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Abstract F
There are a lot of constitutive laws to describe the de- *v(
formation behaviour of soil. The hypoplastic law is a ho Soil S
good choice for cohesionless soils. It describes the be-
haviour of soil very realistic, i.e. non-linear and inelas-

tic. Itis formulated for the general three-dimensional

case. Therefore the equations are not quite simple. -

This scares many potential users out of utilising hy-

poplasticity. Figure 1. Confined compression test: schematic ex-
perimental setup

Some fundamental ideas of the hypoplastic material

law are shown with simple one dimensional examr  confined compression test
ples. Thus the major functionality of this law becomes

circular area A

Y

clear.
The cylindrical soil sample in fig. 1 is axially com-
pressed with confined lateral strains. The vertical
stressc = —F/A as function of the vertical strain
e = —s/hg is plotted in fig. 2 for loading and unload-
1 Introduction, definitions ing of a sand sample.
o [kN/m?]
Constitutive laws describe the deformation behaviour 03 ~100 —200 300
of materials. They are mathematical formulations of
the stress-strain relation.
-05

Here two simple one-dimensional constitutive laws are ¥ A

developed. One to simulate the behaviour of a soil @ Wy,

sample in the confined compression test, an the other -1 y

to simulate the triaxial test. Both constitutive laws are Z—8ding

of the form of the hypoplastic law. >

Constitutive law developers define the signs for stre|§s , . .
: . . igure 2: Confined compression test with loose sand:

and strain as in the general mechanics. Thus compreH

sion stresses and strains are negative, contrary to¥

usual practice in soil mechanics. We comply with this « |ngtitut fiir Geotechnik und Tunnelbau, Universitét Inns-

convention. bruck, wolfgang.fellin@uibk.ac.at

éss-strain relation
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The curved lines indicate a non-linear behaviour. Thespect to the timeé(¢) = de(¢)/dt. The strain rate is
different branches for loading and unloading signifyegative for loading (compressiofix 0 and positive
inelastic behaviour. Our goal is to find a mathematicir unloading (expansion) > 0.

formulation as simple as possible, but representin%\

a. - .
good approximation to this behaviour however, simple constitutive law of the rate type to simulate

the inelastic behaviour looks then like:

2.1 Most simple model loadinge < 0: o= Ee 3)
unloadinge > 0: & = FEs¢ 4

The most simple approximation of the stress-strain

curve of a confined compression test are two straight

lines (fig. 3). o e
es (fig. 3) Hypoplasticity is a constitutive law of the rate type.
It is a relation which associates the strain rate to the
% o [kN/m?] stress rate.
o -100 -200 -300
-0.2 In order to obtain the stress-strain relation, we have to
04 integrate this rate equation over time. This is done by
06 E1 the famougime integrationof the constitutive law.
S . . . ,
w08 Time integration of (3) for loading yields:
-1 t t
1o E2 / sgdt = / Eiédt
€max 0 0

il o(t) —a(0) = Ee(t) — Eie(0)

The initial values are(0) = 0 ando(0) = og. Thus

Figure 3: Linear inelastic approximation . . . .
stress as function of strain during loading is

This is called a linear inelastic constitutive law. A
naive way to formulate this law is a direct function
between stress and strain:

o =09+ Eie,

which is exactly the same as (1). If loading is changed
to unloading at time;, time integration of (4) with the

loading: o =09+ Eie 1y **H .
initial valuess(t1) = emar @aNdo (t1) = oimas gives

unloading: ¢ = omar + Eo(e — emaz)  (2)

0 = Omaz + EQ(E - 5ma:p) s
But the maximum stress,,,.. is usually not known a
priori, it is a result of the loading history. Thus thevhich is the unloading line (2).
equation for unloading (2) is defined not very conve- i .
nient. In addition we cannot decide whether there {£& ¢&n combine equations (3) and (4) to
Ioading_or unloading alone with the current value of_ . E+E, FEy—Fi
the strain. We have to regard the change of the strain 6= 5 ¢ + 5 €] . (5)
anyway. This leads directly to the following incremen-
tal formulation, which is based on the strain rate.

