P is 2-level if and only if for every facet F' of P, all vertices of P lie on the
union of the facet F' and one hyperplane parallel to the hyperplane containing F'. For
example, any n-dimensional cube is 2-level.

Corollary 4.3.
If P is a n-dimensional 2-level polytope, then rankpsq P = n + 1 and every Si“—
factorisation of P only has factors of rank one.

Proof. Let Sp be a slack matrix of a n-dimensional 2-level polytope P. We have
rank ,Sp <rank \/Sp = rank Sp = n+1 and therefore, by Proposition , rank,sq Sp <
rank ,Sp < n+1 and thus rankpsq P = rank,sq Sp = n+1. The second statement follows
from Proposition [3.2] O

Theorem 4.4.
For any fulldimensional polytope P C R™ with n + 2 vertices we have rankpgq P =n + 1.

Proof. Let P be a polytope with n + 2 vertices and f facets. Then Sp € IR{S:”Q)Xf

and rank Sp = n + 1. Since rank Sp = n + 1, there exist a; € R (not all of them
equal to zero) such that Y772 a;(Sp);- = (0,...,0). Because every vertex lies on at
least n different facets, each column of Sp has at least n zeros. Thus, considering
above equation componentwise, we have that for all j = 1,..., f there exist i1,i0 €
{1,...,n + 2} such that a;, (Sp)i,; + ai,(Sp)iy; = 0. Now let b; := sgn(a;)\/|a;|. Then
bis\/(SP)irj + bis\/(Sp)i,; = 0. Since this is true for all components, we get that
S biy/(Sp)i— = (0,...,0) and thus rank {/Sp = n + 1 = rank ,Sp. This together
with Theorem proves the statement. O

Theorem 4.5.
Let P C R? be a 2-dimensional polytope. Then rankpsq P = 3 <= P has at most four
vertices.

Proof. "<": Follows from [£.4]

"= Let P C R? be a polytope with at least 5 vertices. Since the psd rank is
invariant under affine transformations we can assume that two facets of P are given
by fi = {(z,y) € R? | 2 > 0} and fo = {(z,y) € R? | y > 0} with vertices v; =
(0,0), v2 = (0,1) and vs = (1,0). Furthermore, let v4 = (a,b) and vs = (¢, d) be the
vertices sharing an edge with (0,1) and (1,0), respectively. These two edges are given
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by fs = {(z,y) € R?* |y < *Tro+ 1} = {(z,y) € R? | a+ (b— 1o —ay > 0} and

fi={(z,y) eR? |y > ;L (z - 1)} = {(x,y) € R? | (¢ = 1)y — d(z — 1) > 0}. Then, the
5 x 4 submatrix S% of Sp indexed by these vertices and facets is given by

00 a d

0 1 0 c—1+d
Sp=11 0 a+b—-1 0

a b 0 cb—b—da+d

c d bc—c—ad+a 0

We now show that rank v Sp > 4. Theorem then yields rankpsq P > 3, which proves
the statement.

It is enough to show that any Hadamard square root H of the top left 4 x 4 submatrix
of S’ has rank four. Assume that

0 0 +va +Vd

0 =41 0 +Ve—1+d
+1 0 +Va+b—1 0
+a +Vb 0 +v/cb—b—da+d

has rank three. It is obvious that the first three rows are independent, hence we can
write the fourth row as a linear combination of the first three and it must hold

Hy = ++vaHs;_ +VbHs_ FVa+b— 1H,_ =
- (i\/a,i\/l?,o,:p\/d(a Tb-1)+/bdtc— 1)) .

Let a:=b(d+c—1) and 8:=d(a+b—1). Thus
Hu=+Veb—b—datd=+\a—pB=+V/aF /b,

and this impliesa = > bc—b=da —d — a—fl = %. Hence, the slopes of the lines

between (a,b) and (1,0), and (¢,d) and (1,0) are the same, meaning that (a,b), (c,d)
and (1,0) are collinear and cannot be all vertices, except when (a,b) = (¢, d). O

H:

Lemma 4.6.
Let P C R? be a fulldimensional polytope with psd rank four and p be a vertex of P of
degree four. Then the four faces incident to p are all triangles.

