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ARTICLE INFO ABSTRACT

Keywords: A semi-analytical approach based on a lumped parameter model is presented for the analysis of the dynamic
Bridge dynamics interaction system of train, track, bridge, and subsoil. Herein, the bridge and the track are modeled as Euler—
Non-classical damping Bernoulli beams, which are connected through the viscoelastic track bed. The viscoelastic supports of the bridge

Soil-structure interaction
Track-bridge interaction
Track irregularities

model capture the flexibility and damping of the subsoil below the foundations. Complex modal expansion
of the deformation approximates the response of the non-classically damped bridge-soil subsystem, while
a Rayleigh-Ritz approximation is used to efficiently describe the track deflection. To achieve the coupling
of the mechanical equations of these subsystems, a variant of component mode synthesis (CMS) is applied.
The mass-spring—-damper (MSD) system representing the moving train is coupled to the resulting system of
equations for the track-bridge-soil subsystem by a discrete substructuring technique (DST). Geometric track
irregularities describing the deviation of the track from perfectly straight and smooth are accounted for by
random irregularity profile functions. The results of the proposed model are compared with a finite element
model to validate the modeling approach. In an application example, the effects of track irregularities and the
influence of the track on the dynamic response of a bridge are discussed. The comparison of results with and
without soil-structure interaction of the bridge outlines the great influence of the subsoil properties on the
dynamic response in case of resonance.

1. Introduction the axle loads of the train, and simple representations of moving
mass—spring—damper (MSD) systems. In the herein used classical modal

In recent years, the steady expansion of railway networks for high- analysis, damping is usually assumed as negligible or proportional to
speed traffic around the world has led to increased interest in predicting the mass and/or stiffness of the bridge. Therefore, the solution of

the dynamic behavior of railway bridges. However, the first investiga-
tions into the dynamic behavior of railway bridges were already carried
out in 1849 by Willis and Stokes [1,2], in response to the collapse
of the Chester Railway Bridge. Since at so-called resonant speeds the
periodic excitation due to the constant axle spacing, track irregulari-
ties, or wheel hunting movements leads to significant amplification of

these systems is limited to classical damping. However, if one takes
into account the damping due to wave propagation in the subsoil,
modeled for example by discrete dashpots at the bridge bearings, a
complex modal expansion is required to solve the moving load problem.
Contributions dealing with this problem include [5-7], all of which are

displacements and accelerations, the consideration of these phenomena based on the fundamental work of Foss [8] on decoupling the equations
is of great importance for the design and assessment of railway bridges. of motion of non-proportionally damped lumped parameter systems.
While this dynamic amplification usually does not lead to a loss of load- In the contribution of [9] and [10], an envelope impact formula is
bearing capacity of modern railway bridges, it increases fatigue damage developed for a single-span bridge on elastic supports subjected to a
over time and excessive accelerations can lead to ballast instability. series of moving loads and effects of resonance and cancellation are
This decrease in ballast stability leads to changes of the track positions analyzed. This solution is expanded in [11], also including discrete

and possible derailments, which must be prevented by shortening track
maintenance intervals. A comprehensive review of early contributions
to dynamic response prediction of railway bridges can be found in the
books by Fryba [3,4]. These early works deal with the discretization
of the train subsystem as moving single loads, which correspond to

dashpots at the bridge bearings, accounting for radiation damping of
the subsoil. In a recent paper, [12], the solution for an Euler-Bernoulli
beam on viscoelastic supports subject to an MSD system of the train
was presented.
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These insightful but also computationally efficient models are often
in competition with more detailed models where the bridge is rep-
resented by a 3D finite element (FE) model crossed by MSD systems
of varying degrees of sophistication [13-15]. However, due to the
high computational cost, the explicit consideration of the soil in these
models is hardly possible and is therefore neglected, although its large
influence on the dynamic response has already been demonstrated
by numerous authors [16-21]. Recent work on the decoupling of
the vehicle-bridge interaction has been published in [22,23], which
takes into account the influence of the moving vehicle on the natural
frequencies and damping of the bridge and allows for a computationally
efficient treatment of the vehicle-bridge interaction problem.

Another aspect is geometric irregularities of the track, which are
not known a priori due to their randomness and have to be dealt
with by stochastic simulations [24,25] if the probability of failure is
considered directly. Such analyses, however, require a large number of
computations and therefore a high computational efficiency, thus only
simple beam models crossed by MSD systems of the train have been
treated without considering the track substructure in [25-27].

In a recent contribution by the authors of this paper, [28], the
component mode synthesis (CMS) approach of [29] was combined with
the non-classically damped model of the bridge [12] to account for
the soil-structure interaction as well as the load-distributing effects
of the dynamically interacting track. This model, based on the com-
plex modal expansion of the individual subsystems of the track and
bridge beams, was used to discuss the contributions of the different
dynamic subsystems on the response prediction. In particular, the
effects of soil-structure interaction were demonstrated, indicating the
great potential of response predictions with a realistic representation
of damping related to wave propagation in the subsoil. However, the
modal expansion-based approximation of the track substructure deflec-
tion requires consideration of a large number of track modes, because
of the very isolated nature of the rail deflection around axle load. While
the number of track modes considered was found to have little effect on
the response prediction of the bridge in the case of a perfectly straight
track, the presence of track irregularities required a number of 100
track modes to accurately predict the response of the bridge for the
example used in [28], making this approach computationally rather
inefficient.

In the present contribution, therefore, a much more efficient ap-
proach to describing the response of the track subsystem is proposed to
avoid the modal expansion of the isolated nature of the track deflection
in [28]. In a simplifying Rayleigh-Ritz approximation of the deflection
of the stand-alone track subsystem, the quasi-static deflection shape
of an infinitely long beam on elastic bedding is used to describe the
vertical response of the track, amplified by the presence of geomet-
ric imperfections in the form of track irregularities. This simplified
representation of the track is then coupled with the non-classically
damped bridge beam according to the CMS used in [29] and [28]. The
subsequent coupling with the train MSD system is achieved by applying
a discrete substructuring technique (DST) that couples the degrees
of freedom (DOFs) of the train axles with the rail deflection. This
modeling strategy significantly reduces the number of DOFs required to
compute the structural response and thus improves computational effi-
ciency, making the model well suited for extensive parametric studies
as well as stochastic simulations with track irregularities.

In order to validate the proposed modeling approach, the results
of this approach are compared with those of an FE model in a simple
example. In addition, comparative calculations are carried out with the
model of [28], which show the benefits of the proposed method and
provide further insight into the dynamic effects of the track on the
bridge response. Furthermore, the effects of soil-structure interaction
are discussed based on a comparative study.
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2. Modeling approach and equations of motion

For the analysis of the dynamic response of the considered interac-
tion system consisting of a single-span bridge with the foundation on
subsoil and the track crossed by a high-speed train with constant speed
v, a planar lumped parameter model is used, which is shown in Fig. 1.
The conventional train considered here as an example is composed
of N, individual vehicles. The individual vehicles are modeled as
moving mass-spring-damper systems consisting of a vehicle body, two
bogies, and four axles, with, in total ten DOFs per vehicle. The slender
bridge and the track are both modeled as uniform beams according
to the Euler-Bernoulli beam theory. However, it should be noted that
any other beam model, such as the Timoshenko beam, can be used
without changing the computational approach presented here. Taking
into account ballast stiffness and damping, the track consists of the rails
resting on viscoelastic bedding. The bridge foundation is idealized by a
lumped mass at each end of the bridge, with the stiffness and damping
of the underlying soil represented by viscoelastic supports [12]. This
model has already been used in a recent paper by the authors [28] to
analyze the response of this dynamic interaction system. However, in
order to understand the novel approach of this paper, the equations of
motion and associated boundary conditions are also presented below.