The absolute value of the strain rate provides different
A more clever formulation of the non-linear inelastigtiffnesses for loading and unloading.

behaviour in fig. 2 is a rate equation. Thinking of load-

ing as a process in time, we introduce the parameter

time ¢. Now the change of the stress and the strain a_rl_?] inelastic behavi fthe h lasti _—
regarded as function of time for a given strain r&te. ST B0 i MieelH 2ele GonsiLigg

The strain raté(t) is the derivative of the strain with law is modeled by using the modulus of the strain rate.
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2.2 Improved model the compression. The differential of the void ratio is
de = (1 + eg)de and for the stress applies

Since the linear stress-strain relation is rather unsatis- 14 e

factory, we try now to get a curved line. The stiffness do = — C ode .

c

of soil is often assumed to be proportional to the stress.
We can find a mathematical formulation, which is ablg/e rewrite (6) for compressioi (< 0)
to simulate this, by multiplying the right hand side of

(5) by the stress and introducing two new constants 6 = (C1 = Cy)oé,
- - - and compare it with the above equation. We find out
6 = Cioé + Caole| . ©) that
1+ €0
Time integration for loadings( < 0) yields o, T C1-C2. (7)
mZ - (C1 — C)(e —g9) , For unloading similar applies
(o)
’ 14+ e _C C
the well-known logarithmic stress-strain relation in the o, ! +e2,

confined compression test. These curves are pIotteﬁj . L
) A whereC. is the expansion index.
for loading and unloading in fig. 4.
The simplified hypoplasticity law (6) corresponds to

the conventional soil deformation behaviour concept.

kN/m? !
9 _1000[ m_]zoo _300 The constants can be determined by:
0
O Experiment o - 1+ eg M
= Hypoplasticity 1 = 5 Cecc
o - _lteC-C
2 C.C.

€ [%]

The constraint modulus of soil is usually assumed to
be proportional to the stress

Es = _(1 + 60)/000 .

We see with the help of (7) thdi; = (C; — Ca)o for
Figure 4: Hypoplastic approximation with (6);; = loading. Thus the factor§;c andCso in (6) denote a
—775, Cy = —433 (09 = —3,4 KN/m?) stiffness!

Remark: Alternatively we can deduce this mathemat-
ically. The tangent constraint modulus is defined

2.3 Connection to traditional soil mechanics asdo/de. The stress is now given as function of
time. We use the chain rule to show

Loading in the confined compression test is usually ap- do dodt % &
proximated by A & =5 (8)
do = —Cc_lade, With this we work out the loading constraint
modulus from (6)
whereinC, is the compression index. o &
, o , : —==-=(C1 —Cy)o.
The void ratioe in the confined compression test can de ¢

be expressed as function of the strair- ey + (1 + INote: C; andCs are negative, but the stresss negative too.
e0)e, with the initial void ratioeq at the beginning of Thus the stifiness becomes positive.
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The stress rate in (6) depends linearly on the stress. ticity is positivelyhomogeneous of the first de-
That causes the proportionality of the stiffness to the gree in strain rate, i.ey = f(Az) = Af(z) ap-
stress. plies only to positive)).

Remark: Mathematically a function is called homo
geneous of the first degree, 4f = f(\x) =
Af(x) is valid for all A\. As we see easily the
hypoplastic law (6) has this property for the ar-
gument stress. If we postulate the proportionality  Triaxial-Test
of the stiffness to the stress, we come out with a
constitutive law that is homogeneous of the fir?rt1
degree inr, which means that the stress terms ag(—)
pear only to the first power.

Hypoplastic constitutive are positively homogeneous
of the first degree in the strain rate.

the triaxial test a cylindrical soil sample is axially
mpressed by a vertical stresswith constant lateral
stressrs (fig. 6).

(6)

1
The non-linear behaviour of the hypoplastic constitu- + + + +
tive law is modeled by the stress dependence of the + % +
stiffness.

2.4 Rate-independence

TYPIIYIYYY
RERERREER

As a first approximation the stress-strain relation of E—
cohesionless soil is independent of the loading rate. f f * * f f
This should be considered by the constitutive law. o

Figure 6: Triaxial test, schematically

The qualitatively relation between the vertical stress
o1 and the vertical strais; = —s/hg is plotted in
fig. 7.