Proof. Assume that one of the four faces is not a triangle. By Corollary B.3] this face
has psd rank 3 and hence, by Theorem it is a quadrilateral. Thus, P contains the
configuration

b1 fs D5
NN
i @ fi (P4

P2 f2 p3
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where pi,...,ps are vertices of P. According to Lemma .1 rankSp = 4. Since
rank,sq P = 4, by Theorem there exists a Hadamard square root /Sp of Sp of
rank four. Let fi, fo, f3 and fy be the faces of P containing the vertices p,p1, po;
P, p2,P3; P, p1, s and p, p3, p4, ps, respectively and M be the 5 x 4 - submatrix of \/Sp
indexed by p, p1, p2, p3, p4 in the rows and f1, fo, f3, f4 in the columns. Then, by scaling
the columns of Sp accordingly, it holds

0 00O
01 01
M=10 01 al,
10 6 0
c d e 0

where a, b, ¢, d,e > 0. Since the four rows of v/Sp (and Sp) corresponding to the first four
rows of M are clearly independent, we can write the row of v/Sp (and Sp) corresponding
to the fifth row of M as a linear combination of the other four. This yields the conditions
d+ae = abc (for \/Sp) and d? +a%e? = a?b?c? (for Sp), implying d? +a?e? = d?> +a?e? +
2ade and thus ade = 0, which is a contradiction to a,b,c,d,e > 0. [

Definition 4.7.

Let §(P) denote the set of all faces of a polytope P. Two polytopes @ and @' are
called combinatorially equivalent, if there exists an isomorphism f : §F(Q) — §F(Q’) which
preserves the partial order given by inclusion.

Remark 4.8.

Roughly speaking, two polytopes that are combinatorially equivalent have the same
number of faces of each dimension arranged in the same way. For example, every
three-dimensional polytope with six two-dimensional quadrilateral faces is combinato-
rially equivalent to a cube.

Theorem 4.9.
A fulldimensional polytope P C R® with rankpsq P = 4 s combinatorially equivalent to
an octahedron, bisimplex, simplex, quadrilateral pyramid, triangular prism, or cube.

Proof. Let v, e, f be the number of vertices, edges, and faces of P, respectively. Further,
v = #{v | v vertex of P,degv = 3}, v, := #{v | v vertex of P,degv = 4}, f; :=
#{f | f triangular face of P} and f, := #{f | f quadrangular face of P}. By counting
the edges on each face, 2¢ = 3f; + 4f,, and thus (by considering P°), we also have
2e = 3v; + 4vy. Since v — e + f = 2 (Euler’s formula) and v = vy + vy, f = fi + fy, we
get 2e = 2uy + 2vg + 2 f; + 2f, — 4 and thus: v +4v, = 204 + 20, + 21 +2f; —4 = v =
2ft +2f4 — 4 — 2v4, and analogously, f; = 2v; +2v, — 4 — 2f,, from which we get that v;
and f; are even and vy + f; = 2v; + 2f; — 8 = vy + fi = 8. Therefore, the only polytopes
we have to consider are polytopes, where (v, f;) equals (0,8), (2,6), (4,4), (6,2) and
(8,0).

(1) (ve, fr) = (0,8): In this case, every vertex of P has degree four. From Lemma
we get that all faces of P must be triangular. An octahedron is the only polytope
in R3 that satisfies these conditions.
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(2)

(vi, ft) = (2,6): Here, there must be at least one vertex p of P of degree four, and
thus, by Lemma [£.6] P contains the following structure:

D1 \p/m
p2 /\Pa

(a)

Since v; = 2, at least two of the vertices p1, p2, p3, p4 have degree four. Now assume,
that two of those degree four vertices (let’s say, p1 and py) are adjacent. Then,
again by Lemma p1 and pe are contained in four faces which are triangles,
implying that p; and po each lie on two triangular faces not shown in the figure.
Since p; already shares a face with py, they can only share at most one of the four
extra triangular faces, meaning that there must be at least 7 triangular faces, which
is a contradiction to f; = 6.

Thus, only two out of p1, ps, p3, p4 have degree four and those two are nonadjacent.
Again, both lie on two extra triangular faces not shown in the figure, and because
of f; = 6, they must share both of them. Consequently, P is a bisimplex

(vt, fr) = (4,4): If vy = 0, then there are only four vertices in total and the polytope
must be a simplex. If v, > 0, then, by Lemma 4.6 P contains structure @ Since
ft = 4, p; must have degree three, : = 1,2, 3,4 (if one of the p;’s had the degree
four, then there would be too many triangular faces). Therefore, the polytope is a
quadrilateral pyramid.

(v, ft) = (6,2): Then, for the polar dual of P we have (v, f;) = (2,6), hence, the
polar dual of P is a bisimplex and thus, P is a combinatorial triangular prism.

(vg, fr) = (8,0): Again, for the polar dual of P: (v, fi) = (0,8). Thus P is the
polar dual of an octahedron, i.e. a cube.

O]
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