The complete system illustrated in Fig. 1 is divided into the subsys-
tems of the track, the bridge and the foundation on subsoil, and the
train.

2.1. Track subsystem

The infinitely long Euler-Bernoulli beam representing the rails is
considered to be uniform, with constant flexural rigidity EI, and
constant mass per unit length pA,. It rests on a viscoelastic rail bed
with stiffness coefficient k; and damping coefficient ¢;. For the present
investigation, these coefficients are considered as constant values. As
depicted in Fig. 1, the axial coordinate x has its origin at the left bearing
of the bridge. In the present modeling approach, axle loads are applied
to the track only in the section —L;, < x < Ly + L, assuming that
loads applied before and after this section do not result in a dynamic
response of the bridge substructure. Therefore, the length L, before and
after the bridge must be chosen sufficiently large, which can be ensured
by defining the lower limit as [28-30],

_—_r (€))

Idealizing the track with these assumptions, the equations of motion
for its deflection w, can be expressed as follows,

PALW(X, 1) + EL W, oy (X, 1) = —q(x, 1) + [fi(x, 1) (2)

Herein, the distributed force counteracting the deformation of the rail
bed, denoted as ¢,(x, 1), is given by

g, (x, 1) =k¢ (w,(x, 1) = wy (x, DI (x,0, Ly))

. . (3
+ ¢ (W, (x, 1) — 1y (x, NI (x,0, Ly,))

with wy(x,7) denoting the vertical displacement of the bridge beam of
the length L,. The section where ¢, (x, ) is proportional to the relative
vertical displacement and velocity between rails and bridge (i.e. 0 < x <
L,) is bounded by the window function 7(x,0, L,) = H(x)— H(x— L),
which consists of the two Heaviside step functions H(x) and H(x— L),
respectively.

The train-rail interaction forces applied to the track are captured
with the function f,(x,1),

Ny
£ =Y F08(x = x,.(0) I (1, 1y 1) @
k=1
In this equation, F,(r) represents the interaction force of the train at
the kth axle position x, (1) = vt -1, — L, (k=1,...,N,), where —I, — L,
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Fig. 1. Planar MSD model of the jth vehicle crossing the track resting on the bridge with viscoelastic supports.
Source: Modified from [28].
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Fig. 2. Track-bridge-soil subsystem subjected to one moving interaction load and free-body diagram separating the track and the bridge-soil subsystems.

Source: Modified from [28].

is equal to the initial position of Fi(r) (c.f. Figs. 1 and 2). For the
conventional train model considered, the number of axles for each of
the N, vehicles is four, resulting in N, = 4N, axles of the train. The
window function IT(1, 15, tp,) = H(t—t,,)— H(t —tp,) controls the time
frame between 15, = I, /v and tp, = (I, + 2Ly + Ly)/v in which F,(r)
crosses the considered section of the track.

2.2. Bridge-soil subsystem

The bridge-soil subsystem modeled as Euler-Bernoulli beam with
constant mass per unit length pA, and constant flexural stiffness EI,,
governed by the well-known partial differential equation in terms of
the vertical displacement wy(x, ) [31]

PAL U, (x, 1) + ETwy o (x,1) = gp(x, 1), 0<x < Ly, )
is stressed by the force

Gy (x, 1) = ki (w6, 1) = wy (x, 1)) + ¢ (b (x, 1) = 1y (x, 1)) (6)

transmitted through the Winkler bedding, as shown in Fig. 2.

The discrete spring—damper element at each end of the beam rep-
resents, in a simplified way, the soil below the bridge foundation [32],
which is primarily excited to vibrate vertically. The spring stiffness &,
and damping parameter ¢, of this element,

_ pscvszo

ky = s G = PseyAy s
Z

2
c
ZO=%(1—V)<C—W> o
S

follow from the cone model of Wolf [33] under the assumption of
a homogeneous subsoil. Here p, is the density of the subsoil, A,
represents the area of contact of the foundation, and the equivalent
radius of a circular plate with the same area as the foundation is found
according to ry = /A /#. In the expression for the shear wave velocity
¢, = 1/G/p;, G is the shear modulus of the soil. If the Poisson’s ratio v of
the soil is less than 1/3, then the variable c,, represents the compression

)
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wave speed c,, for 1/3 <v < 1/2 the double shear wave speed c, of the
homogeneous soil [33],

N

P p,

2¢, =2

v<1/3
s (€]
pﬁ 1/3<v<1)2

The constrained modulus E; is related to the shear modulus G through
E, = 2G(1-v)/(1-2v). The stiffness coefficient k, is a static quantity, but
since the actual stiffness becomes smaller with increasing frequency,
the lumped mass

must also be taken into account in the model for soils with a Poisson’s
ratiov > 1/3 [33].

The lumped mass m, at the two ends of the bridge model is com-
posed of the mass of the bridge foundation ,, the mass of the soil
above the foundation 7, and the lumped soil mass 7y, my, = #, +ity +,.

Considering this lumped mass and the spring—-damper elements at
each end, the boundary conditions of the Euler-Bernoulli beam read
as [12,28]

(x=0):  mytdy(0,1) + e,y (0, 1) + kywy (0, 1)
+ EIbwb,xxx(os t) =0,
w 0,0)=0
b ‘ 10)
(x=Ly) 1 myiy(Ly, 1) + cytip(Ly, 1) + kywy(Ly, 1)

- EIbwb,xxx(Lb’t) =0,

Wy xx(Lp, 1) =0
2.3. Train subsystem

The vehicle body (subscript “p”), the two bogies (subscript “s”)
and the four axles with wheels (subscript “a”) of the jth vehicle are
represented in the model as rigid bodies with mass connected by
spring-damper elements, as shown in Fig. 1. The ten DOFs of this model
are composed of three rotational DOFs (rotations of the car body qu,j )
and the bogies (pi’i) and (pi/;) and seven translational DOFs (vertical axle
displacements Und(j—1)+ (I = 1,...,4 axles of the jth vehicle); vertical
displacement of the wagon body u%; vertical displacement of the bogies

e P> _
2’1) , u)) [34,35], are combined in the vector u),

W _|,0 O O O 0 )
u; = [Mp s Pp UG P UG s Py Uad(1)415 Uad(j—1)425 Had(j-1)+3>

T
ua4(j—1)+4] an

Herein the index 4(j — 1) +/ relates the /th axle of the jth vehicle to the
global axle number k, thus k =4(j — 1) + /.

Since the horizontal interaction between the N, individual vehicles
is neglected, the combined equations of motion of the entire train
read [14]

M., +C.u. + K.u, =F, 12)

where M., C, and K, represent the mass, damping and stiffness ma-
trices of the train, which are composed of the system matrices of the
individual vehicles,

M, = diag [MI,MP, .. M|, €, = diag [c, €2, ... ("]
T
W]

The vehicle system matrices Mi.j ), ng ) ) Kij ) are specified in [12,14]. The
interaction forces between the vehicle and the track subsystems at the
position of each axle of the N, vehicles shown in Fig. 1,

13

c

K, = diag [Kgl), K?), ,KENC)] , W= [uil),u@)

() () () )
F = [0,0,0,0,0,0,Fai + Fug-nyetr Fad + Faagiyiar Fal’ + Faag-e3

F9 + F,; ! a4)
as a4(j—-1)+4
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are combined in the force vector
T
F, = [FO.F2, . R 15)

Each interaction force consists of a dynamic component, Fyy(;_y);; and
a static component Fa(s’ ) from the vehicle gravity load distributed over
the four axles,

FY = % (mg) +2m +4mf,j)> (16)

where g denotes the acceleration of gravity.

