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Introduction

Topology is a branch of mathematics that deals with certain spatial structures.
However, the concept of spatiality is very loosely defined here. Unlike in geom-
etry, one does not speak of size, angles, distances, etc., but rather uses only a
qualitative concept of spatial proximity. This is sufficient, however, to discuss, for
example, convergence and continuity. Since the concept of a topological space is
so general, it is used in almost all areas of mathematics.

Asis common in mathematics, one tries to classify the objects of interest as com-
pletely as possible, up to isomorphism. In topology, an isomorphism is also called
a homeomorphism; it is a bijective mapping that is continuous in both directions.
This term expresses that spaces can be transformed into one another by a defor-
mation that may change the size and angles, but not the proximity of points de-
fined by the topology. Thus, a space (to put it simply) must not be torn open or
glued together anywhere. A weaker concept than homeomorphism is homotopy
equivalenceof spaces. Here, material may also be destroyed during the deforma-
tion (again, to put it very simply). For example, a ball is homotopy equivalent to a
point.

If two spaces are homeomorphic orhomotopy equivalent, this can often be proven
by explicitly giving a feasible transformation (e.g., a homeomorphism). If they
are not, the matter is often more difficult. One cannot usually check all possible
mappings to see whether they are homeomorphisms. Instead, one must extract
properties of the spaces that exclude homeomorphism. In algebraic topology,
one assigns certain algebraic structures to the spaces, for example groups, vec-
tor spaces, or modules. Isomorphic structures are assigned to homeomorphic
spaces. Interestingly, one can sometimes actually show that the assigned struc-
tures are not isomorphic. This disproves the homeomorphism.

This approach will be demonstrated in the lecture. In the first chapter, we review
the most important topological concepts and learn about some interesting con-
structions. In the second chapter, we discuss the fundamental group of a topolog-
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ical space. This intuitively understandable concept is also historically the begin-
ning of algebraic topology; later, much more abstract methods developed from
it. We will discuss one such example, the so-called homology theory, in Chapter 3,
first purely combinatorially for simplicial complexes and then more generally.
This lecture is partly based on a lecture given by Prof. Volker Puppe at the Univer-
sity of Konstanz. Any errors are, of course, my own. A list of some books on the
subject of the lecture can be found in the appendix.



Chapter1

Fundamentals of Topology

1.1 Basic Definitions

First, we briefly review some basic concepts of set-theoretic topology.

Definition 1.1.1. Let X be a nonempty set. A subset O C P(X) of the power set
of X is called a topology, if:

@ 0,Xe0
(22) Az EOfOI‘iG]#Uie[Ai eO
@ii) A BeO =ANBeO.

The pair (X, O) is then called a topological space, an element A € O is called an
openset, and X \ A is called a closed set. A

Example 1.1.2. (i) O = P(X) is always a topology on X, it is the finest possible
topology. Likewise, O = {(), X'} is always a topology, the coarsest possible.
(i1) Let (X, d) be a metric space. We define

AC Xopen & VYae AJe>0: B(a) C A.

Then the set
O ={AC X | Aopen}

forms a topology on X, the metric-induced topology. A

Definition1.1.3. Let (X, O) be a topological space,and z € U C X.

3
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(#) U iscalled aneighborhood of x in X if tehreexists A € Owithz € A C U.
In this case, z is called an interior point of U.

(i7) The set U of all interior points of U is called the interior of U It is the largest
open subset of X contained in U.

(i17) The set U = {x € X | every neighborhood of  intersects U} is called the
closure of U. It is the smallest closed superset of U.

(iv) Theset QU := U \ U is called the boundary of U.

(v) Asequence (1), in X converges tox € X, if for every neighborhood U
of = there exists an ng such that z,, € U foralln > ny. A

Definition 1.1.4. The topological space (X, O) is called Hausdorff if for any two
distinct points z, y € X there exist open sets A, B € O with

r€AyeBand AN B = 0. A
Example 1.1.5. Metric spaces induce Hausdorff topologies. For 2 # y we have

Ba(a,y)/3(2) N By 3(y) = 0. A

In this lecture we are primarily interested in metric spaces. However, different
metrics often define the same topology, and almost all of our statements depend
solely on the topology. The concept of abstract topology also allows us to perform
constructions much simpler than with metric spaces.

Definition1.1.6. Let (X, O)and (Y, O’) be topological spaces, andlet f: X — Y
be a map.

(1) fis called continuous, if for every B € O’ we have f~!(B) € O.

(i) fiscalled ahomeomorphism, if there exists a continuous map g: ¥ — X
with
gOfIidx, ngzldy

(i13) X andY are called homeomorphic (written X = Y), if ahomeomorphism
f: X — Y exists. A
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From now on, we will often not even mention the topology O on X, but will only
speak of the topological space X. Of course, a topology is still fixed in the back-
ground. Usually, itis the one induced by a canonical metric. Furthermore, practi-
cally all the mappings we consider are continuous. We will therefore not mention
it again either.

Remark/Example1.1.7. (5) If X, Y are metric spaces, then the definition of conti-
nuity of a map is equivalent to the well-known e-0—definition from analysis (Ex-
ercise[l).

(1) Homeomorphism of topological spaces is an equivalence relation.

(¢i7) For example, (—1,1) = Rand [0, 1] = [0, 2. As a homeomorphism, one can
use a suitably scaled tangent function in the first case, and a linear function in the
second case.

(iv) We have [0, 1] 2 R (Exercise.

(v) The map
f:]0,27) = St CcC
e’
is continuous and bijective, but not a homeomorphism (Exercise[f). A

One of the key questions of this lecture is how to determine whether two spaces
are homeomorphic. If a homeomorphism exists, it can usually be found explic-
itly. If none exists, the question is much harder, and one has to resort to other
arguments. For example, it is not easy to show that R” and R™ are not homeo-
morphic for n # m.

1.2 Constructions

We now discuss some interesting constructions with topological spaces, which
will be taken up again later.

Definition1.2.1. Let (X, O) be a topological space and Y C X. Then
O'={AnY | Ae O}

is a topology on Y, called the subspace topology or induced topology. A
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Remark1.2.2. (i) The subspace topology is the coarsest topology which makes the
inclusion¢: Y — X continuous.

(i) Amap f: Z — Y is continuous ifand onlyif s o f: Z — X is continuous.
(4i7) When we speak of subsets of R, such as [0, 1] or

S ={aeR" | alls =1}

D" = faeR"| all, <1},

we always understand them as having the subspace topology of the canonical topol-
ogy of R™. A

Definition1.2.3. Let (X, O) be a topological space and ~ an equivalence relation
on X. Let

X/ ={la] [z € X}

be the set of equivalence classes and p: X — X/ . be the canonical projection.
The quotient topology O’ on X/ is defined by

O :={BCX/.|p(B)eO}. A

Remark1.2.4. (i) The quotient topology is the finest topology on X /.. which makes
the projection p continuous.

(ii))Amap f: X/. — Yiscontinuousifand onlyifthe composition fop: X — YV
is continuous. A

Example 1.2.5. (i) The Mébius strip can, for example, be defined as a quotient.
Here, the points on one side of a rectangle are identified with points on the op-
posite side, according to the following orientation:

(i) By identifying opposite sides using the following orientation, we obtain a torus:
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(¢17) If one identifies opposite side w.r.t. the following orientation, the Klein bot-
tle is created, which, however, cannot be embedded in three-dimensional space
without self-intersections:

(

(iv) If one identifies each point in S™ C R"*! with its opposite point (x ~ —x),
the quotient is the real projective space:

P"(R) := S"/... A

Definition 1.2.6. Let (X, Q) and (Y, O') be topological spaces. On the disjoint
union X 'Y, one defines a topology

O"={ACXUY |ANX € O,AnY € O'},
the so-called direct sum topology. A

Remark1.2.7. (i) The sum topology is the finest topology on X LI Y, which makes
both inclusions ¢1: X < X UY,15: Y — X LY continuous.

(@) Amap f: X UY — Ziscontinuous ifand onlyif fos: X — Zand f o
to: Y — Z are continuous. A
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Example 1.2.8. (i) If [0, 1] and [2, 3] are each given the subspace topology of R,
then the direct sum topology is again exactly the subspace topology that [0, 1] U
[2, 3] inherits from R.

(¢4) This is not true for [0, 1] and (1, 2]. For example, the set [0, 1] is open in the
direct sum topology of [0, 1]U(1, 2], but notin the subspace topologyon [0, 2]. A

Definition1.2.9. Let (X, O) and (Y, O') be topological spaces. On the Cartesian
product X x Y, we consider the topology O, which is generated by all sets of the
form A x Bwith A € O, B € O'. Thus, O” consists of arbitrary unions of such
sets. It is called the product topology. A

Remark 1.2.10. (i) The product topology is the coarsest topology that makes the
two canonical projections p;: X x Y — X, ps: X X Y — Y continuous.

(Gi) Amap f: Z — X x Y is continuous if and only if p; o f: Z — X and
pao f: Z — Y are continuous. A

Example 1.2.11. (i) The product topology on R x R™ corresponds exactly to the
standard topology on R™*™.
(13) For example, the torus can also be defined as a product: 7" := S x S* :

A

Definition1.2.12. Let the following diagram of topological spaces and continuous
maps be given:
X1
5
Xo

N

X

Then
X = (X;UXy) /jl(w)sz(fE)
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is called the pushout or fibered sum of the diagram. Embedding in the sum and
projection onto the quotient yield the following commuting diagram:

/\
\/

Remark1.2.13. The pushout has the following universal property:

/\\
\//

Continuous maps f: X — Y are in one-to-one correspondence to pairs (f1, f2)
of continuous maps f;: X; — Y with f; o j; = f3 o j», using the assignment

[ = (foiy, foig). A

Example 1.2.14. (i) Cutting and gluing spaces can be realized as a pushout. For ex-
ample, a double torus is created by gluing two cut tori X, X, along the cutting
line X:
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(i1) Attaching of cells is also implemented as a pushout:

RN

Snl (XUD")/.=: XU, D"

N

9 - 3

X
JAN

Definition 1.2.15. A space that arises by attaching a finite number of cells to a
finite set of points is called a finite CW complex. A

Example 1.2.16. (i) For example, the sphere S"~! is formed by attaching a cell
D" ! to a single point. Thus, all spheres are finite CW complexes.

