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Abstract

This thesis shows a non commutative analogue of the Hahn-Banach separation theorem
for matrix convex sets in infinite and finite dimensional vector spaces. The former case
will only be discussed briefly, giving an insight into the separation method of Effros and
Winkler. We then investigate the latter case and formulate and prove the statement for
matrix convex sets or matrix cones as simple as possible. The results to separate matrix
convex sets from a single point are used to give statements regarding free spectrahedral
cones or about the separation of two disjoint matrix convex sets.
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Introduction

1 Introduction

In classical convexity theory the Hahn-Banach separation theorem for closed convex sets
in locally convex vector spaces is in itself an interesting fact and forms a useful proof
argument for important statements in various fields of mathematics. In recent years free
analogues of algebraic geometry and functional analysis were developed, accompanied by
non-commutative notions of convexity, such as matrix convexity. Matrix convex sets are
collections K = (Kn)n of subsets of Hermitian n × n−matrices with entries in a locally
convex vector space V for all n ∈ N, conserving a refined convexity property. They
occur in different areas, especially in connection with free spectrahedra as solution sets
of free linear matrix inequalities [[1], [2], [3]]. However, this non-commutative convexity
theory was further extended with the aim to generalize basic results of classical convexity
theory to the setting of matrix convex sets [see for example [4], [5]]. For this Edward G.
Effros and Soren Winkler showed and used a non-commutative analogue of the Hahn-
Banach separation theorem, which also proves to be convenient in the non-commutative
theory. While in classical theory the separation of a closed convex set from a single
point is based on a continuous linear functional, in the non-commutative setting the
separation of a closed matrix convex set K = (Kn)n from a point v0 ∈ Hern(V )/Kn

becomes possible by a continuous ∗-linear mapping φ ∶ V →Mn with associated mapping
φr ∶ Mr(V ) → Mr(Mn) and corresponding Hermitian matrix a ∈ Hern(V ), in the sense
that φr ∣Kr

≤ Ir ⊗ a for all r ∈ N but φn(v0) ≰ In ⊗ a.
We investigate Effros' and Winkler's separation method for closed matrix convex sets
and start with the general case of infinite dimensional locally convex vector spaces in
chapter 2. Here we introduce some basic concepts and notations we are working with
throughout this thesis and give an overview of the proof. In chapter 3 we then go into
the case of finite dimensional real vector spaces and simplify the statement and proof
starting with matrix cones. Subsequently we shortly present free spectrahedral cones
and apply the result to show that every closed matrix cone equals the intersection of
all free spectrahedral cones containing it. Then we prove the separation statement for
general closed matrix convex sets by reducing it to the cone case. In chapter 4 we also
examine criteria for the separation of two disjoint matrix cones or matrix convex sets.
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2 Preliminaries

For a detailed insight into the case of infinite dimensional vector spaces we refer to [3],
[4] and especially [5]. Here we only want to give a short review in order to get the
idea of the proof. So for now let V be a complex vector space with involution ∗ and
Vh ∶= {v ∈ V ∶ v∗ = v} the real subspace of fixpoints. We write Mn =Mn,n =Mn,n(C) for
the C-algebra of complex n×n-matrices andMn(V ) =Mn,n(V ) for the corresponding vec-
tor space of n×n-matrices with entries in V and canonical involution [mi,j]∗i,j ∶= [m∗

j,i]i,j .
In order to define a matrix convex set in V , we consider for each n ∈ N the real sub-
space of Hermitian matrices Hern(V ) = Mn(V )h and subsets Kn ⊆ Hern(V ), such that
the collection K = (Kn)n is closed under unitary conjugation and forming of direct sums:

Definition 2.0.1.
The collection K = (Kn)n is a matrix convex set in V , if:

• ∀v ∈Kr, α ∈Mr,n with α∗α = In ∶ α∗vα ∈Kn,

• ∀v ∈Kn,w ∈Km ∶ v ⊕w ∈Kn+m.

If in addition α∗vα ∈Kn for any α ∈Mr,n, we say that K is a matrix cone in V .