3. Approach for the analysis of the bridge-soil and the track sub-
systems

Based on the CMS method proposed in [28,36], in the follow-
ing the bridge-soil and track subsystems are coupled. In contrast to
the modal series expansion of the deformations of both subsystems
proposed in [29], however, only the response of the non-classically
damped bridge-soil subsystem is approximated by a modal series. The
displacement of the stand-alone track, on the other hand, is described
by a Rayleigh-Ritz approximation. The modal properties of the bridge-
ground subsystem can be found in Appendix A, while in Appendix B
the approximation of the track substructure is described.

3.1. Series expansion of the response variables

The modal series expansion of the vertical displacement wy(x,?) of
the bridge-soil subsystem into N, complex modes results in

Np Ny
wyte.) & Y 3O @) + Y, T OB (x) a7
m=1 m=1

with d)l()'")(x) denoting the mth complex eigenfunction and @é’”)(x) its
complex conjugate counterpart (see Eq. (A.1), Appendix A). The vari-
ables yg") and yf)"” are the corresponding complex modal coordinate and
its complex conjugate equivalent, respectively.

According to the CMS method used in [28,29], the displacement
w,(x,1) of the track is decomposed into two parts,

w,(x, 1) = w0, 1) + wP(x, 1) 18)

The variable w£f>(x, t) represents the deflection of the stand-alone track
on viscoelastic bedding (i.e. Fig. 3(a)) induced by the interaction force
f;(x,1), governed by the equation of motion Eq. (2) without the terms
associated with the bridge displacement w,. As a novelty and in con-
trast to the approach used in [28], wﬁf) (x, 1) is approximated in the sense
of Rayleigh-Ritz by a sum of individual deflection shapes,

N,

a

w0 % Y, @ (x = X, )y (1) 19)
k=1

Herein ¢, (x — x, (1)) is the kth static deflection shape of the stand-alone
track on elastic bedding (see Eq. (B.1)) centered around the kth axle at
the position x,(t), due to the single load F, (7). The kth deflection shape
is scaled to the maximum value of one at the respective axle position
x — x,(1) = 0 and is moving together with the corresponding axle load
F.(t) in axial direction at the constant train speed v. Each of these
deflection shapes is assumed to adequately describe the deflection of
the stand-alone track on viscoelastic bedding due to the corresponding
axle load, thus the number of Rayleigh-Ritz approximations in Eq. (19)
is equal to the number of axles of the train N,. The kth deflection shape
is multiplied with the time-dependent coordinate y,,(7), to represent
the deflection resulting from the kth interaction force F,. In contrast
to the detailed descriptions of the track deflection, used for example
in [4,37,38] this approach allows for an efficient approximation of the
response contribution wif)(x, 1.

The second contribution in Eq. (18), wﬁb)(x, t), can be thought of as
the track response contribution due to the bridge displacement w,, [29],
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Fig. 3. Individual response contributions (a) deflection w”(x, ) of the track on viscoelastic bedding resulting from the interaction force F,(n), (b) deflection w®(x,1) resulting from
the bridge deformation and (c) combined deflection of the track w,(x,7) and displacement of the bridge wy(x,1).

Source: Modified from [28].

as visualized in Fig. 3(b). According to [29], wEb) is modally expanded,
involving the modal coordinates ™ (¢) and )7;”') @) [28],

b
Ny Ny
w0 x Y WeOrm e+ Y FOP™ () (20)
m=1 m=1

where lI’r<"’)(x) is an appropriately chosen shape function of the track
and Ef’r('")(x) its complex conjugate counterpart. To find a suitable set
of shape functions, the mth modal contribution of the deformations
w " x, 1) = " 0" (1) and w™ (x,1) = @™ (x)y" (1) are substituted
into Egs. (2) and (3) without the time-dependent terms, yielding the
following quasi-static relation,

EL¥Y™

r,XXXX

() + ke ()P (x) = k()@ ()M (x, 0, L) (21)

This differential equation, which relates the unknown mth shape func-
tion of the track ’I’r('") (x) to the known mth eigenfunction of the bridge
dil()’”)(x), is solved numerically for ¥ (x). However, this numerical
solution requires the definition of artificial boundary conditions in the
track beam as shown in Fig. 3,

w®(x =Ly, 1) =0,
w® (x=—Ly1) =0,

r,xx

w®(x=Ly+ Ly, =0

(22)
w® (x=Ly+ Ly, 1) =0

thus limiting w® to the range —L, < x < L, + L. Since the track
deflection resulting from the displacement of the bridge approaches
zero with increasing distance from the bridge, the position of these
artificial boundary conditions is chosen at x = —Lj and x = L, +
L,, which satisfies Eq. (1). Accordingly, the complex conjugate ¥
associated with 035") can be found.

3.2. Coupling of the soil-bridge and the track subsystem

First, the equations of motion of the soil-bridge and the track
subsystem (Eq. (5) and (2)) are put into the following form,

pAy Of |p(x,1) + El, O] |wp xxxx (X5 1)
0 pA, | |0 (x,1) 0 EL | Wy yxxx(x,1)

(23)
ke K] [wsten] e ][] [0
T ke —ke| |w,(x,0) e —cp| [, (x,0) £

A compact notation of the series approximations of the deflections w,
and w, according to Egs. (17), (19) and (20) reads

wy(x, 0] _ wy,(x, 1) _

[wr(x, z)] B [w&")(x, N+ wP(x, z)] = Ahy 24
where the matrix

_ [@p)T 0
A= [?ﬁ(x)T «b:(x)T] 25

is made up of the vector of the complex-valued eigenfunctions of
the bridge-soil subsystem, @, (x), the vector of shape functions of the
deflection of the stand-alone track, @] (x), and the vector of the shape
functions of the track due to the bridge displacement, ¥ (x),

_ - _ T
o, = o), .. o™ B G0, "]
_ _ _ T
p, = [Wj”,w:z), AR ZON N ,tyﬁNb)] , (26)

. T
D} =[x = 0,05 = ¥2)s s 21 = )|

and the vector

_ {w®
e @

which combines the modal coordinates of the bridge-soil subsystem,

(1 (2

(Np) (1) (2
yb=[yb,yb,...,yb" 5@

T
_(Ny)
A AU A (28

and the time-dependent coordinates of the track subsystem,

T
Ye = [yr17yr2"--vera] (29)

Eq. (24) is then substituted into Eq. (23), this expression is pre-
multiplied by AT and integrated over the track length —o < x < o.
This leads, taking into account the orthogonality relations of the bridge-
soil subsystem (cf. Appendix A) and the Rayleigh—Ritz approximation of
the track deflection (cf. Appendix B), to the following coupled set of
equations of motion expressed by the vector of modal coordinates h of
both subsystems,

Mg ()hg () + Cg(Ohg (1) + Kg(Hhg (1) = f5(7) (30)
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with the system matrices Mg, Cy and Ky

Moo [0 Myl o [A+AC+aMS, G,
i Mrb Mr ’ i Crb Cr '

(31)

Herein the sub-matrices A, and B, are diagonal matrices composed of
the coefficients for the orthogonality conditions,
A, = diag [a]()D, a}gz), s a(Nb), 6}(31), ﬁ(bz), ,ﬁE’Nb)] R 32
T 1) (2 (Np) 7(1) 7(2) 7(Nyp)
B, = diag [bb b2, N B BO B ]
specified in Appendix A, and S, is a diagonal matrix consisting of the
complex natural frequencies of the bridge model (cf. Appendix A),