(13) The torus is created by attaching two cells D' (i.e. intervals) to a point, and
then attaching a D? in a suitable manner (try to visualize this!). A

Definition1.2.17. Let the following diagram of topological spaces and continuous
maps be given:
Xy

Then
X = {(z1,72) € X1 X Xo | 1(71) = q2(22)}
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is called the pullback or fibred product of the diagram. Embedding in the product
and projecting onto the components creates a commutative diagram:

/\
\/

Remark1.2.18. The pullback has the following universal property:

W\
\\/

Continuous maps f: Y — X are in one-to-one correspondence to pairs ( f1, f2)
of continuous maps f;: Y — X; with ¢; o fi = ¢ o f>, via the assignment

[ (prof,p2of). A

1.3 Compactness

Definition1.3.1. A topological space (X, Q) is called compact, if every cover of X
with open sets has a finite subcover. In formulas:

X=JA A4 €0 =3, .. inel: X=A,0U---UA

in*

A

el

Example1.3.2. (i) R" is not compact. The cover

= U Bn(o)
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by open balls of increasing radius has no finite subcover.

(¢7) The interval [0, 1] is compact. Suppose [0, 1] = |J,; A is an open cover. Then
there existsane > 0, such thatforallz € [0, 1] there existsan¢ € [ with B.(z) C
U;. Otherwise, one could choose a sequence (x,,),en in [0, 1] such that

1 1
(a:n——,asn+—) ¢ U, foralli € 1.
n n

This sequence, however, would have a convergent subsequence (for this one does
not have to use compactness of the interval; one can show it with interval nest-
ing and completeness of R!). So if without loss of generality z, — = € [0, 1]
holds, then thereisa § > 0 with Bs(x) C U, for some i € I, and thisleads to a
contradiction.

From the existence of ¢ > 0 as above, one immediately obtains a finite subcover
for [0, 1]. Such a e is also called a Lebesgue constant for the given cover. A

Theorem 1.3.3. Let X, Y be topological spaces, A C X and f: X — Y continuous.
Then

(i) If X iscompactand A C X is closed, then A is compact.
(i1) If X is Hausdorffand A is compact, then A C X is closed.

(1i1) If X is compact, then sois f(X). In particular, X = Y implies that X is compact
ifand only if Y is compact.

(tv) X,Y compact< X LY compact.

(v) For X,Y # (Qwehave: X, Y compact < X x Y compact.
Proof. Exercise[] O
Theorem 1.3.4 (Heine-Borel). For X C R"™ we have
X compact < X bounded and closed.
Proof. Exercise(s] O

Example 1.3.5. D" and S ! are compact. In particular, D" and S™! are not
homeomorphic to R™. A

Theorem 1.3.6. Let X be compact, Y Hausdorff, and f: X < Y continuous and injec-
tive. Then X = f(X).

Proof. Exercise[9] O
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1.4 Contectedness

Definition 1.4.1. X is called connected, if X cannot be written as the disjoint
union of two non-empty open (or closed) subsets. A

Example1.4.2. (i) [0, 1] is connected. Indeed, if [0, 1] = AU B is adisjoint union
of open sets, then the characteristic function 1 4 is a continuous map from [0, 1]
to [0, 1], which takes at most 0 and 1 as its values. The intermediate value theorem
implies that either A or B must be empty.

(@) If f: X — Y is continuous and X is connected, then f(X) is connected. In
particular, it follows from X = Y that X is connected if and only if Y is con-
nected.

(#i7) If A C X is connected, then sois A (Exercise. A

Definition 1.4.3. X is called path connected, if for all x,y € X there exists a
continuous map y: [0,1] — X with v(0) = z,v(1) = y. Such a y is called a path
from x to y. A

Proposition 1.4.4. Path-connected spaces are connected. The converse is not true in gen-
eral.

Proof. Suppose X = A Ul B is a partition into nonempty open sets. Choose = €
A,y € Band a path  from z toy. Theny~'(A) U~y '(B) is a partition of [0, 1]
into nonempty open sets, a contradiction to Example (4). Now consider the
set

X = {(z,sin(1/z)) | = € (0,1/(2m)]} C R,

which is obviously path connected and thus connected.

I
I

Thus, according to Example(z'ii), X C R?is also connected. However, in X
there is no continuous path 7 from (1/(27),0) to (0, 1). Otherwise there would
be a sequence x,, — 1 with vy(x,) = (*,1/2), and thus (0,1) = v(1) = (*,1/2),
a contradiction. O
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Examplel.4.5. (i) R™ is path connected. The same alsoholds forR"\{ay, . .., am},
ifn > 2.

(@) If f: X — Y is continuous and X is path connected, then f(X) is path con-
nected. In particular, it follows from X = Y that X is path connected if and only
it Y is path connected.

(133) R' \ {a} is not (path) connected, but R" \ {a} is, for n > 2. In particular,
R! 22 R™ holds. The same is true for D! and D". Similarly, one obtains S 2 S,
St 22 D™ for all m, and that S* is not homeomorphic to the Mébius strip. A

Definition/Lemma1.4.6. Let X be a topological space.
(1) An equivalence relation is defined on X by the following statement:

a ~ b & there exists a continuous path froma to bin X.

An equivalence class is also called a path-connected component. The set of equiv-

alence classes is denoted by
0 (X) .

(i1) For every continuous function f: X — Y the following holds:
a~b = fa)~ f(b).
Thus, f induces a well-defined map

7o(f): mo(X) = mo(Y)
[a] = [f(a)].

(i73) For mappings f: X — Y,g: Y — Z we have
mo(g o f) = mo(g) o mo(f)

and
7To<idx) = idwo(X)-
(iv) For homeomorphic spaces X = Y there exists a bijection between 7 (X') and
N (Y) .
Proof. Easy exercise. O

The properties (i)-(zi7) from the last statement define a so-called functor between
categories. Because it significantly improves the understanding of many mathe-
matical concepts, we will briefly introduce these terms in the next section.
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1.5 Some Basic Category Theory
Definition 1.5.1. (i) A category C consists of a class
Obj(C)
(of so-called objects), and for all X, Y € Obj(C) a set
C(X,Y)
(of so-called morphisms), as well as a composition of morphisms

C(X,Y)xC(Y,Z) = C(X,Z)
(f,g) > gof

which satisfies the following two conditions:
() VX € Obj(C) Jidy € C(X, X) with
idyof=Ff goldx=yg
forall f € C(Y,X),g € C(X,Y).

(2) Forall f e C(W,X),g € C(X,Y),h € C(Y, Z) we have
ho(gof)=(hog)of.

(7i))Amorphism f € C(X,Y)iscalled anisomorphism, if thereexists g € C(Y, X)
with

go [ =idx, fog=idy.
(¢i7) Two objects X, Y € Obj(C) are called isomorphic (in symbols X = Y), if
there exists an isomorphism in C(X,Y). A

Graphically, parts of categories are usually represented by (commutative) arrow
diagrams:

x—t.y

g

Z
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Example 1.5.2. (i) The category Set of sets has sets as objects and mappings as
morphisms, with the usual composition. An isomorphism is an invertible (i.e.
bijective) map, and two sets are isomorphic if they have the same cardinality.

(¢1) The category Top of topological spaces has topological spaces as objects and
continuous maps as morphisms. Anisomorphismis preciselyahomeomorphism,
and isomorphic objects are homeomorphic spaces.

(¢i7) The category Gr of groups has as objects groups and as morphisms group
homomorphisms.

In a similar way, one defines the categories of rings, fields, vector spaces over a
fixed field, modules over a fixed ring, etc.

(iv) Morphisms do not always have to be maps. Let (G, -) be a fixed group. We
define a category C by

Obj(Cq) := {x}

and
Co(x, %) :=G.

The group operation - serves as composition of morphisms
i CG(*? *) X CG(*7 *) — CG<*7 *)

and one easily checks conditions (1) and (2). In this way, G can be regarded as a
separate category. Every morphism here is an isomorphism. A

Definition1.5.3. A covariant (resp. contravariant) functor from the category C to
the category D consists of a map

F: Obj(C) — Obj(D)

as well as maps
F:C(X,Y) = DF(X),FY))

(resp. F: C(X,Y) — D(F(Y), F(X)))
with
(1) F(idx) = idrx)

(i) F(go f)=F(g)oF(f) (resp. F(go f) = F(f) o F(g). A
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Example 1.5.4. (1) mg: Top — Set is a covariant functor. We have verified the
corresponding properties in Definition/Lemmall.4.6,

(ii) Let k be a field and denote by k-Vek the category of k-vector spaces and linear
maps. Forming the dual space establishes a contravariant functor from k-Vek
into itself.

(i17) Let C be a category in which the objects really consist of set, and the mor-
phisms really consist of maps between them (e.g., Top, Gr, ...). The forgetful functor
is a covariant functor C — Set, that simply forgets any additional structure on
the objects of the category (e.g. a topology, a group structure,...). It also forgets
the fact that morphisms may be very special maps and simply considers them as
maps.

(iv) Forming the coordinate algebra is a contravariant functor from the category
of affine k-varieties to the category of finitely generated reduced k-algebras.

(v) Let G, H be groups and C¢, Cy the corresponding categories (see Example[L.5.2]
(iv)). Every group homomorphism ¢: G — H induces a canonical covariant
functor F,,: C; — Cu, and every such functor comes from a group homomor-
phism. A

Lemmal.5.5. Let F: C — D beafunctor and assume X =Y holdsinC. Then
F(X)= F(Y)
holdsinD.

Proof. Let F be covariant, without loss of generality. Let f € C(X,Y) be an iso-
morphism with inverse morphism g € C(Y, X). Then g o f = idx and after
applying F we have

idrx) = Flidx) = F(go f) = F(g) o F(f).
Analogously we get F(f) o F(g) = idr(y) and thus F(X) = F(Y). O

To conclude the first chapter, a brief reflection. Our main goal is to decide home-
omorphism of topological spaces. If two spaces are homeomorphic, one usually
finds a homeomorphism sooner or later, thus settling the question. The matter
is more difficult if the spaces are not homeomorphic. One must then find prop-
erties in which the spaces differ and which exclude homeomorphism. An exam-
ple of this is compactness, see Theorem (1i1). Another criterion is (path)-
connectedness. We have formulated this somewhat more conceptually with the
functor my:
X2Y = m(X) =m(Y).
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Conversely, if (X ') and 7y(Y") are not isomorphic (in the category of sets), then
X and Y cannot have been homeomorphic. In this case, one can also remove a
finite number of pointsin X and Y, because if f: X — Y isahomeomorphism,
then

fX\{$1a7$n}_>Y\{f(x1)vaf(xn)}

is also a homeomorphism. Using 7, we were able to show, for example,
R! 2 R" forn > 2.