For the separation theorem 2.0.2 below to apply, the matrix convex set K in V has to
be closed. So let V further be a locally convex vector space, or more generally, a vector
space with distinguished dual space. Then V is equipped with a topology or weak topol-
ogy that comes from the dual pairing. For simplicity we assume V to be locally convex
and say that K = (Kn)n in V is closed, if Kn ⊆ Hern(V ) is closed in the corresponding
product topology on Mn(V ) for every n ∈ N. We shall also write 0 ∈ K if 0 ∈ Kn for all
n ∈ N (or equivalently 0 ∈Kr for some r ∈ N).
Given two vector spaces V,W and a linear mapping ϕ ∶ V →W , we obtain for all n ∈ N
a linear mapping ϕn ∶ Mn(V ) → Mn(W ) by ϕn([vi,j]i,j) ∶= [ϕ(vi,j)]i,j . Now we can
formulate the separation statement:

Theorem 2.0.2.
Let K be a closed matrix convex set in a locally convex vector space V with 0 ∈K. Then
for any v0 ∈ Hern(V )/Kn there exists a continuous ∗-linear mapping φ ∶ V →Mn, such
that:

∀r ∈ N ∶ φr ∣Kr
≤ Ir×n ∧ φn(v0) ≰ In×n.
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In particular, for a closed matrix cone K in V and v0 ∈ Hern(V )/Kn there exists such a
mapping φ with:

∀r ∈ N ∶ φr ∣Kr
≤ 0 ∧ φn(v0) ≰ 0.

For the proof we shall need an auxiliary lemma providing a suitable state on Mn, and the
GNS-method to construct a corresponding ∗-representation π of Mn on a Hilbert space.
For that purpose we remember a linear functional p ∶ A→ C to be a state of a C∗-algebra
A, if it is positive and p(1) = 1. In the following we formulate these statements without
proof, which can be found in [5] or [6].

Lemma 2.0.3.
Given a matrix convex set K in V with 0 ∈ K and a ∗-linear function f ∶ Mn(V ) → C
with f ∣

Kn
≤ 1, there exists a state p ∶Mn → C such that:

∀v ∈Kr, α ∈Mr,n ∶ f(α∗vα) ≤ p(α∗α).

Theorem 2.0.4.
For a state p of a C∗-algebra A there is a ∗-representation π ∶ A → B(H) on a Hilbert
space H with e ∈H, such that for all a ∈ A:

p(a) = ⟨π(a)e, e⟩. (1)

Proof of theorem 2.0.2.
Since K is a closed matrix convex set containing the origin in V , we have that Kn ⊆
Hern(V ) is closed convex and contains 0. The classical Bipolar theorem guarantees the
existence of a continuous linear function f ∶ Hern(V ) → R with:

f ∣
Kn

≤ 1 < f(v0).

Now any matrix M ∈ Mn(V ) may be written as sum M = A + iB of matrices A,B ∈
Hern(V ). This determines a unique ∗-linear continuation F ∶Mn(V ) → C since F (M) =
F (A) + iF (B). The state p on Mn resulting from lemma 2.0.3 and the normalized trace
τ ∶Mn → C ∶ τ(m) ∶= tr(m) ⋅ n−1 are now used to define a faithful state q ∶= (1 − ε)p + ετ
on Mn. Here ε ∈ (0,1) can be chosen small enough to ensure the following inequalities
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for G ∶= (1 − ε)F and all v ∈Kr, α ∈Mr,n:

G(α∗vα) ≤ q(α∗α) ∧ G∣
Kn

≤ 1 < G(v0). (2)

These are later used to show the separation properties of φ. First, the GNS-construction
from q provides a ∗-representation π ∶Mn → B(H) of Mn on a finite dimensional Hilbert
space H with separating vector e ∈ H and property (1). Now for any a = (a1, . . . , an) ∈
M1,n we define the n × n matrix:

ã ∶=

⎛
⎜⎜⎜⎜⎜
⎝

a1 a2 ⋯ an

0 0 . . . 0
⋮ ⋮ ⋱ ⋮
0 0 . . . 0

⎞
⎟⎟⎟⎟⎟
⎠

∈Mn.

The corresponding subspace M̃1,n ∶= {ã ∶ a ∈ M1,n} ⊆ Mn determines the subspace
πM̃1,n

∶= {πã ∶= π(ã) ∶ ã ∈ M̃1,n} ⊆ B(H), which again determines the n-dimensional
subspace H0 ∶= {πã(e) ∶ πã ∈ πM̃1,n

} ⊆ H. By means of G for each v ∈ V a unique
sesquilinearform ⟨⋅∣⋅⟩v ∶H0 ×H0 → C is defined on H0:

⟨πã(e)∣πb̃(e)⟩v ∶= G(b∗va).

This determines a unique ∗-linear mapping φv ∶H0 →H0 by the condition:

⟨πã(e)∣πb̃(e)⟩v = ⟨φv(πã(e)), πb̃(e)⟩.