. n @ Ny (1) -2 (N,
S, = diag [s{) ), s]() ) s:) "), s]() ), sé ), sfj b)] (33)
The sub-matrices M;, C; and K, that result from the integration over
the infinite track beam on viscoelastic bedding assuming a symmetric,
quasi-static deflection shape (c.f. Egs. (B.1) and (B.5)), are diagonal,

. 3 3 . 3 3
M, = diag [—pAr, e, —pA,] , C, =diag [—cf, s —cr] s
2 2 2 2
2ﬂ . B B B (34)
K, = diag | =k¢, ..., =k
r g[ﬂ f I f]

because the non-diagonal elements are small compared to the diagonal
entries and therefore assumed to be zero. The reason for this is that the
static deflection around each axle load is strongly isolated for common
parameter configurations of the rail bed. Furthermore, it should be
noted that the N, diagonal entries within a matrix are the same since
the shape for all shape functions of the stand-alone infinite track beam
is the same regardless of the position of the axle load. The time-
dependent coordinates y,,, k = 1,..., N, cumulated in the vector y,,
Eq. (29), of the partial response wif) of the track are thus decoupled
from each other and have the form of a single degree of freedom (SDOF)
system. Each of these SDOF systems thus describes the partial response
wﬁf) at a specific axle position. These SDOF systems are coupled to the
bridge-soil subsystem by the sub-matrices denoted by the index “br”
and “rb”, respectively,

Ly+Lg
M, (1) = ML (1) = pA, / Y @ dx,
,LO
Ly+Ly Ly (35)
Co)=Cr()=¢; / Y o Tdx — ¢ / @, @ Tdx
—Ly 0
and
Ly+Lg Ly+Lg
Ky, (1) = EI, / Yol dx+k / Y. & Tdx — k¢
—Ly ’ Ly
Lo (36)
X / &, Tdx,
0

K, () =0

Herein, the limits of integration result from the range of definition of
Y. and @,. The time dependence of these matrices results from the
movement of each deformation shape of the track with the correspond-
ing axle of the train with the speed v. Fourfold integration by parts of
K,, together with the relation according to Eq. (21) and the boundary
conditions according to Eq. (22) shows that K, can be expressed by
the function values of ¥, and @ and their derivatives at the limits of
integration x = —Lj and x = L, + L,

K, (t) =EI, (—Wm(Lb + Lp®@:T (Ly+ Lo, 1) + ¥, ((~Lo)®'T (—Lg,1)

,XX r,XXx
“ WLy + LY@ T(Ly + Lo, 1) + W (L) DT (= Ly, 1))
(37)

Since the shape functions in ¥, and their derivatives approach zero
with increasing distance from the bridge, the influence of this matrix
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on the system response is very small if L, is reasonably long (such as
defined in Eq. (1)). Hence, Ky (7) is assumed as 0.
The force vector f in Eq. (30),

fy = [H (38)

T

is composed of the force vectors f, and f,, which capture the effect
of the vehicle interaction forces F, (k = 1,...,N,) on the bridge-soil
subsystem and the track subsystem, respectively, with

T
f,= O,IIF, F= [F],Fz, ,FNa] (39
I = diag [n(z, Eats tm)s Tt Epgstp)s oo It s Ipy.) (40)
T = (¥ (0) ¥, () W (v, ) 41
and
f, = ®TIF = [TF (42)

Eq. (42) results from the simplifying assumption that the kth deflection
shape ¢, (x — x;) does not lead to a deflection at the positions of the
adjacent axles x;,_; and x,,, given their isolated shape. Therefore, the
matrix ®} in Eq. (42) reads as

;=[] (x1).@; (). 0 (xn, )] 1, (43)

with I. denoting an identity matrix of size [N, X N,].

If the effect of the train on the track-bridge-soil system is described
in a simplified way by a single load model, where the interaction
forces in F correspond to the static axle loads, Eq. (30) can be solved
numerically by applying the Newmark p-time integration scheme [39].
The time-dependent matrices in Eq. (35) and (37) can be computed
beforehand for sufficiently small intervals of the axle position x;, and
the values of the resulting matrix elements can be linearly interpo-
lated during the evaluation of Eq. (30) to increase the computational
efficiency.

4. Coupled equations of the train-track-bridge-soil system

In the next step, the system equations of the track-bridge-soil sub-
system, Eq. (30), and the equations of motion of the train, Eq. (12), are
combined into one set of equations,

M*()x* (1) + C*(1)x* (1) + K* ()x* (1) = £* (1) (44)
with
M* = diag[Mg,M.], C* =diag[Cg,C.], K" =diag[Kg,K_]

) = [zﬁ] £ = [iB] (45)

C C

In this system of equations, however, the DOFs at the interface of the
two subsystems are not independent of each other. The coupling of
these DOFs is achieved with the so-called corresponding assumption [40-
42], which assumes a constant rigid-body contact between the axles
of the train and the underlying rail and thus does not allow any lift-
off of the axles (compare with Figs. 1 and 4). In addition, within the
framework of the corresponding assumption, track irregularities can also
be taken into account by introducing a random irregularity profile
function I, superimposed on the vertical track displacement [42].
Therefore, for the vehicle-bridge interaction problem considered, the
vertical axle displacement u,, is equal to the deflection w, of the track
plus that of the track irregularity profile function 7;., at the position x,
of the train axle. When w, is divided into wif) and w® according to
Eq. (18), wif) replaced by Eq. (19) and the series expansion Eq. (20)
used for wfb), the following relationship between the coupled DOFs of
the vehicle and the track is obtained,

uak(xk) = wr(xk’ t) + Iirr(xk)
Ny No 46)
~ v+ Y T ey 0 + Y P ) (1) + L ()

m=1 m=1
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The function I, can be generated from power spectral density func-
tions of measured track irregularities, as discussed in [43]. The onefold
and twofold derivative of this relation with respect to time gives
the axle velocity and axle acceleration, respectively, as specified in
Appendix C (Egs. (C.1) and (C.2)). Furthermore, according to the
corresponding assumption, the interaction forces between the track and
the vehicle are equal, i.e. the kth axle load F,, corresponds to the
interaction force F, on the track.

Based on the relationship Eq. (46) between the DOFs of both subsys-
tems and its first and second derivatives with respect to time, Egs. (C.1)
and (C.2), a DST can now be applied that condenses in Eq. (44) the
DOFs of the train axles to the coordinates of the coupled track-bridge-
soil subsystem. This condensation leads to the following relationship
between the vector of the DOFs of the two decoupled subsystems x*(¢)
and the vector of the condensed DOFs of the coupled system after
condensation @, (i.e., without the DOFs of the axle displacement), and
their velocities and accelerations,

x*(1) = C@®)x(t) + Y (1),

x* () = FOx@) + TOX() + Y (@), x(f) = [EB] , 47)

C

(1) = F(Ox@) + 20O + TOX@) + Y (1)

with the time-dependent transformation matrix I'(r) defined in Ap-
pendix C, which results from the compatibility condition of Eq. (46),
and Y (¢) including the values of the track irregularity profile function
I, at the axle positions. Eq. (47) is now substituted into the system
of equations of the two subsystems, Eq. (44), and pre-multiplied by
I'"(¢). This finally leads to the coupled set of equations of motion for
the interacting train-track-bridge-ground system,

M@®)x(t) + C(H)x(t) + K()x(r) = £(7) (48)
with

M(1) = TT(OM* ()T (1),

Ct)=T"0) (C*OT @) +2M* )T (1)),

K0 =TT (KO0 +C*OF @) + M 0)I0)),

£() =TT (F(¢) - M (OY (1) - C* Y (1) - K* ()Y (1))

(49)

Since the dynamic interaction forces F,,(f) and F, cancel each other
out when f*(r) is pre-multiplied by I''(r), only the static axle loads
(Egs. (15) and (14)) contribute to the force vector f(r). The numerical
solution of Eq. (49) can be found by applying the Newmark-# method.