But with this approach we can't get much further. The idea is now to construct
a higher-dimensional analogue to 7g. This is first the so-called fundamental group
71 (X)), which then allows us to prove R? 2 R” for n > 3. This is the subject of
Chapter[2] Building on this further, homology theory was developed, which gen-
eralizes the constructions to all higher dimensions. This will be the content of
Chapter[3|



Chapter 2

Homotopy and Fundamental Group

2.1 Homotopy

A homotopy is a continuous deformation from one continuous mapping to an-
other:

Definition2.1.1. (i) Let f, g: X — Y be two continuous maps. A homotopy from
f to g is a continuous map

h: X x[0,1] =Y

with h(x,0) = f(z)and h(z,1) = g(x) forallz € X.

/N
. - @
\V Y

(i7) Two continuous maps f,g: X — X are called homotopic, if there exists a
homotopy & between them. We denote this by

f=g or fx=g

19



20 CHAPTER 2. HOMOTOPY AND FUNDAMENTAL GROUP

(739) If f|, = g, already holds fora subset A C X, then f and g are called homo-
topic relative A, if a homotopy h exists with

h(a,t) = f(a) = g(a) Vae€ A,t€]0,1].

We denote this by f % g.

/N
A\V Y

Remark2.1.2. (i) Itis easy to see that homotopy of maps is an equivalence relation
on Top(X,Y).

@)If f1,91: X = Yand f5,92: Y — Z are continuous maps with f; ~ ¢y, fo ~
g2, then

A

(f2 o fi) ~ (92 o 91)>

see Exercise[13] A

Example 2.1.3. (i) A subset Y C R" is called star-shaped, if there existsayy € YV
such that

tyoy+(1—tlyeY VyeY,telo,l].

A special case of this is, of course, a convex set. If Y is star-shaped, then every
continuous map f: X — Y is homotopic to the constant map > y,. One
obtains a homotopy by the formula

h(z,t) =tyo+ (1 —t) f(x).
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)

£

In particular, any two continuous maps f, g: X — Y are homotopic.
(47) Let z,y € X and

f{x}—X g: {x} = X
* * > .

Then a homotopy of f and g is nothing other than a continuous path in X from
x to y. In particular, one could define 7y(.X) as the set of homotopy classes of
continuous maps f: {*} — X.

(131) The following should be clear (an exact proof follows later): Ifa subset X C R?
has a hole, then the map that wraps the interval [0, 1] once around the hole is not
homotopic to a constant map. A

Definition 2.1.4. Let X, Y be topological spaces.
(1) X and Y are called homotopy equivalent, if there exist continuous maps
f: X =Y, g:Y — X with

gof~idy, fog=~idy.
We denote this by
X ~Y.

The maps f and g are then called homotopy equivalences.

(43) X is called contractible, if X ~ {x}.

(i77) A subset A C X is called retract if there exists a continuous mapr: X — A
withr|, =id,4 . Suchanr is called a retraction.

(1v) A C X is called deformation retract, if a retraction r exists with

tor ~idy,
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where ¢ denotes the inclusion of A into X. A is called a strong deformation re-
tract, if even

A,
tor ~idx

holds. JAN

Remark 2.1.5. Intuitively, two spaces X and Y are homotopy equivalent if they
can be continuously transformed into each other. A is a deformation retract of
X if X can be continuously retracted to A. If the points of A are not moved dur-
ing the retraction, it is a strong deformation retract. We illustrate this with the
following examples. A

Remark/Example 2.1.6. (i) Homotopy equivalence is an equivalence relation on
the class of topological spaces.

(¢1) Homeomorphic spaces are homotopy equivalent:
X=2Y = X~Y.

(#i7) If A C X is a deformation retract, then in particular A ~ X holds.

(1v) Let X C R™ be star-shaped with respect to zo. Then {z} is a strong defor-
mation retract. The (only) retraction r: X — {z¢} yields

LOT {xl(')’} ldX

by means of the homotopy from Example[2.1.3|(7). In particular, X is contractible.
In particular,

R™ ~ R"

holds for all values of m, n.
(v) We consider the set

X = conv{(0,1),(0,0)} U | conv {(0,1), (1/n,0)} C R,

n=1

Then the point (0, 1) is a strong deformation retract. The point (0, 0) is a defor-
mation retract, but not a strong deformation retract!
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(vi) Let M be the Mébius strip and S' C M be embedded in the middle. Then S*!
is a strong deformation retract, in particular S' ~ M. However, S' 2 M holds,

as we saw in Example (i13).

(ig) S~ C D™\ {0} is a strong deformation retract.

D o

However, S"~! is not homotopy equivalent to D", and there does not exist a re-
tractionr: D™ — S"~!, We will prove this later, and the famous Brouwer’s Fixed
Point Theorem is based on it. A



24 CHAPTER 2. HOMOTOPY AND FUNDAMENTAL GROUP

Lemma 2.1.7. The functor mo: Top — Set is homotopy invariant:

f:g € %p(X7Y)7 f:g = 71—O(f) = 77—0(9)'

In particular, X ~ Y implies 71o(X) = mo(Y"). That means, in case of homotopy equiva-
lence, the number of path-connected components is the same.

Proof. Ifh: X x [0,1] — Y isa homotopy from f to g, then for every z € X the
map

h(z,-): [0,1] =Y

is a continuous path in Y from f(x) to g(z). This implies

so mo(f) = mo(g). The functorial properties therefore immediately implies that
homotopy equivalences become isomorphisms through . O

2.2 'The Fundamental Group

We will now define and study a first higher-dimensional generalization of the
functor .

Definition 2.2.1. Let (X, ) be a topological space with a distinguished point (a
so-called pointed topological space). We define

m (X, zo) := {7: [0,1] — X continuous | v(0) = (1) = xo}/

homotopy
relative {0, 1}

and call it the fundamental group of (X, ). A

The fundamental group thus consists of homotopy classes of closed paths start-
ing at xy, where the homotopy is understood relative to the starting and ending
points of the path. In the following image, the light-blue and orange paths are
homotopic to each other, but not to the black path.
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Remark2.2.2. Ifv,§: [0,1] — X are two paths with (1) = §(0), then one can
concatenate 7y and §, thus obtaining a new path 4§ from +(0) to §(1). Formally,
this is defined as:

25 s<1/2
(16)(s) = { Yoy s31% c

Theorem 2.2.3. The concatenation of paths turns w1 (X, x) into a group.

Proof. First, we show well-definedness, i.e. that concatenation is compatible with
homotopy. Let

{0,1} {0,1}
s % 72 and &; % 0o

be homotopic paths. From this, we construct a homotopy h” relative {0, 1} from
~v101 t0 Y204 as follows:

Yo &,
|
[o1] h \{\
Vi 5
I:o\ 1]

As a formula: ( ) )
” ] h(2s,t s<1/2
W(s:1) '_{ h'(2s —1,t) s>1/2.
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For the associative law, it must be shown:

a(87) ‘=" (ap)r.

This is obtained by a homotopy as in the following sketch, where the horizontal
paths are each traveled with a linearly scaled speed.:

(o]

(0,43

The identity element of the group is the constant path e = z :

(o]

o E
{011

For a path v we denote the backward path with v~ :

7 (s) = (1 —s).

Then in 71 (X, z) we obviously have vy~ = ¢ = 7+, as can be seen with the
following homotopy:



2.2. THE FUNDAMENTAL GROUP 27

[0\4] ") tousouk y(4-)

Y
(o,1]

Here, the paths are traveled at time ¢ with constant (double) speed, but only up to
the point y(1 — t) = 4~ (¢). In between, the path remains constant at this point.
This completes the proof. O

Example 2.2.4. (i) If X C R" is star-shaped, then 7(X,z) = {¢} holds for all
x € X (Exercise[l4).

(it) We have m; (X X Y, (2o, y0)) = m1 (X, zo) X m1(Y, yo) (Exercise[L3).

(14i) We will show in the next section that 71(S', zy) = Z holds. This implies
71 (T, ) = Z? for the torus.

(iv) We have 1 (S™, z9) = {€} for n > 2 (Exercisel[Lé).

(v) Fundamental groups are in general not abelian (see Exercise|[l8). A

Theorem 2.2.5. 7 is a covariant functor from the category of pointed topological spaces
(with point-preserving continuous maps) to the category of groups. It is invariant under
homotopy relative to the ground point. In particular, homotopy equivalent punctured spaces
have isomorphic fundamental groups.

Proof. Let (X, xg), (Y, yo) be pointed spaces and f: X — Y continuous with
f(z0) = yo. For every pathy: [0, 1] — X from x, to xo,

(fov):[0,1] =Y

is a continuous path from g to 1o, and a homotopy

obviously induces a homotopy



28 CHAPTER 2. HOMOTOPY AND FUNDAMENTAL GROUP

Thus f induces a well-defined map
m(f): (X, wo) — m1(Y,90)
= [f el

Clearly also

fo(0) = (for)(fed)
holds, and thus 7 (f) is a group homomorphism. Furthermore,

T (idx) = idr, (xz) and mi(go f) =mi(g) o mi(f)

hold, proving the properties of a covariant functor.
Now assume that f ~ ¢ holds for two maps f, g: (X, o) — (Y, o). This implies

{0,1}

foy = gon
for all paths v: [0,1] — (X, x¢), see Remark[2.1.2](¢7). This means that 7, (f) =
m1(9). u

Proposition 2.2.6. Let xg, x1 € X be connected by a continuous path. Then
’7T1(X, lL'()) = 7T1(X, l’l).

Proof. Letd: [0,1] — X be a path from x, to x;. The following mapping then

yields a well-defined group homomorphism, as can be seen analogously to the
proof of Theorem[2.2.3}

7T1(X, .CC()) — 7T1(X, .Tl)
Y] = [677d].