We obtain a continuous ∗-linear mapping φ ∶ V → B(H0) ∶ v ↦ φv, where B(H0) can
be identified with Mn. For arbitrary v ∈ Herr(V ) and α = (α⊺1 , . . . α⊺r)⊺ ∈ Mr,n we just
receive the suitable representation:

G(α∗vα) = ⟨φr(v)η, η⟩,

where η ∶= (πα̃1(e)⊺, . . . , πα̃r(e)⊺)⊺ ∈ Crn satisfies ⟨η, η⟩ = q(α∗α). Applying the estimates
(2) then yields for all v ∈Kr the desired separation property of φ:

∀η ∈ Cnr ∶ ⟨φr(v)η, η⟩ = G(α∗vα) ≤ q(α∗α) = ⟨η, η⟩.

For v0 we have instead that ⟨φn(v0)η0, η0⟩ = G(v0) > 1 = ⟨η0, η0⟩ and the proof is com-
plete.
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Given a matrix cone K in V , we have that α∗vα ∈ Kn for any v ∈ Kr, α ∈ Mr,n and
take advantage of the fact that Kn is a cone. Thus the corresponding linear functional
f on Hern(V ) resulting from the Bipolar theorem satisfies f ∣

Kn
≤ 0 < f(v0). So for

sufficient small ε ∈ (0,1) and the representation for G = (1 − ε)F we obtain:

⟨φr(v)η, η⟩ = G(α∗vα) ≤ 0 ∧ ⟨φr(v0)η0, η0⟩ = G(v0) > 0.

The theorem also applies to a general closed matrix convex set K that does not contain
0. If we fix an element v̂ ∈K1, the translation K̂ ∶= (Kn − v̂In)n is again a closed matrix
convex set in V containing 0. Theorem 2.0.2 provides a contiunous ∗-linear mapping φ
such that:

φr(v − v̂Ir) = φr(v) − φr(v̂Ir) ≤ Ir ⊗ In ⇔ φr(v) ≤ Ir ⊗ a,

with self-adjoint matrix a ∶= (In + φ(v)) ∈ Hern(V ). In the next chapter we consider
finite dimensional vector spaces and simplify the proof. The proof steps we make are
similar to those above, so some arguments will be clarified later.

3 Separation in finite dimensional vector spaces

Throughout the rest of this thesis, let V be a finite dimensional vector space (dim(V ) =
s ∈ N), which we assume to be real. The case of complex vector spaces can be shown
analogously. We want to state and prove theorem 2.0.2 as simple as possible avoiding
the use of lemma 2.0.3 and theorem 2.0.4. Therefore we start with some remarks and
simplifications that become possible through this special setup and consider matrix cones
first. Later we use our result to show the statement for general matrix convex sets by
extending them to matrix cones.

3.1 Separation for matrix cones

After fixing a basis in V we may identify it with the s-dimensional euclidean space Rs.
Now writing Mn =Mn,n(R), we have that Mn(V ) =Mn(Rs) =M s

n. Again we say that a
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matrix convex set K = (Kn)n in V is closed, if each Kn is closed in the euclidean topology
on M s

n = Rsn2 . However, K is now a collection of subsets Kn ⊆Mn(V )h = Syms
n satisfying

α⊺Krα ⊆ Kn and Kn ⊕Km ⊆ Kn+m for every α ∈ Mr,n with α⊺α = In and r, n,m ∈ N.
As in the infinite dimensional case the convexity of all sets Kn follows directly from
these properties, which can easily seen by writing an arbitrary convex combination with
elements v,w ∈Kn and λ ∈ [0,1] as:

λv + (1 − λ)w = (
√
λ ⋅ In,

√
1 − λ ⋅ In)(

∈K2n­
v ⊕w)

∈M2n,n

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(
√
λ ⋅ In,

√
1 − λ ⋅ In)⊺ ∈Kn.

For a matrix cone K = (Kn)n in V follows that all sets Kn are cones, since for any v ∈Kn

and λ ≥ 0 we have in addition that:

λv = (
√
λ ⋅ In)⊺v (

∈Mn³¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹µ√
λ ⋅ In) ∈Kn.