4.1. Track irregularities

Especially for trains moving at high speeds track irregularities
become a major source of excitation. These geometrical imperfec-
tions, represented by the random irregularity profile function I;..(x)
in Eq. (49), can be understood as a stationary stochastic process in
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space [3]. Such a random irregularity profile function can be realized
by a stochastic superposition of J harmonic functions with discrete
spacial circular frequencies 2, (n = 1,...,J) and the random phase
angle ¢,,, which is uniformly distributed in the range 0 < ¢, < 27z [43],

J
I () = V2 Y A, cos(2,x +0,) (50)
n=1

The frequency increment AQ = (£, — 2,)/J is defined by the upper
frequency bound £, and the lower frequency bound £, respectively.
The amplitude A, is derived from [44]

A, = \/wm (51)
/

Herein, the two-sided power spectral density S(£2,) is represented by
the one-sided power spectral density function @, (£2,) [43]

Q Q?
S@)==, 2,=0————— (52)
2 (2 + Q)2+ 22

with Q. = 0.0206 rad/m and 2, = 0.8246 rad/m, respectively. The
amplitude QO defines the overall quality of the track, reaching from
Q = 5923-10"7 m for a good quality track, to Q = 15.861 - 10~/ m
for a poor quality track.

5. Application
5.1. Validation

As the proposed modeling strategy introduced some simplifying
assumptions, the resulting response prediction is compared to that of
an FE model of an example bridge. For this validation, the proposed
semi-analytical approach is implemented in MATLAB [45], whereas the
FE model is created using the software suite Abaqus [46]. The example
bridge is selected to represent a steel bridge of length L, = 17.5 m, with
the flexural rigidity ET, = 1.356-10'° N m? and the mass per unit length
pAy, = 7083 kg/m. The rails used in the present study are two UIC60
rails with the combined mass per unit length pA, = 120.733 kg/m and
the combined flexural rigidity EI, = 12.831-10° N m? [47]. The stiffness
coefficient k; = 104 - 105 N/m? and the damping parameter ¢; = 50 kN
s/m? are selected to represent a ballast of low stiffness [47]. The length
of the track before and after the bridge bearings is L, = 30 m, and
thus considerably larger than the minimum length of 5.27 m according
to Eq. (1). The subsoil considered is of moderate stiffness with the
constrained modulus E, = 2.5-10% N/m?, the Poisson’s ratio v = 0.28 and
the density p, = 2300 kg/m?>. The mass of the foundation is 7, = 2.5-10°
kg with an assumed foundation surface area A, = 40 m”. Based on the
cone model of Wolf the resulting parameters representing the soil and
foundation properties (cf. Fig. 1) are k, = 1.514-10° N/m, ¢, = 3.033-107
N s/m and m,, = i, = 2.5-10° kg. For the present investigation, random
track imperfections generated according to Eq. (50) are considered. To
this end the amplitude for a poor quality track Q = 15.861 - 10~ m is
chosen, and the range of the J = 1000 spacial frequencies is restricted
by the boundaries 2, = z/50 m~! and €, = z m. The track irregularity
profile generated in this manner is shown in Fig. 5.

The same model parameters are used in the FE model, with both
the bridge and the track girder discretized as Euler-Bernoulli beam
elements (B23) with the uniform element length of 6.125 cm. In this
model, the track is modeled as a finite beam, with simply supported
ends, placed at a distance of L, = 30 m before and after the supports
of the bridge. The deviation of the track geometry from the perfectly
straight and smooth track is modeled by simply offsetting the element
nodes perpendicular to the beam axis by the amount of the irregularity
profile (cf. Fig. 5) at each nodal position x.

For the vehicle, a simple two DOF model is considered, moving at
a constant speed of v = 70 m/s (cf. Fig. 6). The parameters shown
in Fig. 6 are selected to represent the MSD system corresponding to
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Fig. 6. Two degree of freedom vehicle system.
Source: Modified from [28].

a single axle of the ICE3 train model. The system matrices M, C., K,
the force vector F., and the vector of DOFs u, of Eq. (12) read as

mg 0 c —c k, —k,
M — S — a a K = a a
¢ [O ma] ’ CC [_ a ¢ ] ’ ¢ [_ka ka]

¢ a
_|0 _ |4
w ) -l

Therefore, the mass m, = 15125 kg represents the combined mass
of half a bogie and one quarter of the car-body, and m, = 1800 kg
denotes the mass of a single axle [28,48]. The suspension stiffness
and damping coefficients are k, = 1.764 MN/m and ¢, = 48 kN
s/m, respectively [28,48]. In the proposed approach, this system is
coupled to the rail according to the previously discussed corresponding
assumption. In the FE model, the coupling is realized by defining a rigid
contact between the axle and the rail beam.

In the computation of the dynamic response of the system based on
the proposed semi-analytical approach, N, = 8 modes of the bridge are
considered. For the sake of comparison, computations with a stiffness
coefficient of three times the reference stiffness (3 x k; = 312 - 100
N/m?) are included to represent a ballast of high stiffness. The dynamic
response of the FE model is calculated in a full transient analysis and
represents the reference solution. Fig. 7(a) shows the displacement of
the left support of the bridge (x = 0 m) and Fig. 7(b) the acceleration
of the same point. At the beginning of the computation (+ = 0 s), the
MSD system enters the considered section (-L, < x < L, + L) at
x = —Lg (cf. Figs. 1 and 3) until it leaves this section at r ~ 1.107 s.
Therefore, t = 0 s corresponds to the time when the static axle load F,
(cf. Fig. 6) is switched on for the semi-analytical approach, and the
axle is situated directly on top of the first support of the rail beam
of the FE model. Within this time frame, the MSD system arrives at
the first support of the bridge at 15 ~ 0.429 s and leaves the bridge at
tc = 0.679 s. As can be seen, the results of the FE solution, represented
by the black dashed line, are in excellent agreement with the results of

(53)
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the proposed model, represented by the red line. This is also the case
for the solutions including a higher value of the ballast stiffness since
the dotted line representing the FE solution is in excellent agreement
with the corresponding results of the proposed model, represented
by the green line. It should also be noted that no influence of the
boundary condition of the rail beam at x = —L,, is observed on the
dynamic response of the bridge support and the load-distributing effect
of the track is well approximated by the proposed model. Since higher
ballast stiffness results in a more concentrated load distribution, the
acceleration peak observed at the time where the axle arrives at the
left bridge support is of greater value, as visible from the comparison
of the results with higher ballast stiffness (“3 x k;”) to the results with
lower stiffness.

Fig. 8(a) shows the bridge displacement and Fig. 8(b) the bridge ac-
celeration at the quarter point (x = L, /4 = 4.375 m) of the bridge. This
position is specifically selected because the biggest impact of the track
irregularities on the dynamic response of the bridge is observed here.
Both the deflection and the acceleration at this point are significantly
higher than at the supports. While the influence of ballast stiffness
on the deflection is small at this point, the computed accelerations
vary significantly. The accelerations resulting from a ballast of lower
stiffness are significantly higher than the ones computed with a stiffer
ballast. It should be noted that the results of the proposed model
are again in excellent agreement with the solution of the FE model,
regardless of the ballast stiffness coefficient used.