Obviously, one obtains an inverse homomorphism by starting with the inverse
patho~. O
Remark 2.2.7. (i) For path-connected spaces X we can simply use the notation
1 (X) .

(i1) A slightly generalized version of homotopy invariance of 7; with respect to
Proposition[2.2.6|can be found in Exercise[19] A

Definition 2.2.8. A topological space X is called simply connected, if 7((.X') and
m1(X) are trivial. This means that X is path connected and every closed path can
be contracted relative to the base-point. A

Example2.2.9. Everystar-shaped spaceis simply connected, for example, R and
D". Forn > 2, S"is simply connected (Exercise[l6), but S*, the Mébius strip, and
the torus are not. A
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2.3 The Fundamental Group of the Circle

We now want to compute the fundamental group of S'. This is not entirely triv-
ial, but the method can be adapted to calculate other fundamental groups (see
for example Exercise 17 and Exercise [I8). We consider so-called coverings of the
respective spaces and attempt to lift continuous paths.

We consider the map

p:R—)SlgC

2mir

r—e

| s
D

Proposition 2.3.1. (i) For every continuous path ~y: [0, 1] — S withv(0) = 1 thereis
exactly one continuous map 7y : [0, 1] = Rwith(0) = Oandpo~y = 7.

(1) For~,d: [0,1] — ST withv(0) = (1) = 6(0) = 6(1) = 1 we have

0,1 _ {01} ~
7{2}5 = 7{2}(5.

Proof. (i) Uniqueness: Let 7 and 7 be two such liftings of ~y. The set

G ={s[0,1]|7(s) =7(s)}
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is not empty, since 0 € GG. Furthermore, G is both open and closed. Let first s €
G be arbitrary. Then pisrestricted to a small open neighborhood V of ¥(s) = 7(s)
is injective. From continuity it follows that there exists an open neighborhood U
of s which is mapped to V' by 7 and 7. Since both are lifts of y, injectivity of p on
V implies U C @. Thus, G is open. Closedness follows quite elementary from
continuity of 7,7 and the Hausdorff property of R. Since [0, 1] is connected, it
follows that G = [0, 1] holds so 7 = 7.

Existence: For every point in S*, there exists an open neighborhood V, such that
p~ (V') decomposes into countably infinite many connected components, each of
which is homeomorphic to V via p. In particular, one can lift any path with image
in such a V' to R if one specifies the connected component in the preimage.

A
v 1

0

-1
| =

4

O

We now cover S* with such open sets and, by pulling back using ~, obtain an open
cover of [0, 1]. A Lebesque constant now exists for this cover (compare to Exam-
ple (13)). Thus, we obtain a decomposition 0 = sy < s; < -+ < s, = 1
such that «y can be lifted on any subinterval [s;_1, s;] if we specify the connected
component of p~! (7 ([s;_1, s;])). With the initial setting 7(0) = 0 we iteratively
obtain a continuous lifting of -y, where in the i-th step we aleays chose the con-
nected component of Y(s;_1).

(13) Let h: [0,1]x [0, 1] — S beahomotopy of v and 6 relative to {0, 1}. Asin part
(1), we see that [0, 1] x [0, 1] can be partitioned into small squares W;; such that
h restricted to each WW;; has a unique continuous lift to R, given the connected
component of p~* (h(WW;;)).
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S‘i

We now lift h on W7, into the connected component of 0. Then, due to unique-
ness, the lift on the lower boundary of Wi, coincides with 5. After that, we lift &
on Wi, so that it coincides with the already defined lift on the intersection with
W11 (which is automatically the case after choosing the correct connected com-
ponent). We continue in this way until we have continuously lifted / on the entire
lower row of the square. On the lower boundary of the row, it must then coin-
cide with 7 due to uniqueness from (7). The left boundary of the row is constantly
mapped to 0, the right boundary is constantly mapped to ¥(1).

Now we replace y with the path obtained on the upper edge of the lower row and
iterate the process. Finally, we obtain a complete continuouslifting, where the left
edge of the square is constantly mapped to 0, the right edge is constantly mapped
to (1), and on the upper edge of the square we obtain, again with uniqueness

from (i), exactly 0. This proves the claim. O
Theorem 2.3.2. We have (S') = Z.

Proof. We choose 7y = 1 € S! C C and denote the unique lifting of a path v
from the last theorem by 7. Then we consider the following map:

0: (S 1) = Z
] = 7(1).

Independence from the homotopy class follows from Proposition[2.3.1|(i¢), in par-
ticular from the liftability of the homotopy relative to 1. Since 7 is a lift of v,
3(1) € Z follows from v(1) = 1 € S'. Now for two paths v, d,

v6 =738 +73(1))

holds and thus ¢ is a group homomorphism. Obviously, 1 lies in the image of ¢,
s0  is surjective. For injectivity, we assume (1) = 0. Since R is star-shaped, 7
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is homotopic to the constant zero map, relative to {0, 1} (see Example (@).

By composing the homotopy with p we immediately obtain o g,80[v] = [¢]
in (5! (Sl s ].) . 0

Example 2.3.3. (i) 7 (S™) = {¢} holds forn > 2 (Exercise. This implies S* %
S™ forn > 2. Likewise, S* 22 R™and S* 2 S x S! follows.
(13) Suppose R? = R™. Then

S~ R2\ {a} 2R\ {5} ~ 571

and from this it follows that1 =n — 1, son = 2.
(13i) S'C D? is not a retract. By applying 7, to a possible diagram

Sl 2 D2 T Sl

\_//
id
one would obtain
7 m1(L) {0} w1 (r) 7
\_/ ’
id
an obvious contradiction. AN

Corollary 2.3.4 (Brouwer’s Fixed Point Theorem). Every continuous map
f: D* = D?
has a fixed point.

Proof. If f had no fixed point, one would get aretractionr: D? — S by mapping
x € D?to the intersection point of the line through x and f(x) with 9D? = S?,
on the side of x:
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Corollary 2.3.5 (Fundamental Theorem of Algebra). C isalgebraically closed, i.e. ev-
ery non-constant polynomial in C|x] has a zero in C.

Proof. Suppose the statement is false. Then there exists some d > 1 and
p=a'+az "+ +ay € Cla]

with p(z) # Oforallz € C. On S* C C we now consider the following two
well-defined continuous maps f;: S — S':

fo: z— 2°

p(2)

p(2)]

We have f, ~ f; by means of the following homotopy:

firz—

B 2P+ ta 2%+ t2a024 2 4 4 tdad
|2 4tz + t2a0202 4 - tday|

h(z,t) :

Note that the enumerator is non-zero for all ¢ € [0,1] and z € S* because for
t > 0itis identical to t?p(z/t). It follows that f, and f; define the same map-
ping on the fundamental groups using m; (for an exact statement, see Exercise[l9).
However, it is obvious that

7T1(f0) : 7T1(Sl) =7 — 7= ’/Tl(Sl)
n—d-n,
as can be seen by applying f, to the simple circular path. However, the mapping
fi: St — S can be continuously extended to a mapping f1: D? — S*, simply

using the same formula:
gl_t. 2

K lf '
Sl
We now apply the functor 7:

(") "~ m (D?)

m lﬂ'l(fl)

Wl(sl).

Since 7, (D?) = {¢}, we find that 7, (f;) : Z — Z must be the constant zero map.
This contradicts d > 1. O
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Chapter3

Homology Theory

Homology theory is a method to systematically generalize the functors 7y and
7 from the previous chapters to higher dimensions. We first discuss the con-
struction of homology for abstract simplicial complexes, which is the easiest to
understand and compute. Then we develop homology theory axiomatically for
arbitrary topological spaces. From the existence of a homology theory, one can
subsequently derive many interesting statements. We then finally provide an ex-
plicit construction of a general homology theory in the last section.

3.1 Homology for Abstract Simplicial Complexes
We set [n] := {0, 1,...,n} and denote by P([n]) its power set.
Definition 3.1.1. (i) An (abstract) simplicial complex is a subset
K< P(n)
with the following properties:
M Sek,0£A£TCS = TeKk.

2) Usex S = [n].

(i7) An element S € K is called an (abstract) simplex, a subset 7' C S is called a
face of S, and a face of cardinality 1 is called a vertex of S. Faces of simplices of
KC are themselves simplices of /K, by axiom (1).

35
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(¢17) The dimension of a simplex S € K is defined as
dim(S) :=|S| -1,

the dimension dim(KC) of K is the maximum dimension of its simplices.
(iv) For two (abstract) simplicial complexes

K CP(m]) and L C P ([n]),

amorphism of (abstract) simplicial complexes ©: L — Lisamap ¢: [m| — [n]
with
Sek = ¢(S)eL. A

Remark/Example 3.1.2. (i) The sets

G ={{0},{1},....{n}} and F =P ([n]) \ {0}

are simplicial complexes. Here, G is of dimension 0 and F is of dimension n.
The identity map id: [n] — [n] is a morphism from G to F, but not in the other
direction.

(i) A one-dimensional simplicial complex is simply a graph, the one-dimensional
simplices are the edges.

(¢i7) Abstract simplicial complexes with morphisms form a category SC. In par-
ticular, we also obtain a canonical notion of isomorphism. By SC;,; we denote the
category in which we only admit injective morphisms f: [n] < [m]. The notion
of isomorphism is the same in both categories. A

Definition 3.1.3. (1) A subset S C R™ is called a d-dimensional (concrete) sim-
plex if S is the convex hull of d + 1 affine independent points. d + 1 points are
called affine independent if they do not jointly lie in a d — 1-dimensional affine
subspace.
(ii) A geometric realization of an abstract simplicial complex K C P ([n]) is an
injective map

fiIn] = R™,

such that for all S € K the set f(.9) is affine independent, and for all 5, 7" € K
the following holds:

conv f(S) Nconv f(T) = conv f(SNT).
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Often only the set
R(K, f) = U conv f(.5)

Sek

is then called a geometric realization, where of course one only has to use the
maximal simplices. Intuitively, a geometric realization is a union of concrete sim-
plices in R™, that intersect in the same way as the abstract simplices do. A

Remark/Example 3.1.4. (i) The set
A, :=conv{0,e,...,e,} CR"

is an n-dimensional (concrete) simplex, called the n-dimensional unit simplex.
(47) For every abstract simplicial complex K C P ([n]), the following map provides
a geometric realization:

f:[n] =R
00
1> e;.
ForG = {{0},...,{n}}and F = P ([n]), we thereby obtain
R(G,f)={0,e1,...,e,} and R(F, f) = A,.