So given a closed matrix cone K = (Kn)n in V and v0 ∈ Syms
n/Kn, all requirements for

Kn are met in order to apply the Bipolar theorem 3.1.2, which is a simple consequence of
the classical Hahn-Banach separation theorem [7]. In this regard we recall the definition
of the bipolar of a set:

Definition 3.1.1.
For a real vector space V with algebraic dual space V ′ and subsets A ⊆ V,B ⊆ V ′ we
define:

• the polar A○ ∶= {f ∈ V ′ ∶ f ∣A ≤ 1} ⊆ V ′ of A,

• the prepolar ○B ∶= {v ∈ V ∶ f(v) ≤ 1,∀f ∈ B} ⊆ V of B,

• the bipolar ○(A○) ∶= {v ∈ V ∶ f(v) ≤ 1,∀f ∈ A○} ⊆ V of A.

Theorem 3.1.2 (classical Bipolar theorem).
For any subset M ⊆ Rn containing 0, the bipolar ○(M○) is given by:

○(M○) = conv(M).
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Theorem 3.1.3.
For a closed matrix cone K in V and v0 ∈ Syms

n/Kn, there exists a linear mapping
φ ∶ V → Symn such that:

∀r ∈ N ∶ φr ∣Kr
≤ 0 ∧ φn(v0) ≰ 0.

Proof.
We have already seen that given a closed matrix cone K in V , the set Kn is a closed
cone containing 0. Theorem 3.1.2 states that Kn = ○(K○

n) and thus v0 ∉ ○(K○
n). So there

must be a linear functional F ∶ Syms
n → R ∈ K○

n ⊆ (Syms
n)′ satisfying F ∣

Kn
≤ 1 < F (v0).

Since Kn is a cone, we even have that for all v ∈Kn and λ ≥ 0:

F (λv) = λF (v) ≤ 1⇔ F (v) ≤ 0. (3)

With the identifications above, elements v ∈ V or A ∈ Mn(V )h correspond to s−tuples
(v1, . . . , vs)⊺ ∈ Rs or (A1, . . . ,As)⊺ ∈ Syms

n. Further the euclidean vector space Syms
n

with standard scalar product ⟨⋅, ⋅⟩ can be identified with its dual space (Syms
n)′, using

the mapping Syms
n → (Syms

n)′ ∶ A↦ ⟨⋅,A⟩. This means for F , that there exists N ∈ Syms
n

with:

F (M) = ⟨M,N⟩ = ⟨(M1, . . . ,Ms)⊺, (N1, . . . ,Ns)⊺⟩ =
s

∑
k=1

⟨Mk,Nk⟩ =
s

∑
k=1

tr(MkNk).

Now we use N to define an obviously linear mapping φ ∶ V → Symn by:

φ(v) = φ((v1, . . . , vs)⊺) ∶=
s

∑
k=1

vkNk.

Any matrix α ∈Mr,n may be written as α = (α⊺1 , . . . , α⊺r)⊺ with matrices αi ∈M1,n for all
i ∈ {1, . . . , r}. So given v = [vi,j]i,j ∈ Syms

r, the matrix α⊺vα ∈ Syms
n corresponds to the

r2-fold sum:

α⊺vα =
r

∑
i=1

r

∑
j=1

α⊺i vi,jαj =
r

∑
i,j

α⊺i αjvi,j .

With this expression and using the mapping φ, we obtain for F :
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F (α⊺vα) = F (
r

∑
i,j

α⊺i αjvi,j) =
r

∑
i,j

F (α⊺i αjvi,j) =
r

∑
i,j

s

∑
k=1

tr((α⊺i αjvi,j)kNk) =

=
r

∑
i,j

s

∑
k=1

tr((α⊺i αj)(vi,j)kNk) =
r

∑
i,j

tr((α⊺i αj)
s

∑
k=1

(vi,j)kNk) =

=
r

∑
i,j

tr((α⊺i αj)φ(vi,j)) =
r

∑
i,j

tr(φ(vi,j)(α⊺i αj)⊺) =
r

∑
i,j

tr(φ(vi,j)α⊺jαi).

One can easily check that the trace of φ(vi,j)α⊺jαi equals the product αiφ(vi,j)α⊺j . This
further yields the following representation for F :

F (α⊺vα) =
r

∑
i=1

r

∑
j=1

αiφ(vi,j)α⊺j =
r

∑
j=1

α1φ(v1,j)α⊺j + . . . +
r

∑
j=1

αrφ(vr,j)α⊺j =

= (α1, . . . , αr)
⎛
⎜⎜⎜
⎝

∑rj=1 φ(v1,j)α⊺j
⋮

∑rj=1 φ(vr,j)α⊺j

⎞
⎟⎟⎟
⎠
= (α1, . . . , αr)[φ(vi,j)]i,j

⎛
⎜⎜⎜
⎝

α⊺1
⋮
α⊺r

⎞
⎟⎟⎟
⎠
= ⟨φr(v)η, η⟩,

where the vector η ∶= (α1, . . . , αr)⊺ ∈ Rrn is dependent of α. Because of α⊺vα ∈ Kn for
any v ∈Kr, α ∈Mr,n due to the property of the matrix cone K, the following inequality,
given by (3), holds for all η ∈ Rrn ∶

⟨φr(v)η, η⟩ = F (α⊺vα) ≤ 0 ⇔ η⊺φr(v)η ≤ 0.