Figure 5: Numerical time integration of the constitu-
tive law

In fig. 5 we see the result of a numerical time integra-
tion for a time stepA¢. Rate-independence means that

the gradient of the curve (stiffnes% = %Az does

not depend on the strain rafe Thug theestress rate

¢ must be precisely twice as large for a double strain Figure 7: Vertical stress in triaxial test

rate. Therefore the constitutive law may not contain

terms like e.g&2. Now we try to design a simple one-dimensional con-

stitutive law, with the main properties of a hypoplastic

Remark: However, if the strain rate changes the sigl?"V: Which were discussed in the previous section.

the stiffness has to change! Therefore hypoplaBie constitutive law has to fulfil three requirements:
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1. different stiffness for loading and unloading, In triaxial testsFy /o9 is approximately constant (pro-

o _ _ portionality of the stiffness to the stress level!).
2. vanishing stiffness fos; = o7"** (loading) and

o1 = o (unloading) Equation (11) should also simulate the limit state.
This means vanishing stiffness fef = o7"** dur-

ing loading. With other words, the stress rate= 0
should vanish at maximum stress for negative strain
rate¢ < 0. With this condition (11) yields

3. The initial stiffness should have the valég.

ar(o7""" + 02) — az(o""* —02) =0,

and with (9)

2 ai Ey

Figure 8: Mohr-Coulombfailure criterion for non- sing  2098ingp

cohesive soils . -
It can be easily checked, that the limit state for unload-

The change of the stifiness is modeled with the tri¢R is also fulfilled with this coefficient,.
of using the absolute value function. We specify t
vertical stress limits using thiglohr-Coulombfailure
criterion for non-cohesive soils (fig. 8)

hIene one-dimensional hypoplastic law for the triaxial
test reads then:

o' —og = (07" +o02)singp 9 o1

min

o9 — 0} = (o2 + o) sing (10)

E E —
:—001+025 0 O1 02|€.1‘ (12)

2 09 ! 2sinp o9

with the friction anglep. The deviatoric stress; — o9

as well as the sum of the principal stressgs+ o, Limit states can be modeled with the help of deviatoric
control the limit state. Thus both terms are used in t stress terms.

formulation:

o1 = ai(o1 + 02)é1 + as(oy — 02)|é1] (11) As an example the stress-strain curve B =
1000 KN/m?, ¢ = 30° andoy = —100 kKN/m? is

We determine the coefficients andas with two con- Shown in fig. 9.
ditions: a given initial stiffness and a given limit state.

-350
The initial stiffness is the gradient of the loading
branch of the stress-strain curveat = o5 (fig. 7). ~300
Equation (11) reads for loading & 0) _ 7250
. . N§ -200
o1 = [a1(01+02)—a2(01—02)}51 . %_'—150
o}
We know from (8) that the term in the square brackets -100
is the stiffness. The initial value at = o9 should be _50
Ey
0 L L
0 -0.5 -1 -15
a1209 = Fy . & -]

From this follows _ _ _ o _
Figure 9: Result of a simulation of the triaxial test with
Eo the simple hypoplastic law (11)

ayp = .
20‘2
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4 Summary

W. Fellin

Further more two test programs are available, which

simulate various element tests (confined compression

The hypoplastic constitutive law formulates the stre
strain behaviour of non-cohesive soils in rate form:

dest, triaxial test, simple shearing) using Hypoplas-
ticity. The programHyptestof Herle for Dos and

UNIX/LINUX, as well as the WADOWS version of

o = h(o,€)

The stress-strain relation follows as a result of a (nu-

Doanh, Herle and Bourgeaois.

merical) integration over the time. Thus it depends ¢References

the load history.

From the knowledge of the behaviour of sand in ELY
tests three main properties follow for the function

1. positively homogeneous of the first degreezin
(rate-independence)

2. incremental non-linearly ine (absolute value [2]
function)

3. homogeneolfsin ¢ (stiffness depends on stress)

Limit states can be modeled with deviatoric stref@
terms.

5 Further reading [4]

For scientists, which take risk to become addicted
to hypoplasticity, we recommend the comprehensive

booklet of D. Kolymbas Introduction to Hypoplastic- 5]
ity [3].

6 Utilities

The homepage of the Institute of Geotechnical and
Tunnel Engineeringhttp://geotechnik.uibk.ac.pbf-
fers programs concerning Hypoplasticity:
http://geotechnik.uibk.ac.at/res/hypopl.html

An implementation of the hypoplastic constitutive law
[5] for the finite-element program #aqQus is freely
available. This is a BRTRAN subroutine for user-
defined constitutive laws. The calibration of the pa-
rameters is shown in [2].

20nly simple hypoplastic constitutive law versions are homo-
geneous of the first degreedn Newer versions are homogeneous
in nth degree inr. Thus the stress dependence of the stiffness can
be better modeled.
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