(#i9) If K C P ([n]) is an abstract simplicial complex of dimension d, then K can
at best be geometrically realized in R, but not in smaller dimension (simply due
to the definition of affine independence). However, a realization in R¢ need not
necessarily exist. As we saw in (i), however, there is always a realization in R"™.

(1v) If K is one-dimensional (i.e. a graph), then it can be realized in R! if and only
if it is a straight line. If it can be realized in R?, then the graph must be planar,
i.e. it must be possible to draw it in the plane without any intersection of edges
(however, this is only necessary and not sufficient, since we only allow straight
edges in realizations). In the picture below we see a one-dimensional realization

of
Ky = {{o}, {1}, {2}, {3}, {0, 1},{1,2},{2,3}}

and a two-dimensional one of

Ko = {{0}, {1}, {2}, {3}, {0, 1}, {1, 2}, {2, 3}, {0, 3}}

aswell as

Ks = {10}, {1}, {2}, {3}, {0, 1},{0,2},{0,3}, {1, 2}, {1, 3}, {2,3}} .
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K K X,

£(0) {(s) £)

fo) f4) f2) f0)

*r—r—s—0

/N

() £@) f() f@)

Next we see the respective realization in R? from (i7), which exists for all K;:

K X X,

1 2

£6) (6) ts)

(o) £(o)

§
) $ ft) SO ¥

(v) For arbitrary n we consider
S={SCn]|S#0,|S| <n}.

This is an n — 1-dimensional simplicial complex, whose geometric realization
from (i7) is exactly the boundary of the n-dimensional unit simplex in R". It is
homeomorphic to S™ L.

(vi) We consider the simplicial complex 7 C P([8]), which is schematically shown
in the following figure:
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(v} 1 2 [v)
3 “ 5] 3
¢ } g ¢
0 4 Z (¢]

Each segmentrepresents a 1-dimensional simplex, and each triangle a two-dimensional
one. It should be clear that the geometric realization is a space that is homeomor-

phic to the torus. Analogously, a simplicial complex KB C P([8]) for the Klein
bottle is obtained using the following diagram:

0 1 2 (o)
3 s 5 6
3 * 8 3
0 4 2 0

A

Lemma3.1.5. Any two geometric realizations f, g ofthe same abstract simplicial complex
IC yield homeomorphic topological spaces:

R(K, f) = R(K, g).
Proof. Exercise[22] O
Definition 3.1.6. Let K be an abstract simplicial complex.

(@) Fork € Zlet
ChK):= € =z

Sek
dim(S) =k

be the free Z-module generated by the simplices of I of dimension k. Instead of
writing elements as tuples of integers, we often write them as formal sums with
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integer coefficients:

Z Cg * S.
Sek
dim(S) =k

(i) Let S € K with dim(.S) = k. We write

S =g, i1, ..,y Withig <ip < -+ <
and define .

O(5) := ZO(—l)j (9\{i;}) € Cpa(K).

J

In this way we obtain a module-homomorphism
aki Ck(’C) — Ckfl(’C),

called the boundary map. The resulting chain of mappings

Ok41

= G () 3 CH(K) B G (K) — -+

is called the chain complex associated with K.
(217) We define

Zk(IC) = ker(é’k) and Bk(IC) = 1m(8k+1)

Elements of Z;(KC) are called cycles and elements of B, (K) are called boundaries.
The notion of boundaries is relatively easy to motivate: Every simplex is mapped
under 0y, to the alternating sum of its highest-dimensional sides; that is, just to
its boundary. The image of 0 is thus generated by boundaries of simplices. We
motivate the notion of cycles in Example (4i1) below. A

Example 3.1.7. (i) We consider G = {{0},...,{n}} and see
Co(G) = Z™" and Cy(G) = {0} for k # 0.

Thus, the boundary maps 0, are already uniquely determined, and the relevant
part of the chain complex is

{0} & zr1 & 101,
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We see

Bo(G) = {0} and Zy(G) = Z".
(17) We consider F = P ([n]) \ {0} and obtain

C(F) = zit)

fork =0, ...,n and the following chain complex

(0} » z & zr1 %5 Z(05) 57

n—1

Zn+1 {O}

Here the boundary maps are a bit more difficult to describe explicitly. For exam-
ple, in the case n = 2 we obtain

Oy: 7= Cy(F) = C(F)=17°
1
1— -1
1
where we have sorted the 1-simplices as follows

er = {1,2}, e; = {0,2}, e3 ={0,1}.

If we sort the 0-simplices as e; = {0}, e5 = {1}, e3 = {2} we obtain

O : 72 =C\(F) = Co(F) =173
a -b—rc
b — c—a .
c b+a

By (F) = Zy(F) = {0}

We thus have
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(¢i7) We consider Ko = {{0},{1},{2},{3},{0,1},{1,2},{2,3},{0,3}} from
Remark/Example[3.1.4|(iv). Here we get the chain complex

{0} = z* & 74 — {0}

with
0,: 72 - 7°
a —a—d
b o a—>
c b—c
d c+d
So
1
1
Bl(’CQ) = {0} and Zl<’C2) = Sspany 1
—1
as well as
-1 0 0
1 _1 4
By(Ks) = spany, o |l 1 | ! and Zy(Ks) = Z".
0 0 1

From Z,(K;) you can see why the term cycle is well chosen. There is an element in
the kernel of 0;, namely

—_ = =

—1

which, in other notation, is simply {0, 1} +{1, 2} +{2, 3} — {0, 3}. Itisin the ker-
nel of 0; precisely because it geometrically corresponds to a cycle/circle between
the numbers 0, 1, 2, 3 (which can be clearly seen in the geometric realization).
(1v) We consider S = {S C [n] | S # 0, |S| < n}, whose realization is homeo-
morphic to S"~!. The resulting chain complex is almost identical to that in (i7),
except that C,,(S) = {0} holds, since the full simplex [n] does not belong to S.
(v) The chain complexes, boundaries and cycles of the simplicial complexes of the
torus and Klein's bottle from Remark/Example[3.1.4|(vi) can also be determined,
with considerable computational effort. A
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Lemma3.1.8. Fork € Zwehave Oy o 011 = 0,50
Bi(K) C Z(K).

Proof. It suffices to show that 0y (0x41(S)) = 0 for all simplices S of dimension
k + 1. However, O (0x+1(95)) is a sum over all sides of S of dimension k& — 1,
where each of these sides appears exactly twice (one can delete two vertices of S
in different orders). This, however, results in different signs, as one easily checks.

O]
Definition 3.1.9. For an abstract simplicial complex IC and k € Z we define
H,(K) == Z(K)/By(K)
and call it is the k-th homology module of /C. A

Remark 3.1.10. Let K C P([n]) be a simplicial complex with () ¢ K.
(1) We have H(K) = {0} for k < 0 and for k > dim(K).
(i1) It always holds that

Hy(K) = Z°

where s is the number of (path) connected components of the geometric realiza-
tion of IC. Obviously,
Zo(K) = Co(K) = 7"

Assume that for two vertices i < j, {i,j} € K holds. Then from

0({i,7}) = {7} — {1} € Bo(K)
it follows that -
{1} ={i} € Ho(K).
If two vertices lie in the same connected component, they can be connected by a
finite sequence of such edges. This yields the statement.

(¢17) We must imagine a k-cycle as a configuration of simplices that completely
enclose a region of dimension k + 1, for example,

»={0,1} + {1,2} — {0,2}.

Whether a cycle Z becomes trivial in homology depends on whether there exists
a configuration of higher simplices whose boundary is precisely the cycle, and
which thus fills the resulting spatial region. For example,

9, ({0,1,2}) = 2 = 9, ({0,1,3} + {1,2,3} — {0,2,3})

and the corresponding simplices fill the region enclosed by =:
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T+0 1-0 1-0

3. 3 3
2 S L
1 1 1

In this respect, the k-th homology module measures the number holes of dimen-

sion k + 1 in the simplicial complex. A
Example 3.1.11. We compute all homology modules of the simplicial complexes
from Example[3.1.7,

(@) For G = {{0},...,{n}} we obtain

H[)(g) — Zn+1

and all other homology modules are trivial.
(¢4) For the complex F = P([n]) \ {0} we obtain

Hy(F)=2Z

and all other homology modules are trivial (Exercise[23).

(zi1) For o = {{0}, {1}, {2}, {3}, {0, 1}, {1,2},{2,3}, {0, 3}} one directly sees
Hy(Ky) =2 Z, H\(KCy) =2 Z

and all other modules are trivial.

(iv) For S = {S C [n]| S # 0,|S| < n} we obtain almost the same chain com-
plex as in (i7), only C,,(S) = {0}. From this we see

Ho(S) 27, Hy'(S) =7

and all other modules are trivial (Exercise[23).
(v) After long and tedious calculations, with a bit of luck, one obtains:

Ho(T)=Z, H(T)=ZZSZ, Hy(T) = Z

aswell as
Ho(KB)=Z, H(KB) 2 Z & 7/27

and all other modules are trivial. AN
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Theorem 3.1.12. Foreveryk € Z,
Hy: SC — Z — Mod
is a covariant functor. In particular,
K=L = Hy(K)= Hy(L)
holds forall k € Z.
Proof. We only need to define the induced maps and prove functoriality. Let
K € P([m]) and £ € P([n])

be simplicial complexes and ¢: [m] — [n| a morphism from K to L. For S € K
with dim(S) = k we define

i = {50 5

This gives us morphisms

which make the following diagram commutative (Exercise[24):

0, 1 %
Croar (K) 22 04 (K) =2 041 (K)

l¢k+1 Ltpk L@k—l

Ok+1
Chi1 (L) 22 Ch(L) =2 G4 (L)

This immediately implies
pr(Ze(K)) € Zi(£) and @ (By(K)) S Bi(L).
So ¢y, induces a well-defined morphism
Hi(p): Hy(K) — Hi(L).
The functoriality properties are checked easily. O

Remark/Example 3.1.13. The simplicial complexes 7 and KB have different ho-
mology modules, so they are not isomorphic. But note that we have not shown
that the torus and the Klein bottle are not homeomorphic.
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3.2 Axiomatic Homology Theory

We now want to develop a homology theory not only for abstract simplicial com-
plexes, but for arbitrary topological spaces. Such a theory can be constructed ex-
plicitly; we'll do that later. However, unlike simplicial homology, homology mod-
ules usually cannot be computed directly. Therefore, certain properties of homol-
ogy are used to reduce the computation to simpler spaces. We will therefore intro-
duce homology theory axiomatically, using its properties, and prove many strong
statements from its existence alone. Of course, this existence will also have to be
demonstrated later.