This just means that φr(v) is negative semidefinite and since v ∈ Kr was arbitrary, we
have that φr ∣Kr

≤ 0 for all r ∈ R. In contrast, for v0 ∈ Syms
n/Kn and α = In with αi = e⊺i

for i ∈ {1, . . . , n}, we see that there is at least one vector η0 ∶= (e⊺1 , . . . , e⊺n)⊺ ∈ Rnr such
that:

⟨φn(v0)η0, η0⟩ = F (I⊺n v0 In) > 0 ⇔ η⊺0 φn(v0)η0 > 0.

Accordingly, φn(v0) can not be negative semidefinite.

Now we take a look at free spectrahedra, or more precisely, free spectrahedral cones.
These are important examples of closed matrix cones and we can apply theorem 3.1.3.
For a closer look into the theory of free spectrahedra, their properties and applications
see for example [1], [2] or [3].
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Definition 3.1.4.
Given n ∈ N and M = (M1, . . . ,Ms)⊺ ∈ Syms

n we define for every r ∈ N the set:

S(M)r ∶= {(A1, . . . ,As)⊺ ∈ Syms
r ∶

s

∑
k=1

(Mk ⊗Ak) ≥ 0} ⊆ Syms
r,

and call the collection S(M) = (S(M)r)r the free spectrahedral cone defined by M .

It can easily be seen that free spectrahedral cones are closed matrix cones. φ constructed
as above satisfies the following for v ∈ Syms

r and all r ∈ N:

φr(v) = [φ(vi,j)]i,j = [
s

∑
k=1

(vi,j)kNk]i,j =
s

∑
k=1

[(vi,j)kNk]i,j =
s

∑
k=1

vk ⊗Nk. (4)

So with the separation result above one can see that every closed matrix cone is con-
tained in a free spectrahedral cone, which results in the following corollary. Here we write
K ⊆ L (or L contains K) for two collections K = (Kn)n, L = (Ln)n again if Kn ⊆ Ln
stepwise for all n ∈ N.

Corollary 3.1.5.
Every closed matrix cone is the intersection of all free spectrahedral cones containing it.

Proof.
K is obviously subset of S ∶= ⋂

K⊆S(M),M arbitrary
S(M). In contrast if we assume that

there is a point v0 ∈ Sn with v0 ∉ Kn, theorem 3.1.3 yields a linear mapping φ ∶ V →
Symn ∶ v ↦

s

∑
k=1

vkNk such that:

∀r ∈ N ∶ φr ∣Kr ≥ 0 ∧ φn(v0) ≱ 0.

By (4) this means that
s

∑
k=1

Nk ⊗ vk ≥ 0 for all v ∈ Kr, r ∈ N and
s

∑
k=1

Nk ⊗ (v0)k ≱ 0. This

shows K ⊆ S(N) and v0 ∉ S(N). Since v0 ∈ Sn by assumption, it must be contained in
S(N) as we have K ⊆ S(N), a contradiction.

12



Separation in finite dimensional vector spaces

3.2 Separation for matrix convex sets

Now, given a general closed matrix convex set K = (Kn)n in V , the idea is to extend
elements (v1, . . . , vs)⊺ ∈Kn to s+1−tuples (v1, . . . , vs,−In)⊺ ∈ Rs+1 and the corresponding
matrix convex set to a matrix cone in Rs+1. We can then apply theorem 3.1.3 in order
to obtain the following statement:

Theorem 3.2.1.
For a closed matrix convex set K in V and v0 ∈ Syms

n/Kn, there exists a linear mapping
φ ∶ V → Symn and a ∈ Symn such that:

∀r ∈ N ∶ φr ∣Kr
≤ Ir ⊗ a ∧ φn(v0) ≰ In ⊗ a.