Since the movement of the axle mass together with the coupled
track can significantly influence the dynamic response of the bridge
when track irregularities are considered [28], the vertical displacement
of the axle u, is depicted in Fig. 9(a) and its acceleration in the
vertical direction i, in Fig. 9(b). As can be seen, the different boundary
conditions of the two track models result in a notable difference in the
computed displacement as well as the acceleration of the two models at
the beginning of the computation. This brief transient phase does, how-
ever, not affect the bridge response. After this brief phase, the response
histories of the two models are in good agreement, further validating
the proposed semi-analytical approach. It can also be seen, that a larger
ballast stiffness results in a smaller vertical displacement of the axle. As
previously observed for the accelerations of the bridge, a smaller value
of the ballast stiffness is associated with greater accelerations of the
wheel.

For a fixed time step of At = 10~*, the computation time of the
proposed semi-analytical model was 47.51 s, while the computation
time of the FE model was 2043 s on the same hardware. Most of the
computation time (44.17 s) was spent on the initial computation of
the natural frequencies, eigenfunctions, and shape functions, while only
3.34 s was spent on the computation of the time history of the response.

5.2. Exemplary application

The now validated approach is used in the following to analyze
the dynamic response of an example bridge subjected to high-speed
trains. For this purpose, the same steel bridge as before is considered
with the same parameters. The first six complex natural frequencies
of this bridge model and their respective equivalent damping ratios
are listed in Table 1. As also observed in [6,28], two highly damped
modes (m = 2 and m = 3) occur for the present subsystem of the
bridge on subsoil. The damping of these modes is high because the
absolute value of the real part of s, is very close to the imaginary
part of s,. From Eq. (A.5) it follows that §]§m) reaches an upper bound
of 100% when the absolute real and imaginary parts of the complex
natural frequency s, coincide. In Table 1 also the corresponding natural
frequencies fé’") = S(sg")) /Qr) = Qé’") /(2r) are listed. For comparison,
the first six natural frequencies of the bridge on rigid supports féf'r'i)gi "
with [4]

2
El,
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are specified in the last column. As can be seen, the integration of the
soil-structure interaction in this simplified model leads to a reduction
of the first natural frequency compared to the rigidly supported case.
Additionally, modes two and three appear only in the flexibly supported
beam, while the fourth mode is similar to the second mode of the
rigidly supported case. The fourth and higher modes of the flexibly
supported bridge, however, have a slightly larger natural frequency
than the corresponding modes of the rigidly supported bridge.

To further investigate the response prediction based on the proposed
model, the response of the considered bridge to the passage of a
standard ICE3 train model is discussed. To account for the structural
damping of the bridge, to each of the Ny, = 8 modes (m = 1, ..., Ny),

a modal damping ratio of flg’") = 0.5% is added to the damping ratio
resulting from the dashpots located below the supports. This modal
damping ratio corresponds to the base value of the applicable modal
damping ratio of steel bridges defined in [49].

The N, = 8 equal vehicles of the ICE3 train are described by
the mechanical model with ten DOFs according to Section 2.3. The
corresponding masses (mp,ms, m,), moments of inertia (Ip, 1), stiffness
coefficients (k,, k,), damping coefficients (c;, c,), and dimensions (hy),
hﬁj)) of this model can be found in [28,48].

In this study, the dynamic response of the bridge due to the passing
train is computed with 81 different train speeds. These speeds are
evenly distributed in the range from 10 to 90 m/s. For each one of
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Table 1

Complex natural frequencies of the first six modes of the considered bridge-soil
subsystem, together with the corresponding natural frequency and equivalent damping
ratio. Last column: natural frequencies of the bridge on rigid supports.

Mode m

Compl. nat. frequency Damping ratio nat. frequency nat. frequency

5, g" ) Ty
(rad/s) (%) (Hz) (Hz)
1 —1.03 + 43.76i 2.36 6.96 7.10
2 —56.21 +49.97i 74.74 7.95 28.39
3 —56.92 + 52.62i 73.42 8.38 63.87
4 —2.54 4 181.64i 1.40 28.91 113.55
5 —1.25 4+ 405.46i 0.31 64.53 177.42
6 =0.72 +717.77i 0.10 114.24 255.48

these train speeds, the maximum absolute relative bridge deflection,

max |wy | = max |wy(x, 1) = (wy(0,1) + x(wy(Ly, 1) — wy(0,1))/Ly)|  (55)

and the maximum absolute acceleration, max |1I)b|, are computed and
stored. Herein, the bridge response is evaluated using a spatial sampling
with 101 points uniformly distributed over the interval [0, 17.5], with
the first and last points located at the supports of the bridge. Plotting
the peak response against the corresponding train speed yields the
response spectra depicted in Fig. 10(a) and (b), with the black line
with markers referring to the outcomes of the proposed semi-analytical
model considering rail irregularities (“irr.”) according to the profile
illustrated in Fig. 5. The response without the response portion wEf)
(i.e. wﬁf) = 0) is shown in a blue dotted line. Additionally, the results of
the model without track irregularities are shown with a black dashed
line (full model) and a red dotted line (wa) = 0), respectively. As can be
seen in Fig. 10(a), the track irregularities have only a small influence on
the computed bridge deflection. The deflection with and without track
irregularities only start to diverge visibly from each other at a train
speed of 45 m/s. Furthermore, it can be seen that wﬁ” has only a very
small negligible contribution to the dynamic deflection, whether the
model is considered with or without rail irregularities.

For acceleration, however, the response behavior is different, see
Fig. 10(b). Firstly, it can be observed that from a train speed of about
55 m/s, the solutions with and without track irregularities differ sig-
nificantly. In this speed range, the maximum acceleration of the model
with track irregularities is considerably larger. Furthermore, it can be
seen that the response component lIJEf) is very substantial when track
irregularities are present. This observation highlights the importance
of including the dynamic track substructure when geometric imperfec-
tions are considered and bridge accelerations are of interest [28]. In
contrast, for a bridge with a smooth track, this response component
plays no role in the maximum acceleration, i.e. the red dotted line and
the black dashed line agree with each other in the entire speed range
considered.

10

Both in the spectral representation of the deflection and the accel-
eration, resonance peaks can be observed which occur at certain train
speeds. In Fig. 10(a) and (b) they are indicated by vertical dashed lines.
Here, the black vertical lines indicate second order resonant speeds
™ [13,40,50],

U(,”') _ dcf(m)
! i

(56)

which are related to the regular pattern of the axial forces (m =
I,....,Np, i = 1,2,...). The distance d. is the vehicle length and,
therefore, the distance of the regular spacing of the axle loads. For
the present ICE3 train model, this constant is d, = 24.775 m. For the
first bridge mode (m = 1), two corresponding resonance speeds are
vgl) =57.51 m/s and vi” =43.13 m/s.

At first sight, it could be concluded that the third vertical line in
Fig. 10 corresponds to a resonant speed related to the third mode of
the bridge (i.e. v(;) = 69.18 m/s). However, since this mode is one of
the two highly damped modes (Cgm) = 73.42%), no significant response
amplification at resonance is expected. Furthermore, the observation
that the resonance peak in the acceleration response only occurs in
the presence of track irregularities makes amplification by a third-order
resonance speed [40],

7fm
e 22

(57)

a likely explanation. In Eq. (57), 1 represents the dominant wave
length of the irregularities. Since the wavelengths used to generate the
irregularity profile according to Eq. (50) are distributed at constant
frequency intervals between the limits 1, = 27/, = 2 m and
Amax = 27/, = 100 m, the dominant wavelength is not known a
priori. However, from the observation that the maximum acceleration
at the train speed v ~ 69 m/s occurs at the quarter point of the bridge
(x = 1/4Ly), resonance with the fourth mode (m = 4), which has its
maximum at the same point, is the likely explanation. Inserting m = 4
and i = 1 together with v(l4) = 69 m/s gives the dominant wavelength
J = 2.39 m. However, since the considered wavelengths are equally
distributed between the specified limits, the dynamic amplification may
not be contributed to the single wavelength 1. Moreover 1 = 2.39
m suggests a greater influence of shorter wave lengths, close to the
lower limit of 1,;, = 2 m. Due to the 32 consecutive axle loads of
the N, = 8 vehicles acting on the bridge, the maximum absolute
acceleration observed at v ~ 69 m/s in Fig. 11 is significantly higher
than the accelerations observed in Fig. 8, resulting from a single axle.