Definition 3.2.1. A homology theory /., is a sequence (hy)xez of covariant func-
tors

hy: Top — R — Mod

where R is a commutative ring. In addition, for all X with an open cover X =
X1 U X, there are maps

8k: hk(Xl U Xg) — hkfl(Xl N XQ)

which make the following diagram commutative forall f: (X;UX5) — (Y1UY3)
with f(X;) C Vi:

0
hi (X1 U Xp) —= hy_1 (X1 N Xo)
lhk(f) lhkﬂf)
0
hi (Y1 U Yy) —= hy_1 (Y1 N Y).
The following properties should apply:

(H) All hy, are homotopy invariant.

(MV) For every open cover X = X; U Xy, the following (infinite) Mayer-Vietoris
sequence of R-modules is exact:

) (hk(il)_J;k(h))

S (XN hio(X0) Bhy (Xo) V0D 0y B (XNX) < -
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where the mappings are from the canonical diagram (which is a pushout):

X1
>N

X1N X, X

X

(V) We have hy(0)) = {0} forall k € Z.

If the following axiom is also satisfied, then h, is called an ordinary homology
theory:

(D) We have hy,({x}) = {0} forall & # 0. A

Remark 3.2.2. Let h, be a homology theory.

(@) Forallk € Z, X ~Y = hy(X) = hi(Y) holds. This follows, as usual, directly
from the required homotopy invariance of the functors hy.

(¢i) For all k € Z we have hy(X UY) = he(X) @ he(Y'). This is obtained from
the exact Mayer-Vietoris sequence for the open cover X LIY = X U Y

{0} = he(X NY) = hiy(X) @ hio(Y) = hi(X UY) = bt (X N Y) = {0}

Since the two modules on the very left and right are trivial, the map in the middle
must be both injective and surjective, i.e. an isomorphism.

@id)For f: X = X3 U Xy —» Y =Y, UY,with f(X;) CY;, the entire following
diagram is obviously commutative:

1o)
hk(Xl N XQ) —>hk<X1) ED h/k-(XQ) e hk(Xl U XQ) —k> hkfl(Xl N Xg)
lhk(f) lhk(f)@hk(f) lhk(f) Lhkl(f)

19)
hi (Y1 NYa) —— hi (V) @ hp(Ya) — hi (Y1 U Yy) —= hy 1 (Y1 N Ya).

For the first two blocks it simply follows from the functor property, for the last
block we have explicitly required it. A

When we want to compute homology modules, we usually use the exact Mayer-
Vietoris sequence. It’s bestif the trivial module appears in many places. To achieve
this, we often first proceed to the reduced homology and only then compute the ac-
tual homology.
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Definition 3.2.3. For X # (Jand p: X — {*} wecall
~ hi(p)
hi(X) := ker (hk(X) — hk({*}))

the reduced homology corresponding to h. A

Remark 3.2.4. (i) The projection p: X — {x} has a right inverse, so the map
hi(p) is surjective.

(ii) We have hy,({*}) = {0} forall k € Z.

(iii) hy, is also a functor. Applying hy, to the left commutative diagram, one sees
that h(f) maps the kernel of hy(p) to the kernel of A (p):

x— .y B (X) 2D (v
lp ]p lhk(P) jhk(p)
{of —{x} i ({5}) — hi({*}).

By restriction, one obtains the morphism

This also shows homotopy invariance.
() IfX = X7 U X, with X7 N X, # (), then the Mayer-Vietoris sequence is also
exact for h. To do this, consider the following commutative diagram:

0 0 0 0

— Iy (X1 0 Xp) —— Iy (X1) @ g (Xz) —— hie(X) —— g1 (X1 N Xp) —

~

—_— hk(Xl N XQ) —_— hk(Xl) D hk(XQ) —>hk(X) — hk—l(Xl N Xg) —_—

Here the bottom two lines are exact, as are all columns. This implies that also the
first line is exact (Exercise[26).
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(v) For nonempty X we have

hi(X) 22 h(X) & hi({*}).

To see this, consider the exact sequence

0 = he(X) = he(X) "2 he({5}) = 0,

in which hy(p) has a right inverse. This yields the statement (Exercise 27). In
particular, for an ordinary homology theory h, with M := hy({*}) we always
have ~
hW(X)eM k=0
hi(X) = .
(X) { hi(X) otherwise.

Furthermore we have 3

hi(X U {x}) = hie(X),
see Exercise|28] A
Proposition 3.2.5. Let h, be an ordinary homology theory with M := ho({x}). Then
foralln > 1 we have

w [ M k=0

hi(D") = { {0} otherwise

wm | M kE=0,n
e (57) = { {0} otherwise.

and

For the torus and Klein bottle we have

ho(T) =M, i (T) =M &M, ho(T) =M
hie(T) = {0} otherwise
ho(KB) = M, hy(KB) = M & M/2M

ho(KB) = {m € M | 2m = 0}
hi(KB)
Proof. Since D" ~ {x}, the first statement follows directly from homotopy in-
variance. We now cover the sphere S™ openly by an upper and alower hemisphere,
which slightly overlap at the equator. Both hemispheres are homotopy equiva-

lent to a point, the intersection to S"~!. We therefore obtain the following exact
Mayer-Vietoris sequence for h,:

hi({#}) ® hi({5}) = hi(S™) = b1 (S"71) = 1 ({%)) ® hi 1 ({+})
={0} ={0}

= {0} otherwise.
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This gives hy,(S™) = hy_1(S™ ') and iteratively

M k=n

Bk(S”) = ﬁk—n(S(]) = hn({*}) = { {0} otherwise.

By going from h, to h,, the additional factor M arises for k = 0. Computing the
homology modules of the torus and the Klein bottle is Exercise[30] O

Proposition 3.2.6. LetY = X U, D" be formed by attaching an n-cell to X. Then
hi(X) = (V) fork # n,n — 1.
Proof. Let 0 € D™ be the center of the disk. We cover Y by the two open sets
Vi =Y \{0} ~X andY, =Y \ X = D" ~ {x}.

We have )
YiNY,=Dr\ {0} ~ 8"

and thus obtain for arbitrary k the Mayer-Vietoris sequence

S—— =

~h(X) ={o}

For k # n,n — 1 the module on the left and right is trivial, and this provides the
desired isomorphism. O

In the following we see how h, generalizes the functor m:

Theorem 3.2.7. Let R be a principal ideal domain and h..: Top — R — Mod an ordi-
nary homology theory with ho({*}) = R. Then for every space X that is homotopy equiv-
alent to a finite CW-complex, ho(X ) is a free R-module with

dimR ho(X) = |7T0(X)|

Proof. Note that for CW complexes, connected and path-connected components
coincide, and thus X is the topological sum of its finitely many connected com-
ponents.

We prove the statement by induction on the structure of the CW complex X. If
X consists only of zero cells, then the statement follows from Remark[3.2.2](i7).
If an n-cell is attached to X forn > 2, then by Propositionm%(X ) and thus
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also ho(X) do not change. On the other hand, the number of path-connected
components cannot change either, since S" ! is path-connected. So let’s assume
we attach a 1 cell to X . There are two possibilities.

1. Case: The number of path-connected components remains the same. We have
thus attached both ends of D' to the same path-connected component. We now
partition the new space Y again by removing an unattached point from D! for Y,
and choosing Y, = Y\ X. ThenY; ~ X, Y, ~ {*} and Y; N Y, ~ S°. We obtain

R = ho(S°) = ho(Y1) @ ho(Ya) = ho(Y) — {0}.
={0}

The map on the left, however, comes from the inclusion Y; NY; < Y7, and this is
homotopic to a constant map, since the attachment points lie in the same path-
connected component. Constant maps factor through a point and thus induce
the zero map in reduced homology. This gives us

ho(X) = ho(Y1) = ho(Y)

and hence also ho(X) = ho(Y).

2nd Case: The number of path-connected components decreases by 1. We have
thus connected two components X7, X5 (we can assume that X consists only of
these two components). We now choose Y] to be precisely X; including the at-
tached D', but without its other endpoint. Analogously, we define Y5. Then Y ~
X1,Y; ~ Xy and Y] NY, ~ {x}. Using the exact Mayer-Vietoris sequence we
obtain

ho(Y) 22 ho(X1) @ ho(Xs).

We now have

ho(Y)®R=ho(Y) S RO R
>~ ho(X1) ® R @® ho(X2) ® R
= ho(X1) @ ho(X>)
~ RO R,

where we have used the induction hypothesis for X; and X,. Using the elemen-
tary divisor theorem, /ho(Y) is now also a free R-module with

Next we obtain a connection between 7; and h;:
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Theorem 3.2.8. Let (X, x() be a pointed space and h.. an ordinary homology theory with
ho({*}) = Z. A continuous path v: [0,1] — X with~y(0) = (1) = x¢ can be
regarded asamap y: S* — X withy(1) = x,. Because h,(S*) = Z,

hl(’}/) : hl(Sl) — hl(X)
yields a well-defined group homomorphism

m(X, 2) = hi(X)
v = ha(9)(1).

Proof. We know that homotopic paths v,6: S' — X yield identical maps
hi(y) = hi(9). The map is thus well-defined. We can realize a concatenation
of paths v, § using the following diagram:

Sz, gty gt M x
7%

Here, z wraps the circle once around both copies of S*, and v V 6 uses v on the
first copy of S', and & on the second copy. By applying h; we obtain

h1(7yVé)

7 = hy(8Y)"™ 2 py (st v s (X))

\_/

hi(vd)

But
hl(S1 V Sl) = hl(Sl) ® hl(Sl)

and under this isomorphism, h;(z) corresponds to (id, id) and hy(y V 0) corre-
sponds to hy(7y)+hq(9). This results in the desired homomorphism property. [J

Remark/Example 3.2.9. (i) For X = S, one thus obtains the identity as an iso-
morphism between 7,(S') = Z and hy(S') = Z. The simple circular path v
generates m (S!) and, because h; () = id, is mapped to 1 using the given homo-
morphism.