Proof.
For elements v = (v1, . . . , vs)⊺ ∈Kr we consider s+1-tuples v̂ ∶= (v,−Ir)⊺ = (v1, . . . , vs,−Ir)⊺

and define the set K̂r ∶= {v̂ ∶ v ∈ Kr} ⊆ Syms+1
r . In order to extend the matrix con-

vex set K̂ = (K̂n)n to a matrix cone in Rs+1 we define K̃r ∶= {α⊺v̂α ∶ v̂ ∈ K̂m, α ∈
Mm,r,m ∈ N} ⊆ Syms+1

r . Thus the collection K̃ = (K̃n)n satisfies the following for any
α⊺v̂α ∈ K̃r, γ

⊺ŵγ ∈ K̃t and β ∈Mr,n:

• β⊺(α⊺v̂α)β = (αβ)⊺ v̂
∈Mm,n

«
αβ ∈ K̃n.

• (α⊺v̂α) ⊕ (γ⊺ŵγ) = (α⊕ γ)⊺(v̂ ⊕ ŵ)

∈Mm+p,r+t

³¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹µ
(α⊕ γ) ∈ K̃r+t.

In particular the point v̂0 cannot be contained in the closure of K̃n. To see this consider
a sequence (ṽk)k in K̃n with limit lim

k→∞
ṽk = v̂0 = (v0,−In)⊺. Since every ṽk is of the form

(α⊺kvkαk,−α
⊺
kαk)

⊺ we see that α⊺kαk converges to In, which means that the columns of αk
converge to an orthonormal basis. Now the Gram-Schmidt orthonormalization applied
to the columns of αk yields an orthorormal basis and corresponding unitary matrix α̇k
(whose columns form this orthonormal basis). With increasing k the difference between
αk and α̇k decreases and we obtain the sequence (α̇⊺k v̂kα̇k)k converging towards v̂0. By
the matrix convexity property (α̇⊺kvkα̇k)k is a sequence in Kn with limit v0. But Kn is
closed, which leads to a contradiction since v0 ∉Kn.
So applying theorem 3.1.3 to the closure of K̃ yields a linear functional F ∶ Syms+1

n → R
and a linear mapping φ̃ ∶ Rs+1 → Symn with the following properties for arbitrary ṽ ∈
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Separation of two matrix convex sets

K̃r, β ∈Mr,n and corresponding η ∶= (β1, . . . , βr)⊺ ∈ Rrn:

F (β⊺ṽβ) = ⟨φ̃r(ṽ)η, η⟩ ≤ 0 ∧ F (v̂0) > 0. (5)

φ̃ is given by φ̃(v) ∶=
s+1
∑
k=1

vkNk, where N = (N1, . . . ,Ns+1)⊺ ∈ Syms+1
n stems from the

identification F (⋅) = ⟨⋅,N⟩. We define φ ∶ V → Symn ∶ φ(v) ∶=
s

∑
k=1

vkNk and obtain for

any v̂ ∈ K̂r ⊆ K̃r:

F (β⊺v̂β) =
r

∑
i,j

F ((β⊺i βjvi,j , β⊺i βj(−Ir)i,j)) =
r

∑
i,j

(
s

∑
k=1

⟨β⊺i βj(vi,j)k,Nk⟩ − ⟨β⊺i βj(Ir)i,j ,Ns+1⟩)

= ⟨φr(v)η, η⟩ −
r

∑
i=1

⟨β⊺i βi,Ns+1⟩ = ⟨φr(v)η, η⟩ − tr(β⊺β ⋅Ns+1).

One can verify that the trace of the matrix β⊺β ⋅Ns+1 corresponds to ⟨(Ir ⊗Ns+1)η, η⟩.
Togehther with (5) this results in:

F (β⊺v̂β) = ⟨φr(v)η, η⟩ − ⟨(Ir ⊗Ns+1)η, η⟩ ≤ 0 ⇔ ⟨(φr(v) − Ir ⊗Ns+1)η, η⟩ ≤ 0.

Since v̂ ∈ K̂r and β ∈Mr,n was arbitrary, the inequality holds for all v ∈Kr and η ∈ Rrn,
which just means that φr ∣Kr

≤ Ir ⊗Ns+1 for all r ∈ N. For the point v̂0 there is again a
vector η0 ∶= (e⊺1 , . . . , e⊺n)⊺ ∈ Rnr with:

F (v̂0) = ⟨φn(v0)η0, η0⟩ − ⟨(In ⊗Ns+1)η0, η0⟩ > 0,

and thus φn(v0) ≰ In ⊗Ns+1.