In the next study, the results of the semi-analytical approach pro-
posed here are compared with the model using modal expansion of
the track response wEf), as described in [29]. In a convergence study
of the latter model, the number of modes N, for the approximation
of wEr) is varied in the presence of track irregularities. Fig. 11 shows
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the maximum deflection (left) and maximum acceleration (right) as
a result of the considered approaches. As expected after the previous
considerations, the number of modes to approximate wEf) do not play a
role in the deflection, as this response fraction is very small, Fig. 11(a).

In contrast, however, the bridge acceleration depends very much on
the number of track modes considered. When 40 track modes are used
in the model based on modal expansion of the bridge, the bridge accel-
eration is strongly underestimated, as can be seen in Fig. 11(b). With
80 modes, the maximum acceleration is better approximated, but at
the cost of overestimating accelerations at resonant speeds ug” and 11;4),
while at higher train speeds accelerations are underestimated compared
to the proposed semi-analytical approach and when calculated with
more than 80 modes. The acceleration spectra based on 100, 120 and
140 track modes differ only slightly, with the acceleration increasing
slightly when more modes are considered. The predicted accelerations
of the proposed semi-analytical approach tend to be slightly higher
than those of the model with the maximum number of track modes
(N, = 140), resulting in a conservative approximation of the response.
In summary, the results of the proposed semi-analytical strategy agree
very well with those of the modal superposition of the track modes also
used in [28]. As discussed for Fig. 11, an initial convergence study is
necessary in case of modal superposition of wﬁf). It should also be noted,
that, as the number of track modes increased, a decrease of the time
step was necessary to achieve numerical stability, adding to the com-
putational time necessary. Overall, the proposed strategy shows high
computational robustness as it does not depend on initial convergence
studies for choosing an appropriate number of track modes, making it
suitable for extensive parametric studies and stochastic simulations, as
in [25].

Eventually, the main motivation behind the presented approach
should be addressed, namely the computational efficiency. The number
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of DOFs considered is given by the number of complex bridge modes
and their respective complex conjugates, 2Ny, the number of isolated
Rayleigh-Ritz approximations corresponding to the number of axes, N,,
and the number of internal DOFs of the train, 6N, yielding a total of
96 DOFs considered in Eq. (48). While the model used in [28] also
has good computational efficiency, it requires of 264 DOFs to obtain
reliable results (i.e. N, = 100). For a comparison of computational
efficiency, the response spectrum, derived from the 81 consecutive
time-history computations (cf. Figs. 10 and 11) was computed with
a constant time step of At = 3.9 - 10™* s, for the proposed model, as
well as the model of [28] in which N, = 100 track modes were used.
For the proposed model, the computational time needed was 6456 s,
while the model of [28] took 98334 s on the same hardware. Albeit
noting that these computation times highly depend on the individual
implementation of the code, the efficiency of the proposed model is
clearly visible from this simple comparison. Also, it has to be noted
that the limiting factor for the chosen time step of 4t = 3.9 - 10™* s
was the convergence of the model based on modal expansion [28]
since greater time increments lead to convergence issues. However,
for the proposed model, an increase of this time step did not lead
to a decreased convergence, and for At = 7.8 - 10™* s lead to the
same response spectra, thus further decreasing the computational time
needed by a factor of two.

To further illustrate the significant influence of the soil-structure
interaction on the system response, Fig. 12 compares the response of a
pinned-pinned beam model (i.e. the soil is assumed to be rigid) with
that of the considered flexibly supported structural model (shown in
Figs. 10 and 11). Again, computations were performed with an irregular
track according to Fig. 5 and alternatively with a perfectly straight
and smooth track. For both the rigidly and flexibly supported bridge

(denoted by “f ,447), a base value of the modal damping ratio of 15"” =
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0.5% was assigned to each mode. Since the span is less than 20 m, in the
pinned—-pinned bridge model the modal damping ratio was increased
by paaa = 0.125(20 — L) = 0.3125% as suggested in [49] to indirectly
account for the soil-structure interaction. This additional damping
yields a significant reduction of the deflection and acceleration peaks
close to the second order resonance speed v(;) = 57.51 m/s as can be
seen in Fig. 12, where also the peak response of the pinned-pinned
beam without additional damping is illustrated. For the computations
that also take into account the irregularity profile, this reduction is
also present for the acceleration at the third order resonant speed of
7 = 69 m/s. Comparing the deflections and accelerations of the
rigidly supported bridge with those of the bridge on flexible supports
reveals that in the latter model the response peaks at resonance are
substantially smaller. The reason for this is that the modal damping
ratios resulting from the non-proportional damping of the elastically
supported beam have a significant order of magnitude (cf. Table 1).
Since the modal damping ratio of the first mode is significantly higher
than the modal damping ratio of the fourth mode, the acceleration
response at ugl) is reduced more, and the peak at 17(14) is larger than
that at vgl) for the bridge on flexible supports including the track
irregularities.

6. Summary and conclusions

In this contribution, a novel semi-analytical approach to predict
the dynamic responses of railway bridges was presented, which al-
lows considering the interaction between the vehicle, the track, the
bridge, and the underlying soil in a simplified manner. The coupling
of the mass-spring—damper system of the train with the underlying
system of the track and the bridge-soil was achieved by a dynamic
substructuring procedure based on the corresponding assumption. As a
novelty, this approach combines the complex modal representation
of the non-classically damped bridge-soil model with a Rayleigh-Ritz
approximation of the deflection of the infinitely long track beam on
viscoelastic bedding. This methodology takes advantage of the strongly
isolated deflection shape of the rails around the axles, which is other-
wise the reason for the large number of modes that are needed when
the track response is modally expanded.

Based on the application example shown, the following conclusions
can be drawn for the dynamic system under consideration consisting of
the train, track, bridge, and subsoil:

The proposed model accurately predicts the load-distributing ef-
fects of the track on the acceleration response as well as the
influence of the track response on the bridge deflection and accel-
eration. This excellent agreement is attributed to the good approx-
imation of the dynamic response of the axle mass in combination
with the coupled track.

The predicted bridge acceleration is strongly influenced by the
presence of rail irregularities. This influence is significantly am-
plified by the dynamic response of the track in combination with
the mass of the train axles.

Consideration of soil-structure interaction can have an important
influence on the dynamic response. This influence is particularly
large at resonance speeds, as can be concluded from the sub-
stantial reduction in deflection and acceleration peaks. Since the
soil-structure interaction results in different damping for each
mode of the bridge, this reduction in resonance peaks depends
on the corresponding mode number.

The modeling approach allows for a simple yet accurate re-
sponse prediction that far exceeds the computational efficiency
of comparative finite element models.

CRediT authorship contribution statement

Paul Konig: Methodology, Software, Validation, Formal analysis,
Investigation, Writing — original draft. Patrick Salcher: Methodology,
Supervision. Christoph Adam: Conceptualization, Resources, Writing
- review & editing, Supervision.

12

Engineering Structures 253 (2022) 113769

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgments

The computational results presented have been achieved (in part)
using the HPC infrastructure LEO of the University of Innsbruck.

Funding information

This research did not receive any specific grant from funding agen-
cies in the public, commercial, or not-for-profit sectors.