(¢i) The homomorphism (X, xy) — hi(X) cannot, in general, be injective.
Homology groups are always abelian, while fundamental groups are generally
not. A
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Theorem 3.2.10. (1) From the existence of a homology theory with hy({*}) # {0} for
some k follows:

(i) S"1 C D" isnotaretract.

(17) Brouwer’s fixed point theorem: Every continuous map f: D™ — D™ has a fixed
point.
(2) From the existence of an ordinary homology theory with ho({*}) # {0} follows
(i) S~ S" = m=n.
(i) U C R™open,V C R"open, V=W = m =n.
Proof. (1) (i): Suppose we have a commutative diagram

Sn—l L Dn

N

Sn—l.
We apply hy, to it and obtain

(571 L (D) = {0}

m lh’“(”

hk(snil).

But

hi(S™71) 2= hyeeni1(8°) = hienia ({#}) # {0}
for suitable k. This is a contradiction, since the identity does not factor through
the trivial module.
(7): Brouwer’s fixed point theorem is proved in the same way as in Corollary[2.3.4}
from a map without a fixed point one could directly construct aretractionr: D™ —
St
(2) (¢): From S™ ~ S™ it follows

{0} # ho({#}) = hun(S™) = hin(S™) & hunn({*})

and from this m = n, since h, is ordinary.

(¢i): Let f: U — V be a homeomorphismand z € U,y = f(x) € V. Choose an
open ball B; in V around ¥, an open ball B, in U around x with B, C f~(B)
and finally an open ball B3 in V' around y with B; C f(B) :
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n

ugm"‘ \/9./2
4
(s, T
Q"/

We obtain the following commutative diagram, in which ¢ is a homotopy equiva-
lence:

By \ {y} B\ {2} —1= B\ {y}.

\_/

L

We then apply h,,_1:

ilnfl(B?» \{y}) — Enfl(BQ \{z}) — iln—l(Bl \ {y})
But B3 \ {y} = B, \ {y} ~ S" 1 s0
hn1(Bs \ {y}) = ha 1 (Br \ {y}) = ha 1 (S™71) = ho({x}) # {0}.
Because of By \ {z} = S™! we obtain
{0} # A1 (B2 \ {}) & hypoa (S™71) 2 B ({%})
and from this finally n = m. O

Definition 3.2.11. Let h, be an ordinary homology theory with ho({*}) = Z. Ev-
ery continuous map f: S™ — S™ induces a group homomorphism

ho(f): ho(S™) =7 — Z = h,(S™).
We define the degree of f as deg(f) := h,(f)(1). A
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Remark/Example 3.2.12. (i) We have deg(id) = 1.
(i) From the functorial properties of h,, it immediately follows that

deg(f o g) = deg(f) - deg(g).
(¢17) Homotopic maps have the same degree. A
Lemma 3.2.13. The reflection
s: 8" — S
(X1, ooy Ty Tpgr) = (T4, Ty —Tpa1)
has degree —1.
Proof. We consider the following sequence of maps
S g gn iy gn i gn,

where g simply contracts the equator to a point. This sequence is homotopic to
a constant mapping. Alternatively, one can first fold the lower hemisphere into
the upper one (which is then already homotopic to a constant mapping) and then
contract the lower one. In the n-th (reduced) homology we obtain

0: 2% 202" g
and from this it follows that A, (s) = hy,(s) = —idy. O

Example 3.2.14. The map
—id: S" — 5"
T —x
has degree (—1)"!. It is the successive execution of n + 1 reflections. A
Corollary 3.2.15. On S™, id and — id are homotopic if and only if n is odd.
Proof. Exercise33] O

Definition 3.2.16. A tangent vector field on S” is a continuous map v: S" —
R"*! with
(z,v(z)) =0

forallz € S™. AN
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The following theorem states that odd-dimensional hedgehogs cannot be combed
continuously.

Theorem 3.2.17. On S™ there exists a nowhere vanishing tangent vector field if and only
ifnisodd.

Proof. Suppose v: S™ — R™"! is a tangent vector field with v(z) # 0 for all
x € S™. Then we obtain a homotopy of id and — id on S™ by moving each point
x along the circle given by v(x) on S™ up to —x. By Corollary[3.2.15 this implies
that n is odd.

For odd n, however, such a tangent vector field can be easily given explicitly by

(T, T, Ty Tpy1) 2= (T, =1, oo oy Tpa1, —Ty)- O

3.3 Construction of Singular Homology

In this section, we outline the construction of an ordinary homology theory H,
with Hy({*}) = R, for an arbitrary commutative ring R. Let

A, = conv{ey = 0,€eq,...,e,} CR"

be the n-dimensional unit simplex. Then for i = 0, ..., n there are canonical
continuous embeddings

A Ay > A,
by simply mapping A,,_; = conv{eq, ...,e, 1} toconv{eg, ..., € 1,€i11,...,€n}

via an (index-order preserving) affine transformation.
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For every topological space and every continuous map v: A,, — X one obtains
continuous maps
vi=ryod! Ay = X

Fork € Zlet

C(X)= @ R

Top(Ag,X)

be the R-module freely generated by all continuous functionsy: A, — X, where
weset C(X) = {0} for k < 0. We also write elements of C,(X) as (finite) formal
R-linear combinations of functions:

> e
v Ag—X
with ¢, € R. Fory: Ay — X we set

k

O(y) ==Y _(=1)"y" € Croa(X)

i=0
and thus obtain morphisms dy: C(X) — C_1(X) and a chain complex

Or41

o O (X) S (X)) B O (X) = -

Again, one easily checks
8k o) 8k+1 =0

for all k € Z. Thus, for
Bk(X) = 1m(8k+1) and Zk(X) = ker(ak)

we always have By, (X) C Z;(X) and we define the k-th singular homology mod-

ule as
H(X) 1= Z4(X)/Bu(X).

Every continuous map f: X — Y yields a map
Ji: Top(Ay, X) = Top(A,Y)
v fon
and therefore a morphism
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which makes the following diagram commutative:

Okt Ok
Croan (X) 25 O (X)) —2 0 (X))
Jret1 fr Lfkl
Ok41
Ck+1(Y) — Ck<Y) i’ Ckfl(y>

So we obtain a well-defined homomorphism
Hi(f): He(X) — Hi(Y)

and the functoriality properties are satisfied.

The axiom (N) is obviously satisfied, since there are no continuous maps A, — 0,
and thus C,(0) = {0} already holds for all k.

Axiom (D)isalsosatisfied. For k > (thereisexactlyone continuous map~vy: A, —
{*} and the chain complex looks like this:

o 5>RYRERURER {0} -

Thus,
Ho({+}) = Rand Hy({*}) = {0} for k # 0.

Homotopy invariance, the construction of the boundary map and axiom (MV) are
much more difficult to prove, so we omit them here.

Here we illustrate the connection to my and ;. A continuous map v: Ag — X
simply corresponds to a point of X, so Cy(X) is simply generated free of the
points of X. A continuous map v: A; — X is simply a continuous path, and
A1 (v) = (1) — v(0). This directly shows the statement of Theorem [3.2.7again.
Furthermore, in the case R = Z one obtains the following well-defined group
homomorphism (Exercise36):

If X is path connected, it is surjective.

Finally, we want to prove the Borsuk-Ulam theorem, and for this we must return
to the degree of a map. In the following proof, we resort to the explicit construc-
tion of simplicial homology. Amap f: S™ — S™ is called antipodal if f(—z) =
—f(x) forallx € S™.
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Theorem 3.3.1. Every antipodal map f: S™ — S™ has odd degree. In particular, an
antipodal map is never homotopic to a constant map.

Proof sketch. We recall the definition of projective space as
P" :=P"(R) := S"/(z ~ —x),

and the canonical projection p: S™ — P". With respect to p, every continuous
map v: Ar — P" can be lifted to a continuous map 7: A, — S™ in exactly two
ways. This can be seen with an argument as in the proof of Proposition[2.3.1 We
denote these two lifts by 71, 7».

We now use singular homology with R = 7 /27. We obtain a short exact sequence

0— CW(P") B CL(S™) &8 CL(P") — 0,

with 7(7) = 71 + 2. Injectivity of 7 is clear, surjectivity of p;, follows from
the existence of a lift of v, and exactness in the middle from the fact that we use
R = Z/27. In the following diagram, everything commutes (the rows are chain
complexes of singular homology, and the columns are exact):

0 0 0

Ok+1
.. —>Ck+1(IP’") ;Ck(ﬂm) ﬂ) Ck_1(IP’”) .
Tk+1 Tk Tk—1
ny k1 n Ok n
o Oy (8") —= Cp(5") —= Cjpt (8") — - -
Pk+1 Pk Pk—1

Ok+1
e o (P) 2 O (P) — 2 Oy (P —— - -

0 0 0

This gives a long exact sequence in homology:
o Hy(PY) S Hy(S™) 5 Hy(P") % Hy (P -

The mapping dj, arises from the Snake Lemma (Exercise[37), the exactness is proven
by diagram chase.
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Now let f: S™ — S™ be antipodal. Then f induces a continuous map
[Pt =P
[z] = [f(@)],

which gives us the following commutative diagram in homology

Tk d
oo —— Hj,(P") —> H,(S™) Lﬂk([pm) — Hy oy (P?) —— - -
LHk(f) lHk(f) lHk(f) lHkl(f)
T d
oo — H,(P") > Hy(S™) 2 H (P?) —2> Hy 4 (P?) — - -
The middle rectangle commutes because it already commutes at the level of con-
tinuous maps. The left rectangle commutes because f o, and f o+, are precisely
the two lifts of f o 7. The commutativity of the right rectangle follows from a
three-dimensional diagram hunt by adding a second layer to the diagram above,

containing the maps induced by f and f, respectively.
However, most homology modules of S™ are trivial, so we get the exact sequences

0 —— H,(P") —= H,(S") — H,(P") —= H,_;(P") — 0

L |

0 —— Hy(P") —= H,(S") —= H,(P") —= H,_,(P") — 0

as well as
0 —— Hy(P") —— H}_1(P") —0

| |

0 —— Hp(P") —— Hy_1(P") ——0
fork=n—1,...,2,and

0 —— Hy (P") — Ho(P") — Hy(S") — Hy(P") —0

N N

By Theorem[3.2.7, Hy(P") = Z/2Z holds. Likewise, Hy(S™) = H,(S") = Z/2Z
holds. This allows us to iteratively work our way up and obtain Hy(P") = Z/27Z
fork =0,...,n. All occurring mappings are either 0 or id. In the same way, one
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obtains iteratively that all H,(f)and H,(f) areisomorphisms, where this is clear
for k = 0. In particular,

H,(f): H,(S") — H,(S")

isanisomorphism, i.e., theidentity onZ/2Z. However, H( f) arises simply from
the reduction of all coefficients modulo 2 of the corresponding construction with
R = 7Z. Thus, f must have an odd degree. O

Corollary 3.3.2 (Borsuk-Ulam). Forevery continuous map
f: 9" —=R"
there exists a pointx € S™ with f(x) = f(—x).