4 Separation of two matrix convex sets

In this section we concern ourself with the separation of two disjoint matrix convex sets
K = (Kn)n and L = (Ln)n in V , which means that Kr ∩Lr = ∅ for some r ∈ N, or equiva-
lently Kn ∩Ln = ∅ for all n ∈ N. To see this, just assume Kr ∩Lr = ∅ and v ∈Kn ∩Ln for
some n ∈ N. Given α ∈Mn,r satisfying α⊺α = Ir, we have that α⊺vα ∈Kr and α⊺vα ∈ Lr
due to the property of the matrix convex sets K and L, which leads to a contradiction.
Again we start with the simpler case of disjoint matrix cones in V that in particular
only intersect at the origin, so Kn ∩ Ln = {0} for all n ∈ N. A corresponding separation
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Separation of two matrix convex sets

is given by the following well known hyperplane separation theorem (for a proof see [8]):

Corollary 4.0.2.
For two disjoint convex subsets A,B ⊆ Rs there exists a linear functional f ∶ Rs → R,
such that f ∣

A
≤ f ∣

B
.

Theorem 4.0.3.
Given two disjoint matrix cones K = (Kn)n and L = (Ln)n in V , there exists a linear
mapping φ ∶ V → Symn such that:

∀r ∈ N ∶ φr ∣Kr
≤ 0 ≤ φr ∣Lr

.

Proof.
Since both subsets Kn, Ln ⊆ Syms

n are convex and Kn ∩Ln = {0}, we can apply corollary
4.0.2 to obtain a linear functional F ∶ Syms

n → R with:

F ∣
Kn

≤ 0 ≤ F ∣
Ln
. (6)

The matrix N ∈ Syms
n satisfying F (⋅) = ⟨⋅,N⟩ is used again to define φ ∶ V → Symn ∶ v ↦

s

∑
i=1
viNi and to provide the following representation for all v ∈ Syms

r and α ∈ Mr,n with

corresponding vector η ∈ Rrn:

F (α⊺vα) = ⟨φr(v)η, η⟩.

With (5) and due to the property of the matrix cones K and L, for arbitrary elements
v ∈Kr,w ∈ Lr and α ∈Mr,n we have that:

F (
∈Kn­
α⊺vα ) = ⟨φr(v)η, η⟩ ≤ ⟨φr(w)η, η⟩ = F (

∈Ln­
α⊺wα),

which overall proves the statement.

In order to obtain a separation statement also for general disjoint matrix convex sets
K = (Kn)n and L = (Ln)n in V , we have to tightening the requirements for K and L.
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Separation of two matrix convex sets

One of them has to be closed and the other compact (which is again to be understood
step wise for all sets Kn). The idea is to consider the difference K ∶= K − L and apply
theorem 3.2.1, which yields the following statement:

Theorem 4.0.4.
Given two disjoint matrix convex sets K = (Kn)n and L = (Ln)n in V , where K is closed
and L is compact, there exists a linear mapping φ ∶ V → Symn and a ∈ Symn with a ≱ 0,
such that:

∀r ∈ N ∶ φr ∣Kr ≤ Ir ⊗ a + φr ∣Lr .

Proof.
Consider the difference K ∶= K −L = (Kn)n, where Kn ∶= Kn −Ln = {v −w ∶ v ∈ Kn,w ∈
Ln}. This is again a matrix convex set in V since for arbitrary v = (v − w) ∈ Kr, z =
(x − y) ∈Ks and α ∈Mr,n with α⊺α = In we have that:

α⊺vα = α⊺vα − α⊺wα ∈Kn ∧ v ⊕ z = v ⊕ x −w ⊕ y ∈Kr+s.

The assumption Kn ∩ Ln = ∅ implies that v ≠ w for all v ∈ Kn,w ∈ Ln and thus 0 ∉ Kn.
Further the difference Kn of a compact set Kn and a closed set Ln is again closed for
all n ∈ N. Applying theorem 3.2.1 to the closed matrix convex set K in V and the point
0 ∉Kn then guarantees a linear mapping φ ∶ V → Symn and a matrix a ∈ Symn satisfying:

∀r ∈ N ∶ φr ∣Kr
≤ Ir ⊗ a ∧ φn(0) = 0 ≰ In ⊗ a.