Appendix A. Modal parameters and orthogonality relations of the
bridge-soil model

First, the general form of the eigenfunctions of the non-classically
damped Euler-Bernoulli beam [31,51]

. Apx
@ (x) = C; sin I + C, cos

ApX o Apx A
—— + Cssinh + C4cosh —
b Ly,

b bX
—_— Al
L L (A1)
are substituted into the four boundary conditions (Eq. (10)), which
yields a homogeneous set of four equations. By zeroing the correspond-
ing coefficient determinant, the eigenvalues A™ (m = 1,...,0) and
their complex conjugates A are found. The mth eigenvalue A(™ is

related to the mth complex natural frequency s by

4
)
(Ab ) EI,

(s"”>)2 . (A2)
b L} p4y

which can be written as [52,53],

{7 = 6 1 g (A.3)

(m

Herein, the real part 6™ is the so-called decay rate, and the imaginary

b
part Q]()m) is referred to as the damped natural frequency [54]. The

absolute value of the complex natural frequency

2 2
=i =l ()
is the so-called pseudo-undamped natural frequency. The mth modal
equivalent damping ratio (" is defined as [5]

()
é«(m) —_ D
b (m) (m)
SR

(A4

ol
(A.5)

This equivalent modal damping ratio accounts for the non-classical
damping of the bridge substructure, resulting from the discrete dash-
pots at the boundaries.

The modal damping ratio of (A.5) does not account for structural
damping of the bridge, however, it can considered by simply adding
the mth structural modal damping ratio &™), i.e. fém) + ¢ [12]. Then,

b
the mth complex natural frequency can be expressed as

8

To derive the mth eigenfunction d)l()'"), the eigenvalues /1'(;”) are in-
serted into Eq. (A.1) and three of the four constants Ci”’), C;”'), C;'"), Ci'")
are expressed by the fourth, which can be scaled arbitrarily. The
complex conjugate corresponding to the mth eigenfunction of the bridge

- ) = \2
s =~ (G + g“”) +io™ /1~ (¢ 4 Zom)

¢ (A6)
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is referred to as 4_71(;"). The orthogonality relations of the non-classically
damped Euler-Bernoulli beam can be found in [5,8,12]

a6, =6 (d>{,'"’(0)d>§,”(0> + 0" (Lo (Ly))

+m, (qj'()”')(O)(Df’”(O) + o (L)@ (Ly)) )
B 51 =Ky (2" )0 (0)
+¢]()"’)(Lb)d>g)(Lh)> +EI, / " (o)) (x)dx
(A.8)

- ( (m) <I>) (,, Ay / o ()0 (x)dx
+my (D ODO) + D" (L)Y (Ly) ) )

Since the normalizing constants ab ) and b('") are non-independent, they
can both be expressed by the generalized modal mass [5,12]

o= s (o) + o))
b

by )2 ) o) 2 *2
+ pbAh/O («pb”’ (x)) dx + my, <(<pb'” (0)) +(q>b'” (Lb)> >

2
)2 g m
—2(sb ) M™. The
and [_)g"),

in the form of a;"o Zslgm)M}()m) and bg")
corresponding complex conjugates are represented by ﬁ{)’")

respectively.
Appendix B. Approximation of the track substructure deflection

The Rayleigh-Ritz approximation of the response of the track beam
on viscoelastic bedding due to the interaction forces with the train
according to Eq. (19) is based on the shape function ¢, (x —x,(f)), which
moves with the corresponding interaction force. On the one hand, this
shape function should represent the track deflection due to an inter-
action force sufficiently accurate, but on the other hand it should be
as simple as possible. Although the dynamic track deflection becomes
asymmetric with increasing constant speed of the concentrated load, as
observed in the steady-state solution of [4], it is assumed that the shape
function ¢, in terms of the normalized symmetric static deflection due
to a concentrated load

@ (%) = e PR(sin By +cos fRy) %20

ks (B.1)

_ 4
= 4E1,

sufficiently approximates the actual dynamic track behavior, which is
additionally influenced by track irregularities. In this equation, %,(r) =
x — x, (1) denotes the local spacial coordinate starting at the kth axle
position x = x,(¢). In this study, this assumption has been confirmed in
several application examples. The static deflection of the infinitely long
bedded beam subjected to the concentrated force F,ES““) at the position
%, reads [55]

(stat)
f)(stat) o
wEk)(t l)(xk) =

QX)) . %20 (B.2)

k
2ky

Once a suitable shape function has been identified, the Rayleigh—
Ritz approximation for the kth interaction force, ij(fck) =@, X)),
is inserted into Eq. (2), in which quantities related to the deformation
of the bridge-ground subsystem w, and the other axle loads have been
omitted. This leads to

EIr(pnxxxx(jek)yrk(t) + pAr(pr()%k)yrk(t) + Cf(pr(fk)yrk(t) + kf(pr()%k)yrk(t)
= F(0)8 (&) (1, pp- Ipr)
(B.3)
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Pre-multiplying this expression by ¢,(%;) and integration from —co to
oo yields the equation of motion of an equivalent SDOF system,

© © ©
pAr/ (pfd)?k-vrk + Cf/ (pfd)?kyrk + EIr/ (pr(pr,xxxxd)?kyrk

(s3] [+3] —00

® 2
+kf/ @ A% Yk
—0o0
= @ F (OII(t,tpg, Ipg)

and further after inserting the shape function according to Eq. (B.1)

(B.4)

3 . 3 . 2
ﬁpAryrk + ﬁcfy,k + Ek,-yrk = F (DI (¢, tpps tpy) (B.5)
since
[so] [s+]
/ @rdz, = iR / @r P nxx Xy = (B.6)
0 /3 0

Appendix C. Coupling of substructures

. (m) (m)
Since ¥ (x = x,(1) = Y = -2k = W (x,) and I, (x =
dl al;,, 0
X)) = o= S Ik =l (x), as well as ¢ (3 (1) = 0) = 0, the

velocity and acceleration of the wheel at the axle position x = x; can
be expressed as

aak(xk) :wr(xk’t) + jirr(xk) a4 Yrk
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The corresponding assumption yields the transformation matrix in
Eq. (47) as

L, 0 0
ro=({o0 1 o (€3
Db Dr Ec

with the sub-matrices I, and I, denoting identity matrices of size [2N, X
2N,] and [N, x N,], respectively. The sub-matrices D, and D, result
from the substitution of the DOFs of the axles by the displacement of

the track at each axle position in Eq. (46) and can be expressed as
D.(H) = E IIOPT ([

b( JIOW (1) (C.4)
D, (t) = E, II(1)I,

with the previously defined matrix of window functions II(z) and the
matrix of shape functions evaluated at the axle positions ¥ (r). The
sub-matrices E. and E, of Egs. (C.3) and (C.4) read

E, = diag [JEI)!Jf)’ ,JENC)]

(C.5)
E, = diag [Jg'),Jff% ,J;NC)]
with
I[6><6] ) 0l6x4] _
1= [0[4X6] 1=l J=1 N (C.6)
a

The size of the identity matrix I, is equal to the number of DOFs of
the vehicle body and bogies of one vehicle of the train and the size of
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the identity matrix I, is equal to the number of axles involved in the
coupling of one vehicle. Since in the present model of a conventional
train each of the N_ vehicles is represented by a ten DOF system as
depicted in Fig. 1, the matrices in Eq. (C.6) are equal for each vehicle.
The vector Y'(¢) in Egs. (47), (48), (49), containing the track irregularity

profile function I;,. evaluated at each axle position, reads

0l@Ny+N,)x1]
T(r) - [ EaHIirr ] (C7)
with the vector I,
T
Lig) = [ e ) Lir a0, Ly G, 1) G
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