Proof. Suppose the statement is not true for some f. Define

hiS" - S
f(z) — f(~a)
@ = fEa)]

Here, h is obviously continuous and antipodal. If we embed S™~! as the equator
in S", we obtain an antipodal mapping of S™~! into itself by composition with
h, which, however, factors through S™ and therefore becomes trivial in n — 1-th
homology. It therefore has degree 0, and this contradicts Theorem[3.3.1, O

Corollary 3.3.3 (Tofu Sandwich Theorem). Let Ay, ..., A, be bounded Lebesgue mea-
surable subsets of R™. Then there exists an affine hyperplane that bisects all A; simultane-
ously.

Proof. Forv € S™ C R""! we define
P,:={aeR"|(v,(a,1)) > 0}.

Every affine half-space in R" corresponds to exactly one such v € S". Now we
obtain a continuous map

vol: §" — R"
v (vol(P, N Ay)),...,vol(P,NA,)).

By the Borsuk-Ulam Theorem, there exists a v € S™ with vol(v) = vol(—wv). The
hyperplane defined by v thus bisects all A; simultaneously. O
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Corollary 3.3.4 (Lusternik-Schnirelmann). For every cover of S™ with n + 1 closed
subsets, one of the subsets must contain a pair of antipodal points.

Proof. Let a closed cover of S™ be given by subsets Ay, . .., A,. Suppose
fori =1,...,n. We choose continuous functions f;: S™ — R with

fij, =land f; , =0.
Then
f=(f1, ... fa): S" = R"

is continuous, and thus there is a point x € S™ with f;(z) = fi(—z) fori =
1,...,n.Butthisimpliesz, —x ¢ A;fori =1,... nandthusz, —x € A;,. O
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Exercises

Exercise1. Show:

(¢) For metric spaces, the definition of continuity agrees with the well-known e-
0—definition.

(43) [0, 1] is not homeomorphic to R.

(i17) The map

f:[0,2r) = St ccC
e’
is continuous and bijective, but not a homeomorphism.

Exercise 2. Show that continuity is a local property: Amap f: X — Y is contin-
uous if and only if for every = € X there exists a neighborhood U C X such that
flv+ U — Y is continuous.

Exercise3. (i) Show that there exists a Hausdorfftopology on the space ([0, 1], R)
of functions, such that a sequence ( f,,),, converges to f if and only if it converges
pointwise on [0, 1].

(¢i) There is no metric on F ([0, 1], R) that induces the topology from (7).

Exercise 4. We provide the set X = Mat,, ,,(R) of real m x n-matrices with the
Euclidean topology and define for A, B € X

A~ B 35 € GL,(R), T € GL,(R): SAT = B.
Describe X/ ~ with the quotient topology as explicitly as possible.

Exercise 5. Let X be a topological space, X x X be endowed with the product
topology, and let Ax := {(x,z) | z € X} be the diagonal in X x X. Show that
X is Hausdorffif and only if A x is closed in X x X.
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Exercise 6. Let the following diagram be a pushout:

X1
27N
Xo X
N A
X

Show that if j; is a homeomorphism, then so is i5.
Exercise 7. Prove Theorem[L.3.3l

Exercise 8. Prove the Heine-Borel Theorem.
Exercise 9. Prove Theoreml[L.3.6l

Exercise 10. Show thatif A C X is connected, then so is A. Is the converse also
true?

Exercise11. Let X C R" be open. Show:
(1) Every path-connected component of X is open.
(#1) X is connected < X is path connected.
(227) Is the same statement also true for closed sets X C R"?
Exercise12. Let X be a topological space. Show:

(7) The following statement defines an equivalence relation on X:

x~y <= JA C X connectedwithz,y € A.

(¢7) The subsets of X that consist of mutually equivalent points are called con-
nected components of X'. Connected components are connected and closed,
but not necessarily open. Is the quotient topology induced on the set of
equivalence classes discrete?

(i17) Everycontinuousmap f: X — Y induces a well-defined map between the
respective sets of equivalence classes.
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Exercise 13. Let f1,91: X — Y and f5,90: Y — Z be continuous maps with
fi~ g1, fo ~ go. Then

(f20 f1) = (920 91).
Exercise14. Show that (X, z) = {e} forallz € X, if X C R" is star-shaped.
Exercise 15. Show 11 (X X Y, (2, y0)) = m (X, zo) X 71 (Y, v0).
Exercise16. Show that 7 (S™) = {¢} holds forn > 2.

Exercise17. Try to adapt the computation of the fundamental group of S* so that
you can directly calculate the fundamental group of the torus.

Hint: Find a suitable covering of the torus (defined as in Example[1.2.5](¢4)) onto which
one can lift paths. Technical details need not be proven.

Exercise 18. Compute m; (R?\ {a,b}), where a # b are points from R2.

Hint: R? \ {a,b} is homotopy equivalent to the union of two circles touching at a point.
Find a suitable covering of these circles. If necessary, google Cayley graph of the free group.
Technical details need not be proven.

Exercise19. Let f,g: X — Y be continuous and h a homotopy from f to g. Let
xo € X be fixed and 6(-) = h(xo, -) be the continuous path from f(x¢) to g(x)
induced by h. We also denote by § the isomorphism induced by  from Proposi-
tion[2.2.6}:

§: m (Y, fzo)) = (Y, g(0))
(V] = [67 74l

Show that the following diagram is commutative:

(X, 20) =L 7, (Y, f(w0))

o b

(Y, g(20))-
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Exercise 20. A continuous map h: S' — S is called antipodal, if h(—x) =
—h(x) forallz € S'. Show that an antipodal map & never induces the zero map
between the fundamental groups. In particular, & is not homotopic to a constant
map.

Exercise 21. (i) Show that there is no antipodal continuous map h: S? — S*.
(#4) Show that for every continuous map f: S? — R? there exists a point 7 € S?

such that f(z) = f(—x).

Exercise 22. Prove Lemma i.e. show that any two geometric realizations of
an abstract simplicial complex yield homeomorphic spaces.
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Exercise 23. Compute the homology modules of ¥ = P([n]) \ {0} and S =
{SCnl[S#0,]S|<n}.

Exercise 24. Show that the diagram

Ci(K) =2 Ci, 1 (K)

l% ls@

Ok

Cr(L) —= Cr1(L)

from the proof of Theorem[3.1.12]is commutative.

Exercise 25. Given a finite sequence of vector spaces and linear maps
(VAL VAL QLA VAN
with f; 1 o f; = 0 for all i. We define
H; = ker(fiy1)/im(f;).
Show

Z(_l)i dim H; = Z(—l)i dim V;.

()

Exercise 26. Given a commutative diagram of R-modules and morphisms, in
which all columns and the bottom two rows are exact:

0 0 0 0

A B C D

0 0 0 0

Show that the top row is then exact at C'.
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Exercise 27. Assume that in the following exact sequence, f has a right inverse:

0sA=BL oo
Show that B = A & C holds.
Exercise 28. Show /(X U {x}) = hy(X) forall k € Z.
Exercise 29. Let S V S™ be the union of two spheres that touch at a point. Show
hi(S™V S™) 22 hy(S™) @& hy(S™)
and state isomorphisms in both directions as explicitly as possible.

Exercise30. Compute the homology modules of the torus and the Klein bottle for
an ordinary homology theory h..

Exercise 31. Compute the homology modules of the space S?V/ S'V S* for an ordi-
nary homology theory and compare with the torus. Are the two spaces homotopy
equivalent?

Exercise 32. Let H" := {(a1,...,a,) € R" | a, >0} and U,V C H" be open
(in the subspace topology of R™). Let f: U — V be a homeomorphism and p €
U N OH". Show that then f(p) € V N OH" must hold. You may assume the
existence of a homology theory with A ({*}) # 0 for some k.

Exercise 33. Show that id and — id are homotopic on S™ if and only if n is odd.
Exercise 34. Let f: S"~! — S ! be continuous. Show:

(¢) If f is ahomotopy equivalence, then deg(f) = £1.
(¢1) From deg(f) # 0it follows that f is surjective.
(é73) If f has no fixed point, f is homotopic to —id.
(iv) If f does not map any point to its antipode, f is homotopic to id.

Exercise 35. An operation of a group G on a topological space X is a group homomor-
phism
¢: G — Homeo(X),

where the set of all homeomorphisms of X is understood as a group w.r.t. com-
position of functions. The operation is called free if o(¢) has no fixed point, for all

g #e.
Show that for odd n only the groups {e} and Z/27Z can operate freely on S"!,

and give an example of such a free operation.
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Exercise36. Show that the following mapis a well-defined group homomorphism
(in the case R = Z):

If X is path connected, it is surjective.

Exercise 37. Given the following commutative diagram of R-modules with exact
columns:

Show that there exists a canonical map d: ker(h) — D/ f(A) such that the fol-
lowing sequence is exact:

ker(f) — ker(g) — ker(h) — D/f(A) — E/g(B) — F/h(C).

Exercise 38. In the following commutative diagram of R-modules, the rows are
exact:

A B C D E

N

A’ B’ c’ D’ E'.
Show that if g, i are isomorphisms, f is surjective and j is injective, then A is an
isomorphism.

Exercise39. Letpy,...,p, € Rxy,...,z,| be homogeneous polynomials of odd
degree. Then there exists a0 # a € R"*! with

0=pila) =--- = pula).

In other words: The projective variety of p1, . . ., p, has a real point.
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