In⊗a ≱ 0 implies a ≱ 0 and for arbitrary v ∈Kr we have that φr(v) = φr(v)−φr(w) ≤ Ir⊗a
and thus φr ∣Kr ≤ Ir ⊗ a + φr ∣Lr for all r ∈ N.
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5 Conclusion

In both cases of infinite and finite dimensional vector spaces the method remains the
same: The separation of a closed matrix convex setK = (Kn)n in V and v0 ∈ Hern(V )/Kn

is traced back to the classical Hahn-Banach separation theorem, which provides a contin-
uous linear functional f on Hern(V ) separating Kn and v0. This (or more generally its
∗-linear continuation F ) is used to construct a continuous ∗-linear mapping φ ∶ V →Mn,
whose separation properties result from the matrix convexity properties of K and the
representation of f (or G ∶= (1 − ε)F ) via φ together with the inequalities holding for f
(or G).
In infinite dimensional vector spaces the case of general closed matrix convex sets follows
by an easy translation argument from the case of closed matrix convex sets containing
0. Here f can be extended to a unique ∗-linear functional F on Mn(V ), which comes
with a state p on Mn such that overall for all v ∈Kr, α ∈Mr,n the following applies:

F (α∗vα) ≤ p(α∗α) ∧ F ∣
Kn

≤ 1 < F (v0). (7)

Together with the normalized trace τ one can define the faithful state q ∶= (1−ε)p+ετ on
Mn, such that for sufficiently small ε ∈ (0,1) the estimates also apply for G ∶= (1−ε)F and
q. The GNS-construction yields a corresponding ∗−representation π of Mn on a Hilbert
space H with separating vector e ∈ H. These are used to determine a n-dimensional
subspace H0 ⊆ H on which a sesquilinearform is defined for every v ∈ V . This way one
obtains ∗-linear mappings φv ∶H0 →H0 ∈ B(H0) ≅Mn with associated ∗-linear mapping
φ ∶ V →Mn ∶ v ↦ φv and representations G(α∗vα) = ⟨φr(v)η, η⟩ and q(α∗α) = ⟨η, η⟩. By
the matrix convexity properties of K, (7) holds for every vector η ∈ Cnr, which yields
the corresponding separation properties of φ.
The finite dimensional real case simplifies vastly by identifying V with Rs and Hern(V ) =
Syms

n with its dual space. Thus f corresponds to a matrix N ∈ Syms
n, which can be used

to define the linear mapping φ ∶ Rs → Symn ∶ v ↦
s

∑
k=1

vkNk. The corresponding repre-

sentation f(α⊺vα) = ⟨φr(v)η, η⟩ can be verified relatively easy and the claim for closed
matrix cones follows directly due to their special cone properties. Almost all further
evidence is based on this separation theorem 3.1.3 for closed matrix cones. By looking
at free spectrahedral cones for example, it shows that every closed matrix cone K in Rs

is contained in such a solution set of a free matrix inequality, which can be seen by the
identification φr(v) =

s

∑
k=1

vk ⊗Nk. More precisely, by a simple contradiction argument,

theorem 3.1.3 implies that K equals the intersection of all free spectrahedral cones over-
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lying it. Also the separation statement for a general closed matrix convex set K in Rs

and v0 ∉Kn goes back to theorem 3.1.3. One can extend elements v ∈ Syms
n with −Ir to

(v1, . . . , vs,−Ir)⊺ and consider the corresponding homogenization K̂ in Rs+1. Forming its
matrix cone hull yields a matrix cone K̃ in Rs+1, whose closure cannot contain v̂0. The-
orem 3.1.3 guarantees the separation of K̃ and v0 by a linear mapping φ̃ ∶ Rs+1 → Symn.
From this one obtains the linear mapping φ as above with corresponding separation
properties on K and v0.
The separation of two disjoint matrix cones K,L in V underlies the fact that any two
disjoint convex subsets Kn, Ln ⊆ Hern(V ) may be separated by a linear functional f on
Hern(V ). In the same manner as above it can be used to construct φ, separating K and
L due to their matrix cone properties. In the general case of two disjoint matrix convex
sets one can consider the difference K ∶=K −L, which can be guaranteed to be a closed
matrix convex set in V not containing the origin, if K is closed and L compact. The
separation statement for closed matrix convex sets yields separating φ with correspond-
ing separation properties on K and L.
Altogether the thesis shows a useful analogue of the classical Hahn-Banach separation
theorem with significant simplifications in the finite dimensional case. It appears in
several works dealing with non-commutative versions of interesting results from classical
convexity theory, which rely on this Effros-Winkler separation theorem. Thus it plays
a central role in rising non-commutative algebra or functional analysis and motivates to
further research in this area.
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